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1 Introduction
In the present paper, we consider the following viscoelastic plate problem with logarithmic

nonlinearity:

Uy + A%u+u— fotg(t —8)A%u(s)ds = kuln|u|, in £2 x (0,00),
u="2-0, in 92 x (0, 00), (1)

u(x,0) = ug(x), u:(x,0) = 11 (x), in 2,

where 2 € R? is a bounded domain with a smooth boundary d2. The vector v is the unit
outer normal to 362 and the constant k is a small positive real number. The function g is

the kernel and satisfies some conditions to be specified later.
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1.1 Problems with logarithmic nonlinearity

The logarithmic nonlinearity appears naturally in inflation cosmology and supersymmet-
ric filed theories, quantum mechanics, and many other branches of physics such as nuclear
physics, optics, and geophysics [1, 7-9] and [10]. These specific applications in physics and
other fields attract a lot of mathematical scientists to work with such problems. Birula and

Mycielski [8] and [11] introduced the following problem:

Uy — Uy + U —euln|u? =0, in [a,b] x (0, T),
ula,t) =u(b,t) =0, in (0, 7), (2

u(x,0) = up(x), uy(x,0) = u1(x), in[a,b],

which is a relativistic version of logarithmic quantum mechanics and can also be obtained
by taking the limit p — 1 for the p-adic string equation [12, 13]. They showed that wave
equations with the logarithmic nonlinearity have stable, localized, soliton-like solutions
in any number of dimensions. In [14], Cazenave and Haraux established the existence and

uniqueness of the solution for the following Cauchy problem:
uy — Au=uln|ulf, inR>. (3)

Gorka [1] considered the corresponding one-dimensional Cauchy problem for equation
(3) and established the global existence of weak solutions for all (o, #1) € Hy x L? by using
some compactness arguments. In [7], Bartkowski and Gorka investigated weak solutions
and also proved existence results of classical solutions. Hiramatsu et al. [2] investigated a

numerical study of the solution of the following problem:
Uy — Au+u+u + |u)?u=uln|u. (4)

However, there was no theoretical analysis for this problem. In [15], Han considered the
initial boundary value problem (4) in £2 C R® and obtained global existence of weak so-
lutions for all (uo, u1) € H}($2) x L*(£2). For more recent work dealing with logarithmic

nonlinearity, we refer to [16—20].

1.2 Plate problems

Regarding the plate equations, we start with the result obtained by Lagnese [21]. He
considered a viscoelastic plate equation and introduced a dissipative mechanism on the
boundary of the system, and then he proved that when the time goes to infinity, the energy
decays to zero. In [22], Rivera et al. investigated the energy of the solutions of a viscoelas-
tic plate equation and they proved that first and second order energy decays exponentially
provided that the kernel also decays exponentially. Messaoudi [23] established an exis-

tence result of the following problem:

Uy + A%+ |u " 2u, = |ulP%u, inQr =2 x(0,7),
u=3=0, on I'r =082 x [0,T), ()

u(x,0) = uo(x), uy(x,0) = u1(x), in £2,
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obtained global solution in case m > p, and proved blow-up when the initial energy is neg-
ative and m < p. These results, for the same problem in [23], were improved and extended
by Chen and Zhou [24]. Santos and Junior [25] studied the following system:

Uy + N*u=0, in £2 x (0,00),

uzg—i’zo, on I x (0,00),

—Uu+ fotgl(t —5)Bru(s)ds = 0, on Il x (0, 00), (6)
ouy fotgz(t —8)Bouls)ds =0, on I, x (0,00),

u(0,x) = uo(x), u:(0,x) = u1(x), in £2,

where

A B
Biu=Au+(1-p)Biu and ,Bzu:—u+(1—u) 2
o an

and
2 2
By = 2V1Voltyy — Vilhyy — Vylhyy and  Bou = (V1 — V) Uy + V1V (Uyy — Usx)

with boundary damping, and they obtained stability results. For more results in this di-
rection, see [3, 26-29].

