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Abstract

In this paper, we investigate a class of second-order p(t)-Laplacian systems with local
‘superquadratic’ potential. By using the generalized mountain pass theorem, we
obtain an existence result for nonconstant periodic solutions.
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1 Introduction
This paper is concerned with the existence of periodic solutions for the following p(t)-

Laplacian system:

(| () P92/ () + VE({t,u(®) =0, te[0,T],
u(0) —u(T) =u/(0) -/ (T) =0,

1)

where T >0, u € RN. F(¢t,u) and p(¢) satisfy the following conditions:

(Fy) F:[0,T] x RN — R is measurable and T-periodic in ¢ for each z € RN and con-
tinuously differentiable in u for a.e. £ € [0,T], and there exist a € C(R*,R*) and
b e L'([0, T],R") such that

|F(t, u)| < a(|ul)b(®), V|E(t,u)| < a(lul)b(e)

forall u € RN and a.e. t € [0, T].
(P) p(t) € C([0,T],R"), p(t) = p(t + T) and

1<p :=minp(t) < p* := max p(¢) < +00.

The p(t)-Laplacian system can be applied to describe the physical phenomena with
‘pointwise different properties’ which first arose from the nonlinear elasticity theory (see

[1]).
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If p(¢) = p is a constant, system (1) reduces to the p-Laplacian system

(1w () P2u/ (t)) + VE(t,u(t)) =0, te[0,T], @
u(0) —u(T) =u/'(0) —/(T) = 0.
Especially, when p = 2, system (1) or (2) becomes the well-known second-order Hamilto-
nian system

u'(t)+ VF(t,u(t)=0, tel0,T], 3)

u(0) —u(T) =u'(0) —u'(T) = 0.
In 1978, Rabinowitz [2] published his pioneer paper on the existence of periodic solu-
tions for problem (3) under the following Ambrosetti-Rabinowitz superquadratic condi-

tion:

(AR) There exist u >2 and L* > 0 such that
0 < uF(t,u) < (VF(t, u),u)

forall |u| > L* and a.e. t € [0, T].

From then on, many researchers have tried to replace the Ambrosetti-Rabinowitz (short-
ened AR) condition by other superquadratic conditions. Some new superquadratic condi-
tions under which there exist periodic solutions for problem (3) have been discovered in
literature, see, for example, the references [3—5]. In [5], the authors obtained the following
existence theorem for (3) under the ‘local superquadratic conditions.

Theorem A ([5], Theorem 1.1) Suppose that F(t,u) satisfies (Fo) and the following condi-
tions:

(Vi) F(t,u) >0 forallt €[0,T) and u € RN;
(Va) There are constants m > 0 and a < % such that F(t,u) <« for all u € RN, |u| < m
T
anda.e. t€[0,T].
(V) There are constants i >2,1 <y <2, G> 0 and the function d(t) € L*([0, T],R*) such

that
WE(t,u) < (VF(L‘, u), u) +d(t)|ul”

forallue RN, lu| > Gand a.e. t € [0, T).
(Va) There exist a constant M > 0 and a subset E of [0, T] with meas(E) > 0 such that
(a) liminfj, % > 0 uniformly for a.e. t € E;
(b) d(t) <M fora.e. t €E.

Then problem (3) has at least one nonconstant T -periodic solution.

Recently, in [6], the authors extended the above result of [5] to system (2) and got the
following theorem for (2).
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Theorem B ([6], Theorem 1.4) Suppose that F(t,u) satisfies (Fy), (V1) and the following

conditions:

(H;) liminf,_o Hew _ uniformly for a.e. t € [0, T];

|ulp

(H,) There are constants ju > p, G > 0 and the function d(t) € L*([0, T, R) such that
WE(t,u) — (VF(t, u), u) <d(t)|ul?

forallu e RN, |u| > Gand a.e.t €[0,T), and

WE(t,u) — (VFE(t, u),u) -

lim sup 0

|u|—o00 |u|p

uniformly for a.e. t € [0, T1;
(H3) There exists a subset E of [0, T with meas(E) > 0 such that

F(t,
imint L&)
lul>o0  |ul?

>0

uniformly fora.e. t € E.

Then problem (2) has at least one nonconstant T-periodic solution.

