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1 Introduction

In marine ecosystems, the plankton consist of two species, phytoplankton and zooplank-
ton, which are the basis of the aquatic food chain [1]. Plankton is very important to the
marine ecosystems, and the accumulation of plankton can cause “red tide” [2]. It is one
of the most serious environmental problems faced by the whole world. A red tide is badly
endangering the health of marine and human life.

In order to better understand plankton and explain the cause of “red tide’, the dynam-
ics of plankton systems have been studied by a number of authors [3-7]. The results of
studies suggested that plankton systems could exhibit complex dynamic behaviors, such
as Hopf bifurcation, global Hopf-bifurcation, Hopf-transcritical bifurcation, and so on.
Other references [8—11] discussed the persistence, positivity, boundedness, and chaos of
phytoplankton—zooplankton models. Most of these models were governed by ordinary or
delay differential equations.

The level of plankton species changes not only in time but also in space. Hence, inter-
action and spatial processes of phytoplankton and zooplankton should be taken into ac-
count in mathematical models of plankton population dynamic systems [12—14]. Conse-
quently, the construction of phytoplankton and zooplankton (prey and predator) models
© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other

third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

L]
@ Sprlnger statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a

copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13661-021-01518-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-021-01518-5&domain=pdf
http://orcid.org/0000-0003-1903-0245
mailto:ywang@tjufe.edu.cn

Wang Boundary Value Problems (2021) 2021:42 Page 2 of 14

was commonly used by reaction—diffusion systems. According to a widely accepted ap-
proach [15-18], the functioning of phytoplankton and zooplankton (prey and predator)
can be described by the following reaction—diffusion system:

WT) _ Dy AP +f(P,Z) - g(P, 2),
XT) =DyAZ +kg(P,Z) - dZ,

where

(1) P and Z describe the densities of phytoplankton and zooplankton (prey and

predator) at moment T and position X, respectively;

(2) D; and D, are diffusivities;

(3) f(P,2) is the local growth and natural mortality of the prey, g(P, Z) describes the

functional response for the grazing of phytoplankton by zooplankton;

(4) k is the ratio of biomass conversion. The parameter d is the mortality rate of the

predator.

The choice of the functional response f(P, Z) and g(P, Z) in (1.1) can pick various com-
binations, which depend on the type of the prey and predator population. Based on the
results of field and laboratory observations for plankton systems [19], we assume that the
growth of the prey is logistic and g(P,Z) takes the Holling type II functional response
[20, 21]. According to the above facts, the model system (1.1) can be expressed in the
following form:

M:DlAP+rP( - By_arz (1.2)

AZXT) _ PZ
WI) =Dy AZ + 222 iz,

where a; describes the maximum predation rate, # is the self-saturation prey density.

For system (1.2), a lot of results have been obtained, such as local stability, Hopf bifur-
cation, chaotic attractor, and Turing singularity [20, 22-24].

Furthermore, some phytoplankton and zooplankton can be harvested for food. Hence,
the stocks of edible plankton play an important role for fishery management. For sys-
tem (1.2), considering constant harvesting, Chang et al. [25] discussed the existence and
stability of Hopf bifurcation from the positive constant steady state and derived the direc-
tion and stability of bifurcating periodic solutions, and also considered an optimal control
problem.

In several types of harvesting, Michaelis—Menten type harvesting is more realistic from
biological and economic points of view [26]. In this paper, we investigate the following
model with Michaelis—Menten type prey harvesting:

BP(X,T) _ P a1PZ qEP

T~ DlAP+ rP( — K’/ nl? = m1E+myP’ (1 3)
X AZ(X,T) _ arPZ :
5T =DyAZ + n{r—P -dZzZ,

where E measures the harvest effort, g represents the catchability, and m; and m;, are
appropriate constants.
For simplicity, dimensionless variables are introduced. Let