1.3 Viscoelastic problems

The importance of the viscoelastic properties of materials has been realized because of the
rapid developments in rubber and plastic industry. Many advances in the studies of consti-
tutive relations, failure theories, and life prediction of viscoelastic materials and structures
were reported and reviewed in the last two decades [30]. Dafermos [31, 32] considered a

one-dimensional viscoelastic problem of the form

t
PUy = Cllyy — / g(t — 8ty (s) ds,

o0

and established various existence results and then proved, for smooth monotone decreas-
ing relaxation functions, that the solutions go to zero as ¢ goes to infinity. However, no

rate of decay has been specified. In [33], Cavalcanti et al. considered the equation
t
Uy — Au+ / gt —s)Au(x,s)ds + a(x)u; + [uPu=0, in 2 x (0,00), (7)
0

where a : 2 — R* is a function which may vanish on a part of the domain £2 but satisfies

a(x) > ap on w C §2 and g satisfies, for two positive constants £; and &,

—&1g(t) < g () < —&g(t), t=>0.

They established an exponential decay result under some restrictions on w. For more re-

sults, we refer to [34—37]. However, in all the above mentioned works, the rates of decay



Al-Gharabli Boundary Value Problems (2019) 2019:194 Page 4 of 21

in relaxation functions were either of exponential or polynomial type. In 2008, Messaoudi
[36, 37] generalized the decay rates allowing an extended class of relaxation functions and
gave general decay rates from which the exponential and the polynomial decay rates were
only special cases. However, the optimality in the polynomial decay case was not obtained.

Precisely, he considered relaxation functions that satisfy

gt) <-&@)g(t), t=0, (8)

where £ : R* — R* is a nonincreasing differentiable function and showed that the rate of
the decay of the energy is the same rate of decay of g, which is not necessarily of exponen-
tial or polynomial decay type. After that a series of papers using (8) have appeared; see,
for instance, [38—44]. Inspired by the experience with frictional damping initiated in the
work of Lasiecka and Tataru [45], another step forward was done by considering relaxation

functions satisfying

2 <-x(g®). )

This condition, with several constraints imposed on x, was used by several authors with
different approaches. We refer to previous studies [46—50], and [51], where general decay
results in terms of x were obtained. Here, it should be mentioned that in [52] it was the
first time where Lasiecka and Wang established not only general but also optimal results in
which the decay rates were characterized by an ODE of the same type as the one generated
by inequality (9) satisfied by g. Mustafa and Messaoudi [53] established an explicit and

general decay rate for relaxation function satisfying

gt <-H(g()), (10)

where H € C1(R) with H(0) = 0 and H is a linear or strictly increasing and strictly convex
function C? near the origin. In [54], Cavalcanti et al. considered a nonlinear viscoelastic
wave equation with a relaxation function satisfying (10) and some additional requirements
on H. They characterized the decay of the energy by the solution of a corresponding ODE
as in [45]. Messaoudi and Al-Khulaifi [4] treated the same problem considered in [54] with
a relaxation function satisfying

£ =500, Viz01=p<>. (11)

They obtained a more general stability result for which the results of [36, 37] are only
special cases. Moreover, the optimal decay rate for the polynomial case is achieved without
any extra work and conditions as in [49] and [45]. Very recently, Al-Gharabli et al. [6]
considered (1) with a relaxation function which satisfies (11), proved the existence of the
solutions locally and globally, and established a general decay result depending on the
behavior of g. Now, there are two natural questions that arose in dealing with the general
decay of viscoelastic problems:
QI Can we extend the range of polynomial decay rate optimality from p € [1, %) to
p € [1,2) in the case of (11)?
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QII. Can we get a general decay result for a class of relaxation functions satisfying
g <-£W)H(g®), Vt=0, (12)

where £ is a positive nonincreasing differentiable defined function on [0, 00) and H
is some increasing convex function such that (12) yields (11) as a special case?
Mustafa [5] answered these questions for a viscoelastic wave equation and
established an optimal decay result.

Motivated by the papers of Gorka [1], Hiramatsu et al. 2], Mustafa [5], and Al-Gharabli

et al. [6], we intend to establish a two-fold objective:

(1) extend the work for the wave equation in [1, 2], and [5] to a viscoelastic plate
equation with logarithmic nonlinearity. We believe this is a natural extension done
for many problems such as thermoelastic plate.

(2) consider a more general damping instead of the one considered in [6]. In fact, the
results of [6] are special cases of this work when G(s) = s” and our assumption

allows p to cover the full admissible range [1,2).

Remark 1.1 Let us note here that though the logarithmic nonlinearity is somehow weaker
than the polynomial nonlinearity, both the existence and stability result are not obtained
by straightforward application of the method used for polynomial nonlinearity. We need
to make some extra condition on the nonlinearity coefficient k (see condition (A3)).

