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1 Introduction
We are concerned with the multiplicity of periodic solutions of planar Hamiltonian sys-
tems of the type

¥ =f0) +prlty) wn

¥ =-gW) + p2(t,%,y),
where f,g: R — R are continuous, and p; : R® — R (i = 1,2) are continuous and 27 -
periodic with respect to the first variable ¢.

The periodic problem for planar Hamiltonian systems is a classical topic in nonlin-
ear analysis and ordinary differential equations, which has been widely studied in liter-
ature by using various different methods such as phase plane analysis, topological degree,
fixed point theorems, variational methods (see [1-5, 10, 11, 14, 19, 20] and the references
therein). For instance, using the Poincaré—Bohl fixed point theorem, Fonda and Sfecci [11]
studied the existence of periodic solutions of planar Hamiltonian systems

JZ =V,H(t,z), z=(xy) €R? (1.2)

where J = ((1) _01) is the standard symplectic matrix, and H : [0, T] x R — Ris differentiable
with respect to the second variable. When V,H(¢, z) satisfies some semilinear conditions
at infinity, it was proved in [11] that (1.2) has at least one T-periodic solution. Using a
generalized Poincaré—Bikhoff fixed point theorem, Boscaggin [4] studied the multiplicity
of periodic solutions of (1.2), provided that V,H(t, z) satisfies some superlinear condition
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at infinity. It was pointed out that the main theorem (Theorem 2.3) in [4] applies to the
forced Duffing equation

x" + g(x) = p(t,%) (1.3)
when g satisfies the superlinear condition

lim @ = +00. (1.4)
[x|—o0 X
We note that Ding and Zanolin [7] proved the multiplicity of periodic solutions of Eq. (1.3)
by replacing (1.4) with a weaker assumption on the time map of the autonomous equation
x” + g(x) = 0, namely that the limit of the time map equals zero. Clearly, this condition is
not included in [4].
In the present paper, we study the multiplicity of periodic solutions of (1.1) in terms of
the time map. Assume that g satisfies the condition

I Ilim sgn(x)g(x) = +oo (1)

and f satisfies the semilinear condition at infinity

fO) 1)

0 <o =liminf——= < limsup—— = 8 < +00. (hy)
[yl=>+00 Yy yl—+00 Y

Let G(x) = fox g(s) ds. Define the function

7(c) =

¢ dx
/0 V2(Glo) - G@) |

From condition (/;) we know that t(c) is continuous for |c| large enough; 7(c) is usually
called the time map related to the autonomous equation x” + g(x) = 0. The properties of
7(c) were studied deeply in [6, 7, 18]. Assume that 7 satisfies

lim 7(c)=0. (h3)

|c]—+00

From [18] we know that (/3) holds if g satisfies the superlinear condition (1.4). Throughout
the paper, we always assume that there exists a constant M > 0 such that

’p,-(t,x,y)’ <M forallt,x,ye Randi=1,2. (hy)

Moreover, there is a function 2/ : R?> — R such that

ou ou
3_ :Pl(t,x,y), = —Pz(t,x,y).
y ox

In this case, system (1.1) is a Hamiltonian system. We can give simple examples of such

functions. For example,

U(t,x,y) = p(£) sinx sin y.
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Clearly, if pi(t,x,y) = p1(t,y) and p(t,x,y) = p2(t,x), then (1.1) is a Hamiltonian sys-
tem.

Note that we can write system (1.1) in the form (1.2). Let
H(t,z) = H(t,x,y) = G(x) + F(y) + U(t,%,9), z=(x9) €R?

where F(y) = foyf(s) ds. Then we have that V,H(¢,z) = (g(x) — pa(t, %, 9),f(¥) + p1(8,%,9)).
Since g only satisfies condition (%), we know that V,H(¢, z) does not satisfy the semilinear
condition as in [11] or the superlinear condition as in [4].

Using a generalized Poincaré—Birkhoft fixed point theorem and the phase-plane analysis
method, we prove the following results.

Theorem 1.1 Assume that conditions (h;) (i = 1,...,4) hold. Then system (1.1) has in-
finitely many 27 -periodic solutions {(x;(t), y;(t)) ]"fl that satisfy

. . 2 2 _
,lirgo (ter[rég}r](x/ () + Y; (t))) = +00.
Theorem 1.2 Assume that conditions (h;) (i = 1,...,4) hold. Then for any given integer
m > 2, system (1.1) has infinitely many 2mm -periodic solutions {(acj(t),yj(t))}/‘?f1 that are
not 2k -periodic for 1 < k <m — 1 and satisfy
. . 2 b} _
Jim (i (70 +57(0)) = e

Corollary 1.3 Assume that conditions (hy), (hy), and (1.4) hold. Then the conclusions of
Theorems 1.1 and 1.2 still hold.

