Samei and Rezapour Boundary Value Problems
https://doi.org/10.1186/513661-020-01433-1

(2020) 2020135 ® Boundary Value Problems

a SpringerOpen Journal

RESEARCH Open Access

On a system of fractional g-differential

Check for
updates

inclusions via sum of two multi-term
functions on a time scale

Mohammad Esmael Samei' and Shahram Rezapour®**”

"Correspondence:
shahramrezapour@duytan.edu.vn;
sh.rezapour@mail.cuh.org.tw;
rezapourshahram@yahoo.ca;
sh.rezapour@azaruniv.ac.ir
’Institute of Research and
Development, Duy Tan University,
Da Nang 550000, Vietnam
3Faculty of Natural Sciences, Duy
Tan University, Da Nang 550000,
Vietnam

Full list of author information is
available at the end of the article

@ Springer

Abstract

Nowadays most researchers have been focused on fractional calculus because it has
been proved that fractional derivatives could describe most phenomena better than
usual derivations. Numerical parts of fractional calculus such as g-derivations are
considered by researchers. In this work, our aim is to review the existence of solution
for an m-dimensional system of fractional g-differential inclusions via sum of two
multi-term functions under some boundary conditions on the time scale

T, ={t:t=1tg"} U {0}, wheren> 1,1 e R,and g € (0, 1). By using the Banach
contraction principle and some sufficient conditions, we guarantee the existence of
solutions for the system of g-differential inclusions. Also, we provide an example,
some algorithms, and a figure to illustrate our main result.

MSC: Primary 34A08; 34B16; secondary 39A13

Keywords: Multi-term function; Sum boundary value condition; Caputo
g-derivative; Riemann-Liouville g-derivative; Time scale

1 Introduction

The fractional calculus provides a meaningful generalization for the classical integration
and differentiation to any order. Also, the quantum calculus is equivalent to traditional
infinitesimal calculus without the notion of limits. It defines g-calculus, where g stands
for quantum. Despite the old history of the theories, the investigation of their properties
has remained untouched until recent time. After its introduction by Jackson in 1910 [1],
many researchers have extended this field (see, for example, [2—8]). It is important that
we increase our abilities by investigating complicate fractional differential equations and
applications (see [9-24]). One of the methods in this way is working on fractional differ-
ential inclusions which are an appropriate extension for fractional differential equations
[25-30]. Finally, it is known that fractional difference equations need time scales as a dis-
crete system [31, 32].

In 2013, Ahmad et al. studied the fractional inclusion problem D k(¢) € T(t, k(t)) with
the integral boundary conditions k/(0) — ¢;k/(8) = a; fol fi(r,k(r))dr forj=0,1,2, where T is
a multifunction [26]. In 2014, Ghorbanian ef al. investigated the existence of solution for
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the fractional differential inclusion problems

‘DM [Z](t) € Th(,2(8), 2 (£), 2" (2))
and

‘D7 [z](t) € To(t,2(), D), ..., D [2](2),
with integral boundary value conditions

2(0) +2(n) +2(1) = f; fo(r,z(r)) dr,

“Df [2](0) + “D [2](n) + “DF [2)(1) = J, fi(r,2(r)) dr,
“DP[£](0) + “DF [2](n) + “DP [2](1) = [, folr, 2(r)) dr,
2(0) + az(1) = Y-, TPi[2)(n),

Z/(0)+ bz (1) = 31, “DFilz](n),

wherete/,2<01<3,1<0,<2,0<n,,,Bi<1,1<B<2,00-B;>1,forl <i<n,

i phirl i ni-Fi
“>Z;Fwﬁay b>§;F@—mY
neN, T1: ] x Rx R xR — Pg,(R), Tr : ] x R"*! — P, (R) are multifunctions, f; : J x R —
R are continuous functions for i = 0,1,2, and P, (RR) is the set of all compact subsets of
R [28]. In 2015, Agarwal et al. reviewed the fractional derivative inclusions “D? [x](£) €
Fi(t,x(t)) and “DP[x](t) € Fy(t,x(t),“D*x(¢)) with the boundary value conditions x(0) =
a fov x(s)ds, x(1) = bfo'7 x(s)dsand x(1) +x'(1) = 0'7 x(s) ds, x(0) = 0, respectively, where ¢ € ],
¢,mv e (0,1), B e(1,2] with 8 —¢ > 1, a,b € R, °DP is the Caputo differentiation and
Fi:JxRxR— 28 F:] xR x R — 2R are compact-valued multifunctions [25]. In

2019, Samei et al. studied the existence of solutions for the hybrid inclusion

C ya [ 2O~ ExOPL g (626(0)1P2 By (45(8)),-cs PP 1 (£,5(2)))
#Dl QDI 310,172 [x](0),--. 7 [](D) ] € K(t,x(2)),

x(1) = pnlx),  x(e) = n(x),

where &D% and 7% denote the Caputo—Hadamard fractional derivative and Hadamard
integral of order «, respectively, t € J =[l,e], n,meN,1<a <2,8;>0fori=1,2,...,n,
y; >0 for i=1,2,...,m, the functions f : ] x R R,g:] x R™1 — R - {0}, &; : ] x
R — R for i =1,2,...,n, functions u, n map C(/,R) into R and the multifunction K :
J x R — P(R) satisfies certain conditions [30]. Also, Ntouyas et al. studied the boundary

value problem of first-order fractional differential equations given by

DELAI) = wi(%,i@), (),  DRAHI) = wa(x,fix),A®), (¢e(0,1])

with Riemann-Liouville integral boundary conditions of different order f1(0) =
cIl'[f1](a1) and £o(0) = c2I*?[f2](a2) for 0 < aj,as < 1, B; € (0,1], aj,¢; € R where i = 1,2
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[33]. On the other hand, Samei and Ntouyas investigated a multi-term nonlinear fractional
q-integro-differential equation

Dy [x)(2) = w(t,x(t), (%) (®), (p2x)(8),  “DE[x](2), ‘D [x](2), ..., ‘Di [x1(2))

under some boundary conditions [7]. In 2019, Samei et al. discussed the fractional hybrid
g-differential inclusions

cya k B1 B
'Dq7 (/(t,k,zgl [k],...,Ig”[k])) EF(t,k,Iq [k],...,qu[k])

with the boundary conditions k(0) = ko and k(1) = k;, where 1 <o < 2,4 € (0,1), ko, k1 € R,
o;>0fori=12,...,n ;>0 forj=12..,m nmeN, Dy denotes Caputo type g-
derivative of order «, Iqﬂ denotes Riemann-Liouville type g-integral of order §, f : ] X
R"” — (0, 00) is continuous, and F : ] x R™ — P(R) is a multifunction [34].

Now by mixing the main ideas of the works, we investigate the existence of solutions for
a system of fractional g-differential inclusions via sum of two multi-term functions:

DI [k )(8) € Tuilt, ko (B), -, ko (£), Ze (K1 ) (O), -, Ze" Tk (£)])
+ T (6, k1 (), ko (), DG K1) (D), ..., D" ki (8)),
D (k) (t) € Tialts ki (8)s - kin (), T3 (K1) (), ..., I3 (ki) (2))
+ Toa(t, K1 (B), - o (2), DG KA (), - .., D ki (£)), (1)

DI k) (£) € Tim(t k1)), .., k8, I3 (K1 )(®), .., T ki) (1))
+ Tom(t ki (O), - K (£), D LKA (E), - .., D" i) (8)),

with the boundary conditions

ki (0) + ZZ [k)(0) + “D4 [k (0) = ~ki(L), o
2
k(1) + T3 k(1) + “DE k] (1) = ~ki(0),

where 1<0;<2,0<¢<1,te]=1[0,1], and Ty;, To: : J x R — 2R are some set-valued

maps fori=1,...,m.