This paper is organized as follows. In Sect. 2, we present some notation and material
needed for our work. In Sect. 3, we present the local and global existence of the solutions
of the problem. The stability results are presented in Sect. 4.

2 Preliminaries
In this section, we present some notations and material needed for the proof of our results.
We use the standard Lebesgue space L?(£2) and the Sobolev space H3($2) with their usual
scalar products and norms. Throughout this paper, c is used to denote a generic positive
constant, and we consider the following hypotheses:

(Al) g:R* — R* isa C'- nonincreasing function satisfying

g(0)>0 and 1—/Oog(s)ds:ﬁ>0. (13)
0

(A2) There exists a positive nonincreasing differentiable function & : R* — R* with
£(0) > 0,and a C! function G : (0, 00) — (0, 00) satisfies

) <-£)G(g)),  G(0)=G'(0)=0, Vt=0, (14)

and G is a linear or strictly increasing and strictly convex C? function on (0, 7],
O<r<1.

(A3) The constant k in (1) satisfies 0 < k < ko, where ky is the positive real number
satisfying

2l -3
— “_e
k()Cp

Y

(15)
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and ¢, is the smallest positive number satisfying
2 2 2
||Vu||2§Cp||AM||2, VMEH()(Q);
where |- [l2 =1 ll12()-

Remark2.1 1f Gisastrictly increasing and strictly convex C? function on (0, r], with G(0) =
G'(0) = 0, then it has an extension G, which is a strictly increasing and strictly convex C?
function on (0, +00). For instance, if G(r) = a, G'(r) = b, G”(r) = C, we can define G for ¢ > r
by

Ql

(t)=gt2+(b—Cr)t+<u+§r2—br>. (16)

For simplicity, we will use G for both G and G.

Remark 2.2 Since G is strictly convex on (0, r] and G(0) = 0, then
G(0z) <0G(z), 0<0<1,andze(0,r]. (17)

3_1
Remark 2.3 The function f(s) =/ 20;%5 — €275 is a continuous and decreasing function on
(0, 00) with

lir(r)l f(s)=00 and lim f(x) = —e3
s—07F xX— 00

Then there exists unique &y > 0 such that f(ky) = 0. Moreover,

27l
A [T, Vse(0k) (1)
CpS

which implies that the selection of k in (A3) is possible.

The modified energy functional associated with problem (1) is given by

1 ¢ k+2
E(t):5(||ut||§+(1—/g(s)ds)||Au||§+ 5 ||u||%)
0

1 1
- —/ u? In |ulf dx + = (goAu)(t), (19)
2/ 2

where
t 2
(goAu)(t) = / gt- s)“ Au(s) — Au(t) ||2 ds.
0
Direct differentiation of (19), using (1), leads to

E'®) = = (¢onu)(¢) - ~g®)| Aulld < (goAu)(®) <o. 20)
2 2 2
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Lemma 2.1 ([55, 56] (Logarithmic Sobolev inequality)) Let u be any function in H}($2)
and a be any positive real number. Then

1 a’
/ u?In|uldx < SllullyInluly + S=[Vul3 - (1 +Ina)|ul. (21)
2 2 27
Corollary 2.1 Let u be any function in Hy($2) and a be any positive real number. Then
2 Lo 2, 2 2
u”Infu|dx < 5”’4”2111 llall3 + 2—IIAM||2 -1 +Ina)llul;. (22)
2 i

3 Local and global existence
In this section, we state the existence results of [6] for problem (1).

Definition 3.1 Let T > 0. A function
u e C([0, T1,Hy(52)) N C'([0, T1,L*(£2)) N C*([0, T1, H*(£2))
is called a weak solution of (1) on [0, T if, for any w € H3(£2) and ¢ € [0, T,

Jo wu(x, )wx) dx + [ Aulx, t) Aw(x)dx + [, u(x, )w(x) dx
- [o Aw(x) fotg(t —s)Au(s)dsdx = [, u(x, t)w(x)In |u(x, )|~ dx, (23)

u(x,0) = up(x), uy(x,0) = u1(x).

