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1 Introduction

In this paper, we consider the following system:

U (0, 8) = Lt (, ) + [y ki (€ = 8) L (wuaa (%, ) ds = fi(11, V),
x€8,t>0,

Vee(x, t) — (xvx X% 8))x + fo ko (t — s) (xve(x,9))x ds = fi(u,v),
x€Q,t>0,

u(x,t) =v(x,t) =0, x€0dQ,t>0,

u0)=uo(x),  ux0)=mmx),  vx0)=vx),

ve(x,0) = vi(x), x€9,

u(L,t)=v(L,t) =0, fOL xu(x, t)dx = fOL xv(x,t)dx =0,
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where Q = (0,L), k; : [0, +00) —> (0, +00), (i = 1,2), are non-increasing differentiable func-
tions satisfying more general conditions to be mentioned later and

r+l r+2
I,

filu,v) =alu+ V2D (w4 v) + blul uly

’*1)(u + V) + by v|ul?,

folu,v) = alu + v|X
where r >-1and a,b > 0.

Mixed nonlocal problems for parabolic and hyperbolic partial differential equations
have received a great attention during the last few decades. These problems are especially
inspired by modern physics and technology. They aim to describe many physical and bi-
ological phenomena. For instance, physical phenomena are modeled by initial boundary
value problems with nonlocal constraints such as integral boundary conditions, when the
data cannot be measured directly on the boundary, but the average value of the solution on
the domain is known. Initial boundary value problems for second-order evolution partial
differential equations and systems having nonlocal boundary conditions can be encoun-
tered in many scientific domains and many engineering models and are widely applied in
heat transmission theory, underground water flow, medical science, biological processes,
thermoelasticity, chemical reaction diffusion, plasma physics, chemical engineering, heat
conduction processes, population dynamics, and control theory. See in this regard the
work by Cannon [1], Shi [2], Capasso and Kunisch [3], Cahlon and Shi [4], lonkin and
Moiseev [5], Shi and Shilor [6], Choi and Chan [7], and Ewing and Lin [8]. In early work,
most of the research on nonlocal mixed problems was devoted to the classical solutions.
Later, mixed problems with integral conditions for both parabolic and hyperbolic equa-
tions were studied by Pulkina [9, 10], Yurchuk [11], Kartynnik [12], Mesloub and Bouziani
[13], Mesloub and Messaoudi [14, 15], Mesloub [16], and Kamynin [17]. For instance, Said
Mesloub and Fatiha Mesloub [18] obtained existence and uniqueness of the solution to the
following problem:

1 t 1
Uy — — (K5 + / k(t —s)—(xuy)xds + au, = f(t, %, u,uy), x€(0,1),£>0, (3)
X 0 X

and proved that the solution blows up for large initial data and decays for sufficiently small
initial data. Mesloub and Messaoud [14] considered the following nonlocal singular prob-

lem:

1 t 1
Uy — —(Xthy)x + / g(t —s)—(xuy) ds = ulPu, x€(0,a),t>0, (4)
X 0 X

and proved blow-up result for large initial data and decay results of sufficiently small initial
data enough for p > 2. In [19], Draifia et al. proved a general decay result for the following
singular one-dimensional viscoelastic system:

U — L)y + [y g1(8 = 9) 2 (i (3, 9)) e ds = | ully,  in Q,

Vi = Lv)x + fy @2(E— ) 2 (avi(x,9))x ds = ulP*v|7 Yy, inQ,

u(x,0) = ug(x), us(%,0) = u1(x), x€(0,a), (5)
v(x,0) = vo(x), v (x,0) =vi(x), x€(0,0),

u(e, t) = v(a, ) = 0, Jo xulx,t)dx = [ xv(x,t)dx =0,
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where Q = (0,«) x (0,¢) and p,q > 1. Piskin and Ekinci [20] studied problem (1) when the
Bessel operator has been replaced by a Kirchhoff operator with a degenerate damping
terms. They proved the global existence and established a decay rate of solution and also
a finite time blow up. Recently, Boulaaras et al. [21] treated problem (1) and proved the
existence of a global solution to the problem using the potential-well theory. Moreover,

they established a general decay result in which the relaxation functions k; and k& satisfy
, 3
ki(t) < -6k (t), 1<p< 3 (6)

Motivated by the above work, we prove a general stability result of system (1) replacing

the condition (6) used in [21] by a more general assumption of the form:
ki(t) < —&()W;(ki(8)), i=1,2.