P Z
u=—, v:ﬂ[l—<, t=tT, x:x/ZX,
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then we can obtain the following reaction—diffusion phytoplankton—zooplankton model:

du(x,t) _ Buv h
LR =di Au+u(l-u) - 22— 2 (1.4)
—a"é’;’t) =dyAv + % —mv,

where
1 E d
ﬂ=77 :ml ’ m=—, azﬁ) ‘31:@’
r myK r K
E D D
- dy ==, dy=—2.
morK r r

In this paper, we consider the following homogeneous reaction—diffusion phyto-
plankton—zooplankton system with homogeneous Neumann boundary condition:

%—’Z:dlAu+u(1—u)—%—£—”u, xeQ,t>0,

g—‘t’:dzAv+§1+”;—mv, xeQt>0, L5)
u _ v _ :
a—n—%—o, xeBQ,t>O,

u(x,0) = ug(x) > 0, v(x,0) =vp(x) >0, x€,

where 2 is bounded in R with smooth boundary 9€2, A denotes the Laplacian operator.

The organization of the rest of the paper is as follows: In Sect. 2, we obtain global exis-
tence and boundedness of system (1.5) and demonstrate the asymptotic behavior of system
(1.5). In Sect. 3, we give bifurcation analysis of system (1.5) under different parameters, in-
cluding Hopf bifurcation, Bogdanov—Takens bifurcation. In Sect. 4, some numerical sim-
ulations are included to test and verify our theoretical analysis. Finally, we end the paper
with a brief conclusion in Sect. 5.

2 Dynamical behavior

2.1 Global existence and boundedness

In this subsection, we prove the global existence of solutions of (1.5) and establish a priori
bound of the solution.

Theorem 2.1
(@) Ifuo(x) >0, vo(x) > 0 in 2, then system (1.5) has a unique, nonnegative, globally
defined, bounded solution (u,v) for all (x,t) € Q x R,.
(b) Any nonnegative solution (u(x, t), v(x,t)) of system (1.5) satisfies

2+ 4(c—h
limsupu(x,t) <1, limsup/ vix, t)dx < (1 + c+7(c)>|9|'
Q 4cm

t—+00 t—>+00

Proof (a) Define

uv hu Uy
p -, W(u,v) = p — mv,
a+u c+u o+u

O(u,v) = u(l —u) -

then ®, <0and ¥, > 0in @ ={u > 0,v > 0} and (1.5) is a mixed quasi-monotone system
(see [27, 28]). Let (u(x, t), v(x, £)) = (0,0), (u(x, 1), v(x, £)) = (u*(£),v*(¢)), where (u*(£), v*(¢))
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is the unique solution of the following system:

duzl't(l_u)_h_ui

dt ctu
dv _ piuv
i = aru Y (21)

u(0) = u*, v(0) = v¥,

where u* = sup, g u(x,0), v* = sup,.g v(x,0). Since u(1 — u) — E’i—’; < 0 for u > 1, then u(t)
exists globally, and there exists sufficiently small ¢ > 0 such that u(£) < 1 + ¢ for ¢ > T’; this
implies that limsup,_, , ., u(x,t) <1 for (x,t) € Q x [T, 00). On the basis of Definition 5.3.1
in [28], we claim that (u(x, £), v(x, £)) = (0,0) and (u(x, £), v(x, £)) = (u*(¢), v*(¢)) are the lower-
solution and upper-solution to (1.5), respectively, since

2_;‘ — NTix, ) - © (@(x, £), v(, )

=0>0= Z—f - Aulx, t) — D (ulx, 1), V(x, 1))

and

% - AV(x, t) — W (u(x, 1), V(x, 1))

uv d
= ﬁluz —mv=0>0= % _ Av(x, 1) = W (u(x, 1), v(x, 1)),
o+u ot

then 0 < up(x) < u* and 0 < vy(x) < v*, and they satisfy the boundary conditions. There-
fore, by using Theorem 5.3.3 in [28], system (1.5) has a unique globally defined solution
(u(x, t), v(x, t)) which satisfies