Theorem 3.1 Assume that (A1) and (A3) hold and let (uo,u1) € H3(2) x L*($2). Then
problem (1) has a weak solution

u e C([0, T, Hy(2)) N C*([0, T1,L*(£2)) N C*([0, T], H*(£2)). (24)
For the global existence, we introduce the following functionals:

1 t

J@® =3 ((1 —f g(s) ds) Il Aull3 + llu]l3 + (goAu)(t) —/ u*In |u|kdx>
0 2
k
+ o3 (25)
and
t
I(t) = (1 —/ g(s) ds) ||Au||§ + ||u||% + (goAu)(t) - 3/ u*1n |u|* dx. (26)
0 2

From (25) and (26), one can easily see that

J6) - %[(1 - fo o) ds) NAuld+ el + @oAu)(t)] IR L1 27)

Lemma 3.1 The following inequalities hold:

3
—kdy |9|c2||Au||225/ W Inul*dx < k|| Aull3, Vue HX(S), (28)
2
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where dy = supg_,. </s|Ins|, |£2| is the Lebesgue measure of 2, and c, is the smallest em-
bedding constant

(f |u|3dx)é <clAuly VueHY(®) (29)
(¢« exists thanks to the embedding of H(£2) in L®(£2), 2 C R?).
Proof Let

21 = {x €N: |u(x)} > 1} and 2, = {xe 2: ’u(x)| < 1}.

So, using (29), we have

/u21n|u|kdx=/ u21n|u|kdx+/ u? In |u|* dx
Q2 29 2

§k/ u21n|u|dx§kf |u|3dx§k/ lul? dx < k|| Aull3,
21 21 k]

this gives the right inequality in (28). On the other hand, using Hoélder’s inequality and
(29), we find

—f u21n|u|kdx=—/ u21n|u|kdx—/ w? In |ul* dx
2 29 21

<-k u2ln|u|dx=k/ u2|ln|u||dx
2

§22
3
§kd0/ |u|? dxgkdo,/|9|(f |u|3dx>
Q 2
3
< kdo,/122|c ]| Aully,
which implies the left inequality in (28). O

Lemma 3.2 Assume that (A1)—(A3). Let (uo, u1) € H3(2) x L*(2) such that

100)>0 and J?mi(@)f <. (30)
Then
I(t)>0, Vtelo,T). (31)

Proof From (26), we have

/9142 In |ul* dx = %(1 —/0 g(s)ds) lAul3 + %Hu”% + %(goAu)(t) - %I(t). (32)
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Substituting (32) in (25), we find

1

J(8) = §[(1 - /Otg(S)dS) lAuly + lluls + (goAu)(t)} + {—;Hullﬁ + él(t). (33)

Since I(0) > 0 and I is continuous on [0, T'], there exists ¢y € (0, T] such that I(¢) > 0 for all
t € [0,29). Let us denote by £, the largest real number in (0, T'] such that I > 0 on [0, %).
If £ty = T, then (31) is satisfied. We assume by contradiction that ¢, € (0, 7). Thus I(,) = 0
and

|auo)]2 = 370 =SB0 < SEO), Ve (0, (34)

If | Au(to) |13 = 0, then (28) and (29) give

0 =I(ty) = (goAu)(ty) = /Oto g(s) || Au(s) ||§ ds. (35)
Consequently, if g > 0 on [0, ), we get

||Au(s) ||2 =0, Vse[0,t).
Then

I(z) =0, Vtel0,t),
which is not true since 7 > 0 on [0, £y). If g is not positive on [0, ), then let £, € [0, £) be the
smallest real number such that g(¢;) = 0. Because g(0) > 0 and g is positive, nonincreasing,

and continuous on R* (condition (A1)), then #; >0 and g = 0 on [, 00). Therefore, from
(35), we deduce that

to t1
0= / ¢8| Auts)| ds = / 28] Auts)|; ds,
0 0
then || Au(s)||2 = 0 for any s € [0, t1), which implies that I(¢) = 0 for any ¢ € [0, ;). As before,

this is a contradiction to the fact that I > 0 on [0, ). Then we conclude that || Au(to) |5 > 0.
On the other hand, we have

I(to) = €] Aulto) |2 - 3 /9 u(to)? In |ulte)[* dx.

By using (34) and Lemma 3.1, we have

1

E 2
I(to) = [z - skci(%fo)) }IIAu(twlli.

By recalling (30), we arrive at I(¢p) > 0, which contradicts the assumption () = 0. Hence,
to = T and then

1()>0, Vtel0,T). O
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4 Stability
In this section, we state and prove our stability results. We start by establishing several

lemmas needed for the proof of our main result.