2 Essential preliminaries

In this work, we apply the time scales calculus notation of the book [32]. In fact, we con-
sider the fractional g-calculus on the specific time scale Ty, = {0} U {¢ : ¢ = tog"}, where
n>0,t €R,and g € (0,1). Let 2 € R. Define [a], = % [1]. The power function (x -
with n € Ny is defined by (x —y);o) =1land (x —y);") = ]_[Z:é (x — yq"*) for n > 1, where x and
y are real numbers [31]. Also, for « € R and a # 0, we have (x — y)gl) =x 1o x:%. If
y =0, then it is clear that x®) = x* [31] (Algorithm 1). The g-gamma function is given by
I(z) = (1-¢9)*V/(1-q)*", where z € R\{0,~1,-2,...} [1]. Note that I';(z + 1) = [z],I;(2).
Algorithm 2 shows a pseudo-code description of the technique for estimating g-gamma

function of order n. The g-derivative of function f is defined by (D,f)(x) = f(g:—g)zx) and
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Algorithm 1 The proposed method for calculated (a — b)g")

function p = powerfunction(a, b, n, Q)
%$Power Gamma (a-b) " (n)

s=1;

if n==0

p=1

else

for k=1:n-1

s=s* (a-bxq”~k) / (a- b*qg” (alpha+k)) ;
end;
p=a®alpha * s;

end;

end

Algorithm 2 The proposed method for calculated I7;(x)

® N o MR W N =

function g = gGamma (g, X, n)
%g-Gamma Function

p=1;

for k=0:n

p=p* (1-g~ (k+1))/ (1- g"(x+k));
end;

g=p/(1-q) " (x-1);

end

Algorithm 3 The proposed method for calculated (D,f)(x)

N A W =

function g = Dg(qg, x, n, fun)

if x==0

g=limit ((fun(x)-fun(g+*x))/((1l-q)*x),x%x,0);
else

g=(fun(x)-fun(gx*x))/ ((1-qg) *x) ;

end;

end

(Dyf)(0) = lim,_, o(D,f)(x), which is shown in Algorithm 3 [2, 3]. Furthermore, the higher-
order g-derivative of a function f is defined by Dy [f1(x) =D, [D;‘1 [f1](x) for n > 1, where
(Dgf)(x) =f(x) [2, 3]. The g-integral of a function f is defined by

for 0 < x < b, provided the series is absolutely convergent [2, 3]. If x in [0, T], then

o0

- [ O dgs=x(1-0) S ¢ (x")

k=0

T
/ f(ndgr =L (T) - 1,f(x)

=(1-9) ) ¢'[Tf(1d") - »f (x4")],

k=0

whenever the series exists. The operator 17 is given by (Igh)(x) = h(x) and (I,;’h)(x) =
(Iq(I;"lh))(x) for n > 1and i € C([0, T]) [2, 3]. It has been proved that (D,(I,4))(x) = h(x)
and (I;(D4h))(x) = h(x) — h(0) whenever 4 is continuous at x = 0 [2, 3].

Page 4 of 26
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Algorithm 4 The proposed method for calculated I7[x]

function g = Ig alpha(g, alpha, x, n, fun)

1

2 p=0;

3 for k=0:n

4 sl=1;

5 for i=0:k-1

6 sl=sl*(1-qg” (alpha+i));

7 end

8 s2=1;

9 for i=0:k-1

10 s2=82* (1-g” (i+1));

11 end

12 p=p + g"kxslxeval (subs(fun, txg*k))/s2;
13 end;

14 g=round( (t"alpha)* ((1l-qg)”~alpha)* p, 6);
15 end

The fractional Riemann-Liouville type g-integral of the function zon/J = (0,1) foro >0

is defined by
0= s / (£ 9" Vh(s)d,
o kl_[ a+i)h k
“(1-q) Zqin ) 3

and Ig [1](2) = h(t) for t € ] [5]. Also, the Caputo fractional g-derivative of a function w is
defined by

Dy [wl(t) = I,E"]"’ [“DY w]]®)

([o]-o-1)cplo]
1"([0 /(t qs) D [wl(s)dgs

5 -4)
(1 - q)" qu]‘[ —gi*h) (tq )' )

where ¢ € J and o > 0 [5, 35]. It has been proved that Ig (Zg (M) () = I;”ﬁ [4](x) and
Dy (I;‘ [1])(x) = h(x), where a, 8 > 0 [5]. Algorithm 4 shows pseudo-code Iy [h](x).

Let (£, p) be a metric space. Denote by P(&) and 2¢ the class of all subsets and the class
of all nonempty subsets of £, respectively. Thus, Pu(E), Pra(E), Pev(E), and Py (€) denote
the class of all closed, bounded, convex, and compact subsets of £, respectively. A mapping
T : £ — 2¢ is called a multifunction on & and e € £ is called a fixed point of 7 whenever
e € T (e). A multifunction T : £ — Py(€) is lower semi-continuous if, for any open set O
of £, the set

TUHO) ={ze&: TR NO #8)

is open [29]. If the set {z € X' : T (z) C O} is open for every open set O of £, then we say
that 7 is upper semi-continuous [29]. Also, T : £ — P, (E) is called compact if T(B) is
compact for each bounded subset B of £ [29]. A multifunction 7 = [0,1] : ] — P4 (R) is
said to be measurable whenever, for each y € R, the function ¢ — p(y, 7 (¢)) = inf{|y — 2| :
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z € T(t)} is measurable [36]. The Pompeiu—Hausdorff metric P, : 2¢ x 2¢ — [0,00) is
defined by

P,(S,T) = max{sup (s, T), sup p(S, £) ] )
seS§ teT

where p(S,t) = infses p(s;£) [29]. Then (Ppa(£),P,) is a metric space and (Pq(£),P,) is
a generalized metric space [29]. A multifunction 7 : £ — Py(€) is called A-contraction
whenever there exists A € (0, 1) such that P,(7 (e1), ©(e2)) < Ap(e1,e;) forall ej, e € £.

In 1970, Covitz and Nadler proved that each closed-valued contractive multifunc-
tion on a complete metric space has a fixed point [37]. We say that 7 : ] x R¥" —
2% is a Carathéodory multifunction whenever t > T (t,71,...,7,) is measurable for all
Iy Pom € Rand (ry,..., 7)) > T (£, 11, ..., r2y) is an upper semi-continuous map for al-
most all £ € J [27, 29, 38]. Also, a Carathéodory multifunction 7 . ] x R2" — 2R ig called
L'-Carathéodory whenever, for each n > 0, there exists 7;, € L'(J,R*) such that

”T(t,rl,...,rg,,,)” = sup{|k| ke Tt rl,...,rzm)} <7,

for all |ry|,..., |ram| < n and for almost all ¢ €7 [27, 29, 38]. For each i, define the space
E; = {k(t) : k(2),*D§ [K1(¢) € A} endowed with the norm

’

lIkll; = max |k(2)| + max|*D5 [k](z)
te] te]

where A = C(J,R). Also, consider the product space £ = E; x - -- x E,, endowed with the
norm |[(k, ..., kn)|| = Y 1) Ik:ll;- Then (€, ||.||) is a Banach space [39]. By using the idea of
some works such as [26], define the set of the selections of Sy;, Sy; at k by

Stk = {p € L'D): p(®) € Ti(6 s @) o KD, I3 ThIE), -, T ) (0) s
Stk = {P € L' D) p(®) € Tai (61 B o, Kon(0), DA K1 1(O) .., DI [k ()}

forallte], k= (ki,...,k,) € £ and 1 < i < m. One can check that Stk FPforallke &
whenever dim £ < co [40]. We need the following results.

