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ijﬂ a’(X)uy,v; = h(u) on dD x (0,t*),
u(x,0) = ugx) > 0 inD,

where p and y; are some nonnegative constants, m, /, », and r are some positive
constants, D ¢ RN (N > 2) is a bounded convex region with smooth boundary dD. By
making use of differential inequality technique and the embedding theorems in
Sobolev spaces and constructing some auxiliary functions, we obtain a criterion to
guarantee the global existence of the solution and a criterion to ensure that the
solution blows up in finite time. Furthermore, an upper bound and a lower bound for
the blow-up time are obtained. Finally, some examples are given to illustrate the
results in this paper.
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1 Introduction

There has been a vast amount of literature to discuss the global solutions, the blow-up
solutions, and the bounds for the blow-up time for nonlinear parabolic equations. We re-
fer the readers to [1-16]. The global and blow-up solutions for the parabolic problems
with nonlinear boundary conditions have been studied in [1-7]. Recently, some authors
have already considered the blow-up phenomena of the parabolic equations with nonlo-
cal source. We recommend the literature [8—10] and the references therein. In the present
work, we study the following nonlinear parabolic equations with nonlocal source and non-
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linear boundary conditions:

(@) = Yiey (@ (W), + y20™ ([ dx) —you”  in D x (0,£%),
25:1 ai/(x)uxiuj = h(u) on aD x (0, t%), (1.1)

u(x,0) = up(x) > 0 in D,

where p and y; are some nonnegative constants, m, [, y», and r are some positive constants,
D c RN (N > 2)isabounded convex region, the boundary 8D is smooth, ¢* is the blow-up
time when blow-up occurs, or t* = +00, and v = (v1, Vs, ..., Vy) is the unit outward normal
vector on dD. Moreover, (a”(x))nxy is a differentiable positive definite matrix; that is, for
all z = (z1,22,...,2y) € RN, there exists a constant 6 > 0 such that

N
Y dlziz > 0)z”. (1.2)

ij=1

Set R, = (0,+00). We assume that g is a C%(R,) function which satisfies g'(s) > 0 for all
s € R,, h is a nonnegative C'(R,) function, and uy(x) is a nonnegative C!(D) function
which satisfies the compatibility condition. Our study is motivated by the following three
papers. Li et al. [1], Baghaei et al. [11], and Zhang et al. [2] studied the following parabolic
equations with local source and nonlinear boundary conditions:

U= Y0 (@ W),y + k(O)f () in D x (0,£),
S @ (x) v = h(u) on D x (0, %), (1.3)
u(x,0) = ug(x) >0 in D,

where D is a bounded convex region in RN (N > 2), and the boundary 8D is smooth.
When the function k(£) = -1, Li et al. [1] obtained the conditions to ensure that the global
solution exists and the solution blows up in finite time ¢*. Moreover, they derived upper
bounds of the blow-up time in D C RN (N > 2). Using the three-dimensional Sobolev type
inequality that Payne and Schaefer had proven in [7], they got lower bounds in D C R3.
When k(¢) = -1, in [11], Baghaei et al. used the embedding theorems in Sobolev spaces
to get a lower bound of the blow-up time in D C RN (N > 3). Recently, Zhang et al. [2]
considered problem (1.3) when k(£) > 0. Their main contribution was to extend the three-
dimensional Sobolev type inequality obtained by Payne and Schaefer in [7] to the higher
dimensional one. They used this Sobolev inequality in multidimensional space to derive a
lower bound of the blow-up time in D C RN (N > 3). In addition, they obtained the global
existence of the solution and an upper bound of the blow-up time when blow-up occurs
inDCRN (N >2).

In the present paper, we study problem (1.1). In the process of getting lower bounds of
the blow-up time, the key of our work is to deal with the nonlocal source. We discuss the
blow-up problems of (1.1) by constructing some suitable auxiliary functions and making
use of the embedding theorems in Sobolev spaces and differential inequality technique.
The present work is organized as follows. In Sect. 2, we establish some conditions on the
data g and / to obtain that the solution u(x, t) exists globally in D C RN (N > 2). In Sect. 3,
we develop conditions on the data of (1.1) to guarantee the blow-up of the solution and
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derive an upper bound of blow-up time in D C RN (N > 2). When blow-up does occur,
we derive a lower bound of ¢* for D C RN (N > 3) in Sect. 4 and a lower bound of ¢* for

D C R? in Sect. 5. In Sect. 6, some examples are presented to illustrate the results in this

paper.
2 The global solution

In this section, we establish some conditions on the data of (1.1) to ensure that the global

solution exists. We define the auxiliary functions

D(t) :/ G(u) dx, G(s) = Z/Syl_lg/(y) dy, s>0. (2.1)
D 0

Now we state our main results as follows.

Theorem 2.1 Let u be a nonnegative classical solution of problem (1.1). Suppose that the
functions g and h satisfy

g <e, h(s) <ys?, s>0, (2.2)

where ¢, v, and q are some positive constants. Assume

m+1+lp

) 2q - 1. 2.3
L), s

[1>2, q>max{1,

Then u(x,t) exists for all t > 0 in the measure P (t).