Lemma 4.1 ([6]) Assume that g satisfies (A1). Then, for u € H3($2),

t 2
/ (/ gt - s)(u(t) - u(s)) ds> dx < c(goAu)(t),
2 \Jo

and

2

t
/ (/ &&= 9)(u(®) — uls)) ds) dx < —c(g'oAu)(2).
2 \Jo
Lemma 4.2 Assume that (A1)—(A3) and (30) hold. Then the functional
Y (t) = / uu; dx
2
satisfies, along the solutions of (1),
1
Y1) = N3 = 1 Aul3 — llel3 + f u? Inul* dx + c(goAu)(z). (36)
fe)
Proof By using (1), we easily see that
t
vy = lloaell = 1l Auelly ~ el +f Au[ 8t —s)Au(s) ds dx
2 0
+ / w?In |u|* dx. (37)
2
We now use Lemma 4.1 and Young’s inequality to obtain, for any u > 0,

/ Au(t)(/tg(t—s)Au(s) ds) dx
2 0

(38)
< (1 —e+ %) AU + i(l — 0)(goAw)(d).

By choosing u = £ and combining (37) and (38), we obtain (36). O

Lemma 4.3 Assume that (A1)—(A3) and (30) hold. Then the functional
t
Yo (t) = —/ ut/ glt-s) (u(t) - u(s)) dsdx
2 Jo

satisfies, along the solutions of (1) and for any € € (0,1) and § > 0,

V() < 8| Aull3 + g(goAu)(t) + g(—g’oAu)(t) + (8 —/0 g(s) ds) llo4 |13

+Ceps (goAu)ﬁ (). (39)



Al-Gharabli Boundary Value Problems (2019) 2019:194 Page 11 of 21

Proof Direct computations, using (1), yield
U(t) = /Q Au /Otg(t —5)(Au(t) — Auls)) dsdx + /Q u /Otg(t —8)(u(t) - u(s)) dsdx
+ L /0 gt - s)(Au(t) - Au(s)) ds/o gt —s)Au(s)dsdx
- / uln |ul* /tg(t - s)(u(t) - u(s)) dsdx
fo) 0

_ ! (4 _ _ _ ! 2
/K;Mt/()g(t S)(u(t) u(s))dsdx (/(; g(s)ds)/gut dx. (40)

Similar to (37), we estimate the right-hand side terms of (40). So, by using Young’s inequal-
ity, the first term gives, for any § > 0,

t
1)
f Au/ gt - s)(Au(t) - Au(s)) dsdx < 1 ||Au||§ + g(goAu)(t). (41)
Q 0
Using Lemma 4.1, Young’s and Poincaré’s inequalities, the second and fifth terms lead to
t ) c
/ u/ gt- s)(u(t) - u(s)) dsdx < 1 ||Au||§ + g(goAu)(t) (42)
2 Jo
and
¢ c
. / " / & (6=9)(0t) ~ u(s)) sl < 8] ~ (& 0Aw) 0. (43)
2 Jo
Similarly, the third term can be estimated as follows:

f /tg(t—s)(Au(t) - Au(s)) ds/tg(t—s)Au(s)dsdx
2Jo 0

8
< —
4

(44)
| Aull? + c(l + %)(goAu)(t).

Let ¢y € (0,1) and /(s) = s°°(| Ins| — s). Notice that % is continuous on (0, c0) and its limit
at 0 is 0, and its limit at 0o is —0o. Then / has a maximum d, on [0, 00), so the following
inequality holds:

s|lns| < s + déosl_eo, Vs> 0. (45)

Applying (45) to u1n |u|, using the Cauchy—Schwarz inequality, the embedding of HZ(£2)
in L*°(£2), and performing the same calculations as before, we get, for any §; > 0,

/ uln|u|k/tg(t—s)(u(t)—u(s))dsdx
2 0

< k/ (U + deg lu] )
2

sc/ ul?
2

f gl — 9)(ulD) - u(s)) ds
0

/tg(t — ) (u(t) — us)) ds| dx
0
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2
I+e

/tg(t - S)(M(t) - M(S)) ds 0 dx
0

+81/ uzdx+c60,,31/
7 e

2

5681||Au||§ + i/:z'/o g(t—s)(u(t)—u(s)) ds| dx
+ Cep,81 /;2‘/0 gt —9)(u(®) —uls))ds|  dx.