Lemma 1 ([38]) If T : £ — Pu(F) is upper semicontinuous, then Gr(T) is a closed subset
of € x F. Conversely, if T is completely continuous and has a closed graph, then it is upper

semicontinuous.

Lemma 2 ([40]) Let € be a Banach space, T :] x £ — Pep,ev(E) be an L*-Carathéodory
multifunction, and £ be a linear continuous mapping from L*(J, €) to C(J, £). Then the op-
erator LoSt:C(J,E) — FCP,CV(CU), &) defined by (L oS1)(k) = ZL(STx) is a closed graph
operator in C(J,€) x C(J,E).

Lemma 3 ([41]) Let £ be a Banach space, F € Pya,ev(E) and M,N : F — Pep oy (E) be
two multi-valued operators. If M(k) + N (k) C F for all k € Fm, M is a contraction and N
is upper semicontinuous and compact, then there exists k € F such that k € M(k) + N (k).
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3 Main results
Now, we are ready to provide our main results.

Lemma4 Letze A, 0 € (1,2] and ¢ € (0,1) with o — ¢ > 1. Then the unique solution of
the fractional problem CDZ [k](t) = z(t) with the boundary value conditions

k(0) + T [K](0) + “D5 [K1(0) = —k(1),
k(1) + ZE (K1) + “D5 [K1(1) = ~k(0),

is given by

k(t) = T3 12)(0) + Av(t, 4, O)T5 [2)(1)
+ A(t,q, TS [2)(1) + As(t, 4, )T [)(1)

1
= / Gy(t,r,0,8)z(r) dyr,
0

where

A1(6,q,8) = Z[ET(c +2)T(2 = ¢) + T,(C + DI,(¢ +2) + Ty(¢ + DI,(2-0)]
As(t,q,0) = Z[t - 1), + DI,(¢ +2)T,(2- 1)),
AB(t: 6]:4) = E[(Zt_ I)Fq@ + I)Fq@ + 2)Fq(2 - ;)]¢

5= [ +2T,2-0) =20 (¢ + D2+ ) = 2T, + DI,2-¢)]
and

A=00011 4 Ay (tq, )]

(o+5-1)
%Az(t 9,¢)

q

I
(q(OZl)
F(

“*q” 1(t /9
(

+

As(t,q,2), O<r<t<l,
Gyt r,0,8) =

—qr )(a+{ 1
Iy(o+¢)
(1-gr)- 4“ -1)

Iylo

As(8,,¢)
As(t,q,¢), O<t<r<l.

Proof It is known that the general solution of the equation ‘Dy [k](2) = z(¢t) is given by
1 t
k() =I7 [2)(2) + do + da £ = o) fo (t—qs) " Vz(r) dgr + do + dit,

where d, d; are real constants and ¢ € J (see [42]). Thus,

tl_{dl
D —70-¢
DI =T 1210+ 7o

=44,
— 0{1
T ;)/ (=g e der s 757
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and

dot? dqi i1

(o+¢-1) N .
Iyc+1) T,(2+2)

TETKI() =

z(r)dgr +

Hence, we get k(0) = —dy — d; — % fol(l —qr)°z(r) d,r and

k(1) +“Dy [k1(1) + Z; [K)(1)

! (0-1)
= Fq(G)/o (1—gr) " Vz(r)dgr

1 1
_ (o+¢-1)
+ o+ §)_/ (1-gr) z(r)dyr

/ (1 g Vz(r) d,r

F(G ¢)
1+, +1)
+%[r@u)}
[ a(C+2) (2 —¢) + Ty(¢ +2) + I5(2~ C)]
+d1 .
I +2),2-¢)

By using the boundary conditions, we obtain

ol

1

2do +dp = _F(o (1 qr)
q

+21"(§+1
Iy +1) ]

|:1
[F(§+2)F(2 O+ T, (C+2)+ T,(2- ;)]
1

(¢ +2)I5(2-¢)
1

= Fq(a) (1—gr)eD z(r)d r

1 ' (o-¢-1)
_ m./o (1—gr) z(r)dgr

1 1
_ _ (o+¢-1)
o +0) /0 (1-gr) z(r)dgr.

Thus,

do = B[ + V(146 +2) + I4(2- ) |77 [21(1)
- DT+ DILE + 212 - 07 [2)(1)

- DI+ D¢ + 21,2 - )T [2](1)
and

dy = ZT4(¢ +2)I4(2 - ¢))Z] [2](1)
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+ D20 (C + DL +2)T(2 - 0)I7 ¢ [2)(1)

+ Z20(C + DL +2)T(2 - 0T [21(1).

Hence,

1
Fq(a)

+ A2(t7 9, é-)I;H{ [Z](l) + AS(t7 9, {)I:;_{ [Z](l)

k(t) =

[ ez ar e arteg 077 )
0

1
= / Gy(t,r,0,0)z(r) dgr.
0

The converse part concludes with some straight calculation. This completes the

proof. O

Definition 5 A function (ky, ks, ..., k) € [ AC!(J) is a solution for the system of frac-
tional inclusions whenever it satisfies the boundary conditions and there exists a function

(21,22, 2 Zm)> (2}, 2, .-, 2,,) € [ 11, L1(J) such that

z(t) € Tui(t ki (0)s .. kO, T3 T (®), ., I (ki) (2)),
z(t) € Tai(t. ko (O, ... kin(8), ‘D (K11 (8), ..., “Dg" [k (1))

and

1
Fq(ai)

+ As(t,q, C)IT 1 2] (1) + As(t, g, &I [2,](1)

ki(t) =

t
/0 (t —qn)Vzi(r) dgr + Av(t,q,¢) T [z:](1)

1 t - / (oF} /
* iy | O e A g 0T 2]
+ Aslt g, VT[] () + As(t 0, )T 2] ()

1 1
- / Gyl 000 )z(r) dgr + f Gyt 1203 £)Z,() dyr
0 0

forteJand1<i<m.