Proof 1t follows from (2.2) that
@(t):l// yl_lg’(y)dydxfg’/ u! dx;
pJo D
that is,
/ 1
udx>—o0(t). (2.4)
D ¢

Using (1.2), (2.2), and the divergence theorem, we have

N 2
P'(t) = l/Dul_lg’(u)utdx: Z/Dul_1 <Z(a’7(x)uxi)xj + ylu’”(/D uldx) - yzu’) dx

ij=1

N N
= l/; Z(Ml_lﬂ”(x)uxi)x/ dx - I(I - l)f w2 Zﬂll(x)uxiux/ de

ij=1 b ij=1

»
+ly1f ulm1 dx(/ uldx> —17/2/ uldy
D D D

N N
=1 / W™y a @y dS - 11~ 1) / U2 a () dx
oD D

ij=1 bj=1
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p
+ly/1/ul+m_1 dx(/ uldx) —l)/g/ul”_ldx
D D D

51/ ul-lh(u)ds—ez(z—n/ul-2|w|2dx
oD D

»
+ly1/ uhm-1 dx(/ uldx) —17/2/ uldy
D D D

460(1-1
Sly/ ut1ds - ( )/‘Vuﬂzdx
aD l D

»
+ lyI/ ultm-1 dx(/ u! dx) - 17/2/ w1 dy. (2.5)
D D D
By the divergence theorem, we get the inequality (see [5])
N l+q-1)d
/ Uil ds < — / a1 gy L2214 / U172V | dx, (2.6)
aD Po Jp 0o D
where
0o = g;g(w V), d= max |x].

Applying the Holder inequality and the Young inequality to the right-hand side of (2.6)

yields

2
E l+q1dx<(/ é ) </<Nul+2£12> dx)
Po Po

1
2

1
5/ u dx+ / 1+24-2 4 (2.7)
and
l+qg-1)d
Urq=-1)d /u“q-2|w|dx
Lo D
1/(+q-1)d 22\> \? Lo ;
5(/ —(7uT) dx) (/S(MT|VM|)2CIJC)
D¢ Po D
[+q-1)*d*
< %/ul+2q—2dx+£/ul_2|Vu|2dx
2epy D 2 Jp
l+q-1)*d> 2
=%/u”2q’2dx+—8/wu%|2dx (2.8)
2epq D 2 Jp
with
20(0-1
_200-1 (2.9)

14

Page 4 of 21
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Hence, substituting (2.7) and (2.8) into (2.6), we get
2 2.2
/ utlds < 1/ u' dx + (N—z Jlra- e 1) 4 )/ul+2q"2dx
aD 2Jp 2pp 2¢epg D
2
+—8/|w%|2dx. (2.10)
2 Jp

Inserting (2.10) into (2.5) and using (2.9), we obtain

1 N2 (l+qg-1)2d2
@’(t) < —l}// uldx+ ly<—2 + %) / ul+2q—2 dx
2 D 2/00 28,00 D

p
+In f ulm-1 dx( / u’dx> —ly, f w1 da. (2.11)
D D D

l

Since (2.3) implies the fact that 0 < ﬁ <1,0< 22l 1 and 0<

+2g-2 .
[13g3 g < L, it follows

from the Holder inequality that

!
2(q-1) I+24-2
/ u! dx < |D| 22 ( f ul*?a2 dx) , (2.12)
D D
2 1 ;*-5”7*12
q—m— +2q—
/ u*"1dx < |D| 722 ( / ul*2a2 dx) , (2.13)
D D
and
1+2q-2
r=2g+1 l+r-1
/ u*?72 dx < |D| Tt (/ ultr1 dx) , (2.14)
D D
where |D| is the volume of D. By virtue of (2.14), we have
2 1 /"‘27_*12
q—r— +2q—
/ u*ldx > |D| 22 ( / ul*?a-2 dx) ) (2.15)
D D

We insert (2.12)—(2.13) and (2.15) into (2.11) to derive

!
2(g-1) I+2q-2 2 _1)2,92
d'(t) < 11)/|D| L3323 w242 4y ! +1y i + M w242 4y
2 202 2ep?
D Lo P D

l+m-1+lp

2g-m-1+2p(q-1) 1420- 1+2q-2
+In|D| 42 u e dx
D
2 1 /*2"7*12
_1y2|D|z+qu (/ ult2a-2 dx) !
D
_ / ul+2q—2 dx(ly(N_z + M) + l_y|D|% (/ ul+2q_2 dx) 1+2g-2
o 204 2608 2 D
m—2q+1+lp

2q-m-1+2p(g-1) 1420-2 [+29-2
+In|D| B2 u T dx
D

r—2g+1

2q-r-1 1422
— ly,|D| +24-2 (f ul*?a2 dx) ) (2.16)
D




Kou and Ding Boundary Value Problems (2020) 2020:37 Page 6 of 21

It follows from (2.12) and (2.4) that

1+2g-2
- -1 2
/ U272 4 > D77 ( / ! dx) >¢ RS S 0)) (2.17)
D D
By (2.3), we know i(;qqz <0, 2 lfg;; .0, and ?:;Z*; > 0. Substituting (2.17) into (2.16),
we deduce
N2 (l+q-1)2%d> ly Agy) gD o 2g)
?'(t) E/L; ult2a- de[h/(ng + Tpg 5 —¢ D] o™ (1)