Our decay result improves all the existing results in the literature related to this system.
This paper is divided into four sections. In Sect. 2, we state some assumptions needed
in our work. Some technical lemmas will be given in Sect. 3. The statement with proof of

the main result and some examples will be given in Sect. 4.

2 Preliminaries

In this section, we present some materials needed in the proof of our results. We also state,
without proof, the global existence result for problem (1). Let L% = I£(0, L) be the weighted
Banach space equipped with the norm

. 1

p

llaell 2 = (/ xupdx) )
0

L%(0,L) is the Hilbert space of square integral functions having the finite norm

1
L 2
llaell 2 = (/ xuzdx) ,
0

V = V}(0,L) is the Hilbert space equipped with the norm

D=

laelly = (Haell 7 + lltl17)
and

Vo = {u € V such that (L) = 0}.
Lemma 2.1 ([14]) Yw € Vj, a Poincaré-type inequality is

1w, < Cyllwel2,. @)

Remark 2.1 Notice that |[u||v, = |lul 12 defines an equivalent norm on V.
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2.1 Assumptions
(A1) k;:R, — R, (for i =1,2) are C! non-increasing functions satisfying

k;(0)>0, 1- /+OO ki(s)ds =:£; > 0. (8)
0

(A2) There exist non-increasing differentiable functions &; : [0, +00) —> (0, +00) and C !
functions W; : [0, +00) —> [0, +00) which are linear or strictly increasing and strictly
convex €? functions on (0, ¢], & < k;(0), with W;(0) = W/(0) = 0 such that

ki) < —Si(t)\l’i(ki(t)), Vt>0andfori=1,2. 9)
Remark 2.2 The given functions f; and f; satisfy
ufy(u,v) + v, v) = 2(r + 2)F(u,v), V(u,v) € R%,
where
2(r + 2)F(u,v) = [alu + 202 4 2b|uv|”2].
Lemma 2.2 (Jensen’s inequality) Let G : [a,b] — R be a convex function. Assume that the

functions f : (0,L) — [a,b) and h: (0,L) — R are integrable such that h(x) > 0, for any
x€(0,L) and fOL h(x)dx =k >0. Then

1t 1t
G<%/0 f(x)h(x)dx)f%/o G(f(x))h(x)dx.

Remark 2.3 If W is a strictly increasing, strictly convex C? function over (0, ] and satisfy-
ing W(0) = ¥'(0) = 0, then it has an extension, W, that is also strictly increasing and strictly
convex C? over (0,00). For example, if ¥(¢) = a, W'(¢) = b, ¥"(¢) = ¢, and for t > &, ¥ can
be defined by

W(t) = %t2+(b—cs)t+ <a+ gez—be). (10)
Remark 2.4 Since ; is strictly convex on (0, ¢] and ¥;(0) = 0,
W;(0z) <0¥;(z), 0<60<1,Vze(0,e]andi=1,2. (11)

The modified energy functional E associated to problem (1) is

1 1 t
E() = 5l + vl + (1 - /0 k() ds) losell2

1 t
. _<1 - / /a(s)ds)nvxniz
2 0 *

L
[(kloux)(t) + (kzovx)(t)] —/ xF(u,v) dx, (12)
0

+

N =

Page 4 of 17
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where, for any w € L7 ([0, +00);L%(0,L)) and i = 1,2,

loc

(k; o w)(¢) = /0 kit = )| w(t) - w(s) | 2 ds.

Using (1) with direct differentiation gives

d.
% - ‘%(ki"“x)“) - %kﬂf)lluxllig - %(kéovx)u) - %kz(t)nvxni%
< %(kioux)(t) + %(kéovx)(t) <0. (13)

2.2 Local and global existence
In this subsection, we state, without proof, the local and global existence results for system
(1), which can be proved similarly to the ones in [14, 18] and [21].

Theorem 2.1 Assume that (A1) and (A2) hold. If (uo,vo) € V¢ and (u1,v1) € (L2)%. Then
problem (1) has a unique local solution.

