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1 Introduction
In this paper, we consider the existence of stable standing waves for the following nonlinear
Schrédinger—Choquard equation:

W+ AY = 0[PP+ dale Y IP)Y 122, (6,x) € [0,T) x RY,
¥ (0,x) = Yo(x),

(1.1)

where ¥ (t,x) : [0, T) x RN — C is a complex-valued function, 0 < T < oo, N > 3, ¥ € H!,

0<pr< %, 1+ % <py<l+ %, M, A2 € R, I, : RN — R is the Riesz potential defined by

r(de)

L(x) =
) [ (%) V22 5N«

with max{0,N —4} <« <N, and I is the gamma function.
One of the motivations for studying this problem is that this equation is not scale in-
variant. When A; = 0 and p; > 0, for the nonlinear Choquard equation

iV + AV = Ao (L * [ [P2) [ P22y, (1.2)

there is a scaling transform that leaves it invariant. More precisely, the map

V(6,2 > ww(%f) (1.3)

maps a solution of (1.2) to another solution of (1.2). When p, =1 + 2%"‘, the scaling (1.3)
leaves the mass invariant. Therefore, the nonlinearity (I, * [¥|P2)| [P2~2y is called L2-

critical.
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When p, = 2, equation (1.2) simplifies to the well-known Hartree equation. The Cauchy
problem of (1.1) has been extensively investigated in [1-12]. The local well-posedness
and asymptotical behavior of the solutions for (1.1) have been studied in [1, 5]. Chen and
Guo [2] studied the instability of standing waves. Miao et al. [10] studied the dynamical
properties of the blowup solutions with minimal mass in the L2-critical case. The soliton
dynamics has been investigated in [3].

When 0 < @ < N and 1 + % <ps < %—t‘;, under the assumption that the local well-
posedness holds for (1.2), Chen and Guo [2] derived the existence of blowup solutions
and the instability of standing waves. When 0 <o < N and 1+ 5 <pp <1+ Z*T"‘, the
soliton dynamics of (1.1) has been investigated in [13] if the solution ¥ of (1.1) is in

C([0, 00), H?) N C((0, 00), L?). Feng and Yuan [14] systematically studied the Cauchy prob-

N+o
N-2°*

the local and global well-posedness, finite-time blowup, and the dynamics of blowup so-

lem (1.2) for general max{O,N —4} <a <N and 2 < p, < More precisely, they study
lutions. The sharp threshold of global existence and instability of standing wave for (1.2)
with a harmonic potential have been investigated in [15].

Recently, in the L2-subcritical case, that is, where 1 + % <py<l+ Z*T“, Wang et al. [16]
studied the orbital stability of standing waves for (1.2) with A; = 0 and A, = —1. However,
in this paper, the study of the stability of standing waves relies heavily on the scale in-
variance for (1.2). Thus, adding an L2-subcritical perturbation to (1.2), which destroys the
scale invariance, is of particular interest. In addition, the study of orbitally stable stand-
ing waves for nonlinear Schrédinger equations is in the L2-subcritical case; see [16-21].
In the L2-critical case, the solution of (1.1) may blow up; see [1, 14, 22, 23]. It yields that
the standing waves may be unstable. This brings some essential difficulties to the study of
stable standing waves for (1.1) in the L2-critical case.

To study the stability of standing waves of (1.1), we first make the following assumption
for the local well-posedness for (1.1).

