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1 Introduction
Let © be a bounded domain in RN (N > 1) with smooth boundary Q. We study the

following quasilinear elliptic problem:

-Apu—Au=f(x,u) inQ,
u=0 on 092,

(1.1)

where 2 < p < 0o and A, denotes the p-Laplacian operator defined by
Apu =div(|VulP2Vu).
In what follows, we denote by
O<hi<hg< - <Ig<---

the eigenvalues of —A in WOLZ(Q), and we let 11; > 0 be the first eigenvalue of —A,, in
Wol ?(Q) (see [9]). Moreover, we make the following assumptions:
(fi) f € CHQ x R,R) with f(x,0) = 0, and satisfies the following condition:

If (e, 6)| <c(1+]t1972), VieRxeQ,

for some constants ¢ > 0 and g € [2, p*), where p* = Np/(N - p) if p < N and p* = +00
ifN <p,
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(f2) there exist M >0and A < %1 such that
1 2
F(xrt)__lll't'pf)‘"t' ’ f0r|t|2er€Qr
p

where F(x,t) = fot f(x,s)ds,
(f7) there exist @ > 0 and k > 3 such that

1
f(x,0) = A, Fx,8) < ikktz, for |t| <a,x € Q,
(f*) thereexista>0,k>3,C>0and2 <0 <p such that
/ 1 2 0
f'(x,0) = A, F(x,t) > E)\kt +C|t|]”, for|t| <a,x € Q.

Under the conditions above, from [14, Theorem 1.2] we know that Eq. (1.1) has at least
four nontrivial solutions. It is worth pointing out that, using similar conditions, the au-
thors in [10, Theorem 3.2] not only obtain four nontrivial solutions, but also prove that
two of them are sign changing. Moreover, when the nonlinearity f is resonant at infinity
and non-resonant at zero, using variational methods, together with truncation and com-
parison techniques and Morse theory, the paper [11] can get the existence of six nontrivial
solutions (two of them are sign changing).

The aim of this paper is to obtain the existence of another solution. Specifically, our

result reads as follows.

Theorem 1.1 If (f1), (f2) and (f~) (or (f*)) hold, then Eq. (1.1) has at least five nontrivial
solutions.

Remark 1.2 (1) In our proof, we first obtain a nontrivial solution near zero inspired by pa-
pers [13, 15]. Then we use the estimation of critical groups to distinguish the new solution
from the known solutions of [10, 14]. The method of estimating critical groups comes from
[5], which has studied the bifurcation problem of semilinear elliptic equations at zero, and
obtained six nontrivial solutions of the equation with coercive nonlinearities.

(2) Checking the proof below, our result is also true when p = 2. So as far as we know,

our theorem is new even for the semilinear elliptic equation.

This paper is organized as follows. In Sect. 2, by Morse theory the existence of a new
nontrivial solution and the estimation of its critical groups are given. In Sect. 3, we give the
proof of Theorem 1.1. In the sequel, the letter C will be used indiscriminately to denote a

suitable positive constant whose value may change from line to line.
2 A solution near zero

For any A € R, let f(x, u) = Axu + g(x, u) and G(x, u) = foug(x, s)ds, then we consider the C?
functional I, : W,”(2) — R defined by setting

1 1 A
Ik(u):—/ |Vu|pdx+—/ |Vu|2dx——/ |u|2dx—/ G(x, u) dx, (2.1)
pJa 2 Ja 2 Ja Q
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where W& ?(Q) is the Sobolev space endowed with the norm

1/p
||u||=||w||p=(/ IVulpdx) .
Q

By (f1), weak solutions of Eq. (1.1) correspond to critical points of functional I, , which
is also defined in the following form:

1 1
Ikk(u)z—/ |Vu|1"dx+—/ |Vu|2dx—/F(x,u)dx.
pJa 2 Jo Q

By [6, Page 277], the second order differential of I, in isolated critical point u is given
by

(L (uo)v,w) = / (1+[VuelP2)(VyVw) dx
’ (2.2)
+/(p_2)|VM0|P_4(VM()VV)(VM0VW)dx_/f/(x,uo)vwdx,

Q@ Q

for any v,w € Wol’p(Q). In addition, if we assume that I, (#o) = c € R, and U is an isolated

neighborhood of u, then the group
Collyouo) = He(L, NULI, NU N\ {up}), £eN={0,1,2,...},

is called the £th critical group of the functional Jj, at uo, where Iﬁk ={ue Wol‘p(Q) 0, () <
c}, and Hy(-,-) are the singular relative homological groups with a coefficient group IF (see
[1, Definition 4.1, Chapter I]).