Remark 1.4 Ding and Zanolin [7] proved the multiplicity of periodic solutions of Eq. (1.3)
when conditions (/) and (/3) hold and p(t, x) is bounded. Note that Eq. (1.3) is equivalent
to the planar Hamiltonian system x’ = y, y' = —g(x) + p(¢,x), which is a particular form of
(1.1). Therefore our conclusions generalize the main results in [7].

Remark 1.5 We will prove the above results under the additional assumption that the so-
lutions to Cauchy problems of (1.1) are unique. It is shown in Sect. 4 that this requirement
is not restrictive and that our results are valid when the uniqueness of the solutions to
Cauchy problems is not satisfied.

Throughout this paper, by R and N we denote the sets of real and natural numbers,
respectively.

2 Several lemmas
In this section, we perform some phase-plane analysis for system (1.1). Let (x(¢), y(¢)) =
(x(2, %0, ¥0), ¥(t, %0, ¥0)) be the solution of (1.1) satisfying the initial value

x(0,%0,Y0) = X0, 9(0,%0,%0) = Yo.

We denote

x y
G = /0 ao)ds,  FO)= /O () ds.
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Lemma 2.1 Assume that conditions (h;) (i = 1,2,4) hold. Then every solution (x(t), y(t)) of
(1.1) exists on the whole t-axis.

Proof In view of (h;), there exists a constant ¢ > 0 such that

sgn(x)g(x) >0 for |x| > ¢o. (2.1)
Let us define two Lyapunov-like functions Vy : R — R:

Vi(x,y) = G(x) + F(y) = yh(x),

where /1: R — R is a continuously differentiable function such that %(x) = M sgn(x) for
|| > co with M from (h4). We will prove that V. are coercive, that is, V4 (x,y) — +00 as
|| + |y| = +o0. From (/1;) we know that lim_, .o G(x) = +00. From (/1,) we get that

F F
at < liminfﬂ < limsupﬂ < é
2 ly|—>+o0 y2 lyl=>+00 Y 2

Since h(x) is bounded, we further see that the inequalities

< liminf Fi()/) k) < limsup F—(y) +yh(x)

2 < P (2.2)
2 [y]—+00 y2 lyl—+00 y2 2

hold uniformly with respect to x € R. From (2.2) we have that the limits

| |lim (F(y) £ yh(x)) = +00
y|—+00

hold uniformly with respect to x € R. Therefore Vi (x,y) — +00 as |x| + |y| = +o0.

Next, we show that every solution (x(z), (¢)) of (1.1) is defined on the interval [0, +00).
Set V,(2) = V,(x(2),y(£)). We first prove that there exist constants ¢; > 0 and ¢, > 0 such
that

Vi) <aV.() +co. (2.3)
For simplicity, we denote p1(t) = p1(£,x(2), ¥(£)), p2(t) = p2(t, x(¢), y(¢)). By (1.1) we have

Vi) = (p1(6) = h(x())g (x(0) + yOH (x(0) (f (4(0)) + p1(1))
+ 2O (F (y(®)) + h(x(0))).

If |x(£)| > co, then we infer from (/14), the definition of /(x), and (2.1) that
(p1() - h(x(2)))g(x(®)) <O.

If |x(2)| < co, then it follows from (/14) and the continuity of g(x) and A(x) that there exists
o > 0 such that

(21(2) = h(x(2)))g (x(2)) < ato.
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In view of (/1;), we conclude that there exist [y > 0 and &7 > 0 such that

[f(y)| <blyl+a1 foryeR. (2.4)

Since #'(x) = 0 for |x| > cg, we know that #'(x) is bounded, and then there exists 8y > 0
such that |/ (x)| < Bo, x € R. It follows from (2.4) that

() (x(0))f (y(£))| < Boloy(£) + a1 Bo|y(2)]-
Meanwhile, in view of (/14), we have

(O (x(0))p1(£)] < MBoly(8)].
From (/1,) and (2.4) we get that

p2()f (9(8)) | < Mo y(8)| + Mats.