For the global existence, we introduce the following functionals:

1 g 1 t
103 (1- [ s+ 3 (1- [ s )iwai

L
+ %[(kloux)(t) + (kgOVx)(t)] - / x[alu +v)20+D) 4 2b|uv|(’+2)] dx (14)
0

and
1= (1- [t i + (1= [ ) Yl + (aom) )+ (aows)o
0 0
L
-2(r+ 2)/ x[a|u + V202 4 2b|uv|(”2)] dx. (15)
0

We notice that E(¢) = J(¢£) + %||ut||z% + %”V‘”i,%‘

Lemma 2.3 Suppose that (A1) and (A2) hold. Then, for any (u,vo) € V3 and (u1,v1) €
(L2)? satisfying

B =n22E0)" <1, »
1(0) = I(uo,vp) > O,

there exists t,. > 0 such that
1(t) = I(u(®),v(8)) >0, Vee[0,L,). (17)

Remark 2.5 We can easily deduce from Lemma 2.3 that

2(p +2)
p+1

Callaeefy + Lallvellf, < E(0), vt=0. (18)
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Theorem 2.2 Assume that (A1) and (A2) hold. If (uo,vo) € V§ and (u1,v1) € (L2)? and
satisfies (16), then the solution of (1) is global and bounded.

3 Technical lemmas
In this section, we establish several lemmas needed for the proof of our main result.

Lemma 3.1 There exist two positive constants c; and ¢, such that

2r+3

L
2 .
| st as < e, + i), i-12 19)
O X X
Proof We prove inequality (19) for f; and the same result holds for f;. It is clear that

lfl(u,V)| < C(|u+V|2r+3 + |M|V+I|V|r+2)

< C(|u|2r+3 + |V|2r+3 + |M|r+1|V|r+2). (20)

From (20) and Young’s inequality, with

2r+3
r+1’

2r+3
r+2°

/

q= q=
we get

|2 < e [uP o v
hence

M(M,V)| < C[|M|2r+3 + |V|2r+3].

Consequently, by using (7), (12), (13) and the embedding Vj < L***%, we obtain

L
2 (2r+3) (2r+3)
f i) dr = CIPE + %573
0
2 2 \2r+3
< (bl + lvl%)" .

This completes the proof of Lemma 3.1. d

Lemma 3.2 ([22]) There exist positive constants d and ty such that, for any t € [0,t], we
have

ki(t) < —dk;(t), i=1,2. (21)

Lemma 3.3 If (A1) holds. Then, foranyw € Vi, 0<a <1 andi=1,2, we have
L ¢ 2
| x( | e 9)wte) - ) ds) dx = Coilhs o W)O) (22)
0 0

where Coi:= [~ 5 ds and hi(t) := aki(t) - ki(t).

ak
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Proof The proof of this lemma goes similar to the one in [22].

Lemma 3.4 Under the assumptions (A1) and (A2), the functional
L L
O(t) := / xuu; dx + / XV dx,
0 0
satisfies, along with the solution of system (1), the estimate
£ £
OO = Nl + vy = 5 sy = = vl
L
+ Co1(h1 o uy)(t) + Coolhy o vy)(t) + f xF(u,v)dx.
0

Proof Direct differentiation, using (1), yields

L t L
PD'(t) = / xu? dx + (1 —f k1(s) ds) / xu? dx
0 0 0

L ¢

+/ xux/ kl(t—s)(ux(s)—ux(t))dsdx
0 0

+/vafdx+ (l—ft/q(s)ds) /vafdx
0 0 0
L t

+f xvx/ ko (t = 8) (va(s) — vi(2)) dsdx
0 0
L

+/ x(ufi(u,v) + vfo(u,v)) dx
0

Using Young'’s inequality, we obtain, for any 81,48, € (0, 1),

L L 8, (L
CD’(t)S/ xufdx—ﬁlf xuidx+—/ xul dx
0 0 2
2
va [ [ -9 - it )
L L 5, [
+/ xvfdx—ﬁzf xvidx+—f xv2 dx
0 0 2 Jo
2
vo [ o [ e it as)