Assumption1 Let e H,N>3,0<p; < %, and 1+ % <pa<l+ % Then there exists
T = T(||¥oll ;1) such that (1.1) admits a unique solution v € C([0, T'], H!). Let [0, T*) be the
maximal interval on which the solution v (¢) is well-defined: if T* < 0o, then || (¢)|;n —
oo as t 1 T*. Moreover, for all 0 < ¢ < T*, the solution ¥ () satisfies the conservation of

mass and energy:
@],z = 1¥oll.2,
E( (1)) = E(¥o),
where E((¢)) is defined by

E(y(0) = E/RN|V¢(t,x)|2dx+

p1+2
; /RN|¢(t,x)| dx

1
p1+2
+;—2 (L % 19 172) (60| (6,00 |7 . 14

P2 JRN

2+

N-2’
Strichartz’s estimates and a fixed point argument [1, 14]. When 1 + % < po <2, we deduce
from inequality (2.1) that fRN (I, * [¥|P2) |y |P2 dx is well-defined for ¥ € H'. Thus, we

Remark When 0 < p; < % and2 <py <1+ this assumption can be easily proved by



Liu and Shi Boundary Value Problems (2018) 2018:160 Page3of 11

N+o
N

prove this result because the nonlinearity (I, * |1/ 72) |y [P2~2y is singular when

assume that the local well-posedness of (1.1) holds for < pa < 2. However, we cannot

N+o
N

Consequently, the case of A% < p2 < 2 will be the object of a future investigation.

<p<2

Under this assumption, by using variational methods and the profile decomposition of
bounded sequences in H! we can obtain the following theorem.

Theorem 1.1 Let N >3, A1 =1,y =-1,0<p1 < =, p2 = 1 + &%, and ||l 12 < |Qll 2,

where Q is a ground state of
-AQ+Q= (L *1Q”)|Q**Q inRN. (1.5)
If Assumption 1 holds, then the standing waves of (1.1) are orbitally stable.

This paper is organized as follows: in Sect. 2, we first collect some lemmas such as
the Hardy-Littlewood—Sobolev inequality and the profile decomposition of bounded se-
quences in H!. In Sect. 3, we study the orbital stability of standing waves of (1.1).

2 Preliminaries
In this section, we will recall some preliminary results. We first recall the Hardy-
Littlewood—Sobolev inequality.

Lemma 2.1 Let 0 < A <N and s,r > 1 be constants such that

1 1 A
-+ —-+—==2
r s N

Assume that f € L" and g € L. Then

/ / Flx—y gl dxdy| < COV,5 ) I 1 gl 2.1)
RN JRN

See Lieb [24] for the proof.
Next, we recall a useful result, which gives the best constant in a Gagliardo—Nirenberg-

type inequality; see [14].

Lemma 2.2 The best constant in the Gagliardo—Nirenberg-type inequality

/(Ia*|u|p)|u|pdx§Ca,p</ |Vu|2dx)
RN RN

Np-N-a N+a—-Np+2p
2 2

(/ |u|2dx> (2.2)
RN

Np-N-o
_ 2p 2p—Np+N +« 2 ||Q||2_2p
" 2-Np+N+a\ Np-N-«a 7

Cop

2+a

where Q is the ground state solution of (1.5). In particular, in the L*-critical casep = 1 + =

Cap=PIQIL7.
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We further summarize some results about the ground state of (1.5), which is very im-
portant in the study of the dynamics of blowup solutions to (1.1).
Lemma 2.3 ([13,25]) Leta € (O,N) and 1 + 3 <p<1+ % Then (1.5) admits a ground
state solution Q in H'. Every ground state Q of (1.5) is in L' N C*, it has fixed sign, and
there exist xo € RN and a monotone real function v e C*(0, 00) such that, for every x € R,
Q(x) = v(Jx — x0|). Moreover, the L>-norm of any ground state Q of (1.5) is the same.

Next, we recall the profile decomposition of bounded sequences in H' proposed by
Hmidi and Keraani [26], which is important in studying the stability of standing waves
to (1.1).