Since h(x) is bounded for x € R, there exists ; > 0 such that |h(x)| < B;, x € R. Conse-
quently, we have

2 (&) (x(0))| < MBy.
Therefore, we obtain

V() < Boloy(®)* + (a1 Bo + MBo + Mlo) |y(8)] + (cto + Mary + MBY)

< Buy(®)* + By (2.5)

with B; = Bolo + % and ] = %(alﬂo +MBo + Mlp)* + (g + Moy + M. From (2.2) we know
that there exist /; > 0 and B, > 0 such that

y* <L(F(y) + yh(x)) + B, for (x,y) € R%. (2.6)
Combining (2.5) and (2.6), we get
Vi(6) < Bl (F(0(8) + y(Oh(x(2)) + B1B2 + By

Since limy—, 100 G(x) = +00, there exists Gy > 0 such that G(x) + Gy > 0 for x € R. We
conclude that

Vi(8) < Bl (G(x(0)) + F(y(2)) + y()h(x(2))) + B111Go + BB + By

Set ¢; = B1l1 and c; = B111Go + B1 B2 + By. We get that VI (£) < c;V,(t) + ca. Then, for any
finite @ > 0, we have

Vi(H) < Vo (0)e1” + 2 (&9~ 1) for t € [0,).
C1
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Since V, is coercive, there is no blow-up for (x(£), y(¢)) on any finite interval [0, w). There-
fore, (x(£), y(¢)) exists on the interval [0, +00).

To prove that (x(£), y(¢)) exists on the interval (—oo, 0], we consider another Lyapunov-
like function V_(x,y). Set V_(¢) = V_(x(¢), y(¢)). Using the same methods as before, we can

show that there exist two positive constants d;, dy such that
V() = -d\V_(t) - do. (2.7)
Then, for any w > 0, we have

V_(¢) < V_(0)eh? + %(edl‘” - 1) for t € (-w,0].
1

Since V_ is coercive, there is also no blow-up for (x(z), y(¢)) on any finite interval (-w, 0].

Therefore, (x(¢), y(¢)) exists on the interval (—o0o, 0]. The proof is complete. a

Since the uniqueness of the solutions to Cauchy problems of (1.1) is assumed, we can

define the Poincaré map P : R? — R? as follows:

P (x0,y0) = (x1,71) = (%(27, %0, ¥0), (27T, %0, ¥0) ).

It is well known that the Poincaré map P is an area-preserving homeomorphism. The fixed
points of P correspond to the 27 -periodic solutions of (1.1).
On the basis of the global existence of solutions of (1.1), we can get the elasticity property

of solutions of (1.1) by using a classical result (Theorem 6.5 in [15]).

Lemma 2.2 Assume that conditions (h;) (i = 1,2,4) hold. Then, for any T >0 and R, > 0,
there exists Ry > Ry such that:

(1) Ifx3 +y3 < R2, then x(t)* + y(¢t)> <R3, t € [0, T1.

(2) Ifx3 +y3 > R3, then x(t)* + y(¢)* > R2, t € [0, T1.

From Lemma 2.2 we know that if x3 + y3 is large enough, then x*(¢) + y*(¢) #0, £ € [0, T.

Thus we can take the polar coordinate transformation
x(t) = r(t) cosO(t), y(£) = r(t) sinO(¢t).

Under this transformation, system (1.1) becomes

% = —g(rcos6)siné + f(rsinf)cosd + p1(t,r,0) cos6 + py(t,r,0) sinb, (2.8)
% = —%g(rcos@)cose - %f(rsin@) sinf — %pl(t, r,0)sinf + %pz(t, r,0)cosb, ’

where p;(t,7,0) = p1(¢,rcos,rsinf) and py(¢,1,0) = po(¢, rcos 6, rsind). Let us denote by
(r(2),6(2)) = (r(t,10,60),0(t, 1o, 6p)) the solution of (2.8) satisfying the initial value

r(0¢r0190)=r0) 9(0,}”0,00):00
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with xy = rg cos 0, yo = ro siny. We can rewrite the Poincaré map P in the polar coordinate
form P: (rg,0y) — (r1,61),

1 =r(2m,7r0,60), 01 =027, ro,00) + 2Im,
where / is an arbitrary integer.

Lemma 2.3 Assume that conditions (h;) (i = 1,2,4) hold. Then, for any T > 0, there exists
a constant R > 0 such that if r(t) > R, t € [0, T, then

0'(t)<0, telo,T].

Proof 1t follows from (/) that there exists a; > 0 such that
sgn(x)g(x) >M for |x| > ay,

which, together with (/4), implies that
sgn(x)(g(x) —pz(t,x,y)) >0 for|x| >a;,t,y€R.