Before stating our results, we recall the following result concerning critical groups esti-

mates.

Lemma 2.1 ([8, Theorem 3.1]) Let V be a subspace of Wol’p(Q) of finite dimension m. For
critical point ug of I, , we assume that:
(i) the function I is of class C* on ug + V and for every v € V the functions
Ug > (Ij\k(uo),v) and ug — (Ij\’k(uo)v, V) are continuous on Wol'p(Q),
(ii) (I;fk(uo)v, v) <0 for every v € V\{0}.
Then we have Cy(I,, ug) = {0} for every £ <m —1.

Lemma 2.2 If(fi) and (f~) hold, then Eq. (1.1) has a nontrivial solution vo such that
CK(I)\](» VO) = {O}’ Ve < dk—l -1, (2.3)
where di_; = dim{ED,_;_, ker(-A — 1;)}.

Proof The proof will be divided into several steps.

(1) For some 8§ > 0 with Ay < A < Ax + 8 < Ar,1, we assume that

K(5) = {u € Wo”(R): I (u) = 0}
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is the set of critical points of I;. By (2.1) and (2.2), we know that
(0w, w) = / VVdex—A/ vwdx, Yv,we W&’p(Q),
Q Q

then I} (0) is injective. So u = 0 is an isolated critical point (see [7, Corollary 2.4]). Mean-
while, [6, Theorem 1.1] shows that

Cf (I)u 0) = aﬁ,dkF' (2.4‘)
For some small p > 0, let
B,(0) = {ue WyP(Q): |ull < p) (2.5)

be an isolated neighborhood of 0 such that K(,) N B, (0) = {0}. If we define O = B,,(0), then
I, satisfies the Palais—Smale condition on O. Let 1, B, be regular values of I, such that

B <infl, <supl, < Bs.
o o)
Define

W=02=0nBnpl, W =WnIL'B),
where O = \Uer 9 (£, O) and v is the pseudo—gradient flow of I, . Here (W, W™) is called the
Gromoll-Meyer pair for the isolated critical point u# = 0 (see [1, Definition 5.1, Chapter I]).
Meanwhile, using (2.4) and [1, Theorem 5.2, Chapter I] we have

Ce(I5,0) = Hy (W, W™) = 8,4, F. (2.6)

(2) For any u,v € Wol’p(Q) and Ax <X < Ag + 8 with § > 0, using (2.1) we get

||1)»(u) _IAk (M) ||C1(W) =L~ 1)\-k ”C(W) + HI;\ _I;\k ||C(W)

= sup |L.(u) - I, ()| + sup sup |<1)’\(u)—1,’\k(u), V)|
ueW ueW |lv|<1

(2.7)
<38 sup/ u*dx + 8 sup sup / uvdx
uew JQ ueW |v[<1lJQ
< Cé.
Thus, for any ¢ > 0, by (2.7) there is § > 0 such that
5 = Lyllerowy <& for & € (A, Ag +6). (2.8)

Using [3, Theorem II1.4], we know that Gromoll-Meyer pairs are stable under small
perturbation, then (2.8) implies that there exists § > 0 such that (W, W~) is still a Gromoll—
Meyer pair for I, with the critical set

Si, = B,(0) NK(L,) = W NK(L,).
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Then (2.6) implies that
ColSi) = He (W, W) = 80,4, F. (2.9)

Here more properties of C,(I,,,S5,) can be found in [3, Definition II.1, Theorem IIL3].
(3) Assume that S,, = {v1,v2,...,V,} for some n € N, (W}, Wj‘) is the Gromoll-Meyer
pair for v; (j = 1,...,7), and Q(¢t) is a formal series with nonnegative integral coefficients.

By ([2, Page 414]) we have the Morse relation (or see [13, Proposition 2.7]):
Z Zranng(\Vj, Wj‘)t(Z = ZrankH@(W, W)+ (1+5)Q(), (2.10)
j=1 ¢ ¢

this together with (2.9) implies that I, has a critical point #y(0) € W such that

Cdk (I)»kﬂuo(p)) #0' (2'11)

Without losing generality, we assume that # = 0 is an isolated solution of Eq. (1.1). Using
(f1) and (f7), by [14, Theorem 1.1] or [12, Proposition 2.3] for p = 2 we have

CZ (Ikk) 0) = Si,dk_l F. (2.12)

Then (2.11) and (2.12) show that Eq. (1.1) has a nontrivial solution uy(p) € W.
(4) By standard elliptic regularity arguments we have u(p) € C} (R) (see [6, Page 277]).