0 <ulxt) <u*(t), 0 <v(xt) <Vv'(t).
In addition, by the strong maximum principle, we know that u(x, £) > 0, v(x,£) > 0 for £ > 0

and x € Q. This completes the proof of (a).
(b) Let [, u(x,t)dx = U(t), [, v(x,t)dx = V(t), then

au h

= _ utdxz/dlAudx+/|:u(l—u)— puv __u]dx’ (2.2)
dt Q Q Q a+u c+u

av

ad :/ vtdx:/dzAudx—mV+ Py . (2.3)
dt Q Q Qo+U

By using the Neumann boundary condition and adding (2.2) and (2.3), we can obtain

o+u c+u

u+ V)t:—mV+/
Q

|:u(1—u)— (B-Buv  hu i|dx

h
5—m(LI+V)+mLI+fu l-u———|dx
Q c+u

a2 2 _y
u[l—m+4—]dx

ct+u c+u

=—m(L[+V)+mL[+/
Q

2
<-m(U+V)+ [m+ <1+ ¢ _4h>]u.
4c




Wang Boundary Value Problems (2021) 2021:42 Page 5 of 14

Since limsup,_, , . u(x,t) <1, we can obtain limsup,_, , ., U(x,t) <|R2|. Thus, for small ¢ >
0, there exists 77 > 0 such that

2 —4h
4c

U+V)<-mlU + V)+|:m+(1+ )](1+8)|Q|, t>T;. (2.4)

From (2.4), we can obtain

/ v, ) dx = V(E) < U0 + V(E) < £[m+ (1 LC _4h>]|9|, t>Ty  (25)
Q m 4c

Hence, we get

2+ 4c—-h
limsup/ vix, t)dx < <1+7C +dle )>|Q|,
o 4cm

t—+00

which completes the proof of (b). d

2.2 Existence and stability of the positive constant steady state solution
The steady state solutions of (1.5) satisfy:

—diAu=u(l-—u)- B2 ycQ,

a+u c+u’

—dy Av = % —mv, xeQ, (2.6)
gu v -y, x € Q.

Then (1.5) has the unique positive constant solution (o, v,) by mathematical calculation,

where

am (x+0)(c+0o)1-0)-h)

T Bi-m’ B Blc+o)

o Vo =

The positive constant solution exists if and only if
(C1) B1>m, O<h<h®=(c+0)1-0).

Further in this section, we fix &, 8, B1, ¢, m, o and take / as the bifurcation parameter. We
have discussed the existence and stability of the positive constant steady state solutions,
and the bifurcating periodic solutions were affected by the variance of /1. The local stability
of the positive constant steady state solution can be summarized as follows.

Theorem 2.2 Supposea >0, 81 >0,m>0,¢>0,d; >0,d; >0,
(@) ife>1,
(1) when max{c, gi::_} <a< ’Slr;m, B > 2775, then (0,v,) is locally asymptotically
stable for 0 < h < h and is unstable for h < h < h*;

(2) when 0 < a < min{c, %}, B1 > 2m, then (0,v,) is locally asymptotically stable

for h < h < h* and is unstable for 0 < h < h.

(b) if0<c<1,
Bi-m (1-=0)(p1-m) B1-m

(1) when max{c, B oY <o < B By > 2m, then (0,v,) is locally

asymptotically stable for 0 < h < h and is unstable for h < h < h*;
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(2) when W <o <min{c, ﬁi::}, B1 > 2m, then (o,v,) is locally asymptotically

stable for h < h < h* and is unstable for 0 < h < h;

Bi=m A=9(B1-m)
pr1+m 2m

(3) when max{c, }<a< ,m < By <2m, then (o,v,) is locally

asymptotically stable for 0 < h < h and is unstable for h < h < h*;
Biom  (1-0)(p1-m)

Br+m’ 2m

asymptotically stable for h < h < h* and is unstable for 0 < h < h,

(4) when 0 < @ < min{c, b, m< B1 <2m, then (o,v,) is locally

where h is given by

P (20 +a—1)(c+a)2. @7)

oa—-cC

Proof The linearized system of (1.5) at a positive constant solution (o, v,) has the form

(0)4)-o(2) -0

with the domain X = {(¢, ¥) € H*(Q) x H%(Q): g‘ﬁ = an =0}, where
d 0 A*(o,vy) B*(o,vs
p.- % o = (0,vs) (0,v5)
0 dy C*(o,vs) D*(0,v5)
and
Bav, hc

A*(o,v5)=1-20 —

(@+0) (c+o)?