Lemma 2.4 Let {u,}3°, be a bounded sequence in H'. Then there exist a subsequence of
{u,)52, (still denoted by {u,}32 1), a family {x{, ]9:01 of sequences in RN, and a sequence {1/ }]?fl
in H' such that

(i) for every k #j, |x — | > +00 as n — oo;

(ii) for every 1> 1 and every x € RN, we have

Uy, (%) :Zuj(x—x’n) +r (2.3)
j=1
with limsup,_, . ||7}]lza — 0 as [ — oo for every q € (2, 1%). Moreover,
l 12 2
lanlZe =D U |12 + [7i]l 2 + o(D), (2.4)
j=1
! 2 2
IVuall2y =Y | VU5 + | V7L |2 + o), (2.5)
j=1
! Pl p
/ Lox S| [ ()|
RN j=1 j=1
I
= Z/ L |U(- =) |7 (x - o) |” dx + o(1), (2.6)
1 TN

where o(1) = 0,(1) = 0 as n — o0.
Remark (2.6) has been proved in [14].
Finally, we have the following global existence of (1.1).

Theorem 2.5 Let o € H, Ay =—1, ko =—1,0< p; < %, andpy =1+ 2*7"‘ Assume that Q

is the ground state solution of (1.5) and ||Vl ;2 < |Qll 2. If Assumption 1 holds, then the
solution (t) of (1.1) exists globally.

Proof Recall the Gagliardo—Nirenberg inequality

p1+2 P1+2—% % 1
N |u(x) " dx < Cllull}, IVull 7 forueH' (2.7)
R
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Hence we deduce from (1.4) and (2.2) that

E(Wo) = E(y(2))
1 2
= EfRN|V1p(t,x)| dx -

j (6,0 dx

p1+2 gy
1
= 3y Joy e k) @00 0] dx
1 ol 122
Z(E‘znguzpz z)|| O - Clwls™ 2 vwo) £

Since 0 < p; < %, it follows that A% < 2. Thus, we infer from Young’s inequality that, for

all0<e< %, there exists a constant C(g, M) such that

cux/fonii”’* Vv @) HLZI <e| VY@ |} + Cle 1voll ).

This implies that
1 ol %™ )
E(yrg) > ( )V @5, = Cle, .
W3 [Vy @l - Cle 1voll.2)

This, together with |[yoll;2 < [|Qll;2, implies that there exists a constant C such that
IV (2)|l2 < C forall £ > 0. Therefore, the solution v (£) of (1.1) exists globally. O

3 Orbital stability of standing waves
First,let N >3, A1 =1, A, =-1,0<p; < N,pg =1+2% and0<M< ||Q||§2, where Q is

the ground state solution of (1.5). We can define the var1at10nal problem

dy := inf E(u), (3.1)
(ueHblul?,=M)

where E(u) is the energy functional defined in (1.4). In the following theorem, we apply
the profile decomposition of bounded sequences in H' to solve the variational problem
(3.1).

Theorem 3.1 Let N >3, A =-1,A,=-1,0<p; < N,p2 =1+ 2*“ ,and 0 < M < ||Q||L2,
where Q is the ground state solution of (1.5). Then there exists uy € H' such that dy =

E(uo)

Proof First, we show that the variational problem (3.1) is well-defined and there exists
Cp > 0 such that

dy < —Co <0. (3.2)
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Indeed, we deduce from (1.4), (2.2), and (2.7) that there exists a constant C such that

1 1
E(u) := Efw|vbt(x)|2dx-lm/RN|u(x)|’”*2arx

N(Iw * [ul??) (%) | u(x) | dxe

"2,
sz -2
1 ” ” ) p1+2—
> IVals - Clul’s™ 2 | va ||
<2 21Q|I % & v

Since Np L <2, it follows from Young's inequality that, for all 0 < £ < 1, there exists a con-
stant C (s,M) such that

Npy
2
12

Clullby™ vul <&l Vull?, + Cle, M).

This implies that
1 o) 2527
2
E(u) > (5(1 QT 2> )nwan—C(s,M). (3.3)

Therefore we deduce from the hypothesis ||1,t||L2 =M< Q||i2 that E(u) has a lower bound
and the variational problem (3.1) is well-defined.
Now, let u € H* be a fixed function, and let p > 0. Set u,, = u%u(ux). It follows easily

that
2 2
e llys = ull;, =M

and

Np1

E(u )=M2f |Vux)| dx — T/ | (x)|p1+2dx
. 2 p1+2 JpN

Mz‘ 2 P2

= 2y Jo e ¥ 1) @) dix

=2 1 2, 1 . . )
2 (2 _/RN|Vu(x)| dx 27 /RN(IQ*IMI ) @) |u(x)|”* dax
_ 'u/% p1+2

p1+szN|u(")| dx.