From (/) and (h4) we know that there exist two constants y > 0 and a5 > 0 such that

fO) +pi(t,x,y)
y

>y for|y|>ayt,xeR.
Therefore, if [x(t)| > a; and |y(t)| > as, then we have

do 1 1
i —=(g(rcos) — pa(t,7,0)) cos 6 — = (f(rsind) + py(t,r,0)) sin6 < 0. (2.9)
r r

If |x(£)] < a1 and |y(£)| > as, then we have
1 . . . 9
- (f(rst) +p1(t, r,@)) sinf > y sin” «,
r
where o = arctan % On the other hand, there exists A; > 0 such that
lg@)| + |pa(t,x,9)| <A1 for |x] <ait,y R
It follows that if r(¢) is large enough and |x(¢)| < 4, then

1 A
‘;(g(rcos@) —pz(t,r,@))‘ < T;) < gsin2 a.

Consequently, if r(¢) is large enough and |x(¢)| < ay, |y(t)| > aa, then we get

1
i =(g(rcosO) - pa(t,7,0)) cos O

1 . .
o < ; —;[f(rsm9)+p1(t,r,9)] sin6

< _g sin’ . (2.10)
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Finally, we know that there exists A > 0 such that
IfO)| + |pr(t,x,9)| <Ay for |y| <as,t,x €R. (2.11)

If |y(¢)| < ay and r(¢) is large enough, then we have that |x(¢)| is also large enough. There-

fore we get from (/1;), (h4), and (2.11) that, for r(¢) large enough,

[g(rcos 0) —po(t,r, 9)] cosf + [f(rsin@) +pit,r, 9)] sinf
> g(rcosf)cosd — (M + Ay) > 0.

Furthermore

do 1 . .

i {[g(rcos6) — p(t,r,0)] cos 6 + [f(rsin6) + py(¢,r,0)]sin6 } < 0. (2.12)
Combining (2.9), (2.10), and (2.12), we get the conclusion of Lemma 2.3. O

Lemma 2.4 Assume that conditions (h;) (i = 1,...,4) hold. Let m be a positive integer. Then,

for any given integer n > 1, there exists a constant o, > 0 such that, for ro > 0y,
0(2mm,ry,00) — 0y < —2n7.
Proof From conditions (/1;) and (4;) we know that there exists d > 0 such that
sgn(x)g(x) > M, |x|>d and sgn()f(y) =M, |yl=>d. (2.13)
From Lemma 2.3 we know that there is a constant c¢,,, > d such that
r(t) > ¢y, tel0,2mmn]
and
0'(t)<0, tel0,2mm].
Then the solution (r(¢),6(t)) moves clockwise in the region
D= {(x,y) eR*:x% +y% > cfn}
We now decompose the set D into eight regions as follows:

(x,9) € D: |x] < ¢y >0},

(%,9) €D:x>cpyy > d},

={
2= {
5={(xy) €D:x>cplyl <d},
{ eD:chm,yf—d},
5={x

y)€D:|x| §cm,y<0},
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Dg={(x,y) €D:x < —cpy < —dJ,

D7 {(x:y)EDixi—Cm,|y|§d},

Dg = {(x,y) eD:x<-cy,y> d}.
Next, we will estimate the time needed for the solution (x(¢),y(£)) to pass through the
regions D; (i = 1,...,8), respectively. Without loss of generality, we assume that (xo, o) €
D;. Then, (x(), y(2)) rotates following the cycle

Dy — Dy — D3 — Dy — D5 — D¢ — D; — Dg — Ds.
Given k (k=1,...,8), let [£1, 2] C [0,2n7] be such that

(x(t)ry(t)) € Dkr te [tlr t2];
and

(x(ti)!y(ti)) € 8Dk (l = 1!2)

We first treat the case (x(£),¥(£)) € Dy, t € [t, t5]. It follows from (/) that there exist con-
stants Sy > ag > 0 and M, > such that

aoy — Mo < f(y) < Boy + Mo, y=0. (2.14)
Therefore, if (x(¢), y(¢)) € D1, then we have

& () =f(y(®)) + p1 (&%), y()) = a0y (t) — My

2
with M; = My + M. From Lemma 2.2 we know that, for any constant [ (> ,/c2, + %), there
0

is a constant /o > [ such that, for ry > [y,
r() =1, tel0,2mm].