Then, putting % = ¢ and using Holder’s inequality and Lemma 4.1, we find
¢ b) c
/ uln|u|k/ g(t — ) (u(t) - uls)) dsdx < Z||Au||§ + g(goAu)(t)
2 0
1
+ Cep,5(g0AU) TH0 (2).

The above inequalities imply (39).

(46)

O

Lemma 4.4 Assume that (A1)—(A3) and (30) hold, and let €y € (0,1). Then, for k small

enough, there exist positive constants €1, €,, m, and to such that the functional
L(t) = E(£) + e191(2) + £212(¢)

satisfies
L~E

and
L'(t) < -mE() + c(@oAu)(®) + ey (Q0AW) T (8), Vit > to.

Proof For the proof of (47), we see that, using similar calculations as before,

|L(t) - E(t)| = |e1¥1(8) + e2a (2) |
<cle1 + &) (lluell3 + Il A3 + (goAu)(2)),

therefore, from (31) and (33), we obtain

|L() - E(t)| < c(e1 + 82)(% el +J(t)) = c(e1 + £2)E(2),
then

(1 —cler + 82))E(t) <L(t) < (1 +cler + 82))E(t).
Hence, for €1, &3 > 0 satisfying

1-c(e1 + &) >0,

equivalence (47) holds.

(47)

(48)

(49)

Page 12 of 21
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Now, we prove inequality (48). Since g is positive and g(0) > 0, then, for any £, > 0, we

have

t to
/ g(s)ds > / g(s)ds=g0>0, V>t
0 0

By using (20), (36), (39), and the definition of E(¢t), for t > £, and any m > 0, we have

L'(t) < -mE(t) - <<92(g0 -8)—& - %) ll2ael3

14 m ) (k+2)m 9
- 581—825—3 lAull; - { &1 - 2 llzlly

+ <k81 —kﬂ> / u?In |u| dx + (csl + 825 + Z)(goAu)(t)
2/ /s 5 2

1 (225}

+ (_ — —) (goAu)(t) + 82050,5(g0Au)ﬁ(t)°

)

Using the logarithmic Sobolev inequality, for 0 < m < 2¢;, we get

2

Y, m m\ c,a’
- (581 —825 - 5 —k(é‘l - E) _1297_[ )HAL‘”%
m(k +2 m m &
_ (81 _ ( 1 ) +k(51 - 5)(1 +1na) +k(z - é) In ||u||§>||u||§

+ (681 + 82% + %)(goAu)(t)

L'(t) < -mE(t) - (82(g0 —8) &1~ Z) llae 13

1 1
+(5-5 ) wonn 0+ ercasteori ™ o

At this point we choose § so small that

1 14
g0—8>§g0 and 8<1£60'

Whence § is fixed, the choice of any two positive constants ¢, and &, satisfying
8o &o
—gy<e<=¢
go2sa< L8
will make
L
kl = 82(g0 - (S) —&1> 0 and kz = 581 - 825 > 0.

Then we choose ¢; and &, so small that (49) and (52) remain valid and, further,

CEy

1
———>0.
2 4

(50)

(51)

(52)
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Consequently, we get (47) and

L'(t) < -mE(t) - (/q — %) ll2ee 115

m m\ c,a>
- (kz - —k(al - 5)‘2’—”) | Aull}

- (81 - m(k4+ 2) + k<51 - %)(1 +1na) +k<%

+c(goAu)(t) + cey (goAu)ﬁ ().

Thanks to (A3), we choose

27l
<a< |[—.
ke

This selection will make

i

ka*c, k+2

l— >0 and +k(1+1Ina) > 0.

Then, using (54) and selecting m and k so small that

2 2) 2w

2
Ccya
al=k1—%>0, a2:k2_ﬂ_k<81_ﬂ)p_>o

and

€1
3) 1n||u||%)||u||§

(53)

(54)

o bp m(k4+ 2) +k<81 - %)(1 +1Ina) +k<% - 8—;) In [|u||3 >0,

we arrive at the desired result (48).

Remark 4.1 Using (13), (19), (25), (31), and (33), we have
EO) =10+ 3 [0} 2 10) = < (eonu)(0.

Then, using (20),
(goAu)(t) < 3E(t) < 3E(0).