On the other hand, by the sharp Gagliardo—Nirenberg inequality (2.2) and [u|? =M<
IQII7, it follows that there exists C; > 0 such that

%/]RN| | dx—g (Ia*|u|p2)(x)’u(x)|p2dxzcl>0.

Since Np L <2, we can choose u > 0 sufficiently small such that there exists Cp > 0 such that

E(u,) 5 —Cy < 0. Hence (3.2) is true.

Page 6 of 11
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Second, let {u,,}72, be a minimizing sequence of the variational problem (3.1) such that

E(un) —dy  and ”Mn”iz =M. (3.4-)
e R I
This implies that, for n large enough, E(u,) < dy + 1. Thus, for all 0 < & < 5(1 - “QHLZPZ-Z)’

12

we have

1/, lul%? )
(E(l ||Q||2p2 2> )”vu”LZ 5 dM +1+ C(g’ ”Q“LZ;M)'

This yields that {u,}5°, is bounded in H'.
Third, applying the profile decomposition of bounded sequences in H', we will show
that the infimum of the variational problem (3.1) can be attained. Apply Lemma 2.4 to the

minimizing sequence {u,}5,, which, up to a subsequence, can be decomposed as
!
Uy (%) = Z W(x—a)+7rl, (3.5)

with limsup,,_, . ||'” llze — 0as [ — oo for every q € (2, 2% )

Now, injecting (3.5) into the energy functional E(u,,), it follows from (2.4)—(2.6) that

l
E(uy) =Y E(U) +E(r}) +0(1) (3.6)

j=1

as n — oo and [ — oo. For every I/ (1 < j < [), take the scaling transform u ;= il with

- M
= ), . It follows easily that

|, ). =M 3.7)
and
2 p1+2
N K o [P1F2
E(U],) = 5 / VU ()| dx _p1+2/RN|U](x)|1 dx

2 RN(Ia * |LI’4|1U2)(9C)|L[j(ac)|‘y2 dx

2(,,P1
wi (it = 1) } 2
— T 7 7 () |PLH
/L]E(U) 2 /N‘L[(x)’ dx
2p2—-2 _1
M (l/- )/ (Ia . |uj|P2)(x)‘uj(x)|P2 dx.

2p2 RN
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This yields
OEUW) P -1) .
E(U)= 5L+ / | ()| dx
M p1+2 JrN
M2P2—2 _
N / (I # U7 )| @) .
2p; RN

Similarly, for the term E(rfq), we obtain

1112 (yr _ 1)
E(rl) _ ||Vn||L2E<|\/M rl> + Hrn\l 2 f |ri(x)’pl+2dx
RN

" M rllz " pr+2

( VM y2pr-2 _q

rl
e [ e @] o)

112
. ||rn||L2E< JM 1)+o(1).

> 7
M Il "

Since IIUL/. 1%, = | Ml IIi2 = M, we deduce from the definition of d,; that

12

, M
E(U],) =dy and E< /M l)sz.

r
(AP

Thus we infer from (3.6), (3.8), and (3.9) that

W
E n ] Jj u] 74 d
(u)Z]Zl:( Mf + e /H;N| )
2py-2
= - P2 j () |P2
+T/RN(1“*|U’| )@)| ()| dx)
N ||V£,||32E< «/M )+ o)
M 7112
|U1” _ }71+2
_Z ,>1 p1+2 (Zf |7 ()] )
2102 -2 l
*JEf (Z / (L L") )| LV ()| i ) Iz,
L2y A

> Z Edy+ — iy

@ 1
+inf(u l)(% /R () @) )

j=1

1 +
+ / |u,q(x)|p1 2dx> +0o(1),
P11+ 2 RN

where ay = min{2p,; — 2, p1}.