B*(G; VU) = _a'3+00’
Brav,
Clove)= o
D*(o,vy) = pro -m=0.
a+o

Recall that —A under the Neumann boundary condition has eigenvalues o = 0, g = k2,
k=1,2,3,.... X is an eigenvalue of L if and only if A is an eigenvalue of the matrix J; =
—iD + J5,v,) for some k > 0. The characteristic equation of L is

~TiA+Dg=0, k=0,1,2,..., (2.8)

where

Ty = tr) = —k2(dy + dy) + A*(0, o),

(2.9)
Dk = det]k = k4d1d2 —A*(O', Vg)dzkz - B*(U: VO')C*(O—7 Va)!
and we notice that & € (0, 4*) deﬁned in (2.7) is the root of A*(o,v,) = 0.
> 0. Whenmax{c, ﬁl m} <oora<

mln{c,’Sl Z} thenh>0 Andlfc>1 it is clear that / < i* for B, > 2m. If0<c<1 we can

= C)(ﬁ1 —m) A-9(B1-m) IA* (h)
2m

get h < h* for B1>2m, o > or B1 <2m,a < . Next, we note that & =
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—Le=de__Obviously, A*(/) is monotone increasing for a > ¢ and monotone decreasing
(c+0)?(a+o)
Bi-m Bi-m

for o < c. Hence, according to the above analysis, when ¢ > 1, max{c, 1+m} <a < =

_ 1- _ _ _ 1- _
giﬂ’ﬁ, (=9(br-m) 6)2(511 My ¢ < B B1 > 2m or max{c, giﬁ} <o < L=9Biom) C)Z(il ")

m
m < 1 < 2m, we can obtain, for O < h < h, k >0,

B1 > 2m or max{c,

)

Ty = tr)i = —k*(dy + dy) + A* (0, vs) < 0,
Dy :=det]; = k4d1d2 - A*(o, Va)d2k2 - B*(0,v,)C*(0,v5) > 0.

Hence (o, v,) is a locally asymptotically stable steady state solution of (1.5). When / < / <
h*, then A*(o,v,) >0.For k=0,

Ty :=tr]y=A%(o,vs) >0,

which implies that (2.8) has at least one root with positive real part. Hence (o,v,) is an
unstable steady state solution of (1.5). This completes a(1), b(1), b(3).

The proofs of a(2), b(2), b(4) are similar to the above, thus they are omitted here. The
proof is completed. d

Remark 2.3 If min{c, /‘2::} < a < max{c, gizz }, then / < 0. Based on the biological signifi-

cance, we abandon this case.

3 Bifurcation analysis in a diffusive system
3.1 Bifurcation analysis using the harvesting h as the parameter
Next, we study Hopf bifurcations from the constant steady state of (1.5) with the Neumann
boundary condition on the spatial domain Q2 = (0, 7).

In this subsection, we show the existence of the spatial homogeneous and nonhomoge-
neous periodic solutions of system (1.5), and we also obtain the conditions for direction
and stability of the Hopf bifurcation. As is well known, the eigenvalue problem

—y"=uy, x€(mn), YO)=y'(1)=0

has eigenvalues u, = k> (k= 0,1,2,...) corresponding to the eigenfunction ,,(x) = cos kx.
From the proof of Theorem 2.2, the eigenvalues A (k) of Ji (k > 0) are given by

Ty £/ T? - 4Dy

Ag=—"——, k=0,1,2,....
2

In the following, we will identify the Hopf bifurcation points /' that satisfy the necessary
and sufficient condition (H1) in [20]:
(H1) There exists k € Ny = N U {0} such that

Tk(hH) =0, Dk(hH) >0 and 51)
3.1
Ti(h") #0,  Dj(h")#0 forj#k,

and the following transversality condition holds:

o (h) #0. (3.2)
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Since
To(hf){) =0, and Tk(hg') =—k*(dy +dy) <0 foranyk>1
and
Dy (hY) = didyk* = B*C* >0

for any k € Ny = NU {0}. Hence /& = /1 = K is a Hopf bifurcation point which corresponds
to the spatially homogeneous periodic orbits.