As a result, we get that, for ro > [y and (x(2), y(¢)) € D1, t € [t1, £2],
(&)= V() - 22() > [~ &2,

Consequently,
X' (t) = gy /2 — 2, — My >0,

which implies that, for any sufficiently small ¢ > 0,

2C,

Ol(),/l2 —C%n —M1

bh—t < <e, (2.15)
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provided that [ is sufficiently large. According to Lemma 2.2, we further know that (2.15)
holds when ry is sufficiently large.
Similarly, we have that if (x(¢), y(¢)) € Ds, t € [t1, ], then

th—-t1 <¢,

provided that ry is sufficiently large.
We next treat the case (x(t),y(¢)) € Ds, t € [t1,£5]. Let us define W, : R2 — R as follows:

Wi (x,y) = F(y) + G(x) — M(x - y).
Set
W, (t) = F(y()) + G(x()) - M(x(2) - y(2)).
If x(¢) > ¢, and y(£) > d, then we get from (/4) and (2.14) that

W.(t) =f (y@) (p2(t, %, y) = M) + g(x(0)) (p1(t, %, 5) = M) + M(p2 (£, %,9) — p1(£, %))
ff(y( ))(Pz(t %Y M) +g(x )( (&x,y) — M) +M(M it x,y))
<f(y®) (2t %,9) = M) + (g(x(t)) = M) (p1 (£, %,5) - M) <0,

which implies that W, (¢) is decreasing when (x(z), y(¢)) lies in the field D,. Hence, we get
that, for ¢ € [t1, £],

W+ (t) = W+ (t2)~

Consequently,

F(y() + G(x(0)) - M(x(£) - y(0))

F(y(tz)) G(x(t2)) - M(x(t2) - ¥(t2)), t € [t1,12]. (2.16)

Since y(t;) = d, there is a constant B > 0 such that |F(y(t,))| < B. It follows from (2.16) that

F(y(0) + My(t) = (G(x(82)) — G(x(2))) - M(x(t2) —%(£)) = M1, te[ti,ta],  (2.17)
where M; = B + Md. According to (2.14), we have that, for y > 0,

F(y) < %ﬁoyz + Moy. (2.18)
Hence we get that, if ¢ € [t;,£,], then we infer from (2.17) and (2.18) that

Boy*(t) + 2(M + My)y(t) > 2(G(x(t2)) - G(x(t))) - 2M(x(t2) —x(t)) —2M;.
Let us take 1 > By such that, for y > d,

ny* = Boy” +2(M + M)y + 2M;.
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Then we obtain

ny* () = 2(G(x(t2)) — G(x(2))) — 2M (x(t2) — x(2)). (2.19)
Using the mean value theorem, we get

G(x(t2)) — G(x(2)) — M(x(t2) — x(2))

- 5 (6(a) - 6(s0) = (3206 -1 ) st - x0),

where & € [x(2),x(t2)]. Since x(£) > ¢, t € [£1,12], we can take ¢, large enough such that
g(&) = 2M. Therefore, we obtain that, for ¢ € [, 1],

G(x(t2)) — G(x(8)) = M(x(t2) — x(2)) = = (G(%(t2)) - G(x(2))))

N =

which, together with (2.19), implies that

y(6) = \/ %(G(x(tz) - G(x(2)))). (2.20)

Since x'(£) = f(y(8)) + p1(8, x(¢), y(£)), we infer from (2.14) and (2.20) that

, o
Xt > 7‘%\/ G(x(tz)) - G(x(t) — (Mo + M),
Let us take a fixed positive constant L. Then we have that, for x(¢) € [c,,, x(¢;) — L],

G(x(t)) - G(x(0)) = G(x(t2)) - G(x(t2) — L) = g(§')L — +o0, x(t2) — +00,

which implies that there exists a positive constant 7y < % such that, for x(¢) €

[emsx(E2) — L],

%\/G(x(tz)) — G(x(t) - (Mo + M) = 10y G (x(22)) - G(x(0).

Consequently, for x(t) € [c;u, x(t2) — L], we get

X(0) =m0y G(x(12)) - G(x(0)).

Let ¢, € [t1,1,] be such that x(,) = x(¢;) — L. Then we have that, for any sufficiently small

>0,

1 [He-L dx
t* - tl f -

N0 Je v Gx(t)) — G(x)

1 x(t2) dx
<

o Jo VGK(R)) - Gx)

= %r(x(tz)) < %, (2.21)



Wang and Ma Boundary Value Problems (2018) 2018:102 Page 12 of 19

provided that x(¢,) is large enough. Consequently, we have that ¢, —#; < 7, provided that
1o is sufficiently large. We next estimate £, — £,. If ¢ € [£,, 2], then we have

y(t)=d+ / ’ g(x(s)) ds + / 2p2 (s,x(s),y(s)) ds
>d+v(x(t)) (2 — ) - Mt - ),

where v(x(£;)) = min{g(x) : x(£,) — L < x < x(ty)}. Obviously, v(x(t,)) — +00 asx(t;) — +00.
On the other hand, it follows from (2.14) that

& () =f() + p1(6:x(8), y(8)) = agy(t) — (M + My).