2g-m-1 _ 2g-m—-1 . m-2g+1
+iyng T PIDIT T e

2g-r-1 2g-r-1 r=2gq+1
&) =lpt T IDI" T @1 (t)}

/ 2472 du(Cy + G0 T () + Cor T (1) - €, ), (2.18)

D

where C; = ly( l”’ 1 ) Cy = §Z(qf1)| |2(q . ,C3 = l)/1§ ,and Cy=
2q- r 1 2g-r-1 r l

Iy |D|

Thus, (2.18) 1mp11es that u(t) cannot blow up for all time ¢ > 0 in the measure @(¢). In
fact, if u(x, £) blows up at finite time ¢* in the measure @ (t), we have

lim @(¢) = +o0.

t—>t*~

It follows from (2.3) that = 2q <0,p+ % <0, and r—2lq+1 > 0. From (2.18), we obtain
that @'(¢) < 0 in some 1nterval (0, ™). So, for any ¢ € [to,£*), we get @ () < D(ty). We take
the limit as £ — £*~ to get

+00 = lim @ () < D(ty).
t—>t*
This is a contradiction. O

3 Upper bounds of the blow-up time t*

In this section, we set up some conditions on g and k to guarantee that the solution of (1.1)
blows up in finite time. An upper bound of the blow-up time ¢* is obtained in D C RN
(N > 2). The auxiliary functions of this section are defined as follows:

v(t) = / gu)dx, t=>0. (3.1)
D
Our main result is the following Theorem 3.1.

Theorem 3.1 Let u(x,t) be a nonnegative classical solution of problem (1.1). Suppose that

the function g satisfies
0<g(s)<s, s=>0. (3.2)
Assume

M, \ 7+l
1<r<min{mi} and lI/(0)><—2> 3 (3.3)
M,



Page 7 of 21

Kou and Ding Boundary Value Problems (2020) 2020:37

with

_ vom+lp—r) _r _

Ml - & |D|1+p—m—lp, M2 8 r-m-Ip )
2 m+lp
(3.4)
5o y1(m + Ip) D[+ m:lp‘
2ry,

Then the solution u(x, t) must blow up in the measure W (t) in finite time t* and

= Jw) Myt — M,
Proof Making use of the divergence theorem, we get

N

v'(t) = /Dgf(u)ut dx = [)(Z(ﬂii(x)uxi)xj +yu” (/D u dx)p 3 wur> dx

ij=1

N 2
:/ Zaij(x)uxivjd5+ ylfumdx(/ uldx) —yQ/u’dx
aD D D D

ij=1

p
:/ h(u)dS+y1/umdx</ uldx> —)/Z/u’dx
aD D D D
p
zylfumdx(/ uldx) —yQ/u’dx. (3.5)
D D D

By the Holder inequality and (3.3), we can compute

. i . 7
/u’dx§|D|l_W (/ u”’dx) , fu’dx§|D|1_l</ uldx) ,
D D D D
1

/udx§|D|1_%</ u’dx) ;
D D

that is,

m L
r r

/umdx2|D|1_% </ u’dx) , /uldx2|D|1_é</ urdx> ,

D D D D (3.6)
/urdxz IDII_’(/ udx) .

D D

Substituting (3.6) into (3.5) and applying the Young inequality and (3.2)—(3.4), we deduce

m+l)
w'(t) > 1 |D|"P T (/ u dx) - Vz/ u dx
D D
m+lp
r m+lp—r

m+lp -
m+l] T 7 milp
= D ( / o dx) —yz (5 < / W dx> ) (575) %
D D

m+l]

'p
m+. 8 T l — r
> (pippter 7 - 2 / wdp) | -2l on

m+lp D m+lp

m+lp
me
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i+l 8 (1-r)m+lp) m+lp +1lp— r
. (mpww%_ & )|D|‘ ot (/ udx) LY S Pe
m+lp D m+lp

m+lp m+lp
:Ml(/ de) —Mzle(/g(u)dx) - M,
D D

= MW" P (8) - M. (3.7)

We know that (3.3) implies

MW™ () - My>0, ¢>0. (3.8)

In fact, if (3.8) does not hold, we let

¢ = min{M ¥ (t) - M, < 0}. (3.9)

From (3.9), we have

MW™P() My >0, O<t<t. (3.10)

It follows from (3.7) and (3.10) that ¥'(£) > 0,0 < £ < ¢/, and ¥ (') > ¥ (0). By (3.3), we derive

MW" (¢) - My >0,

which contradicts with (3.9).
Integrating (3.7) over [0, ], we obtain

v (t) dr
t< / 2 (3.11)
wo) Mit"? — M,

which implies that the solution # must blow up at some finite time ¢* in the measure ¥ ().