On the other hand, the p(f)-Laplacian system has been studied by many authors in the
last two decades, see, for example, [7-11] and the references cited therein. In [8], by us-
ing linking methods, the authors obtained an existence result under the AR condition as
follows.

Theorem C ([8], Theorem 4.1) Suppose that conditions (P) and (Fy) hold and F(t,u) sat-
isfies the following conditions:

(A1) F(0,0) =0 and F(t,u) >0 forall t € [0, T] and u € RN;
(Ay) There are constants |1 > Pt and G > 0 such that

WwFE(t,u) < (VF(t, u), u)

forallu e RN, |u| > Gand a.e. t €[0,T];
(A3) There exist v > P* and g € C([0, T, R) such that

limsup —— < \g(t)|.

|u|— o0 | |V

F(t,u)
u

Then problem (1) has at least one periodic solution.

Moreover, in [12-14], the authors studied a superlinear elliptic equation with p(x)-
Laplacian without the AR condition and obtained some existence results.

Motivated by the papers [3, 5, 6, 8,12], we aim in this paper to study the existence of non-
constant periodic solutions of system (1) with local ‘superquadratic’ potential and without
the AR condition. We get an existence result which generalizes the above Theorem A and
Theorem B and extends Theorem C. That is the following theorem.
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Theorem 1 Suppose that conditions (P) and (Fy) hold and, in addition, F(t, u) satisfies the
following conditions:

(Fy) F(t,u) >0 forallte[0,T) and u € RV;
‘belt;ﬁ) =0 uniformly for a.e. t € [0, T];

(F3) There are constants j1 > p*, G > 0 and the function d(t) € L*([0, T], R) such that

(Fz) lim inf‘u‘ﬁo

/'LF(t’ M) - (VF(t’ M), M) = d(t)|u|p7
forallu e RN, lu| > G and a.e. t €[0,T), and

. WE@,u) — (VE(t, u), u)
lim sup <

|u|—o00 |u|p' -

0

uniformly for a.e. t € [0, T];
(Fy) There exists a subset Q of [0, T with meas(S2) > 0 such that

F(t,
liminf (&)

lul—>o0 |ulP”

>0

uniformly for a.e. t € Q.

Then problem (1) has at least one nonconstant T-periodic solution.

Example Set p(t) = % + sin(%”t - 7), then p(t) satisfies condition (P) and p~ = %, pt= %
Let
sin(2¢), telo,L],
V() = ! .
O, t S [7, T];
(1) |4, lu| <1,u e RN,
u)=
Sul%, |ul>1ueRY,

F(t,u) =y @)|ul* + pw), t€[0,T],ucR.

It is clear that (F;) and (F;) hold. Let u = 4, G = 1, then (F3) holds. And take 2 = [%, %],
then (F,) holds for ¢ € Q2. Therefore, F satisfies all the conditions of our Theorem 1. More-
over, it is easy to verify that the function F(¢, ) does not satisfy the AR condition A, in

Theorem C for t € [%, T].

2 Preliminaries

For the reader’s convenience, we first give some necessary background knowledge and

propositions concerning the generalized Lebesgue-Sobolev spaces. We can refer the

reader to [8, 15-19]. In the following, we use | - | to denote the Euclidean norm in RV,
Let p(t) satisfy condition (P) and define

T
79([0, T;RY) = {ueLl([O, T];RN);/ |ulP® dt < oo},
0
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with the norm

p(t)

Tlu
24| pter = |4l pe) =inf{k >0 :/
0

dt < 1}.
Define

CP =CP(RRY) = {ue C°(RRY) : uis T-periodic}.
For u € L}([0, T]; RN), if there exists v € L}([0, T]; RN) satisfying

T T
/ vodt = —/ ug'dt, Vo cC¥,
0 0

then v is called the T-weak derivative of u and is denoted by u'. Define

w10, TIRY) = {u € L2910, T RY) - € 79([0, T); RY) }
with the norm

il 000 = sl = sy + 1]

For u € W;79([0, T]; RY), let

_ 17 N _
i = T ./o x(s) ds, u(t) = u(t) —u
and
_ T
W79 ([0, T);RY) = {x e W ([0, T); RY) ;/ x(s) ds = o},
0
then

wyr® ([0, T1;RN) = W3 ([0, T); RV) @ RY.