And then we discuss the spatially nonhomogeneous Hopf bifurcation for k > 1 (H1). In
the following, we assume that the condition of Theorem 2.2 (a(1), b(1), b(3)) is satisfied.
The case of the conditions of Theorem 2.2 (a(2), b(2), b(4)) is similar, thus they are omitted
here. From T} = 0, we have

2 2
) = 4 O]
then
W) - 2k(dy + do)(a + 0)(c+0)? 2o

o(a—c)

Obviously, i(k) is increasing for all k > 0 if a > c.
Forj > 1, define

(dy + dy)(a + o) (c +0)?

K= pt
/ oF o —c)

: (3.3)

then Tj(h]’.{ )=0and Ti(h;H ) #0 for any i #j. These h]H satisfy the following inequality:
0<hl<hl<. . <nfl<h,

so that /il = i1 < il < *, where m is the largest integer.
We next testify D,-(hIH) #0 for all i € Ny. Since (A*)'(h) = ((“’76)” > 0, hence A*(4) can

c+0)2(a+0)
achieve a local maximum at 41, Let A*(h!l) = M, >0, when i > 1, then

Di(h) = dydyi* — drA*(h)i* — BC
> —dy M, i + dydi* = g(i%).
Apparently, if

(CZ) M* < dl

holds, then for all x > 1, g(x) = —doM,x + dodox? is positive.
Finally, we verify that the transversality condition holds:

(¢ =)o

(1, HY _
¢ (hj ) T 2c+0)a +0)
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By applying the Hopf bifurcation theorem [20] and our analysis, we get the following re-
sults.

Theorem 3.1 Suppose that dy,ds, B, B1,a,¢,m > 0 and satisfy the conditions of Theo-
rem 2.2, (C1) and (C2). Then there exist m+ 1 points h satisfying 0 < hil < bt <. < hfl < h*
such that system (1.5) undergoes a Hopf bifurcation near h = hf (1 <j <m). In addition,
(a) the bifurcating periodic solutions are spatially homogeneous if they are bifurcated
from h = hl. The direction of Hopf bifurcation is supercritical (subcritical), and the
bifurcating periodic solutions are asymptotically stable (unstable) if Re(c;(A)) < 0
(Re(c; (1) > 0);
(b) the bifurcating periodic solutions are spatially nonhomogeneous if they are bifurcated
fromh:th (1<j<m).

Proof Above we have already discussed the existence of Hopf bifurcation. In the following,
we will calculate the direction of Hopf bifurcation and the stability of spatially homoge-

neous periodic solutions by using the method in [20, 29]. Take

q:= 4o _ . 1 , and g¢*:= %) _ 1,/271 ) (3.4)
by iwg/B* b B*i[2wom

where wg = ~/—B*C* (-B*C* > 0). Define the inner product in X¢ by
T
(Uy, Up) = / (U1uy + V1va) dx,
0

where U; = (u;,v;) € Xc (i=1,2).

Let f(u,v) = u(1 —u) - % - Zi—’fl and g(u,v) = ilf; — mv, at a positive constant solution

(0,v5), by calculation, we obtain

_ _ Bavs he _ _ __Ba
fuu =Axp = (a+0)3 * (c+0)3 L fuv =An = " (@+0)?’
o h
Juuu = Aszo = 75?2)4 ~ o Juw=An= (afiﬁ’
Suuu = BBO = %: Quuv = 821 = _(a,il:)?’ :
Then

co = 2A30 + 2A11bo, doy = 2Byg + 2B11 by,
eo = 2450 + Ay (bo + bo), fo = 2Bao + Bi1(bo + by),

