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1 Introduction and the main result

The Kirchhoff-type equation has wide applications in population dynamics, optimization,
anomalous diffusion, continuum mechanics, etc. In recent years, research on this subject
has been very active; see, for example, [1-10] and the references therein. This paper dis-

cuss the existence of infinitely many weak solutions for the following problem:

M(fgon Txxy‘,’f,(f'pslp dxdy)(=2);u(x) - MulP2u = g(x,u) in 2, @)
u=0 in RN\ 0, '

where 2 C RV is a bounded smooth domain, 0 <s <1 < p < 00, ps < N. A is a real param-
eter and (~A);, is the fractional p-Laplacian operator defined by

_ p-2 3

(-A)(x) = 2 lim )~ U)o
e—0* RN\ B, (x) |x_y| +ps

where B (x) = {y € R": |x — y| < ¢}. The function M satisfies:

(M) Me C(Ry, R, infiery M(t) = my > 0, my is a positive constant.
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(M,) There exists 0 € [1, N%ps), such that

t
9/\’71(t)=9/ M(s)ds > M(t)t, VteR;.
0

In the study of the problems (1.1), the following Ambrosetti—Rabinowitz condition [11]
is used widely:

t
0<uGx,t) = M/ glx,t)dr <g(x,t)t, xe€2,t>r, (AR)
0

where p > p0 and r > 0.

Itis well known that (AR) condition is very important for variational method, but cannot
be satisfied in many cases. There have been some contributions attempting to replace this
condition by new ones, we can consult the references [12—16]. Motivated by this work, in
this paper we investigate the existence of infinitely many solutions of problem (1.1) without
the (AR) condition. Our result extends Theorem 1 of [17] and Theorem 1.1 of [18].

We assume that g : £2 x R is a continuous function satisfying:

(g1) There exist constants 1 <y <2 < --- < Ny < p < a < pi, and functions vy(x) €

LP(£2), where p? = A‘,’f\;s, 1 % =1, vi(x) € L“%’H(Q),i =1,...,m,and v,,,; >0is a
constant such that

g w)] < [vo@)| + > [vi)| 1" + via [, () € 2 x R,
i=1

(g2) There are two constants u > pf and @y > 0 such that

t
1
G(x,t) = / g(w,s)ds < —g(x, )t + wy|t)P  foranyx e 2, € R.
0 w

(g3) limy— oo % — +00 uniformly for x € £2.

(ga) g, ) is odd for t, ie. g(x,—t) = —g(x,t) for any x € 2 and £ € R.

Remark (i) Note that condition (g>) is different from the (AR) condition, and is weaker
than the condition of [17, 19] and [18].

(ii) The function g(x,¢) = |£[P’~2tIn(1 + |¢|) satisfies the conditions (g2) and (g3), but it
does not satisfy the (AR) condition.

Now we state our main result.

Theorem 1.1 Sets € (0,1), N > ps. If (M1)—(My) and (g1)—(ga) hold. Then, for any A € R,
the problem (1.1) has infinitely many weak solutions {u;} in Xy with unbounded energy.

The definition of weak solution will be given in the next section. The framework of this
paper is as follows. In Sect. 2 we give the variational framework. Section 3 verifies the
Cerami condition. In Sect. 4, we establish the existence of infinitely many weak solutions
for problem (1.1) by the fountain theorem.
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2 Variational framework

In this section, we first review some basic variational frameworks and main Lemmas that
will be used in the next section for problem (1.1). Denote W = R?\ O, where O = C(£2) x
C(£2) c R?N, and C(2) = RN\ L. Define a normed linear space X by

|u(x) — u(y)l”

X={u eL”(.Q)‘
{ wo e =y

dxdy < oo}

with norm

ju) ~uO)” dy)%

o — y s

llellx = lleellzo(2) + <
w

Then X is a normed linear space and C§°(§2) C X (see [10], Lemma 2.1). Define a subspace
XoCX by

Xo = {u €X:ulx)=0a.e.in ]RN\SZ}.
Under the equivalent norm

([ ) - u)lP
lully = (| P

1
p
=y dxdy) , ueX.

Xo is a uniformly convex reflexive Banach space ([10], Lemma 2.4).

Now, we give the definition of weak solutions for problem (1.1).

Definition 2.1 We say that u € X is a weak solution of problem (1.1), if

- -2 — —
M) [ =IOl 600

=y

- A/ |u(x)|p_2u(x)¢(x) dx —/ g(xux)p) dx=0, Vo e Xo.
2 I?)