In the following we use L), W;p(t)’ W;’p(t) to denote L7®([0, T]; RV), W%P(t)([O, T1;RN),
\TV;"’“)([O, T);RN), respectively.

Proposition 1 ([7]) For u € L*?, one has
’ o)
Q) ulpy <l=L>1) <& f}u(t)|" dt <1(=1;>1);
0
- ’ ® .
Q) M1 = lully < /O WO dt < luf,;

T
VAl p(t) o
ulpy <1 = Iulp(,)ifo (@)™ dt < |ul},;
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T
3) |ulpy—>0 < / |u(e) " dt — o;
0
! ®
ltlpe) > 00 & /\u(t)]” dt — oo.
0

Proposition 2 ([7]) The spaces L*") and W;’p @ are separable and reflexive Banach spaces

when p~ > 1.

Proposition 3 ([7]) There is a continuous embedding quip(t) < C([0, T;RN); when p~ > 1,

it is a compact embedding.

Proposition 4 ([7]) Foreveryu € \/NVTIJP (t), there is a constant C independent of u such that
/
lulloo < Clad] .

Proposition 5 ([7]) Letu=u+uc W}’pm, then the norm i | is an equivalent norm on

VNV}’p “ and lit] + || p) is an equivalent norm on W;‘p ©,

To prove the main theorem of the paper, we need the following generalized mountain
pass theorem.

Lemmal ([20]) Let E be a real Banach space with E = V & X, where V # 0 is finite dimen-
sional. Suppose ¢ € C'(E, R) satisfies the (PS) condition, and
(a) There exist p,a > 0 such that ¢|yp,nx > o, where B, = {u € E|||ulg < p}, 0B,
denotes the boundary of B,;
(b) There exist e € 3B N X and r > p such that if Q= (B, N V) & {se|0 <s <r}, then
¢lag < 3.
Then ¢ possesses a critical value ¢ > o which can be characterized as

o= jef iy o)
where T = {h € C(Q,E)|h = id on dQ}, and id denotes the identity operator.

3 Proof of Theorem 1
Define a functional ¢ on W/;’P ® by

T 1 " T
o(u) = /0 m|u’(t)|p()dt— /0 F(t,ul®)) dt

for each u W;’p @ It follows from assumption (Fp) that the functional ¢ is continuously

differentiable on W;’p ©. Moreover, we have
T

T (-2
((p’(u), v) = / (\u’(t) |p u'(t), v/(t)) dt — / (VF(t, u(t)), v(t)) dt
0 0

forall u,v e W}'p © And it is well known (see [7]) that the problem of finding a T-periodic
solution of system (1) is equal to that of finding the critical of functional ¢.
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We shall apply Lemma 1 to ¢ to prove Theorem 1.
For the convenience to verify the (PS) condition, we need the following lemma. The
proof can be found in [7] or [8].

Lemma 2 Let J(u) = [ S |w OO dt for u WO Then (' (w),v) = [, (1 (£)P92 x
W (6),V(t) dt for all u,v € WP, And J' is a mapping of type (S,), i.e., if u, — u and
limsup, (7' (t,) — J' (), 4, — ) < O, then {u,} has a convergent subsequence in Wy,

In the following lemma we will show that ¢ satisfies the (PS) condition.

Lemma 3 The functional ¢ satisfies the (PS) condition, i.e., for every sequence {u,} €
W}’p @ {u,} has a convergent subsequence if

{cp(u,,)} is bounded and ¢’ (u,) — 0 asn— oo. (4)
Proof First we prove that {i,} is a bounded sequence in W}’p ®, Otherwise, {u,} would be
unbounded. Passing to a subsequence, we may assume that ||| — oco. Let w, = ﬁ, o)

that ||w,|| = 1. By Proposition 3, also passing to a subsequence, we can suppose that

w, —w  weakly in W3,

w, — w  strongly in C([0, TT;RY)
as 1 — 00. Moreover, we have
1 [T 1 [T
W, = —/ w,(t) dt — —/ w(t)dt =w (5)
T Jo T Jo

as n — 00. By (4) there exists a constant C; > 0 such that
T
W ’ p(t)
— =1 t dt
fo (p(t) ) 1,0
T
= ) = (¢ )+ [ (P (6.0,00) = (TF (6,00, 0,0)

T
<Ci(L+ ) + /O (KE (b 1n(0)) = (VE(t, 1 (0)), 10,(0))) .