8o = 6A30 + 2A21 (2b0 + Z)O), h() = 6330 + 2321 (2b0 + Bo)

Then we get the following formulas by simple calculation:

Ao B,yB*
&0 =(q" (co,do) ") = (Ao + B11) + ( =2 _ L)’

% L
B wo

802 = £20,

Page 9 of 14
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ByB*

[20)]

&1 =(q" (g0, o) ") = (BAs0 + By + <

qu=\q" (eo,fO)T> =Ay - i

Axiwy  3B3oB*
— = .
B* wo

Therefore,

i 1
Re(ea(h)) = Re{ (gzogH -2lgnl*-= |g02|2> * &}
2w 3

2
_ AgBooB* s B11ByB"  AxnAn . 3A30 + Bay
w? 208 2B* 2

According to the results of [20, 29], we know that the Hopf bifurcation is supercritical
(subcritical) and the bifurcating periodic solutions are stable (unstable) when Re(c; (Af)) <
0 (Re(c1(AH)) > 0). In Sect. 4, we test and verify the direction of Hopf bifurcation and the
stability of the spatially homogeneous periodic solutions by numerical simulations. [

3.2 Bifurcation analysis with k as the parameter
In this section, we investigate bifurcation analysis arising at the positive constant steady-
state solution by using k as the parameter. Based on (2.8) and the conclusions in [20, 30—

32], we have the following results.

Theorem 3.2 Suppose di,ds, B, B1,, ¢, m > 0, there exist ko, k1 € N such that
(1) whenk =0, if h = hl, Eq. (2.8) has a pair of purely imaginary roots, and all other
roots of Eq. (2.8) have negative real parts. Then system (1.5) undergoes a Hopf
bifurcation at h = hf;
(2) when k >0,
(a) we denote ko =,/ ﬁ. Ifkyd3 + B*C* <0 and j > ko, Eq. (2.8) has a pair of
purely imaginary roots, and all other roots of Eq. (2.8) have negative real parts.
System (1.5) undergoes a Hopf bifurcation at k;
(b) ifko =,/ ﬁ, and take the appropriate parameters such that kyds + B*C* = 0,
j> ko, and dy > dy, Eq. (2.8) has a double zero root, and all other roots of
Eq. (2.8) have negative real parts. System (1.5) undergoes a Bogdanov-Takens
bifurcation at ko.

Proof (1) Based on (2.8), we know that there is ky = 0 such that Ty, = A*, Dy, = -B*C* > 0.
According to the analysis of Sect. 3.1, we know that when % = i, then T}, = A* = 0. For
j # ko, Tj(hE) = —*(dy + da) < 0, D;(h) = dvdsj* — B*C* > 0, hence, when & = hf{, Eq. (2.8)
has a pair of purely imaginary roots, and all other roots of Eq. (2.8) have negative real parts.
System (1.5) undergoes a Hopf bifurcation at 4 = 4.

(2) (a) There exists ko > 0, when k3 = dfdz , kod3 + B*C* < 0, then Ty, = 0, Dy, > 0. For

j # ko, when j > ko,

T; = kg(dl +ds) —jz(dl +d,) <0,

Dj = didyj* — ki(dy + do)doj* — B*C*
> didoj* — K3dydoj* — daksj* + dok
> dsks (7 - k) > 0.
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Hence, Eq. (2.8) has a pair of purely imaginary roots, and all other roots of Eq. (2.8) have
negative real parts. Following [20, 31], system (1.5) undergoes a Hopf bifurcation at ko,
which completes the proof.

(b) There exists ko > 0, when k3 = ﬁ, kid3 + B*C* = 0, then Ty, = 0, Dy, = 0. For j # ko,
when j > ko, di > d,

Tj=A—j*(dy +dy)
=k (dy + da) — j*(d1 +d>) <0,

D; = didyj* — ki(dy + do)doj* — B*C*
= didyj* — I3 (dy + do)doj* + d3k;.