Subsequently we review some of the properties of the eigenvalue problem and the spec-

trum of the operator. Consider the problem:

(=A)u= AlulP~2u in 2,

u=0 in RN\ £,
there is a divergent positive eigenvalue sequence.
M<h <SS A <o,

whose eigenvalues are the critical values of the functional

Tp(u):||u||§(0, ueZ‘:{ueXO:/ |u|pdx:1}.
2
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We notice that the first eigenvalue A := inf,cx T, () > 0. The corresponding eigenfunc-
tions will be denoted by e;. More details can be found in [20].
Let X; = span{e;}, define

= K ~
XO:@X,, Yk:@x,, Zk:GBXi, k=1,2,....
i=1 i=1 i=k

And let Wi :={u € Yy : |lullx, < ok}, Nk := {u € Zx : |lullx, = vk}, where pr > yx > 0.

Lemma 2.2 (Fountain theorem, [21]) Consider an even functional T € C*(Xy,R). Assume
foreach k € N, there exist py > yi > 0 such that

(P1) ak = maxXyey, julxy-p T () <0,

(D,) by := infueZk,IIu\Ixowk T(u) — +00,k — +00,

(D3) T satisfies the (PS). condition for every ¢ > 0.
Then T has an unbounded sequence of critical values.

Define the energy functional T : X, — R corresponding to the problem (1.1) by
T(u) = I(u) —J(u) — H(u),
where

L e _A _
I(u)-pM(lluHXo), ](u)-p/ﬂ|u|~”dx, H(u)—/QG(x,u)dx.

Lemma 2.3 ([10]) If (M) holds, then I : Xy — R is of class C*(Xy,R), and

lu(x) — u(@)P~>(ux) — u@)(Px) — ¢(Y))

|x y|N+ps

('), ) = M(Jll%, )
w

forallu,¢ € Xo.

Lemma 2.4 ([22], Lemma 2) Assume that g is a continuous function. Let (g1) holds, then
the functional H is of class C*(Xy,R), and

(Hw.6)= [ etwmods

forallu,¢ € Xo.

Combining Lemma 2.3 with Lemma 2.4, we get T € C(X,, R) and

dxdy

(T' (), ¢) = M(1lull} / ) ~ w1 ~ u»)G ) - 40))

|x y|N+ps

- / (@) [P () p (x) dx / 2(x% u(®)p@) dx =0
2 2

for any u, ¢ € Xy. Clearly, weak solutions of problem (1.1) are the critical points of energy

functional T.
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3 Verification of compactness conditions
We firstly state two definitions.

Definition 3.1 ([23, 24]) Let T € C!(X,, R), we say that T satisfies the (PS), condition at
the level c € R, if any sequence {u,}, C X, such that

T(uyn) > ¢, sup {|<T/(u,,),¢)|} — 0 asn— oo,
I91xp-1

possesses a convergent subsequence in Xo; T satisfies the (PS) condition if T satisfies the
(PS). forall c e R.

Definition 3.2 ([25, 26]) Let T € C'(X,R), we say that T satisfies the (Ce). condition at
the level c € R, if any sequence {u,}, C X, such that

T (u,) — ¢, (1+||un||) sup {‘(T/(u,,),¢)|}—>0 as 1 — 00,

llollxy=1

possesses a convergent subsequence in Xo; T satisfies the (Ce) condition if T satisfies the
(Ce). for all c e R.

When T fulfills the (AR) condition, we know the corresponding energy functional T ful-
fills the Palais-Smale compactness assumptions, however we dropped the (AR) condition,
we show that T fulfills the (Ce) condition.

Lemma 3.3 Let g: 2 x R — R be a continuous function satisfying conditions (My)—(M,)
and (g1)—(gs). Then T fulfills the (Ce) condition at level c € R.

Proof Set c € R. Suppose {u,} satisfies

T(un) — ¢, (L+lual) sup {|{T"(n)8)|} — 0 (3.1)

llolixg=1

as n— 00.
Step 1. We prove the sequence {u,} is bounded in Xj.
Arguing by contradiction, if {u,},cy is unbounded in Xy. Up to subsequence, still de-

noted by {u,},cn, suppose
|24 llxy — +00. (3.2)

It follows from (3.1) and (3.2) that

Sup (T (), 8)|} — 0. (3.3)
Thus
lunlx, sup {|{T'(un),$)|} — 0 (3.4)

lollixg=1
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as n — oo. For any n € N, we consider v, := , then ||v,|lx, = 1, s0 {v,}uen is bounded

HM \Ix

in Xp. Similarly to Lemma 1 in [22]. Going if necessary to a subsequence, there exists vy
such that
Uy = Voo in LP(RY), (3.5)
V= Vs in L*(RY), (3.6)
Vp = Voo inRY, (3.7)

as n — 00. We discuss two cases.
Casel. vy =0.
By (g2), (M>) and (3.1)—(3.2), we obtain

1 1
o p T n __T/ n)%n
||un||§’(0( ) =, Tl ”‘)