L
+ / xF(u,v)dx.
0

Taking §; = £; and 8, = ¢; and using Lemma 3.3, we have

L E L
D'(t) < / xu? dx — El f xul dx + cCp1 (1 0 u)(t)
0 0

L 0 [t L
+ f xvf dx — E] xvfc dx + cCyz(hy o vy)(2) + / xF(u,v)dx.
0 0 0

Page 7 of 17
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Let us introduce the functionals
x1(¢) == / xut/ ky(t - s) u(t) — u(s )) dsdx
and
L t
X2(8) := —/ xvt/ ka(t = 8) (v(2) - (s)) ds dx.
0 0
Lemma 3.5 Assume that (A1) and (A2) hold. Then the functional
x(8) = x1(8) + x2(2)
satisfies, along with the solution of (1), the following estimate:
t c
X' () < —( f ky (s) ds - 6) luall 7y + eBllzellfz + 5 (Cot + 11 0 ) (@)
0 X X
t
c
- ( [ reas- a) vl + edlvel?y + S(Cun + )0 0 1)),
0 X X

where 0< 8§ < 1.

Proof Direct differentiation, using (1), gives

t L
X{(t):—(/o kl(s)ds)‘/o xu?
t L t

— | ki(s)d . k1 (t — ) (1, (t) — uy(s)) ds d.
+(1 /0 1(s) S)/o XU, (t)/(; 1(t s)(u &) —u (s)) sdx

L t 2
+/ x(/ kl(t—s)(ux(t)—ux(s))ds) dx

0 0

L t
~ [t [ Rate=9ut) - ) s

/ xut/ —s) u(t) — u(s )) dsdx.

Using Young’s inequality and Lemma 3.3, we get, for any 0 < § < 1, the following:

t L t
1- | ki(s)d » ki (t - (1) — Uy (s)) dsd.

( /0 1(s) s)/ xu (t)/ 1(t s)(u ) -u (s)) sdx

L

ki (t —s)|uy «(s)|ds | d

+/0 (/ 1(8 = 8) |1 (8) — a(s) | S) x

L 2
8/ xu / x(/ kl(t—s)|ux(t)—ux(s)|ds> dx

0 0 0

L c
55/ w2 + S Cot (0 ) (8).
0

IA

8

(27)

(28)

(29)

Page 8 of 17
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Using Young’s inequality, (18), (19) and (22), we have

L t
/ xf1(u,v) / ki(t —s) (u(t) - u(s)) dsdx
0 0

L . , ,
55(/0 xlfl(U,V)’zdx)+%/‘0 x(/o k1(t—5)(u(t)—u(s))ds> dx

2r+3 €
< cad(Culielfy + Eallvalfa) ™ + 5 Car (0 w)(0)

2(r +2) el ) ) c
<cé — E(0) (Elnux”Lch + lelellLch) + gca,l(hl 0 uy)(¢)

c

< cBlluxly + edllvallf + 5 Caa U 0 1) ). (30)
Also, by applying Young’s inequality and Lemma 3.3, we obtain, for any 0 <4 < 1,

L t
- / Xy f ki(t—s) (u(t) - u(s)) dsdx
0 0
L ¢ L t
= / xu, / hy (¢ = 5) (u(t) — uls)) ds dx - / xutf aky (£ —$)(u(t) — uls)) ds dx
0 0 0 0

t
<oty + 55 ([ s ) 010+ § ot 000

c
= 8llually + 5(Caa + D1 0 w)(0) (31)
Similarly, we have
L t c
_/ xvt[ ky(t - s)(v(t) — v(s)) dsdx < 8||vt||iz + E(Ca,z + 1)(hy o v, )(2). (32)
0 0 ¥
A combination of all the above estimates gives
‘ 2 2 ¢
x() < —</ ki(s)ds - 5) lotell,> + clluxll7s + 5(Ca,1 +1)(h1 0 uy)(2). (33)
0 X X
Repeating the same calculations with x5, we obtain
t c
00 < —( / Jas) s — 8) 712 + e8l17al2, + 5(Caa + D2 0 1,)(0). (34)
0 X X

Therefore, (33) and (34) imply (27), which completes the proof of Lemma 3.5. O

Lemma 3.6 Assume that (A1) and (A2) hold. Then the functionals ], and ], defined by

L t
16 :=/ x/ Ki(t - 5)|ux(s)|” ds dx
0 0
and

L t
fz(t):zfo x/o Ks(t - 5)|vals)| dsdx

Page9of 17
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satisfy, along with the solution of (1), the estimates
1
J1(8) = 3(1 = O)lluallz = 5 (ko w)(®) (35)
1
J5(8) =301 = O)llvil 2 = 5 (ks 0 v2)(0), (36)

where Ki(t) := [ ki(s) ds (for i = 1,2) and £ = min{€, {,}.