2
We know that D = 0 has two roots j* = k3, j* = %, since d; > d», hence, when j > k, then
D; > 0. Hence Eq. (2.8) has a double zero root, and all other roots of Eq. (2.8) have negative
real parts. Following [30, 32], system (1.5) undergoes a Bogdanov-Takens bifurcation at

ko, which completes the proof. d

4 Numerical simulations
In this section, we illustrate several conclusions by numerical simulations with Matlab. In

model (1.5), we choose the following parameters:

d;=0.7, dy =0.3, a =0.29,

=026 B1=091, m=043, c=0.78.

Then model (1.5) has a unique positive equilibrium (o, v,) & (0.2598,1.1585). By direct
computation, we have /#* = 0.7697, h = 0.4201. By Theorem 2.2, we know that (o,v,) is
locally asymptotically stable when / < /1 < i* (shown in Fig. 1), the positive solution (o, v,)
is unstable for 0 < /1 < /1. By Theorem 3.1, we know that when / crosses /1 = hll, the positive

solution (o, v,;) loses its stability and Hopf bifurcation occurs (see Fig. 2).

u(x) Vi)

(a) (b)

Figure 1 When the initial values u(x,0) = 0.8, v(x,0) = 0.3, h = 0.45, the coexistence equilibrium is locally
asymptotically stable
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u(xt) vixY)

(a) (b)

Figure 2 When the initial values u(x,0) = 0.25, v(x,0) = 0.65, h = 0.2, a spatial homogeneous periodic solution
is stable

In model (1.5), we choose the following parameters:

d, =04, dy =0.3, a =04,

B =0.65, B1=0.6, m = 0.23, c=0.58, h=0.3.

Model (1.5) has a unique positive equilibrium (o, v,) ~ (0.2486,0.3885). By direct com-
putation, we have /* = 0.6226, & = 0.3918. By Theorem 3.2, we know that the diffusive
system can undergo the Bogdanov—Takens bifurcation, this indicates that diffusion plays
an important role in leading to complex dynamic behaviors. In this paper, the universal
unfolding of the system near the Bogdanov—Takens bifurcation point is still not obtained,
but we found that system (1.5) can exhibit some complex dynamic behaviors by numerical

simulations such as quasi-periodic solutions (shown in Fig. 3).

5 Conclusion

In this paper, we investigated the dynamics of a diffusive phytoplankton—zooplankton
model with nonlinear harvesting. By choosing different parameters, we obtained the pa-
rameter ranges of the existence of bifurcations. We have shown that the harvesting and
the diffusion have a combined effect on the dynamic behaviors of the system.

According to the analysis of the above, we know that if the harvesting 4 overruns /#*, then
zooplankton will die out. It means overfishing can break the coexistence of phytoplank-
ton and zooplankton. We have also shown that the system can undergo Hopf bifurcation,
Bogdanov-Takens bifurcation, when the parameters of the harvesting and diffusion cross
certain critical values. It turns out that, by adjusting the parameters of the harvesting and
diffusion, the planktonic ecological system can develop towards a healthy direction which
can avoid “red tide” Furthermore, we also studied the stability of Hopf bifurcation by ap-
plying the normal form theory and the center manifold theorem.

According to Sect. 3, we know that the diffusive system can exhibit Bogdanov—Takens
bifurcation (see Theorem 3.2). Meanwhile, the system may have a quasi-periodic solution
near the Bogdanov—-Takens bifurcation, which has been verified by some numerical simu-
lations (see Fig. 3). This indicates that diffusion and harvesting can increase the dynamic

complexity of system (1.5). The universal unfolding of system (1.5) near the Bogdanov—
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0.705 026

u(0.t)

0675 0235
o 1000 2000 3000 4000 5000 6000 7000 8000 o 1000 2000 3000 4000 5000 6000 7000 8000

(a) (b)

u(x) vixt)

() ()

Figure 3 When the initial values u(x,0) = 0.25, v(x,0) = 0.68, spatial quasi-periodic solutions

Takens bifurcation is still not obtained. This is an issue that needs to be addressed in our

further study.
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