Theorem 6 Let Ty;:] x R¥" — Pep,ev(R) be a set-valued map and, foreach 1 <i <m, Ty; :
J x R2" ep.cv(R) be a Caratheodory multifunction. Assume that there exist continuous
Sfunctions hi;, hyj, y; ] — (0,00) (i = 1,...,m) such that t & Ti(t, U1, ..., Uy Vis- ) Vi) IS

measurable,
|| ﬂi(t, ki(2),..., km(t,‘),l"f,1 [k](@®),... ,Ig"’ [km](t)) ||
=sup{lzl :v e Tu(t, ki (0), ..., kn(0), T3 1 1(8), ..., T5" Thin] (2)) }
< hy(t),
|| ’Ei(t, ki(®), ..., ky(t), ”Dfll [k@®),..., CDg'” [k (t)) ||

Page 9 of 26



Samei and Rezapour Boundary Value Problems (2020) 2020:135 Page 10 of 26

= sup{|z| 1z € 7'2,-(13, ki(2),. ..,km(t),cl)g1 [k11(2), . ..,CDé’" [km](t))}
< hy(2),

and
Py (Thit urs s this Vi oo Vi) T (G s o VY, 5 V,))

<> vi®)(Jui = | + [vi = v]])
i-1
forallte], (ki,....ky) €&, ui, vi, u;andv,eRand 1 <i<m.If

A- Z ||y,||oo(1 + Lol I)”)(Au + An) <1,

then the system of fractional inclusions has a solution, where

l1¥illoo = max |y;(2)|
te]

and
1
Ay = m(l + | Z|[Fylei + 252 - &)
+ 1 (é‘t +1)I, (Cz +2)+ I, (é’l + )T, (2 é‘l)])
| X Ty (G + 1) (8 + 2) T (2 - &)
T, (Ul' + ;i + 1)
|4‘7 [Ty (& + D)8 +2) T2 - &) @)
yloi—¢i+1) ’

Ay = 1 | 2 (i + 2)

Loi-c+1) | Tyoi+1)

21T (g + 1) + T5(8i +2)) | X (2E,(¢ + 1) + T5(8i +2))
+ (8)
Lo+ 4 +1) Ty(oi-¢i+1)

foralll <i<m.

Proof Consider the subset F = {(ky,..., k) € E: ||(ky,...,ky)|| < M} of €, where
M= "(Imilloo + /n2illoc) (Ar; + Any).
i=1

It is easy to see that F is a closed, bounded, and convex subset of the Banach space £.
Now, define the multi-valued operators M, N : F — P(€) by

Mi(ky, ..., k)

Mok, ..., k)
Mk, ... k) = )

MKy, ... ki)
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Nl(kl,...,km)

No(kis ... k)
N(ki,.... k) = ) ,

N, (ki,.... k)

where the multifunctions M;(ki,...,k,,) and N;(ki,...,k,,) are the set of all 6 € &; with the

‘‘‘‘‘‘‘‘‘‘

1
9(t):/ Gy(t, 1,00, 8:)z(r) dgs
0

forallt € J and 1 < i < m. Thus, the system of fractional g-differential inclusions is equiv-
alent to the inclusion problem k € M (k) + N (k). We show that the set-valued maps M
and N satisfy the conditions of Lemma 3 on F. First, we show that M is compact-valued
on F. Note that M; = %, o S7;,, where .%; is the continuous linear operator on L' (J,R) into
E; defined by .Z;[z](¢) = fol Gy(t, 1,04, 8)z(r) dgs. Let (ky, ..., k) € F and {z,} be a sequence

,,,,,

zu(t) € Tii(t, ki (8, ki (8), I K1 1(0), ..., T Thin ] (2))

for almost ¢ € J. Since Tq;(t, k (t),...,km(t),Ié1 [kl](t),...,Igm [k,1(2)) is compact for all
t € ], there is a convergent subsequence of {z,(t)}, call it again {z,(t)}), that converges
in measure to some z(£) € S7;,,(k;,...k,) for almostall ¢ € 7. Since .%, is continuous, we con-
clude that .%[z,](t) — Z[z](¢) pointwise on J. In order to show that the convergence is
uniform, we have to show that {.%}[z,]} is an equicontinuous sequence. Let t; < ¢ € J. Then
we have

| Lilza)(£) - Zilza](11)|
1
= / qu(t, r, 0, ;z) - Gq(tlr r, 0, §1)| |Zn(r)| dqr
0

< ||h1i||oo[ (£ — o7 + | Zi(t — ) Ty (& + 2) (g + 1))

Fq(O'l‘ + 1)
. 2| Xl — ) Fy(&i + 2) (& + DIL(2 - &)
Tyloi+ 4 +1)

. 21 Z0(¢ — t) (8 + 2)T,(& + 1) Ty(2 - §i)i|
Iy(oi—¢i+1)

and

|CD§i (Z[Zn](t)) - CD,? (Z[Zn](tl)”

ot _ ti”'—‘hi | 32| (g5 — L‘}_Q)Fq(z + i)
+
Ig(oi=¢gi+1) Fyloi+ 1)

2T — 5N C 2+ L) Ty (1 + &)
* T, + ¢ + 1)

25| % — 5 )2+ &) Ty(1 + ci)]
* L(oi—¢i+1) ’
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Hence, the right-hand side of the inequalities tends to 0 as t — ¢, and so the sequence
{-Zi[z4]} is equicontinuous. Now, by using the Arzela—Ascoli theorem we deduce that
there is a uniformly convergent subsequence. Thus, there is a subsequence of {z,}, we
show it again by {z,}, such that .Z[z,](t) — Z[z](t) for each ¢ € ]. Note that .%[z] €

.....

,,,,,

is compact for all (ky,...,k,) € F andi=1,...,m, and so M(ky,...,k,,) is compact. Now,
we show that M(ky, ..., k) is convex for all (ky,...,k,) € F.Let (x1,...,%,), (x},...,%,,) €
M(k). Choose z;, z; € ST, (k,,...k,) Such that

1
xi(t) = / Gyt,r,00 E)2) dr,
0
1
5= [ Gtronc)el)dor
0
for almostall £ € Jand 1 <i < m. Let 0 < A < 1. Then we have

[kxi +(1- k)x;](t) = /(;1 Gy(t, 1,04 {i)[kzi(r) +(1- k)z;(r)] d,r.
Since 77; is convex-valued for all 1 < i < m,
[Axi + (1 - W] € Milky, ..., ko).
Thus,
A X)) + (L= D) (K]0, = (Axg + (1= A)x, ., Ak + (1= A)x),) € M(K).

Similarly, A/ is compact and convex-valued. Here, we show that M(f) + N(f) C F for
allf € F.Letf € F and (x1,...,%,) € M(f) and (x},...,%,,) € N(f). Then we can choose
(z15..002m) € STiyp X - X S11,,4 and (2},...,2,,) € S1,p X - -+ X S75,, ¢ such that x;(¢) =
fol Gy(t, 1,04, £)zi(r) dgr and x(¢) = fol G,(t, 7,04, £)Z,(r) dgr for almost all £ € Jand 1 <i <
m. Hence, we get
|xi(0) + %(0)| < T [zl + | 21| ](0) + Av (8, 4, ©D T {12l + | 1] ] (1)
+Ag(t,q, L) IT il + |2]](1)
+A3(t! q, ;i)I;i_{i[lz” + |Z:|](1)

and
!CD(? [x:](t) + Dy [%](®)] < If;"_{"[lzz‘l +|2i]]@®)

1
+ At Izl + [2]])

t

+ m!“z(t’ 9 Q)I;”'“"[Izil + ‘Z;H(l)
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¢ . /
* mAs(t, 4, )T |zl + 2] ] (D).