Notice that ||u,| — oo, we have

T T 1/ (1) 1P
(ﬁ_l)/ [, ()P de = (ﬁ_l)/ 1O 4y
p* 0 pt o llu,lP®

[ (e,
—Jo \p(® (79—

So, we obtain

T
& _ / p(t)
<p+ 1) /0 |w, ()" dt

_ G+ flual) .\ /T (WE(, un(2)) — (VE(L un (1)), un(2))) it
0

ll22 [P~ llen |17~

(6)
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In view of (Fy) and (F3), there exists Qg C [0, T] with meas(£2() = 0 such that
|F(t,u)| <a(lul)b(t),  V|F(tu)| <a(|ul)b() 7)

forall z € RN and t € [0, T] \ o and

WE(t,u) — (VF(t, u), u) <0

lim sup —
|u|—o00 |u|p

uniformly for ¢ € [0, T] \ 0. This yields

Jim sup WE (& un () = (VE (4, tn(£)), un(t)) <0 ®)

n—00 [l P

for ¢t € [0, T] \ Q9. Otherwise, there exist ¢y € [0, T] \ €20 and a subsequence of ,, still
denoted by u,, such that

Jim sup WE (Lo, wn(to)) — (VE(to, un(to)), 1n(to)) 5 0. ©)

n—00 (7

If {u,(¢y)} is bounded, then there exists a positive constant C, such that |u,(f)| < C, for
all n € N. By (7) we find

WE (to, un(to)) — (VE(to, un(to)), un(to))
(2

(1 + Cy) maxo<s<c, a(s)b(to)
- [l 117"

-0

as n — oo, which contradicts (9). So, there is a subsequence of u,(t), still denoted by
u,(t), such that |u,(¢y)| — oo as n — oo.

wE(to, wy(to)) — (VF(to, un(t0)), un(to))

lim su —
e AR
. WE (to, un(to)) — (VF(to, un(to)), un(to)) s
= limsup — ’w,,(to)’
n—00 |un(t0)|p
E(to, un(to)) — (VE(to, un(to)), un(to)) . -
:limsupu (to, un(to)) — ( (O,M (t0)), un(to)) lim [wy(t0)]”
n—00 |24, (t0) 1P n—>00
<O0.

This contradicts (9). Thus, (8) holds. From (6) and (8) we obtain

T
limsup(l% - 1> / |w'n(t)|p(t) dt <0.
0

n—00

Since u > p*, we get

T
1m<%_Q/|%mwuha (10
0

n—00 p
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Combining with (5), this yields

W, — W asmn— oo,
which means that

w=w and T|w|=|w|=1
Then we have

u,(t) > 00 asn— 00

uniformly for a.e. t € [0, T]. And we get from (F;), (F4) and Fatou’s lemma that

lim inf
n—0o0

/TF(t, w(®)
0

[

wa()|" dt

- / " fiming £ (0)
0

oo iy (£)P"

F(t, t +
3/ 1iminfL”(+))|wo|P dt > 0. (11)
Q "o |un(t)|p

On the other hand, we have

T T / (t)
/ E(tu,(©) / L 0 )
0 0

N4, (17" p@&) Nual?™ " NP
T ./ p(t)

- i/ LA0) I w(un)+

= Jo Nl N4, 1P

I "
- _/ () dig — )
P Jo TG

Therefore, combining (4) and (10), we obtain that

liminf
n— 00

/T Fu®) . _
0

— ’
Il 117

which contradicts (11). Hence, {u,} is a bounded sequence in W;’p ®
By Proposition 2 and Proposition 3, {u,} has a subsequence, again denoted by {u,}, such
that

Uy —u weakly in W3,
12)
u, — u strongly in C([O, T];RN).

Now, we will show that {u,} has a subsequence convergent strongly to  in W}’p ® From

Lemma 2 it suffices to prove that limsup,,_, . (/' (u,) = J' (1), un — us) < O.
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It follows from Proposition 3 that maxo<,<7 |4, (t)| < Cs||u,||, which implies

’u,,(t)’ <C, foralltel0,T].

From (12), (13) and (F), we get

T
/ (VE(t, un(2)), un(t) — u(t)) dt’
0
T
5/ |VE(t, un(0)) || tn(t) — u(t)| dt
0
T
<, | aun(0)])ot0)
0
T
Cslluy — tt]| oo b(t) dt.
< GCsllu ull/0 (t)dt

Thus, from (12), we obtain

By (4) and (13), we have
(@ n), 0y — u) — 0.