Therefore, we get that, for x(t,) large enough,

L= /tz x'(s)ds > ap /tz y(s)ds — (M + My)(t, — t,)
> ap [d(tz —t)+ %V(x(tz))(tz —t)’ - %M(tz - t*)z] - (M + Mo)(t2 - t..)
= (wod - M~ My)(t2 ~£) + Zoov(w(62) 6~ 1),

which, together with v(x(t;)) — +00 as x(t,) — +oo, implies that, for any sufficiently small
>0,

fy—t, < % (2.22)

provided that x(¢,) is large enough or ry is large enough. From (2.21) and (2.22) we know
that, for any sufficiently small ¢ > 0,

th—-ti1 <¢,

provided that ry is large enough.
Similarly, we have that, if (x(¢), y(¢)) € D;, i =4,6,8, t € [t1, 2], then

th—t1 <¢,

provided that ry is large enough.
We now consider the case (x(¢), y(£)) € Ds, t € [£1,£,]. In this case, we have

ly®)| <d, telt,tl (2.23)

Integrating both sides of y' = —g(x(t)) + pa(t, x(¢), y(¢)) over [t;,t,] and using y(¢;) = d and
y(t) = —d, we get

2d = / " g(x(9) ds - / pa5,2(5),5(9) s

51

> (s = M)(82 - 1),
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where p, = min{g(x(¢)) : t; <t < £,}. From (2.23), (/1), and Lemma 2.2 we get that u, —

+00 as rg — 00. Therefore, we have that, for any sufficiently small € > 0,
th—-ti1 <¢,

provided that ry is large enough.
Similarly, we have that, if (x(£), y(¢)) € D7, t € [t1,t,], then

th—t1 <¢,

provided that ry is large enough.
From the previous conclusion we get that, for any sufficiently small ¢ > 0, there is 0; >0
such that if ry > o1, then (x(£), ¥(¢)) € D, and if

Q(SZ) - 9(51) = _27[)
then
0<sy—s7 <8e.

Consequently, the motion (x(¢),y(¢)) rotates clockwise a turn in a period less than 8¢.
Therefore, for any integer # > 1, there is 0,, > 0 such that, for ry > g, the motion (x(¢), y(¢))
can rotate more than # turns during the period 2m.

The proof of Lemma 2.4 is thus complete. O

3 Proof of main theorems
First, we recall a generalized version of the Poincaré—Birkhoff fixed point theorem by Re-
belo [19].

A generalized form of the Poincaré—Birkhoff fixed point theorem. Let A be an annular re-
gion bounded by two strictly star-shaped curves around the origin, I'y and I'y, I'; C int(I"y),
where int(I"y) denotes the interior domain bounded by I'y. Suppose that F : int(Ty) — R%is
an area-preserving homeomorphism and F|.A admits a lifting, with the standard covering

projection IT: (r,0) — z = (rcos 8, rsin ), of the form
F|A: (r,0) — (w(r,é’),@ + h(r,@)),

where w and / are continuous functions of period 27 in the second variable. Correspond-
ingly, for T'; = [T"Y(T";) and Ty = IT-(T",), assume the twist condition

h(r,0) >0 on Iy h(r,0) <0on .
Then, F has two fixed points z, z; in the interior of A such that

h(IT(z1)) = h(TT7(25)) = 0.
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Remark 3.1 The assumption on the star-shaped boundaries of the annulus is a delicate
hypothesis. Martins and Ureiia [17] showed that the star-shapedness assumption on the
interior boundary is not eliminable. Le Calvez and Wang [16] then proved that the star-
shapedness of the exterior boundary is also necessary, although this assumption was not
made in Ding’s theorem [8].