Hence, max,; |x;(£) + x;(£)] < (|1h1illoo + [1712ill00) A1 and

max|“Dyi[z,](£) + “D§ [%](0)] < (Imillo + 1hailloo) Asi

te]

for 1 <i <m,and so

m
(xlr :xm) + x ’. = }xl + X, ||
| | =2
i=1
m
<Y (Mmilloo + Wnaillo) (Ari + Az) = M.
i=1

In this step, we show that the operator A/ is compact on . To do this, it is enough to prove
that NV'(F) is uniformly bounded and equicontinuous. Let (x1,...,%,,) € N (F). Choose
(215 .32Zm) € STk X -+ X S5,k such that x;(¢) = fol Gy(t, 1,04, 8)zi(r) d,r for some k € F
and all 1 <i < m. Hence,

|xi(0)] < T7 {12l () + As (8,4, )T [12:1] (1) + Aot 4, ST 1] | (1)
+As(t,q, &) IT {1l (1)

and

“DYLe(0) < Tg- fl[|z 10 + A6 6T 1]

(t l)tg ———As(t,q, é-l)IO'l+§l[|Zl ](1)

t
—As(t,q,¢ Zoi¢ i 1(1).
Y@ 3(t,q, C)TT 4[|z ] (1)
Thus, max,¢; |%:(8)| < [11;lloo Az and max, 7 Dy [x:](£)] < |1hailloc Azi for 1 < i < m, and

SO

m m
[ers o) | = Z lI%ill oo < Z 172 ll oo (A1 + Agy).
i-1

i=1

Now, we show that A" maps F to equicontinuous subsets of £. Let t,#; € J with 1 < ¢,
k e F,and (x1,...,%,) € N'(k). Choose (z1,...,2m) € ST3,k X - -+ X S75,x such that x;(¢) =
fol Gy(t, 1,04, 8)zi(r) dgyr for all 1 < i < m. Then we have

|xi(£) = x:(t1)| < 2l oo
1 .
X [m(ta’ — 8+ | 5|t - ) TG + 2) T, (5 + 1))
n 2|Ei|(t_ tl) (Cz + 2)F (é’l + 1) (2 {l)
Lyoi+¢+1)

Page 13 of 26
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2|2|(t t) (G + 2) Ty (& + DI, (2 Cz)]
F(Uz Gi+1)

and

to'i—g‘i _ t‘fi‘fz‘
Lyloi-¢i+1)

| Zil (5 -1, 0,2+ &)
Fq(O'l' + 1)

|CD21 [o:1(2) = C'D;i [xi](tl){ = ||h21||oo|:

2 Sl — ) Cy(2 + L) Ty(1 + &)
* o+ ¢+1)

| Az -7, q(2+ci)rq(1+§i)]
Tyloi—¢i+1) '

Note that the right-hand side of these inequalities tends to 0 as ¢ — ¢;. By using the
Arzela—Ascoli theorem, N is compact. Here, we show that A has a closed graph. Let
(Kp,...,kL) € F and (x,...,x%) € N(k},..., k) be such that (k},...,k.) — (k(l),...,kfn)
and also (x7,...,x") — (x9,...,40) for all n. We show that (x(l), Lx0) e N(KY, ..., k0). For
each natural number #, choose (z],...,2),) € S7,, (K dlhy X e X ST K, i) such that

..........

1
x:’(t):/ Gy(t, 1,04, 8)2! (r) dgr
0

forall £ €] and 1 < i < m. Again, consider the continuous linear operator .%; : L'(J,R) —
E; by Ziz](¢) = fo Gy(t, 1,04, ¢:)z(r)d,r. By using Lemma 2, .Z; o S7;, is a closed graph
operator. Since x} € Z(S;, «?,..kpy) forall m, 1 <i < m and (K, k) — (k... kD),

there exists z) € ST3000,..49,) such that 2(t) = fo (t,r,01,£:)20(r) d,r. This implies that
x € Ni(kY,. .., k%) for all 1 <i<m. Thus, N; has a closed graph for all 1 <i <m, and so
N has a closed graph. This shows that the operator N is upper semi-continuous. Now,
we show that M is a contractive multifunction. Let k = (ky,..., k), f = (fi,...,fu) € €, and
(*%1,...,%m) € M(f). Then we can choose (zi,...,2m) € ST, f X STipp X -++ X S75,,f such

that x;(¢) = fol Gy(t, 1,01, 8)zi(r) dyr forall t € Jandi=1,...,m. Since

Po(Tii(t kr(0)s s o (8), T (KA )(E), .., T ki) (0)),
Ti(t /@), SO, T AL, - T ) (1))

<) Y_([ki(e) = ()] + |ZE ki) (0) = T8 ki) (
i=1

for almostallteJandi=1,...,m, by using (5), there exists
i € Ti(t, k(0 ., k), T3 K1 1(2), ..., T3 (K] (1))

such that

|2i(8) - wi| < 7@ Y (|kile) = fi()| + [ZE k@) - T2 1f)(2)])
i=1



Samei and Rezapour Boundary Value Problems (2020) 2020:135

for almost all £ € J and i = 1,...,m. Consider the set-valued mapping £2; : ] — 2F defined
by

2,(t) = {y cR: ‘zi(t) —y| < y;(t)g(t) for almost all ¢ ef},
where g(t) = 12, (1ki(8) - O] + |Z5' [k (2) - I [£1(0)]. Put

0i=vi Y _(Iki—fil + |T81ki] - ZE[£])).

i=1

Since z; and g; are measurable for all ;,
2O N Ttk O o), T3 O, T8 K] 0)
is a measurable multifunction. Thus, we can choose

Z(t) € Tu(t, ko (), ..., ko (0), T (KA1 (E), -, 7 [k ) (1))

such that

l2i(6) = 240)] < v(®) Y (k) ~£i0)| + |TE Ul (0) - ZE A1 0)])

i=1
" Ik —filli
<) ;(VGU) —fO| + m)

and

1
x;(t):/ Gy(t,r,05,5)z,(r) dgr
0

forallteJandi=1,...,m. Since

zi-z|](1)

2= 210+ Ai6.a, )T

[xi(0) - xi(0)] < T
+ Aa(t,q, )IF |2 - 21 J 1)
Zi —Z§|](1)

+ As(t,q, 6T

and

zi - 7] (®)

|cD§i [x:](2) + cpli [x;](t)| < I;i—ti[
b o A0, 00T |- 2]0)

4 i+Ci /
+ mAz(t: q Ci)zg’ :’[|Zi —ZL'|](1)

Ty G Rl OF

Page 15 of 26
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1+,(5+1
we get max,.; [%:(£) — £(0)] < I1yilloo( St D) A 1k - £ and

rq(fi*'l)
. . 1+F(§l+1)
max|“Dsix;(t) — “Diz(t)] < ||y, (7(1 Agi|lk ~
na | 7 %i(6) p (0] < llyillo oG+ 1) 2ullk =1

for each 1 <i < m. Thus,

Gt dm) = (%500, |

pEEE
i=1

3 1+ Fq(gi +1)
= ; ||Vi||oo(m)(/lu + Ag)llk —f1.

This implies that P,(M(k), M(f)) < Allk — f||. Now, by using Lemma 3, the operator in-
clusion k € M(k) + N (k) has a solution which is a solution for the system of g-fractional

inclusions. This completes the proof. O

Now, we give an example to illustrate our main result. In this way, we give a computa-
tional technique for checking the system. We need to present a simplified analysis that
is able to execute the values of the g-gamma function. For this purpose, we provide a
pseudo—code description of the method for calculation of the g-gamma function of order
n in Algorithms 2, 3, 4, 5, and 6.