In fact, if u does not blow up at t* in the measure ¥ (t), we get

¥(t)<+o00, t>0.
Therefore,

v dr 00 dr
t< — < — t>0.
wo) Mt — My Jy) Mt — M,

Letting ¢t — +00, we have

\/*+00 dr

—_— =400,
wo) Myt — M,

which contradicts with

+00 dr

e <400,
wo) Mat"*? — M,

Page 8 of 21
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Hence, u blows up at ¢* in the measure ¥ (). We pass to the limit as £ — ¢*~ in (3.11) to

derive

" - +00 dt
Y=o Mot .
w) M1 2

4 Lower bounds of the blow-up time t* in D c R (N > 3)
In this section, we impose restriction D C RN (N > 3). Assume that the functions /# and g

satisfy

h(s) <ost, g =&, s>0, (4.1)
where 0, g, and £ are some positive constants and

q>1. (4.2)
It follows from [17, Corollary 9.14] that

w2 s L%, where N > 3,

from which we have the following Sobolev inequality:

N-2 1
(/(u%)% dx> " §C(/ uldx+/|vu%|2dx>2, (4.3)
D D D

where C = C(N, D) is a Sobolev embedding constant depending on N (N > 3) and D. In
order to derive a lower bound of the blow-up time ¢*, we use inequality (4.3) and

(@a+b* <a*+b*, a>0,b>0,0<u<1. (4.4)

We define auxiliary functions as follows:

A(t) = / B(u)dx, t>0, B(s) = l/syl_lg'(y) dy, s>0. (4.5)
D 0

Now we present our main results in Theorem 4.1.

Theorem 4.1 Let u(x,t) be a nonnegative classical solution of (1.1) in D C RN (N > 3).
Suppose that (4.1)—(4.2) hold and

N(m-1)

r>1, m>1, l>max{2, ,N(q—l)}. (4.6)

If u(x, t) becomes unbounded at some finite time t* in the measure A(t), then we conclude
t* is bounded from below by

t* - /‘+OO dT
— 2(g-1) 2(q-1) (lp+m=1)(l+r-1) 2pl+2(m-1) ’
AO) [ 4 Lt T 4 T VNG 4 r D Jr AN
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where
lo lo 2N(g-1) o(l+q-1)*d>
2% 22t D (- 1)
N(1-q)
I-N(@-1)( 6(1-1) @[ o ( , oll+q-1)>*d
Sz \ NG o e 22\
g ENGD q Lo

l+r-1

1

IDI(r—1) L[ Iy Ny

Ja= G V2 c )
s I(r-1)

21 N(1-m)
Js - 20-N(m—1) [ y1\ N 0(l-1) 2[-N(m-1)
SRR TR N IN(m -1)C? ’

§

0o = min(x - v), d = max |x|,
x€dD D

xeD

and 0 is defined in (1.2).

Proof We use (1.2), (4.1), and the divergence theorem to obtain

A) =1 /D u g wyu, dx = 1 /D ull(

N

ij=1

> (@), +

Page 10 of 21

(4.7)

1

N@-D
)T e

4.9)

(4.10)

(4.11)

»
(/ uldx> —you” | dx
D

N N
-1 _ij - i
) Z/DZ(“ lﬂl(x)”xi)x,dx_l(l_l)/“ ZE a” (%)t iy, dx

ij1 b

»
+ly1ful+m_1 dx(/ uldx> —lyzful”_l dx
D D D

N
51/ ul’lza”(x)uxiu,«dS—lQ(l—1)/ w2\ Vu)? dx
aD D

ij=1

p
+ly1/ul””‘1 dx(/ uldx> —lyZ/ul”‘ldx
D D D

46(/-1
51/ V() ds — 21 )/|w%|2dx
aD D
p

[

+ly1/u”m‘1 dx(/ uldx> —lyQ/ul+"1dx
D D D

Sla/ u”q-ldS—49(1_1)/|v1ﬁ|2dx
oD D

[

p
+ly1/ul””‘1 dx(/ uldx> —ly2/u1+’_1 dx.
D D D

Repeating the calculation process of (2.6)—(2.8), we have

Jo

Ml+q—1d5< 1/
=5 b

+ &/Wu% |2dx,
D

205 26104

2 122
Mldx+(N_+(l+q 1)°d )/ul+2q_2dx
D

(4.12)

(4.13)
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where py and d are given in (4.11) and & = UG Substituting (4.13) into (4.12), we de-

o
rive

l N2 (l+ag—12d2
A’(t) < Ef uldx+ lo’(—2 + %) / ul+2q—2 dx
2 D 2100 2€1p0 D

L (210 _460-1D) /yw%fdx
! l b

p
+ly1/ul+m_1 dx(/ uldx> —lyZ/ul”_l dx. (4.14)
D D D

First we take into account the second term of (4.14). Assumptions (4.2) and (4.6) im-
ply 0 < w <land 0< w < 1. Now we apply the Holder inequality, the Young
inequality, and inequalities (4.3)—(4.4) to deduce

/ ul+2q—2 doe
D

N-2)(¢q-1) 1 2N(g-1)

1 A
(C(f uldx+/|Vué|2dx> )
D D

(N-2)(g-1) N(g-1)