Since
”uo(p) ||C(1)@ —0, asp—0,
for any ¢ > 0 there is some p > 0 small enough such that
||u0(,0) ”cé(ﬁ) <e. (2.13)
Now, we choose constants A, and A* satisfying
Ml < A < Ak <A < Agyr.

Let & > 0 to be selected suitably later. By f(x, 0) = A, the compactness of © and (2.13), we

may find a solution u(p) to our equation such that ||u0(p)||col @ <¢€and

Aot < Ay Sf/(x, uo(p)) <A <Ay, forallxeQ. (2.14)
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For v € Ex_1\{0) where Ex_; = @, ker(~A — 1), by (2.2), (2.13) and (2.14) we have
(17 (uo())vv)
- /Q (1+ [Vauo(p)|" ) Vv]* dx + /Q (0 - 2)|Vuo(o) [ (Vauo(p) Vv)° dox
. /Q (o)) dx
< /Q (1+Ce)|Vv|>dx + Ce /Q (Vio(p)Vv)* dx - /Q (% uo(p))V? dax (2.15)
5/9(1+c£)|w|2dx+CS/Q|Vuo(p)|2|vV|2dx-/Qf/(x,uo(p))vzdx
5/9(1+Ce)|Vv|2dx—/Qf/(x,uo(p))#dx

1+Ce)hp1— A
< 3+ Che1—he f V|2 dx.
Ak-1 Q

Moreover, we can choose ¢ > 0 such that
1+ Ce)rp1 — A <O,
this together with (2.15) shows that
(I)'fk (uo(,o))v, v) <0, forveE1\{0},
then from Lemma 2.1 we get (2.3). Let v = uo(p), then we complete the proof. O

Lemma 2.3 If(f}) and (f*) hold, then Eq. (1.1) has a nontrivial solution vy such that (2.3)
holds.

Proof For some § >0 small such that Ay — § <X < Ag, by [6, Theorem 1.1] we get
Ce(15,,0) = 64,4, | F.
Using (f1) and (f*), from [14, Theorem 1.1], we have
Cell,0) = 80.4,F.

Similar to Lemma 2.2, Eq. (1.1) has a nontrivial solution vy such that (2.3) holds. We com-
plete the proof. d

Remark 2.4 (1) According to our proof, it is not difficult to find that any critical point in
W satisfies the critical group estimation (2.3).

(2) In the lemmas above, the method for the existence of a nontrivial solution is the
same as that in [13, 15], but our result also has a new content: the estimation of the critical
groups for this solution.
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3 Proof of theorem

Now we can give the proof of our theorem as follows.

Proof of Theorem 1.1 Under our assumptions, Ref. [14] has proved that I, satisfies the
Palais—Smale condition, and there are three nontrivial solutions u; (i = 1,2, 3). Moreover,

two of them are local minima such that
Co(Lyo ur) = CelLy, Ua) = 8¢,0F, (3.1
and u3 is the mountain pass solution such that (see [11] or [10, Page 412])
Co(lpy, u3) = 8¢,1F. (3.2)
From Lemma 2.2 and Lemma 2.3, we know that
Ce(ly, ) = Ho (W, W) = 8,,4F, (3.3)
where Sy, = B,(0) NK(l,,) = WNK(I,,), d = dy for (f7) and d = dj_, for (f*).
Claim: u; ¢ W fori=1,2,3.

Reasoning by contradiction, when #; € W, from Lemma 2.2, Lemma 2.3 and Remark 2.4,
there is p > 0 small enough such that

Ce(lkkrui) = {0}’ Ve = dkfl - 1’ i= 11 2) 3,

which is in contradiction with (3.1) and (3.2) because of k > 3. Then the claim holds.
If I, has only four nontrivial critical points: vy and u; for i = 1,2,3, then, for a <
inf I, (K(I,,)), [14, Lemma 4.1] gives the £th critical group of I, at infinity:

Cel,00) = Hy (Wy” (Q), 15, ) = 81,0F, (3.4)

where (Wol’p(Q),If\’k) is the Gromoll-Meyer pair for K(/}, ) (see [4, Theorem 2.2]).
Now from (3.1) to (3.4), using the Gromoll-Meyer pairs (W, W~) and (WS’P(Q),Ifk), the
Morse relation (2.10) gives

D)7+ (-1)°+ (-1)° + (-1)! = (-1)°,

this contradiction implies that Eq. (1.1) has another nontrivial solution u4 ¢ W. The proof
is completed. O

4 Conclusions
Using the critical groups estimates, our theorem can get more nontrivial solutions. The

main results presented in this paper improve and generalize the results in [10, 14].
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