Proof We will prove inequality (35) and the same proof also holds for (36). By Young’s
inequality and the fact that K (¢) = —k; (t), we see that

L L pt
]{(t):[(l(O)/O x|ux(t)|2dx—/0 x/o /<1(t—s)‘ux(s)‘2dx
L gt )
=—/ x/ kl(t—s)|ux(s)—ux(t)| dsdx
o Jo

L t L
—2/0 xux(t)./(; kl(t—s)(ux(s)—ux(t))dsdx+1(1(t)f x|ux(t)|2dx.

0
Now,
L t
- 2/ xux(t)./ kl(t—s)(ux(s) - ux(t)) dsdx
0 0
L "k d L t
<2(1 —zl)/ x| (o) dx + Jo kals)ds x/ ki (¢ — ) |(s) — 1 (0)|” ds dx.
0 20-¢€1) Jo Jo
Using the facts that K3(0) =1 - ¢; and fot ki(s)ds <1 —£4, (35) is established. O

Lemma 3.7 The functional L defined by

L(t) := NE(2) + N1¢(t) + Nox (2)
satisfies, for a suitable choice of N,N1,Np > 1,

L(¢) ~ E(t) (37)
and the estimate

L(0) < =401~ ) (Il + 1v211%) = (el + 1vel1%)

L 1
+ C/o xF(u,v)dx + 1 [(ky o uy)(t) + (ky o vi)(B)],  VE= 1o, (38)

where t is introduced in Lemma 3.2 and € = min{{y, £,}.

Proof Ttis notdifficult to prove that L(t) ~ E(¢). To establish (38), we choose § = 4%\{2 where
£ =min{{y, £3}. We set C,, = max{Cy1,C,2} and kg = min{fot" ki(s) ds, Oto ky(s) ds} > 0. Now

using (23) and (28) and recalling the fact that k] = ak; — h;, we obtain, for any ¢ > £,

/ ¢ 14
L) = =2 Ny =)l 2 + 1vall72) = (koNz "2 —N1> (leeell 7 + Nvell7)
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L o
-N; / xF(u,v)dx + EN[(kl o u,)(t) + (ky o Vx)(t)]
0

- [%N - %N; - Cy (%sz + cN1>] [(h1 ou,)(t)+ (hyo vx)(t)].

First, we choose N; so large such that §(2N1 -1)>4(1-20).

£

Then we select N large enough so that ko N — o

—N; > 1. Now, one can use the Lebesgue

. . K2 .
dominated convergence theorem with the fact that " k?t(s)’_(i){(s> < ki(s), for i = 1,2, to prove
that
lim «C, =0.
a—0*
Therefore, there exists ag € (0, 1) such that if & < ap, then, we get «C, < ——~——. Then,

2
8[4= N2 +cNi]

by letting o = ﬁ < o, we get %N - %sz > 0. This leads to

1 4, 4t , 1. 4,
EN—T 2—Ca 7N2+CN1 >ZN—7N2>0.
Then, (38) is established. O

4 General decay result

In this section, we state and prove our main result.

Theorem 4.1 Let (ug,vo) € V¢ and (u1,v1) € (L2)* be given and satisfying (16). Assume
that (A1) and (A2) hold. If V1 and V, are linear, then there exist two positive constants ,q
and Ay such that the solution to problem (1) satisfies the estimate

t
E(t) < Ayexp (—kl / &(s) ds), Vit > &, (39)
to
where ty is introduced in Lemma 3.2 and & (t) = min{&(t), &, (2)}.
Proof Using (21) and (13) we have, for any ¢ > £,
to 2 to 2 ,
/ k1(s) || U (£) — ty(t —5) ||L2 ds + / ky(s) || Ve(t) = v (t = 5) ||L2 ds < —cE'(¢).
0 * 0 *
Using this inequality, the estimate (38) becomes, for some m > 0 and for any ¢ > ¢,

L'(t) < —-mE(t) — cE'(t) + c/t k1(s) H Uy (t) — U (t —s) Hi% ds

re / o () [vi(®) = vele = 9) | s

Let £:=L + ¢E ~ E, we obtain

L' (t) <-mE(t) + c/tkl(s)Hux(t) — uy(t - S)HZ% ds

to
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t
+ c/ ko (s) || Ve(t) = vie(t = 5) ”22 ds, Yt>t. (40)
to *