I
(/ uldx+/|Vu%|2dx>
D D
1
fuldx)
D

N-2)(g-1) N(g-1) N
14 2g-1)

([ ) +(/D|Wé|zdx)%”)
(/Duldx> l
(

N-2)(q-1) N(q-1)
2(q-1)

1 02y L\
+ (/ uldx) </|Vu7| dx) >
D D
; ==
fu dx
D
N(g) 1+ lleilq(_qi)l) 1- N(ql—l) N(ql—l)
+ (SZZ_N(”I_U (/ u' dx> ) (82/ |V"‘%|2d"> >
D D
1+ 2(q;1) N(1-q) 1+121£?71)
) _ Ni-q) ~NG-T)
< 2y ((/‘ y dx) . (1 ~ N(ql 1))82[N(q1) </ uldx) 7
b D

N(g-1) !
+ qfeg/D|Vu2|2dx>, (4.15)

- 2N(g-1)  A\72 1242
where ¢, = 6(-1) L=locC 1 (é\!? 4 gl d ).

LN(g-1)’ 20102
Then we deal with the fourth term of (4.14). Due to (4.6), we get 0 < W <1,
0<X (';l_l) < 1. Using the Holder inequality, the Young inequality, and (4.3)—(4.4), we de-

Page 11 of 21
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rive

frelfre)

1— (m— 1 m—l)(lN—Z) p
() (/ yEe) T (fe)
D D
1+p— Nim=
()

2
N-2 1)

T ((fere)T)
(c( udx+/|Vu2| dx)

Lip- (m— 1 N 2) % N(m-1)
< </ u! dx) )
D
Lep- =lJN=2) L N(m-1)
= ul dw ul dw + ’VW‘ dx
D D D
1 L+p- =1IN=D) 1 N(m-1) L N1
<C u' dx u dx + |Vu2i dx
D D
1+p+ 22 1+p— (-1 (N 2) (;;zlfl)
= ((/udx) +(/ uldx> </|Vu2’ dx) )
D D
(p+m-1)(l+r-1) —1
1 ! 1(r-1) Z+r—
(o f ) ) (o (fre) )
D
(1-m) 21 o o 11) M- Nez-1)
(1~ l
+(€f’”’“( o) 7Y (e fvetan) )
D
l l+rl 1 1 . (lp+n’;(—1)§l)+r—1)
N(m-1) r— b r-
<C 1 &3 /udx + ey’ /uldx
l+r-1 D l+r-1 D
N(-m) 1 2pf+2($:l)
+<1_N(Wl )) 42”\}—"11)</uldx) + 3 CNGn-1)
21 D
N(m-1
+ 7( )54/|Vu%|2dx , (4.16)
21 D
_ D) ~ L _o2(-1) N0
where &3 i T 84= L) .

Finally we compute the last term of (4.14). Applying the Holder inequality, we deduce

1
-1 [+r-1
/ u dx < |D| T (/ ul”_ldx) ;
D D

that is,

l+r-1

. T
/ W ldx > |D|'T ( / u dx> . (4.17)
D D

Substituting (4.15)—(4.17) into (4.14), we have

2(q-1)

l 1+ 7
At) < ﬁf uldx+11(/ uldx>
2 Jp D
2(q-1)

+fl[z—zvl(q—l)] (e i( / y dx)“le
D
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(lp+m=1)(l+r-1)

[ -1 m-1) L 1)
+ 71/1(7 )CMSB}" (/ u! dx)
D

l+r-1
W20 =N -1)] oy o= I
AL T e < / u' dx) . (4.18)
2 D
By (4.1), we obtain
t):l// Y g (y) dydx>§'/u dx,
pJo
which implies
! 1
u dx < —A(). (4.19)
D §
Now, inserting (4.19) into (4.18), we derive
_ (q-1)
At) < lﬁA(t) + h 1+@(t) wgl S A1+,_2A;’(q11) (t)
= 2 1,20 L2 62
§ £ NG
In(r- Nm-1) L Uprm-1(r-1)
+ yl( lp+m)1)(l+r 1) ¢ : 8317rA fr-1) (t)
(I+r-1)&
)/1[21 N(m—1)] Nenn M0 2pl2m))
2pl+2(m 1) C ! 8: o A ' A-N(m-1) (t)
2%: 2-N(m-1)
= LA + HAY T (0) AT TN (1
(lp+m 1)(l+r-1) 2pl+2(m 1)
LA T () + AT 2N (), (4.20)

where /1, /2, J3, Ja, and J5 are defined in (4.7)—(4.10). Since lim,_, »+- A(t) = +00, we integrate
(4.20) from 0 to £* to get

. +00 d.L,
r= (g-1) 2(¢-1) (lp+m=1)(l+r-1) 2pl+2(m-1) *
= 2g-1 — —1)(l+r— -
AO) Jig 4 Lt T 4 Lt NG 4 Jyr D 4 Jor T ANGD 0

5 Lower bounds of the blow-up time t* in D c R?
In this section, we search for a lower bound of t* in D C R?. Suppose that the functions /
and g satisfy

hs)<6s1,  gs)=£ s>0, (5.1)
where &, g, and £ are some positive constants and
g>1 (5.2)

By [17, Corollary 9.14], we have

wl2<s 1*  where N =2,
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which implies the following Sobolev inequality:

%4 % ~ ! %2 %
(/D(u ) dx) SC(/];M dx+/D‘Vu ’ dx) , (5.3)

where C is a Sobolev embedding constant depending on D. We need to use inequality (5.3)
to get a lower bound of ¢*. Now, we define auxiliary functions as follows:

A(t) = /D B(u)dx, t>0, B(s)=1 / Syl_lg/(y)dy, s> 0. (5.4)
0

The main result of this section is the following Theorem 5.1.