Using (55), we obtain

(goAu)(r) = (gOAu)li_go(t)(goAu)ﬁ (t)

< c(goAuw) T (1),

(55)

(56)
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Remark 4.2 In the case of G is linear and since & is nonincreasing, we have

£(B)(go Auw) T (£) = (E<(DE(t)(g o Au)(t))ﬁ
< (E20E (D) (g o Au)(r) T
<c(&(0)(go Au)(t))ﬁ
< (-E(®) T,

Lemma 4.5 If (A1)-(A2) are satisfied, then we have the following estimate:

ARES es (?58) ViSO,

(57)

(58)

where q is small enough and G is defined in Remark (2.1) and the functional I is defined by

I(t) := (—g’oVu)(t) < —cE'(t).

Proof To establish (58), let us define the following functional:

=%Ifo HA(t)—A(t—s)Hids, vt > 0.

Then, using (19), (20), and the dentition of A(z), we have
2 t 2 t 2
A(t)f—q(/ )| +/ ds).
t \Jo 2 Jo 2

4 t
< e_? ( /0 (Et) + E(t - 5)) ds)

L8
t

(t-s)|

t
< E(s) ds
8 ¢ 8
< / E(0)ds = “LE(0) < +00.
et J, ¢

Thus, g can be chosen so small so that, for all £ > 0,

AlE) < 1.

(59)

(60)

(61)

(62)

Without loss of the generality, for all £ > 0, we assume that A(£) > 0, otherwise we get an

exponential decay from (48). The use of Jensen’s inequality and using (59), (2.2), and (62)

give
b ‘ o —Alf—9)?
1(t) = qk(t)/ A(t)( g(s))/ q|A(t) At s)| dxds

1 2
(t)/ A(t)“g‘(s)G(g(s))/ng(t)—A(t—s)| dxds

&)

20 (x(t)g(s))/ngt)-A(t-s)|2dxds
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50 (a [ A9 )
> 7 G(t/og(s)/QM(t) At s)| dxds

t
= &(t)@(g/‘ g(s)/ ‘Au(t)—Au(t—s)’zdxds), (63)
q tJo 2]
hence (58) is established. O

Theorem 4.1 Let (ug,u1) € H3(2) x L*(R2). Assume that (A1)—(A3) and (30) hold. Then
there exist positive constants Cy, Cy, ty, and t, such that the solution of (1) satisfies, for all

tZtly

1

‘ 2
E@)<C (1 + / glreo(s) ds) ’ , ifGis linear, (64)
to

ks

tT+eo ftl £(s)ds

), if G is nonlinear, (65)

where Ky(s) = sK’(g15) and K(t) = ((G™] T )L(8).

Proof Case 1: G is linear.
We multiply (48) by &(¢) and use (56) and (57) to get

EWOL(1) < -mEDE®) + c(~E(0) 73, V=1, (66)
Multiply (66) by £<0(£)E<(¢£) and recall that £’ < 0 to obtain
EOTEO ()L () < —mEOTH()EO(2) + c(E) (1) (—E'(2)) ST, vt > to.
e+l

Use of Young’s inequality, with g = €p + 1 and g* = o gives, for any ¢’ > 0,

Eeo+l(t)Eeo(t)L/(t) < _mgeo+1(t)E€0+l(t) +C(8/%.50+1(t)£eo+1 —CS/E/(t))

= —(m—&'c)g O OEOT —cE'(t), Vt=to.
We then choose 0 < ¢’ < % and use that &’ <0 and E' <0 to get, for c; =m — ¢’c,
(EOTEOL) (£) < £ OEC()L) () < —c1£ O (OEOT(E) - cE'(8), Yt > 1o,
which implies
(EOECOL + cE) () <~ (OECT (), Vi >t
Let L, = £0*1E€] 4 cE. Then L, ~ E (thanks to (47)) and
L(t) < —c€ON LT (e), Vi > to.

Integrating over (¢, ¢) and using the fact that L; ~ E, we obtain (64).
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Case 2: G is nonlinear.
Using (48), (56), and (58), we obtain, Vi > t,

1
L I(t Treg
L) < -mE(®) + ct T [G‘l (?E_Ezf;ﬂ ° (67)
Combining the strictly increasing property of G and the fact that 1 < 1 whenever ¢ > 1, we
obtain
(¢ I(t
() £ E (1)

and then (67) becomes, for V¢ > #; = max {¢, 1},

L/(t)S—mE(t)+ct1+1eo|:G1< al(t) )} -
tTo&(t)
Set
K(t):([G—l]ﬁ)—l(t)’ (6= il(t) . o
£ (1)
In fact,

<
K'=(1+ eO)G’(G_l) ¢ >0 on(0,r],

I<// _ €0

= W +(1+ eo)(G’l)&G” >0 on (0,r].