1 1
= Tl ( Mlenl,) = 2 Mol )t

1.1 p_ ( 1 > )
+ A ([,L p) ”un ”p /;2 G(x, I/ln(x)) Mg(x, un(x))un(x) dx
; i_l p p _ l_l ~
= ||btn||1;(0 ((p@ M)M(“un”)(o)”un”)(()) x(/[, p)/gl)f:dx wOL|vn|de

(1 1)
Zm() Y b
po

which implies 0 > mo(l% -
Case 2. v # 0.
Setting £2; = {x € £2 : v # 0}, it is easy to see that |£2;| > 0 and

i). This is a contradiction.

|10 ()| = 1Val ltullx, — +00  on £ (3.8)

as n — 00, thanks to (3.2), (3.7). From (3.1) and (3.2), we get — 0, that is,

uun on

1 1 ~ A
0= tim ——— (= RA(lual ——||un||P—f Gl ) dx
(p (') p " Jo

=0 [, () %

- / Gx, uy,) dx). (3.9)
2\

Note that

[ MR 5 g

2 oy

0<A; = min
' uexo\(0) f_Q lu(x)|? dx

which implies

1
lll7p 0y < )L—IIMII (3.10)
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Because of (M,), we get
M) < M), Vte(l,+00).

By (3.9)—(3.11), we obtain

1 A
< ZM(@) - lim <—||u ||p+/ G(x, u,(x)) dx
r " ugl NP 2, S0

& Nl 5 + (x, Un (%)) dx

Q\Ql
1 ~
< -M(@1)- lim / G x,u,, x)
p 10 |uty | | 21
+/ x,u,, x) dx
2\2

When A <0, from (A) and (3.10), we get

1 1 A
Z (1)— lim 5 (—IIu,,H}’j +/ G(x, u,,(x)) dx
p oo | nllp p 2

/ x, Uy x) dx)
2\2

~ 3 1
M@) - lim —=—— — lim — (
"= phallunlly, - "7 unlly, NV

ﬁ:l»—‘

+ G(x, Uy (x)) dx)
2\2

1 ~ 1
=— — lim G(x, u, d

p/\/l(l) lim ”un”pg </91 (%, un(x)) dx
+/ﬂ\91 G(x, un(x)) dx).

It follows from (g3) and (3.8) that

Gloun(x) _ G, un(@)) (P _ Gl () | e
Nl G g B )P

@)

/ G(x, un(x)) dx

Page 7 of 13

(3.11)

(A)

(3.12)

(3.13)

a.e.x € £,
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as n — 00. Making use of the Fatou lemma, we obtain

n11>nolo/;2 W dx — +00. (3.14')

By (g3), we know

lim G(x,t) = +00 (3.15)

t—+00

uniformly for every x € 22. Therefore, (3.15) means that there are two positive constants
t; and D such that

G(x,t)>D (3.16)
for any x € 2 and |¢| > ¢;. In addition, since the continuity of G on £ x R, we get

G(x,t) > min G(x,t), V|t|<t. (3.17)

(x,0)eR x [~t1,t1]

Hence, in view of (3.16) and (3.17), we have

G(x,t) > min{D, min G(x, t)} =0, V(1) e xR (3.18)

(x)e2x[-t1,t1]
By (3.2) and (3.18), we obtain

G(x, uy,
lim M dx>0. (3.19)
n—>00 Jovg,  un(x)P

Combining (3.19) and (3.12)—(3.14), we have a contradiction.
Step 2. We prove {u,} — u in X, for some u.
Let K(x — y) = |x — y|™N775. For every fixed ¢ € X, define

Q)= [ o) = g0’ *(0(x) - p0)010) ~ vOIK(x = 3) sy
for any v € Xy. By the Holder inequality and the continuity of Q,, we get
Q)| < Nl IVllxy, ¥ € Xo.
Since u, — u in Xy, we have
nlig)lo Qu(uy, —u)=0. (3.20)

Obviously, (T"(u), u, — u) — 0. Then we have
(1"t = M (100 ) Qu it =)= [ P, = )
o)

—/ 8(x, uy)(uy — u)dx — 0 (3.21)
2

Page 8 of 13
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as n — 00. Due to the reflexivity of Xy, similarly to Lemma 8 in [28], there is a subsequence,
still denoted by {u,},, such that

U, —~u in X,

u,—~u inLl'(2),1<r<p;,

u,—u ae inRY
as n — 00. So, g(x,u,)(u, —u) — 0 a.e. in £2 as n — oo. The sequence {g(x, u,)(u,, — u)}

is uniformly bounded and equi-integrable in L'(£2). By the Vitali Convergence Theorem
(see [27]),

lim [ g(x, u,)(u, —u)dx=0.