Proof of Theorem 1.1 Let us take m = 1 in Lemma 2.4. From Lemmas 2.2 and 2.3 we have
that there is ¢} > 0 such that, for ro > ¢},

0'(t) <0, tel0,2n].
Let a1 > ¢ be a fixed constant. Then there exists an integer #; > 0 such that, for ro = a,
0127, rg,00) — 0 > =2m 7. (3.1)
According to Lemma 2.4, there exists a constant b; > a; such that, for ry = by,
0127, r9,00) — 0o < —2m7T. (3.2)
Let us define the annulus
D; = {(x,y) eR:a < \/mf bl}.
Consider the Poincaré map P : R? — R%. Write the map P in the form
(ro,600) — (r1,61)
with
r =r(2m,ry,00), 01 =012m,ry,00) + 2my7.
Set
O(ro,00) = 0 (21, 19,00) — Oy + 21177
Then we have
P: ri=r(2m,rg,0), 61 =0y + O(rg,0p).
From (3.1) and (3.2) we have that

®(rg,0) >0 forrg =a, (3.3)

®(rg,00) <0 forrg = b;. (3.4)

Since system (1.1) is conservative, P is an area-preserving mapping. It follows from (3.3)
and (3.4) that the area-preserving map P is twisting on the annulus D;. According to the
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generalized Poincaré—Birkhoft fixed point theorem, P has at least two fixed points in D;.
Similarly, we can find a sequence

(a1 <by<ay <by<---<aj<bj<--- (= 00)
such that the area-preserving map P is twisting on the annuluses
Di={(xy) eR:a; <>+ <b}, j=2,3,....
Using the generalized Poincaré—Birkhoff fixed point theorem, we know that P has at least

two fixed points in each annulus Dj, j = 2,3,.... Thus we have obtained the existence of a
sequence of 277 -periodic solutions {(x;(t), y;(t))} of system (1.1) satisfying

lim ( min (x]?(t) +y]2(t))> = +00.

Jj—00 \te€[0,27]
The proof of Theorem 1.1 is complete. O

Proof of Theorem 1.2 Let m > 2 in Lemma 2.4. From Lemmas 2.2 and 2.3 we have that
there is ¢, > 0 such that, for ry > ¢,

0'(t)<0, tel0,2mm].

Let 4} > ¢, be a sufficiently large constant. Then there is a prime ¢q; > 2 such that, for

ro = aj,

0 (2mm, ry,0p) — Oy > —2q1 7.
According to Lemma 2.4, we know that there is | > 4] such that, for ry = b},

0 (2mm, ry,0p) — Oy < —2q1 7.
Set

Di={(xy) eR*:a] < /a2 +y> < b}
Then the area-preserving iteration map P” is twisting on the annulus D]. Using the gen-
eralized Poincaré—Birkhoff fixed point theorem, P has at least two fixed points (x1;, y1;)
(i=1,2) in D}. Hence

(xli(t),yli(t)) = (x(t,xu,yu),y(t,xu,yu)) (i=1,2)
are two 2m -periodic solutions of system (1.1). Since ¢; is a prime, we can further prove
that (xy;(¢), y1:(¢)) are not 2k -periodic for 1 < k < m — 1 by the same method as in [7].

Similarly, we can find two sequences

(a/1<b’1<)zz’2<b/2<---<zz;<b1’.<---(—>oo)
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and
Qr<qa< - <q< (= 00)

with g; (j=1,2,...) being prime numbers such that, for r = a,

0@2mm,ro,0) — 6o > —2q;m

and, for ry = b;,

9(2}4’[7'[, ro, 00) - 90 < —26]]'7'[.
Therefore, P is twisting on the annuluses

D= {(x,y):a;f\/x2+y2§b}} (Gj=2,3,...).

It follows that P has at least two fixed points in each annulus D, j = 2,3,..., which corre-
spond to two 2m -periodic solutions of system (1.1). In the same way, these 2m -periodic
solutions are not 2k -periodic for 1 < k < m —1. Consequently, system (1.1) has infinitely
o0

many 2m -periodic solutions {(x;(£), y;(£))};

1 that are not 2k -periodic for 1 <k <m -1

and satisfy

lim (t min (sz(t) +y]2(t))> = +00.

j—00 [0,2mr]

The proof of Theorem 1.2 is thus complete. O

4 Remarks

The assumption on the uniqueness of the solutions to Cauchy problems of (1.1) made in
the proofs of the previous sections can be removed. In fact, Lemmas 2.3 and 2.4 guarantee
the applicability of the nonuniqueness version of the Poincaré—Birkhoff theorem, which
was proved by Fonda and Ureiia [13]. We now state this theorem for a general Hamiltonian
system in R?V. Let us consider the Hamiltonian system

= V,H t; ) )

x'=V,H(t,%,y) 4.1)
y/ = —VxH(t,x,)’),

where the continuous function H : R x RN x RN — R, H = H(t,x,y) is T-periodic in
its first variable ¢ and continuously differentiable with respect to (x,y), x = (x1,...,%n),
y= (yl)-“ryN)'

We next introduce the definition of the rotation number of a continuous path in R2,
Let o : [t1,£:] — R? be a continuous path such that o (¢) # (0,0) for every ¢ € [¢1,t,]. The
rotation number of ¢ around the origin is defined as

Rot(o (£); [t1, 12]) = %j(h) ’

where 6 : [t1, ;] — Risa continuous determination of the argument along o, that is, o' () =
|o (£)|(cos O(¢), sinO(¢)).
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Assume that, foreachi = 1,..., N, there are two strictly star-shaped Jordan closed curves
around the origin I'}, I, C R? such that

0eD(T) c D(IY) c D(TY),

where D(T") is the open region bounded by the Jordan closed curve I'. Consider the gen-

eralized annular region

A=[D(TH\D(I])] x - x [D(TY)\ D(TY)] c R*M.