Theorem 5.1 Let u(x, t) be a nonnegative classical solution of (1.1) in D C R?. Assume that
(5.1)—(5.2) hold and

r>1, m>1, l> max{2,2(m -1),4(q - 1)}. (5.5)

In addition, we assume that u(x, t) blows up at some finite time t* in the measure A(2). Then
t* is bounded below by

. +00 dT
> - )
— o) 3 1. 2G-1)  ~ 14 2(g-1) - (ptrm=1)(+r-1)  _  I(l+p)-(m-1)
O Tz +Hht¥ T + v (HGD 4 [,z 0D +JsT 20m-D

where
z o . I ~sa 5(l+q-1)d?
1= —=> b= W C g + L , (5.6)
2F p2Ee 20(1-1)
41-) .
s 1-4@-1)( 6U-1) \FaU[§ 51+ —1)d\ =D
J3= ——y ~ = = |2+ T o00-1) ) (5.7)
Elrin \4(g-1C 2% (1-1)
5 Di(r-1) L i a1
= -’ c , 5.8
" g\ >
2(1-m)
~ [- Z(WI - 1) # 6(! — ]_) 1-2(m-1)
Js = o Y <7~2 ’ (5.9)
g F2m-n 2l(m-1)C
0o = min(x - v), d= max |x|, (5.10)
x€dD x€D

and 0 is defined in (1.2).

Proof Repeating the calculation process of (4.12)—(4.14) and noting N = 2 in this section,
we get

~ lo 2 I+d—1)232 i
At) < %/‘ uldx+l&<~—2 + u)/ulﬂqddx
D

D Lo 28, '5(%

s 28,0 _40(1—1) /|Vu%|2dx
/ l D
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p
+ly1/ul+m_l dx(/ uldx> —l)/g/ul”_l dx, (5.11)
D D D

where 5y and d are defined in (5.10) and &, = @.

First, we focus on the second term of (5.11). By (5.2) and (5.5), we get 0 < q D <1and
0< q Y < 1. Now we apply the Holder inequality, the Young inequality, (4.4), and (5.3) to

deduce

1_@ ; Z(q[l)
< </ uldx> (/ (u2)4dx)
D D
1_2(111—1) 8(3-1)
:(/ uldx) <(‘/.(ué)4dx
D D
I_Z(ZIT_I S(QI— )
S(/uldx) ( </udx+/|Vu2|dx) )
D
- 1-2@-1 4G-1)
~ 8(g-1
=Ch (/ uldx> </ ul dx + |Vué|2dx>
D D D
1260 4-1) 4a-1)
~ 8(g-1
SCqT)</ uldx> ((/ uldx) +</|V”é|2dx> >
D D D
o 1,260 1 2G-1) l 40
=Ch ((/ uldx) +(/ uldx) ( |Vu7 2dx> )
D D D
] 1, 2G-D
:Cs(ql_l)<(/ uldx) l
D

4(g-1)

4(1-3) L 2020 14670 . -
+ (55'“‘“ (/ ut dx) ) (52/ |V1,ﬂ |2dx> >
D D
1+ 2@-1) ~ 4(1-4) 1+—)
~ 8(3-1 I g -1\ .tk =4(@F-1)
SCqT ((/ ul dx +(1— G-1 821 4a-1) /uldx>
D [ D

4(g-1
+ Mézﬂw% 2dx>, (5.12)
l D
where &, = -2=1 16C M)
2= Gy BT 2172
Next we deal with the fourth term of (5.11). Due to (5.5), we get 0 < ”’—‘1 <1,
0<2ml) g, Using the Holder inequality, the Young inequality, (4.4), and (5.3), we derive

/D uttm1 dx( /D u' dx)p
(o) () (e

4(m-1)

(L) (e )
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1. 4(m-1)

<([wa)" " (e [ waes [uatpa)’) T

m=1 2(m-1)

- 4 1+—l
=C4(11) (/ uldx> (/ uldx+/|Vué’2dx>
D D D

Jores) = ((ar) = () )
D D D

1+p+m7—1 1+p_L4 2(m-1)
! ! ! ! 12
u dx + u' dx |Vu2| dx
D D D
( Lr-1 ! (p+m=1)(l+r-1)

1 T+r-1 1 RV %
()Y )
D D

I(1+p)-(m-1) 1- 2(rr;—1) 2(m-1)

<§4/Dywé\2dx> l )

=1 (p+m-1)(l+r-1)

- 4 l T -1 L T—-1)
§C4(zl) g3 /uldx + 4 g3’ /uldx
l+r-1 D l+r-1 D

I(1+p)-(m-1)