(3.9

(3.10)

o(1)

(3.11)

Page 8 of 11
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Note that since the series Z,O:ol I L[L/ ||i2 is convergent, there exists jo > 1 such that

v M
inf u; = wj, = ————. 3.12
e = o = i (3.12)

Letting n — oo and / — oo in (3.11), there exists C > 0 such that

szdM+C<( M )ao—l),

o] 2

which implies

[t ]2 = M.
Hence, ||L/°|?, = M, and there exists only one term /° # 0 in the decomposition (3.5).
Moreover, we deduce from (2.4)—(2.6) that E(LI°) = dj;. This implies that the infimum of
the variational problem (3.1) is attained at L//0. This completes the proof. d
Now, define
Sar = {u € H'; u is a minimizer of the variational problem (3.1)}. (3.13)

Then, for any u € Sp;, we deduce from Euler—Lagrange theorem that there exists € R
such that

—Au+ou— |ulru - (Ia * |u|p2)|u|p2_2u=0. (3.14)

In addition, if # € Sy, then u is a solution of (3.14), and v/ (¢, x) = e’ u(x) is a standing wave
solution of (1.1). Hence e™u(x) is the orbit of u(x). On the other hand, for any ¢ > 0, if
u is a solution of (3.1), then e“’u(x) is also solution of (3.1), that is, e‘u € Sy;. Applying
Theorem 3.1 and the method of Cazenave and Lions [17], we will show that if the initial
data is close to an orbit in the set Sy, then the solution of (1.1) remains close to the orbit

in the set Sy;.
Theorem 3.2 Let N >3, A =-1,2,=-1,0<p; < %,pz =1+ 2%}‘, and 0 < M < IIQIIiZ.If

Assumption 1 holds, then for arbitrary & > 0, there exists § > 0 such that, for any Vo € H!
such that

inf [0 — ull <8,
ueSy

the corresponding solution  of (1.1) satisfies
Jnf (@) - ul <o

forallt>O0.
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Proof First, by Theorem 2.5 we see that the solution v of (1.1) exists globally. Assume by
contradiction that there exist &y and a sequence {1,,}52; such that

) 1
inf (|Yo, —ullgp <= (3.15)
ueSy n

and there exists {t,}5; such that the corresponding solution sequence {,(t,)};2; of (1.1)
satisfies

inf || u(ta) — 1] ,p > €0 (3.16)

ueSy

From (3.15) and the conservation laws it follows that, as n — oo,

f |wn(tn:x)‘2dx=/ ’Wo,n(x)|2dx—>/ |u(x)|2dx=M
RN RN RN
and

E(Wn(tn)) = E(Yon) — E(u) = dy.

Hence {y,(¢,)}52; is a minimizing sequence of the variational problem (3.1). We deduce
from Theorem 3.1 that there exists a minimizer w € Sy, such that

”wn(tn) - a)”Hl -0, n— o0, (3.17)

which contradicts with (3.16). This completes the proof. O

Proof of Theorem 1.1 Let yo € H and 0 < M < IIQIIiz, where Q is a ground state of (1.5).
Then it follows from Theorem 3.1 that the variational problem (3.1) has minimizers. These
minimizers correspond to the standing waves of (1.1). Therefore we obtain the existence
of the standing waves of (1.1). In addition, we deduce from Theorem 3.2 and the definition

of orbital stability (see [1]) that the standing waves of (1.1) are orbitally stable. O

4 Conclusions
In this paper, we study the orbital stability of standing waves for the nonlinear Schrédin-

ger—Choquard equation (1.1). There is no scaling invariance for this equation. When 0 <
2

N
bounded sequences in H! we show that the standing waves are orbitally stable.

p1< % and p, = 1 + =%, by using variational methods and the profile decomposition of
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