Example 1 Consider the three-dimensional system of fractional g-differential inclusions

D (kn)(6) € Trilt, a 6), Ka(t), K0, Z2 ) (0, T Tk )0, 5 ks ) (0)

+ Ttk (0), ka(0), ks (0), D 0 )(0), D Tha)(0), D ks 0),
D ka)(0) € Tralt, K 6), Ka(t), K (8), 72 ey ) (0, T Tha)(0), 5 ks ) (0)

+ Ttk (0), al0), s (0,0 (0 )(0), D Tha(8), D ks 0),
DS [ks](6) € Trs (e, ka 6), Ka(t), Ko (8), 22y (0, T Tho (8, 5 ks ) (0)

+ Tast, ka0, al0), ks (0), D3 (ke D2 [k (0), D ks (0)

with boundary conditions k(0) + l'q‘lL [k1](0) + CDq%‘ [k1](0) = —k1(1), k(1) + Iq‘l‘ [k11(1) +
”D(}j [k1](1) = —ki1(0), k2(0) + ;Z:qi [k2](0) + Cquz [k2](0) = —ka(1), ka(1) + qu[kzl(l) +
“Dg [ka](1) = —kz(0), k3(0) + Z; [k3](0) + “Dg [k3](0) = —ks(1), and ks(1) + Z; [ks](1) +

Algorithm 5 The proposed method for calculated f: f(r)dgr

g=x* (l-q) * p;
end

1 function g = Ig(g, x, n, fun)
2 p=1;

3 for k=0:n

4 p=p+ g"kxfun(x+xq~k);

5 end;

6

7
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Algorithm 6 The proposed method for calculated Ay;, Ay, and A

24

26
27
28
29
30
31
32
33
34
35

36
37
38
39
40
41
42
43
44

45
46
47
48
49
50
51
52
53

54
55
56
57
58
59

function [Sigma gamzeta Lambdal Lambda2 sumlumbda Delta]=

funclambda(q, sigma, zeta, m, k, normgamma)
[xp ypl=size(q);

for n=1:k
gamzeta(n,1)=n;
Sigma(n,1)=n;
Lambdal(n,1)=n;
Lambda2(n,1)=n;
sumlumbda(n,1)=n;
Delta(n,1)=n;
end;
column=2;
for s=1:yp
for t=1:m
for n=1:k
s1=qGamma

( sigma(t)+1, n);
s2=qGamma (

(

(

)

), sigma(t)+zeta(t)+1, n);
s3=qGamma )
d1=qGamma )
d2=qGamma (

, sigma(t)-zeta(t)+1, n);
, zeta(t)+2, n);

q
q
q
q
q(s), 2-zeta(t), n);

gamzeta(n, column)=qGamma(q(s), zeta(t)+1, n);

Sigma (n, column) =1/(d1%d2-2xdlxgamzeta(n,
column) -2«d2+gamzeta(n, column));
Lambdal (n, column) =(1+(d1*d2+dlxgamzeta(n,
column)+d2+gamzeta(n, .
column)) /(abs(d1%d2-2xdlxgamzeta(n,
column) -2+xd2xgamzeta(n, column))))/sl+

dlxd2+gamzeta(n, column)/(s2xabs(dl*d2-2xdl«gamzeta(n,
column) -2xd2+gamzeta(n, column))) + dlxd2xgamzeta(n,

column) /(s3*abs (dlxd2-2xd1lxgamzeta(n,
column) -2xd2+xgamzeta(n, column)));

Lambda2(n, column)=1/s3 + d1/(sl % abs(dlxd2-2xdlxgamzeta(n,
column) -2xd2xgamzeta(n, column))) + 2% (dl+gamzeta(n,

column)) /(s2xabs(dlxd2-2«dl«gamzeta(n,

column) -2xd2+gamzeta(n, column)))+ 2% (dl+gamzeta(n,

column)) /(s3xabs(dlxd2-2+«dls«gamzeta(n,
column) -2xd2+gamzeta(n, column)));

sumlumbda(n, column)=Lambdal (n, column)+ Lambda2(n, column) ;

end;
column=column +1;
end;
end;

for n=1:k
D=0;
column=1;
for t=1:m
D=D+normgamma( t)*(1+gamzeta (n,

column+t) )s*sumlumbda(n, column+t)/gamzeta(n, column+t);

end;
Delta(n,2)=D;
end;

for n=1:k
D=0;
column =4;
for t=1:m
D=D+normgamma( t ) *(1+gamzeta(n,

column+t))*sumlumbda(n, column+t)/gamzeta(n, column+t);

end;
Delta(n,3)=D;
end;

for n=1:k
D=0;
column=7;
for t=1m
D=D+normgamma( t)*(1+gamzeta(n,

column+t) ) *sumlumbda(n, column+t)/gamzeta(n, column+t);

end;
Delta(n,4)=D;
end;

end

Page 17 of 26
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3 -
Dy [k3](1) = —k3(0), where Tj; : ] x R® — P, oy (R) is such that

sin ky tlky|
, +
270(1 +£2)  135(1 + |ks|)
1 |kal
+ —cosky + —————
270 270(1 + |ka|)
tk? 2y
+t7+t|,
270(14—k2) 270(1 + |kg|)

T (t, ke, ko, ks, ka, ks, k) = |:0

21k | . |&a|
"330(1 + |k1])  330(1 + |k2)

7—12(1:1 kly k2; k31 k4’ kS) k6) = |:0

1 1
+ —— sinks + —— cosky + €

330 330
. tlks] . |k |e* 49
330(2 + |ks|)  330(1 + ef|ks|) ’
t tks|
t,ky, ko, ks, kay ks, ke) = | O,
Tislt: ki koo ks s s, ) [ 190(1 + |k])  190(1 + [Kka)
1
+ ——cosks + — sinky + €
190 190
s e |ks| s | k6| s 1
190(1 + etlks|) ~ 190(1 + kg|) 95

k
El(t; klrkZ: k3;k4)k5; k6) = e_lkll — —| 2| + e“k3| + Sil’lk4
1+ |k2|

cos(kskg) N
- +1°,c08k k:
T+ coskokd) +t°,cosky + cos ky
2
5

k2 .
+ cos(ksky) + 6 5 +L+sint |,

1+ k2K2
SiIl2 kl
1+t

Taa(t, ky, ka, ks, ka, ks, ke) = [—1, +tcos?ky + €' sin(ks)

oksks
+efcos(ky) + ——— |,
1 + ekske

Tt ko ko ko ko) = | K Kk e ok
23\, K1, K2, K3, K4, K5, Kg ) = 4(1+k1) 1+k3 4(1+k6), 1

) cos® kg
+sinkz + —— |.
1+1£3

332 iy 3
Define hy1(¢) = £ + 32t + —270(1+t2) s h() = oot + gst+ el + 322 g = gt + > + et,

hy1(t) =sint + ¢ + 4, hzz(t) 2e +t+ 1th+1,h23=m+tf+ i,yl(t)z 2ty

1
270(1+t2) 135 135’
2 2 _3 _7 _9 _1 _1

ya(t) = mt + %’H 330, and y3(t) = gzt + 5z. Put oy = 5,00 = 3,03 =z, {1 = 5, {2 = 3, and

L = g. It is easy to check that || Tj(, k1,k2,k3,k4, ks, ke)Il < hi(t) and

6
Pp (ﬂj(t, kl,kz,kg,k4,k5,k6),7—11'(t, ki,k;,ké,ké,k;,ké)) < )/] t) (Z‘k k")

i=1
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fori=1,2 andj = 1,2, 3. By using (6) and (7), (8), we obtain