Multiply both sides of (40) by &(¢) = min{&;(¢), §,(¢)} where & is non-increasing function
and using (A2) and (13) we get, for any ¢ > £, and m > 0, the following:

EWL() < —mER)E®) + ¢ /0 E1()k(9) || (2) — ua(t — 5) ”Z% ds
te /0 Ex(5)a ()| vilt) = vt = 5) |y ds
< -mE(OE() - ¢ fo K(9) |4a(6) = et = )| ds
X c/ k5 (s) ||vx(t) —V(t—5) ”ii ds
0
< -—mé&(t)E(t) — cE'(¢).
Since £ is non-increasing, we have
(EL + cE) (t) < —mE()E(t), Vt>to.

Integrating over (fo,¢) and using the fact that ££ + ¢cE ~ E, then, for any 11,A; > 0, we
obtain

t
E(t) <X, exp(—klf &(s) ds), NI 0
to
Theorem 4.2 Let (ug,vo) € Vi and (u1,v1) € (L2)? be given and satisfying (16). Assume

that (A1) and (A2) hold. If V1 or V, is nonlinear, then there exist two positive constants Ly
and \y such that the solution to problem (1) satisfies the estimate

t
E(t) < AW? (Al f £(s) ds), Yt > t, (41)
to
where
" 1 . . ’ /
\I/*(t) = ; SH_(S)dS with H(t) = mln{\Ifl(t),\IJZ(t)}.
Proof Using Lemmas 3.6 and 3.7, we easily see that
L1(t) := L(£) + J1(2) + J2(2)
is nonnegative and, for any ¢ > ty, and, for some C > 0,
L(t) < —cE(®).
Therefore, we arrive at

/wE(s) ds < +00. (42)
0
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Now, we define the following functionals:

t t
2 2
L(t):=y / ”ux(t) — Uy (- S)”L,% ds, L(t):=y / ||Vx(t) -l _S)HL% ds.
to to
Thanks to (42), one can choose 0 < y < 1 so that
L(t) <1, Vt>tyandi=1,2. (43)

Without loss of the generality, we assume that [;(¢) > 0, for any ¢ > £y; otherwise, we get an

exponential decay from (38). We also define the following functionals:
‘ 2 ‘ 2
)= f K 6)(0) = (e = 9|2y s, ma(0) = - / K(6) 150 - vile = 5) | ds
to to

and observe that
ni(e) + m2() < —cE'(8), Vt=to. (44)

Using (2.4), Assumption (A2), inequality (43) and Jensen’s inequality, we obtain

me) < 11(1:) yL(O8(5) W (ke (9)) [a6x(6) = el =) [ s
S5O [ L a
J/I (¢) tOV (1K) [ 11(8) — ua(t - S)||L2 ’

< a}ff) <1 ® J, Lok Josc(®) — st = 5) | ds)
£1(2)

_—wl( / k1<s>||ux<t>-uxu-s)n;ds), —
Y to *

where W is defined in Remark (2.3). Then, we have

fkl )| ue(t) — u( _S)”L2 %\D (ygzg)) £> 5.

Similarly, we can have

1o (vm@)
/ )0 -9 [ ds = 8 ( o ) £= b
Thus, the estimate (40) becomes
F'(t) < —mE(t) + ¥y (J/m( )) et <yn2(t)>, £>to. (45)
- £1(t) 2\ &) -

Set H = min{V¥/, \IJQ} and define the functional

Fi(¢) := <80%>F(t) E(t), forege(0,¢)andit > t.
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Using the fact that \IJ{ >0, \IJ{’ >0and E’ <0, we also deduce that F; ~ E. Further, we get

Fi(t) = eoi((ot))H(so%)F(t) +H(so%)?(t) +E'(t), foraet>t.