n—00 Q

By (3.21), we have

M(un@)[[,) Quey 0 = ) — 0
as n — 0. It follows from (M),

Qu, (tn —u) = 0 (3.22)
as n — 00. Combining (3.20) with (3.22), we get

(Qun (n — 1) — Qu(uy, — u)) -0 (3.23)
as 1 — 0. Using the Simon inequalities

(lel*0 = loP?0) - (¢~0)=Dplo—0cl?, p=2,

lo-ol?

loP20 16 P%0) - (0—0) > Dp———,
( ) (lol + o ])>?

l<p<?2,

for all 0,0 € RN, where Dp,Dp >0 only rely on p.
If p > 2, By (3.23), for n large enough,

nw—wgsmj“q%m—%mﬁﬂ%m—wm)
]RZN
— [w(x) — u) [P~ (%) - u(r)))

X (u,,(x) —u(x) — u,(y) + u(y))]((x —y)dxdy
= DP(QL{” (un —u) - Qu(un - Lt)) = 0(1)

Then |, — ul%, — 0.

If 1 < p <2, though the Holder inequality, the Simon inequality, and (3.23), we have

P
» P\
(el + Nuelly,)

(S

llon — Mlll;(o = E’(Qun (un — u) = Quuy - u))
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p
§ @p)2 |y p-p)2
(el + iy ™)

= I/);(Qun (v — 1) — Quun — )
= C(Qu (1t — 1) — Qultt — ) = 0(1),

as n — 0o, where C > 0. Combining the above two cases, thus, u#, — u in X. The proof of
Lemma 3.3 is completed. O

4 Proof of Theorem 1.1
Similarly to [5], by a direct calculation, we have the following lemma.

Lemma 4.1 Set1 < g < p} and, for every k e N, let
1k = sup{llully : u € Zg, lullx, = 1}.
Then i — 0 as k — oo.

Proof of Theorem 1.1 We only need to verify the conditions (®;) and (®;) of Lemma 2.2.
Verification of (®1): Since Y is finite dimensional, there exist positive constants By ; and
Bf;q depending on k, g, such that for each u € Yy

Brgllullx, < llully < Brgllullx,- (4.1)

) there exists 8. > 0 such that

In view of (g3), for every ¢ > B”(’ ,

k,po
G(x, t) > c|t|”? (4.2)
forall x € 2, |t] > §.. According to the Weierstrass theorem, we get

G(x,t)>m.:= min G(x,1) (4.3)
xe82,|t| <8,

for any |¢| < 8. We claim that 1, < 0, since G(x,0) = 0 for all x € £2. Therefore, by (4.2)
and (4.3), we obtain

G(x,t) > c|t]”’ — H, (4.4)

for all (x,t) € 2 x R, for suitable positive constant H, > ¢8, — m,.
By (4.1), (4.4) and (3.11), we get

1 ~ A
T = Mlulfy,) - J el — cllul% + He|£2]
A » 0
Mo e = Zllalls — cllull% + Hel22]
P
< M(1)
p

0 A
el = prg luelly, ;Bi,pllullf(o +H,|$2|.

So, we have, for any u € Y, with |u||x, = px > 1 for big enough, such that 7' < 0. The
condition (1) holds.
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Verification of (®,): There exists yx > 0 such that
by = inf{T(u) cueZlullx, = yk} — 400

as k — +oo. It follows from (g1), (M;) and the Holder inequality that

1 ~ )

ZM(”MHI;(O)__HMHIJ_”VO”/S”M”a E [vix) llly = vimer lluellg
’7i

i=1

”X()

»
> Crallully, = |l 0||ﬂH I

;H

”X() o

ni a

o
lul,
o

ni
”u”)(lo — Vin+l
o

llxo ll2¢1lx,

, ,
> Crcallull, — mallvollpllullx, — Z||vl(x)|| o M 0, = Vi 2l
i=1

where iy is defined in Lemma 4.1 and

3mo if A <0,

Cr = %(mo— k*—l) ifO<A <A,

%(Wlo— ;L_k) if0<)\k <)\k+1-

We define yi as

1

(anz)”

Vi=\—7"% .
AVl U

Thus yx — +00 as k — oo. Note that « > p, so for every ||ul|x, = vk, we get

m
T() = Nl (Coe = v i 11415 7) = pualvoll e = D |vi@|| o sl v
i=1 !

<1—E>Cmyk Mk”VO”ﬂVk_Z”Vz @] - ,U«k)/ ' — +o0
i=1

as k — oo. Therefore, the condition (®,) is satisfied. The proof is completed.

5 Conclusion

In this article, the existence of infinitely many solutions to Eq. (1.1) is established by using
the variational methods (i.e. the fountain theorem). We consider fractional p-Kirchhoff
problems with more general nonlinearity g in §2, which improves the previous results. In
order to overcome new difficulties, we need to adopt special techniques and methods in

our paper.
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