Z‘1 = [Fq(gl + 2)Fq(2 - Cl) - 2Fq(§l + 1)1—21(2 + é‘l) - 2Fq(§l + l)Fq(z - ;‘1)]71
1 1 1 1
= |:Fq(1+2>Fq<2_E) —21}(1 +1>Fq<2+1>
1 1\1!
_2rq(1+1)rq(2_1)]
9 7 5 9 5 7\
- [”1(1)”1(1) ‘”q@”(z) —2%(;)@(;)} ’ (10

Ay = 1+ 216 +2) T2 - &)

1
Ty(o + 1)(
+ (0 + DIy(0 +2) + Ty(g1 + DI,(2 - 41)])

. | X111 (61 + D)8 + 2) 1,2 - &)
Lo+ +1)

| 2117581 + D)8 +2) (2 - &1)
Tyo1-41+1)

= ! 1+ 2| T, - 21,2 !
'm( . 1'[ q<1+ ) ,,( _E)

1 1 1 1
+Fq(1+1)1"q<1+2)+Fq<z+1>Fq<2—E>]>

+ |21|Fq(i + I)Fq(i + 2)Fq(2 - i)

Fq(% + i +1)

n |21|Fq(% + I)Fq(% +2)Fq(2_ i)
rG-3+1)

_ Iy#(g)(uwll[%(?;)@(%)
(2)n(3) n(3)n())

|21|Fq(%)rq(%)rq(£) + |21|Fq(%)rq(%)rq(£)
r,(& (3
1 s |21|Fq(C1+2)+2|21|(Fq(§1+1)+Fq(§1+2))
Iyo1 -8 +1) Iy(o1 +1) Tyo1+81+1)
A 2130 |(2175(¢1 + 1) + T(81 +2))
Lyo1-0+1)
~ 1 N |Z110(5 +2) 20X + 1) + Iy(5 +2)
G-+ r,3+1 r,G+i+1)

) (11)

Ay =

. 2051|203 + 1) + I3 +2)

LG-3+1)
1 IZ115(3)  21Z1(I(3) + Ty(3)
1

e I, (1)

=T

o
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2I21|(21"(Z) (7))
()

2h = [Fq(é'z +2)175(2 - 80) = 20 + DI, (2 + §o) — 2T5(8o + DIL(2 - 52)]_1
1 1 1 1
:|:Fq<§+2>1_'q(2—§>—2Fq(§+l)Fq<2+§>
2F(1+1>F<2 1)]
A AN
5 3 3 5 3 3\t
:[”(5)”(5)‘”‘1(%)”(5)‘”q(i)”(a)} ' 13

1+ 55| [ (G2 +2) T2 - &)

(12)

’

Ay = 1 (
2T oy +1)

+ (6o + D5 +2) + Ty + DI,(2 - 05)])
. | Zo| T35 + D) y(8a +2) T3 (2 - &)

Fq(a2 + §2 + 1)
. | 2| Ty (Sa + 1)y (82 + 2)14(2 - £2)

Tyoa -5 +1)

el
' F(% a)r(3+2)+n(51)n(2-3)])

|22|F(1+1)F(1+2) 2-3)
F( + 5 +1)

|22|F(1+1)F(1+2) (2—1)
F( ——+1)

_ ﬁ(l amin(3)n(3)
o (3)n(3)-n(2)n ()

| 2L DLRLG) | 12 LOTEE)
() (3
1 | 2] Ty(%2 +2)
Ty(oy— 8+ 1) Ty(oy +1)
.\ 2125 |(Fy(Ga + 1) + Ty(82 + 2))
Loy + 5+ 1)
21 25](20(¢2 + 1) + Ty(52 +2))
Loy =8+ 1)

1 | 2ol (5 +2)

) (14)

Ap =

TnC-1+n "l
+2|22|( r, +1)+F( +2))

F( + = +1)
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X 21 5,|(F(3 +1) + I,(5 +2)
L(;-3+1
1 1250 (3) 21 Z|((3) + Iy(3)
=t 3y T 13
Fq(z) Fq(i) Fq(?)
2|22|(Fq(%)+rq(%))
3

, (15)

X3 = [Fq(é's + 2152 - 83) = 2T5 (83 + DI,(2 + &3) — 2T5 (&3 + DI5(2 - 53)]71
3 3 3 3
:|:Fq<g+2>rq(2—g>—2Fq(g+1)rq<2+g>
2p(3+1>r<2 3)]
T a\5 N\"" 5
13 7 8 13 8 7\
:[”(?)Fq(é)‘”q(%)”(?)‘”q(é)”(éﬂ ' (16

Az = 1+ 23] [ 155 +2) T2 - &3)

Fq(Gg + 1)(
+ Ty(83 + DI85 +2) + Ty(es + DI,(2 - 23)])

|23|F(§3+1) 7(&3 +2)1,(2 - &3)
Tylos+83+1)

. | 23| T5(83 + 1)IT5(83 + 2)14(2 - &3)

Ty(o3-¢3+1)

= 1 b |:F<§ ;|2 E)

e 1)< FI2sl a5+ "( "5
T,

?)
(Ze)n(Ze) n(Za)n(z-2))

+|23|F( + )G +2)r,2-2)
,E+2+1)

s | 2310+ DI, +2)I,2- 2)
93
L(G-5+1)

_ ﬁ(u |55 Q(?)G(%)
) )

|23|Fq(§)rq(%)rq(§) | 25| (), (B) (%)
r,(3) r,(3)
1 | X3[15(¢3 +2)
Fq(0'3—§3+1) Fq(0’3+1)
2| X3|(Iy(gs + 1) + Ty(g3 +2))
Ty(oz+83+1)
2|23|(2F (G3+ 1) + Iy(g3 +2))
Iy(os—¢3+1)

, (17)

Ay =
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1 ) | 23| (2 +2)
+1) r,¢+1)

Iy -3
. 21 Z3(Iy (2 + 1) + I (2 +2)

LE+2+1)

. 21 Z5(Fy (2 + 1) + T2 +2)

G -2+1)
1 IZ15(2) 21 Z5(Iy(8) + I, (2))
r,(8) ry(5)

2| X3y (8) + Iy(22))

18
) (18)

Note that Tables 1 and 2 show that Ay &~ 2.5743, A1y ~ 2.5222, A3 ~ 2.5131, Ay ~
3.9450, Ay ~ 3.9032, Ay ~ 3.8920. Table 3 shows that A;; ~ 2.3064, A1, ~ 2.1178,
Aq3 &~ 2.0901, Ay & 3.7015, Ay ~ 3.5288, Ays & 3.4997, and Table 4 leads us to Aj; =
2.1482, Aj; ~ 1.8883, A3 ~ 1.8536, Ay =~ 3.5434, Ay =~ 3.3065, and A3 ~ 3.2801
for g = 1—10, q-= %, and ¢q = g respectively. By the definition of y;, for j = 1,2,3, we get
7110 = 5755 172lloo = 55, and [|y3lloc = 55 Now, by using Egs. (7), (8), (10), (11), (12), (13),

Table 1 Some numerical results for Xy, X5, and X in Example 1 for g = 5, 3, 2
N og=15 q=3 g=2
X 2 25 2 X 23 2 Py I