Recalling that £’ < 0, then we drop the first and last terms of the above identity. Therefore,
by using the estimate (45), we have

Fi(t) < —mE(t)H<go%> + CH(%]%)\pl_l (ysrjé)t))

+ cH(so @> @2’1 ( yézzg))’ fora.et > ty. (46)

In the sense of Young [23], we let ¥ be the convex conjugate of W; such that

W*(s) = s(\i/lf)fl(s) - \Ili[(\fli/)fl(s)], fori=1,2, 47)

1

and it satisfies the following generalized Young inequality:
AB; < UF(A) + W(B), fori=1,2. (48)

By letting A = H(gg %), B; = W7} V;ég) ), for i = 1,2, and combining (46)—(48), we have, for

almost every ¢ > £,

s 5) (5 3

T E(t) Y n2(t)
+cV¥, [H(Sﬁ)] +c 50

E(2) E@®)N\, =, -1 =, E@®) ym(t)

< —mE(t)H(eoﬁ) +cH(80%)(\I-’1) |:\Ill (50%>:| +c 50
E@)\ =1 =, E@) Y na(t)
vt ) 87| %(0z) | oy

E(2) E(2) ym(E)  ynal(t)
5—(mE(O)—ceo)%H(eoﬁ) +c( 50 + 50 )

Multiplying the above estimate by &(£) = min{&;(£), & (¢)} > 0 and using the fact in (44),
we get

EOF|(0) < —(mE(©) - ceo) (0 20 H( E@)

£0) SOE(O)) —CcE'(t), foraet>t.

Select ey small enough so that ko := mE(0) — cgo > 0, and we obtain

(1) < —kosm@H(so%

£0) ) —CcE'(t), fora.et>t.

Let F, = £F; + cE ~ E, we have, for some o1, o, > 0, the following equivalent inequality:

arF(t) < E(t) < axFy(t), VYE=t. (49)

Page 14 of 17
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Hence, we have

E
Fy(t) < —kosu)%)fl(

(t)

(0)> fora.et > t. (50)

Now, we set
Hy(t) = tH(eot), Vte[0,1].

Using the fact that ¥/ > 0 and W/ > 0 on (0, r] (for i = 1,2), we deduce that Hy, Hj > 0 a.e.

on (0, 1]. Now, we define the following functional:

ai1F(t)
E(0)

R(t) :=
and use (49) and (50) to show that R ~ E and, for some f8; >0,
R(t) < —ﬁlé(t)Ho(R(t)), fora.et > to.

Integrating over the interval (£, £) and using a change of variables, we get

£0R(0) 1 t
ds> B / £(5)ds;
-/soR(t) sH(s) ! t

which gives

R(p) < 1%:1 (ﬁl / ts(s) ds) Vt > 1,
€o to

where W, ( ft SH ds Since R ~ E, we have, for 8, >0,

E(t)iﬁz‘l’;l(ﬂl / s<s>ds) —
0

This completes the proof. g

Example 4.3
(1) Let ki(t) = ae ™ and ky(t) = 1+zq’
(A1) is satlsﬁed. Then there exists C > 0 such that

q > 1. The constants a and b are chosen so that

E@) < vVt > 0.

c
1+0)7

(2) Let kl( ) (1+t)""
so that (A1) is satisfied. Then there exists C > 0 such that, for any ¢ > 0,

and ko (t) = (1+:)" with m1,n > 1. The constants a and b are chosen

E@t) <

T with v = min{m, n}.
+
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(3) Let ky(¢) = ae?* and ky(¢) = be-1+9" with 0 < ¢ < 1. The constants a and b are
chosen so that (A1) is satisfied. Then there exist positive constants C and «; such
that

E(t) < Ce 0" for ¢ large.

Acknowledgements

The authors would like to express their profound gratitude to King Fahd University of Petroleum and Minerals (KFUPM)
and University of Sharjah for their continuous support and he also thanks an anonymous referee for his/her very careful
reading and valuable suggestions. This work is funded by KFUPM under Project #5B191048.

Funding
This work is funded by KFUPM under Project (SB191048).

Abbreviations
Not applicable.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors read and approved the final manuscript.

Authors’ information
Not applicable.