+ (]_ — M)g[f&% (f Ml dx) T—2(m-1)
! D

2(m—1) L
P20 [ vt as), (513)

)

yollar=1) mom) o Loy gen)  xA0m)
n C T » €4 = 3 D) b

Finally, we consider the last term of (5.11). Repeating the calculation process of (4.17),

where &; =

we have

l+r-1
. 7
/ w1 de > |D|1T </ u! dx) . (5.14)
D D

Substituting (5.12)—(5.14) into (5.11), we deduce

~ l6 -
At) < ﬁ/ uldx+11(/ uldx>
2 Jp D
2(q-1)

3 ~ 4(1-3) 1+ 5=
. 11[1—4l(q— 1)]52174(% (/ y dx) *CaG-n
D

1 26D

(lp+m=1)(l+r-1)

[ —-1) ~am-1 _ L -1
+7y1(r )C4 r 83“(/ uldx>
D

{(1+p)—(m-1)

- ; él‘”')l T=2(m-1)
+n[l-2m-D]C T 8" (f uldx> ) (5.15)
D

We repeat the calculation process of (4.19) to obtain

/ uldx < iA(t). (5.16)
D &
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Now, inserting (5.16) into (5.15), we derive

~ 3 40-9) -
- 6 -~ L A (ql 1) )+ 11[1 4(g - 1)]82 1G-D 11 it i‘{é}i) o

+ _
= ~ . 2@G-1) ~1. 2G-1)
28 51*—ql lg:l a D)

Ly (r—1)
lp+m 1)(l+r 1)

(l+r-1)E

nll—2(m - 1)]6 1) AL p)—(m-1)
1+p)—(m-1)

~ U
E 1-2(m-1)

~ 4m-1) _ L ~ (prm-1)(lsr-1)
CTTEFA w0 (p)

(é—l)

= L1A(2) +]2A1+ (t) +]3A D (t)

~ ~ (Uptm=-1)(l+r-1)

A I () 4 oA TR (), (5.17)

where J1, J, J, J1, and Js are defined in (5.6)—(5.9). Since lim,_, q— A(£) = +00, we integrate
(5.17) from 0 to £* to get

t* - /‘+OO dT
= I. 2G-1) 2(-1) ~  Uprm=D(+r-1) - lsp)-(m-1) * 0
AO) T+ bt T 45T g = ey J o+ 4T -D +JsT F2m-D

6 Applications
In what follows, three examples are given to demonstrate the results of Theorems 2.1-5.1

obtained in this paper.

Example 6.1 Let u(x,t) be a nonnegative classical solution of the following problem:

5

(+In(1+ ) = X0 (1 + x2) e ), + us (fpu? dx)3 —u3 inD x (0,t%),
Z?zl(l + %)y, vy = %ﬁu% on 3D x (0,t*),

u(x,0) = up(x) = 1 + |x|? in D,

where D = {x = (%1, %,%3) | |62 = Y0 &% < 1} is a ball of R®. Here,

2
g(u) =u+In(1 +u), h(u) = \5/_ %
1+ |x? 0 0
(a""(x))3X3 = 0 1+ |x|? 0 , uo(x) =1+ |x|%
0 0 1+ |x|?
Now,N=3,y1=1,»m=1m= %,Z:S,p: %,andr— . Choosing ¢ =2, y = 2‘/_ , and

q= %, we can verify that (2.2)—(2.3) are satisfied. Hence, Theorem 2.1 implies that u exists
for all time in @ (¢) with

qb(t)=/G(u)dx=/(u3+§u2—3u+3ln(1+u))dx.
D D
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Example 6.2 Let u(x,t) be a nonnegative classical solution of the following problem:

(M)t =30 (1P, )s, + 2u%(fD u3 dx) 10 — %u% in D x (0, ),
Z?:l(l + |x|2)uxivi = %ﬁug on dD x (0, %),

u(x,0) = uo(x) = 1 + |x|? in D,

where D = {x = (%1, %, %3)| x> = Y7 #2. < 2} is a ball of R. Now we have

In(1 35
o) = m, h(u) = —\/_u%,
2 5
1+ |x? 0 0
(@@)y=| 0 1+ 0 |, w@ =1+l
0 0 1+ |x|?

Here,N:S,ylzz,yzzg,m=

W

,1=3,p= %, r= %, and |D| = 91—’6’. Now, we compute
1
w(t) = / gu)dx = - / (u+1In(1 +u)) dx,
D 2Jp
1
v(0) =5 / (0 +1In(1 + up)) dx = 1.9302.
D

It follows from (3.4) that § = 0.7436, M; = 0.7552, and M, = 1.0969. It is easy to check that
(3.2)—(3.3) hold. By Theorem 3.1, we deduce that # must blow up in the measure ¥ (¢) at
some finite time £* and

. +00 dl' +00 d-[
Al [ S— . - 1.2304. (6.1)
w) Mit™? =My J19302 0.755215 — 1.0969