1 -0.3442 -0.3434 -0.3409 -0.3142 -0.2946 -0.2815 -0.1587 -0.0793 -0.0596

2 -0.3446 -0.3439 -0.3414 -0.3381 -0.326 -03147 -0.1837 -0.1125 -0.09

3 -0.3446 -0.344 -0.3414 -0.3501 -0.342 -0.3317 -0.2076 -0.1435 -0.1197

4 -0.3446 -0.344 -0.3414 -0.3562 -0.35 -0.3403 -0.2292 -0.1716 -0.1476

5 03446 0344  -03414  -03592 -03541 -03446 02484 01968  -0.1731
10 -0.3446 -0.344 -0.3414 -0.3622 -0.358 -0.3488 -0.3128 -0.2832 -0.2634
11 -0.3446 -0.344 -0.3414 -0.3622 -0.3581 -0.3489 -0.3209 -0.2943 -0.2752
12 -0.3446 -0.344 -0.3414 -0.3622 -0.3581 -0.3489 -0.3279 -0.3039 —-0.2855
56 -0.3446 -0.344 -0.3414 -0.3622 -0.3581 -0.3489 -0.3706 -0.3626 -0.3487
57 -0.3446 -0.344 -0.3414 -0.3622 -0.3581 -0.3489 -0.3706 -0.3627 —0.3488
58 -0.3446 -0.344 -0.3414 -0.3622 -0.3581 -0.3489 -0.3706 -0.3627 —0.3488
59 -0.3446 -0.344 -0.3414 -0.3622 -0.3581 -0.3489 -0.3707 -0.3627 -0.3488
60 -0.3446 -0.344 -0.3414 -0.3622 -0.3581 -0.3489 -0.3707 -0.3627 -0.3488
Table 2 Some numerical results of Ay;, Az, and I5(g;+ 1) in Example 1 for g = 11—0
noog=1

Ay Ao Iy(¢ +1) A A Iy +1) A A3 I3+ 1)

1 25726 3.9393 0.9748 2.5202 3.897 0.9729 25109 3.8857 0.9761
2 25741 3.9444 0.9743 25221 3.9026 0.9723 25129 3.8913 0.9753
3 2.5743 3.9449 0.9743 2.5222 3.9032 0.9722 2513 3.8919 0.9752
4 25743 3.945 0.9743 25223 3.9032 0.9722 25131 3.892 0.9752
5 2.5743 3.945 0.9743 25223 3.9032 09722 25131 3.892 0.9752
6 25743 3.945 0.9743 25223 3.9032 0.9722 25131 3.892 0.9752
7 2.5743 3.945 0.9743 2.5223 3.9032 09722 25131 3.892 0.9752
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Table 3 Some numerical results of Ay, Ay, and I5(g; + 1) in Example 1 for g = %

n g= %
Ay Ay I +1) Ay A I +1) A Ay Iy +1)
1 2.082 3.0643 0.9743 1.8502 2.8525 0.9965 1.8071 28154 1.0157
2 2.1927 3.3761 0.9526 1.9826 3.183 0.9565 1.9472 3.1499 0.9686
3 2.2492 3.5371 0.9426 2.0498 3.354 0.9382 20183 3.3229 0.9472
13 2.3064 3.7014 0.9331 21177 3.5286 0.9209 2.0901 3.4995 0.9269
14 2.3064 3.7015 0.9331 21178 3.5287 0.9209 2.0901 3.4996 0.9269
15 2.3064 3.7015 0.9331 21178 3.5287 0.9209 2.0901 3.4996 0.9269
16 2.3064 3.7015 0.9331 21178 3.5287 0.9209 2.0901 34997 0.9269
17 2.3064 3.7015 0.9331 21178 3.5288 0.9209 2.0901 3.4997 0.9269
18 2.3064 3.7015 0.9331 21178 3.5288 0.9209 2.0901 3.4997 0.9269
19 2.3064 3.7015 0.9331 21178 3.5288 0.9209 2.0901 3.4997 0.9269
20 2.3064 3.7015 0.9331 21178 3.5288 0.9209 2.0901 34997 0.9269
Table 4 Some numerical results of Ay, Ay, and I5(¢; + 1) in Example 1 for g = %
n g=9%
Ay A I +1) Ay A Iy +1) Az Ay Iy +1)
1 1.1914 1.0078 1.2002 0.6438 0.6785 1.5189 0.559 0.641 1.6878
2 1.2638 1.2688 11277 0.7963 0.9496 1.3487 0.7147 0.9078 14673
3 1.357 15226 1.0798 0.9337 1.2104 1.2408 0.8565 1.1673 1.3295
4 14502 1.7599 1.0458 1.0566 14544 1.1663 0.9839 14117 1.2356
5 1.5372 19772 1.0204 1.1655 16783 1.1121 1.0973 1.6369 1.1678
64 2.1482 3.5433 09128 1.8883 3.3064 0.8946 1 8536 3.28 0.9016
65 2.1482 3.5433 09128 1.8883 3.3064 0.8946 1.8536 3.28 0.9016
66 2.1482 3.5434 09128 1.8883 3.3064 0.8946 1.8536 3.28 0.9016
67 2.1482 3.5434 0.9128 1.8883 3.3064 0.8946 1.8536 3.28 0.9016
68 2.1482 3.5434 09128 1.8883 3.3065 0.8946 1.8536 3.2801 0.9016
69 2.1482 3.5434 0.9128 1.8883 3.3065 0.8946 1.8536 3.2801 0.9016
70 2.1482 3.5434 09128 1.8883 3.3065 0.8946 1.8536 3.2801 0.9016
(14), (15), (16), (17), and (18), we obtain
1+ ,(5+1)
A= ||)’z||oo< (A + Ag)
Z I+ D
7 (1+T,(1+1)
= | —7— (A + A21)
270\ r,(i+1)
1 1+, +1) At Any)
— T 12+ A
"5 r,+1)
3 /1+,3+1)
+ — 37 (A3 + Ags).
95 ry(z+1)

By using Table 5, one finds the values of A for g =

we get A ~0.9892 <1, A~ 0.9038<1,and A ~0.8512< 1 for g =

Now, by using Theorem 6, system (9) of fractional differential inclusions has a solution.

10’2’

75:q4=3andg = g (see Fig. 1). In fact,

2, respectively.
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Table 5 Some numerical results of A, A»; in Example 1 forg = 1]_0' % g
n 9=15 9=} q=$
1 0.9876 0.7314 0.2047
2 0.989 0.8152 0.2653
3 0.9891 0.8589 0.3262
4 0.9892 0.8812 0.3845
5 0.9892 0.8925 04389
6 0.9892 0.8981 04887
11 0.9892 0.9036 0.6699
12 0.9892 0.9037 0.6943
13 0.9892 0.9038 0.7157
14 0.9892 0.9038 0.7343
62 0.9892 0.9038 0.8511
63 0.9892 0.9038 0.8511
64 0.9892 0.9038 0.8511
65 0.9892 0.9038 0.8511
66 0.9892 0.9038 0.8512
67 0.9892 0.9038 0.8512
68 0.9892 0.9038 0.8512
69 0.9892 0.9038 0.8512
70 0.9892 0.9038 0.8512
1 : : : : :
09 r .
0.8 q
@ 07f .
= DG+ 1)
— 1+ +1
I 08 A= ZH%H«:( TG ;1) )(Au+Azi) .
N’
L3051 1
04 b
03[ —q=1/2 | ]
q=6/7
02 1 1 1 1 1
0 20 40 60 80 100 120
n
Figure 1 Numerical results of A where g= wio' % % in Example 1
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