Author details
'The Preparatory Year Math Program, King Fahd University of Petroleum and Minerals, Dhahran, Saudi Arabia.
?Department of Mathematics, University of Sharjah, Sharjah, UAE.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 22 June 2020 Accepted: 1 November 2020 Published online: 10 November 2020

References
1. Cannon, J.: The solution of the heat equation subject to the specification of energy. Q. Appl. Math. 21(2), 155-160
(1963)
2. Shi, P: Weak solution to an evolution problem with a nonlocal constraint. SIAM J. Math. Anal. 24(1), 46-58 (1993)
3. Capasso, V., Kunisch, K.: A reaction—diffusion system arising in modelling man-environment diseases. Q. Appl. Math.
46(3),431-450 (1988)
4. Cahlon, B, Kulkarni, D.M,, Shi, P: Stepwise stability for the heat equation with a nonlocal constraint. SIAM J. Numer.
Anal. 32(2), 571-593 (1995)
5. lonkin, NI, Moiseev, E.l: A problem for the heat conduction equation with two-point boundary condition. Differ.
Uravn. 15(7), 12841295 (1979)
6. Shi, P, Shillor, M.: On design of contact patterns in one-dimensional thermoelasticity. In: Theoretical Aspects of
Industrial Design (1992)
7. Choi, Y, Chan, K-Y: A parabolic equation with nonlocal boundary conditions arising from electrochemistry. Nonlinear
Anal. 18(4),317-331 (1992)
8. Ewing, RE, Lin, T: A class of parameter estimation techniques for fluid flow in porous media. Adv. Water Resour. 14(2),
89-97 (1991)
9. Pulkina, LS.: A non-local problem with integral conditions for hyperbolic equations (1999)
10. Pul'kina, L.S.: A nonlocal problem with integral conditions for a hyperbolic equation. Differ. Equ. 40(7), 947-953 (2004)
11. Yurchuk, N.: Mixed problem with an integral condition for certain parabolic equations. Differ. Equ. 22(12), 1457-1463
(1986)
12. Kartynnik, A.: Three point boundary value problem with an integral space variables conditions for second order
parabolic equations. Differ. Uravn. 26, 1568-1575 (1990)
13. Mesloub, S., Bouziani, A.: Mixed problem with a weighted integral condition for a parabolic equation with the Bessel
operator. Int. J. Stoch. Anal. 15(3), 277-286 (2002)
14. Mesloub, S, Messaoudi, S.A.: Global existence, decay, and blow up of solutions of a singular nonlocal viscoelastic
problem. Acta Appl. Math. 110(2), 705-724 (2010)
15. Mesloub, S., Messaoudi, S.A.: A nonlocal mixed semilinear problem for second-order hyperbolic equations. Electron. J.
Differ. Equ. 2003, 30 (2003)



Al-Gharabli et al. Boundary Value Problems (2020) 2020:170 Page 17 of 17

20.

21.

22.
23.

. Mesloub, S:: On a singular two dimensional nonlinear evolution equation with nonlocal conditions. Nonlinear Anal.,

Theory Methods Appl. 68(9), 2594-2607 (2008)

. Kamynin, LI: A boundary value problem in the theory of heat conduction with a nonclassical boundary condition.

USSR Comput. Math. Math. Phys. 4(6), 33-59 (1964)

. Mesloub, S., Mesloub, F.: Solvability of a mixed nonlocal problem for a nonlinear singular viscoelastic equation. Acta

Appl. Math. 110(1), 109-129 (2010)

. Draifia, A, Zarai, A, Boulaaras, S.: Global existence and decay of solutions of a singular nonlocal viscoelastic system.

Rend. Circ. Mat. Palermo 2, 1-25 (2018)

Piskin, E., Ekinci, F.: General decay and blowup of solutions for coupled viscoelastic equation of Kirchhoff type with
degenerate damping terms. Math. Methods Appl. Sci. 42(16), 5468-5488 (2019)

Boulaaras, S., Guefaifia, R, Mezouar, N.: Global existence and decay for a system of two singular one-dimensional
nonlinear viscoelastic equations with general source terms. Appl. Anal. (2020).
https://doi.org/10.1080/00036811.2020.1760250

Mustafa, M.l General decay result for nonlinear viscoelastic equations. J. Math. Anal. Appl. 457(1), 134-152 (2018)
Arnold, V... Mathematical Methods of Classical Mechanics, vol. 60. Springer, Berlin (2013)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.1080/00036811.2020.1760250

	New general decay result for a system of two singular nonlocal viscoelastic equations with general source terms and a wide class of relaxation functions
	Abstract
	Keywords

	Introduction
	Preliminaries
	Assumptions
	Local and global existence

	Technical lemmas
	General decay result
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Competing interests
	Authors' contributions
	Authors' information
	Author details
	Publisher's Note
	References