We note that (6.1) gives an upper bound of ¢*. Next, we use Theorem 4.1 to obtain a

lower bound of ¢t*. Now we select g = %, o= BTﬁ, &= %, and 6 = 1. By (4.11), we derive
po=d= %. Noting N = 3, we can verify that (4.1)—(4.2) and (4.6) hold. Moreover, according
to Theorems 2.1 and 3.2 in [18], we obtain the Sobolev embedding constant C = 7.5931.
Substituting above constants into (4.7)—(4.10), it is easy to get J; = 4.0249, J, = 287.4, J3 =

814.14, J, = 95979, and J5 = 68.205. By (3.6), we obtain

" 3 [ 1 1 3 3 3
B(u) =l/0 Y g0 dy = 5/0 J’2<1 + m) dy = Eus + Zuz— i+ In(l+w),
1 3 3 3
A(t)=/3(u)dx=/ —ud+ Su? - Zu+ = In(1 +u) ) dx,
D p\2 4 2 2
and

1 3 3 3
A(0) = /D<§u(3) + Zué - §u0 + 5 In(1 + u0)> dx = 3.2897.

Blow-up of u in the measure ¥ (¢) at t* means that u blows up at t*. Hence u must also
blow up in the measure A(¢) at £*. By Theorem 4.1, we get a lower bound of the blow-up
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time ¢* as follows:

+00 d.’:
t'=Ty= / 2Ag-1) 2(¢-1) 1 2pl+2(m-1)
- = . .
AO) Tz 4 ot T 4 Jyr e 4 P oM 2

+00 dT
= / 7 11 34 61
3.2807 4.02497 + 287.476 + 814.1471 3 + 959797 5 + 68.2057 35
= 1.8166 x 107°. (6.2)

Combining (6.1) and (6.2), we have
1.8166 x 107° < t* < 1.2304.
Example 6.3 Let u(x,t) be a nonnegative classical solution of the following problem:

e =3 (L4 |xP)at,)s, + 2u%(fD WBdx)® —2uf  inD x (0,£%),
Zil(l + |x|2)uxivi = S—‘fﬁ on 4D x (0, %),

u(x,0) = uo(x) = 1 + |x|? in D,

where D = {x = (x1,%) | [¥[> = Y2, #? < ) is a circular region of R%. Now

gW=u )= ?u

y 1+|x2 0
(@'(x)),,, = ( 0 1epp) uo(x) = 1+ [xf*.

Here, N =2, y; =2, y2:2,m:%,l:3,p:%,r:%,and |D|:91—’6’.By(3.1),wehave

lI/(t):/Dg(u)dx:/Dudx, lI/(O):/Duodx:/D(1+|x|2)dx:2,2642.

By (3.4), we obtain § = 0.6506, M; = 0.7552, and M, = 2.0004. After some simple calcula-
tions, we know that (3.2)—(3.3) hold. From Theorem 3.1, it follows that u blows up in the
measure ¥ (£) at t* and

. +00 dt +00 dT
r<| - : = 1.1291. 6.3)
wo) Mit"™*? =Mz Ja2642 0.75527 5 — 2.0004

Next, we apply Theorem 5.1 to get a lower bound of t*. Now we choose g = %, o= %,
£ =1,and 6 = 1.1t follows from (5.10) that 5o = d = %‘ Noting N = 2, it is easy to verify that
(5.1)-(5.2) and (5.5) hold. Moreover, using Theorems 2.1 and 3.2 in [18], we derive the
Sobolev embedding constant C = 10.887. Inserting the above constants into (5.6)—(5.9),

we deduce J; = 2.0125, J, = 140.34, J5 = 783.76, J; = 997648, and J5 = 90. By (5.4), we have

E(u):I/Ouyl‘lg/(y)dy:B/ouyzdy:u3, A(t):/DB(u)dx=/DM3dx,
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and
A(0) = / 3 d = / (1+ %)’ dx = 3.8959.
D D

Since u blows up in the measure ¥ (¢) at £*, » must blow up in the measure A(¢) at £*. By

Theorem 5.1, we get

t* - /‘+OO dT
— |- - - 2(3-1) - 2@?1) ~  (ptm=-1)(l+r-1) ~  ld+p)-(m-1)
AO Tir 4+ et T +]3-L-1+l—4(q—1) +J,T7 f-D +JsT F2mD

+00 dT
B /3‘8959 2.01257 + 140.347 ¢ + 7837671 + 9976487 15 + 907 5
=1.4132 x 1077, (6.4)

From (6.3) and (6.4), it follows that
14132 x 1077 < ¥ < 1.1291.

7 Conclusion

In this paper, we derive the global existence and bounds for the blow-up time of nonlin-
ear parabolic problem (1.1) with nonlocal source. To deal with nonlocal source, we must
establish some new auxiliary functions different from those in [1, 2] and [11]. Further-
more, to obtain the lower bound of the blow-up time in D ¢ RY (N > 3) and D C R?,
we need to use the embedding theorems in Sobolev spaces W2 — L%, N > 3 and
W2 s [* N =2, respectively. Applying these auxiliary functions, the embedding theo-
rems in Sobolev spaces, and the differential inequality technique, we complete our study

with the blow-up and global solutions of problem (1.1).
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