Theorem 4.1 ([13]) Under the framework above, denoting z;(t) = (x;(t), y:(t)), assume that
every solution z(t) = (z1(¢),...,zn(t)) of (4.1) departing from z(0) € d.A is defined on [0, T]

and satisfies
zi(t) #(0,0) forallt€[0,T]andi=1,...,N.
Assume that there are integer numbers vy,...,vy € Z such that, foreachi=1,...,N, either

<V lel'(O) (S Fi,

Rot(zi(t); [0, T]) { >v;, ifzi(0) € Fé,

or

i ) i 0 Fi )
Rot(z;(2); [0, T1) or l.fz el
<v; ifz;(0) eTs.
Then Hamiltonian system (4.1) has at least N + 1 distinct T-periodic solutions Z°(t), ...,
ZN(t), with 2°(0),...,2N(0) € A, such that

Rot(zf(t); [0, T]) =v; forallk=0,...,Nandi=1,...,N.

Remark 4.2 Note that there is no requirement of uniqueness of the solutions to Cauchy
problems of (4.1) in this higher-dimensional Poincaré—Birkhoff theorem for Hamiltonian
flows. Theorem 4.1 can be applied to deal with the multiplicity of periodic solutions of
higher-dimensional Hamiltonian systems [9, 12]. Fonda and Sfecci [12] studied the mul-

tiplicity of periodic solutions of weakly coupled Hamiltonian systems

—x = %1 [ (8, %1) + pr(t, %15, 2N)],
(4.2)

—xy = xnlhn(txn) + pn(E %1, x8)],

where all the functions /4; : R x R — R are continuous, T-periodic in the first variable ¢,
and such that

lim #;(t,x) = +oo uniformlyin ¢ € [0, T].

|x|— 00
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The functions p; : R x RN are continuous, T-periodic in the first variable ¢, and bounded.
Moreover, there is a function 2/ : R x RN — R such that

ou
P =x,pi(t,x1,...,xy) forall (t,xy,...,45) €[0,T] x RN andi=1,...,N.
i

In this case, (4.2) is a superlinear Hamiltonian system. Under these conditions, it was
proved in [12] that (4.2) has infinitely many periodic solutions by using Theorem 4.1. The-
orems 1.1 and 1.2 in the present paper can also be extended to a weakly coupled Hamilto-
nian system of the type

/
i —Ji\Ji i(6,%,9),
=0 piboy), g ) 43)
¥ = =gi(x:) + pai(t, %, )
where x = (%1,...,4x), ¥ = (¥1,...,¥n), fi- & : R = Rare continuous, pj; : R x RN xRN - R
(j=1,2,i=1,...,N) are continuous and 27 -periodic in the first variable ¢. Assume that
there is a function W: R x RN x RY — R such that

ow

; :Pli(t;x,y);

W )
=-pyu(t,x,y) (i=1,...,N).
ay;

axi

It follows that system (4.3) is a Hamiltonian system. Assume that the following conditions
hold:
(Hy) limgg_, oo sgn(s)gi(s) = +oo (i =1,...,N).
(M) There are positive constants «;, f; such that
fi(s)

. . fi(s)
0 < a; =liminf— < limsup
Is|=+00 8 |s|>+00 S

= B; < +00.

(h3) There are positive constants M; such that
|p1i(t,x,y)| <M;, |p2i(t,x,y)| <M; forallt,x,yeRandi=1,...,N.

(hy) The time maps 7;(c) satisfy limg_, o 7;(c) = 0, where 7;(c) are defined like 7(c) in
Sect. 1.

Using Theorem 4.1, we can prove that (4.3) has infinitely many 2 -periodic solutions
and, for any integer m > 2, (4.3) has infinitely many 2mx -periodic solutions that are not
2k -periodic for 1 < k < m -1, provided that conditions (/}) (i = 1,...,4) hold. For brevity,
we omit the details.
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