So, (69) reduces to
1
Ly() < -mE@) +ct "o K (x (1)), Ve=t. (71)

Now, for &; < r and using (71) and the fact that £ <0, K’ > 0, K” > 0 on (0, 7], we find that
the functional Ly, defined by

Ly(t) =K <t1+1€0 -E(O))Ll(t),

satisfies, for some a1,y > 0,
a1Ly(t) < E(t) < aals(t), (72)

and, for all £ > ¢;,

Ly(t) < —mE(t)K/(t%O : %) + cthlfoK/(tl‘%o : %)K (x(®). (73)

Let K* be the convex conjugate of K in the sense of Young (see [57]), then

K*(s) = s(K') () - K[(K)'(9)], ifse (0,K'(r)], (74)
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and K* satisfies the following generalized Young inequality

(75)

AB<K*(A)+K(B), ifAe(0,K'(r)],Be(0,r].

So, with A = K'(—4— - £5) and B = K~'(x(£)), we arrive at

51“0

Lé(ﬂf—mE(t)K’(t;O %) +Ct1+l€0](*(l</<tii€0 %))

+ ctﬁx(t)
(e E®\ E© [ e EQ

t1+eo

1
+ ct o0 x (¢). (76)

Then, multiplying (76) by &(¢) and using (59), (70), we get

/ , E(t) E(t) E(t)
E()Ly(t) < —mE)E@)K < T %) ce&(2) - % K <t1+150 . m)

tI+eo

—cE'(t), Vt>t.

Using the nonincreasing property of &, we obtain, for all £ > £,

(Lo + cE) (t) < -mE()E()K (tilleo ' %)

EO (e E0)
stz (- 5 )

t1+eo

Therefore, by setting L3 := £L, + cE ~ E, we conclude that

&1 @) el (L) - @ (‘91 &)
v E(O) (0) tl+160 E(O) ’

Fi(t) < -m&(t)E(H)K (

tI+eo

This gives, for a suitable choice of ¢;,

Ly(r) < —kg(t)(E((O))>K ( . %) Vt>t,
t1+eo

or
E@)\ .. & E@ '
k<%>l< (tﬁ : K()))S(t) <-Ly(t), Vt=t. (77)
An integration of (77) yields
(78)

/n k(%)](’(s; . %)s(s)dss - f Lys)ds < L(t,).
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Using the facts that K’,K” > 0 and the nonincreasing property of E, we deduce that the
map ¢ — E(£)K'(—&
¢Treo

E@)\ .. & E@
k<%>1< (t“‘O ) / S

%) is nonincreasing; consequently, we have

L LESN ,( &1 Es) 79
< /tl k(m)l( (SlTEO E(0)>$(s) ds <Ls(t1), Vi>t.
Multiplying each side of (79) by T we have
(Ticg
k( i .1%)1(( o1 ;?)/ £(s) . Vi> 4. (80)
£ (T tmo
Next, we set Ky (s) = sK'(¢15), which is strictly increasing, and consequently we obtain
l<1<2< 1 E(t))/ £(s) . Vst (81)
ok E0) =
Finally, for two positive constants k, and k3, we infer
E(t) < kst T Ky <#> (82)
5% [} E(s)ds
This finishes the proof. d
The following examples illustrate our results.
Example 4.2 Let g(t) = ae*1*Y), where b > 0 and a > 0 is small enough so that (A1) holds.

Theng'(¢) = -£ (t)G(g(t)), where G(t) = t and & (¢) = b. Therefore, we can use (64) to deduce

Et)< —2 . (83)

1+1)%

Example 4.3 Let g(t) = M %=, where g > 1 + €y and a is chosen so that hypothesis (A1) is
satisfied. Then

g0 =-bG(g(t), with G(s)=s'T,

(eg+1)(g+1)
where b is a fixed constant. Since @(s) =s~ 7 , then (65) gives

E(t) < —— (84)

— q-1-¢g
¢ (+e0)2(q+D)
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