Then it follows from (14) and (15) that

T
U7 Gttt — 18) = / (O 22,000 - o (1) di
0

T
= (¢ (sn), th — ) + /0 (VF(t, un(t)), un(t) — u(t)) dt

— 0 asn— oo.

/T(VF(t, uy,(t)), u,(t) - u(t)) dt‘ — 0.
0

Page 10 of 15

(14)

(15)

(16)

Moreover, since J'(u) € (W;’p(t))*, we get (¢'(4), u, — u) — 0, which combined with (16)

implies that

lim (/' () = J' (u4), 4 — 1) < 0.

Hence, from Lemma 2, {u,} has a subsequence convergent strongly to u in W;‘p © The

proof of the lemma is completed.

O

The following result establishes the generalized mountain pass geometry for the func-

tional ¢(u).

Lemma 4 Let W}'pm =RV @ 177;"7“), B, ={uc W;’p(t)lllull <r} S, = \TV;W) N 0B,. Then

there exist p > 0 and a > 0 such that

inf @(u) > a.
ueS,
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And there exist r; > 0,70 > p and e € V?;’p D such that

sup ¢(u) <0,
uedQ

where Q = {u + selu € RN N B,,,s € [0,73]}.

Proof Firstly, we show that there exists p > 0 such that infyes, ¢(x) > 0. Let C be the
constant in Proposition 4. By condition (F;), we know that for any positive constant

€ <min{C there exists & € (0, ¢) such that

rﬁ})
|F(t,u)| < elul” (17)

for all |u| <& and ae. t € [0,T]. Let 0 < p < % and by Proposition 5 set S, = {u €
VNV}’W)HM/ lpe) = p}. By Proposition 4, we get |u(t)| < C|u/|,) = Cp = 8. Since p < 1, then it
follows from Proposition 1 and (17) that

T 1 . T
o(u) = /0 M|u/(t)|p()dt— / F(t,u(®)) dt

0
S N SN
>— | (W@ dt—e | |u@|" dt
P Jo 0

1 + +
= v [ E(t) ~eTC |l |£(t>

1 + +
= (——GTCP ),op =a>0.
p+

Secondly, we prove that there existr; > 0,7, > pand e € W;’p ® such that SUp,cpq () <
0. By (F3) and (Fs4) there exist constants Cs > max{l,G} , n > 0 and a subset of €, still
denoted by 2, with |2| = meas(£2) > 0 such that

WE(t,u) — (VE(t,u),u) < nlul’ (18)
and

F(t,u)> |ul?" (19)

for all |u| > Cs and t € Q. For u € RN \ {0} and ¢ € Q, let f(s) = F(t,su) for all s > |C76| We
deduce from (18) that

—_

f'(s) = —(VF(t,su),su)
s
> ﬁF(t,su) —ns? YuP”
s
m L
= ;f(s)—ﬂsp Hul?”,

which yields

g(s) =f'(s) - %f(s) £ s ul” >0 (20)

Page 11 of 15
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for all s > % From (20) we have

([ = N (" (G
o=, e () () @

uf

for all s > % It follows from (21) and (20) that

ZAWE: nlulP” 7l
(s) > ((—) <—) + __ 7 )s“
f C6 f |M| (M —p“)s#‘ﬁ (,LL _p_)Cg. p
v "
> (F(t,&u) _ 1% )(M) s*.
|ual w-p~)\Cs
Combining this with (19) yields
cy "
e )52
|I/l| m—=p- C5
AR P -l
> (277C6 _ nCq )|u|"

H=p n—=p

> Clul”

for all |#| > Cs and t € 2, where C; = “*LP'(C”%’” - C,%p—) > 0. So, notice that F(¢,u) > 0,
6 6

we get
F(t,u) = Cr(lul* - C¢ ) = Crlul" - Cq (22)

forallu e RN and ¢ € Q.
Choosee(t) € VNV}'p(t) with |le()|| = 1 such that e(¢) = 0 for all ¢ € [0, £] \ Q2. Therefore, one

has
T
/ e(t) dt =/ e(t) dt—f e(t)dt =0,
Q 0 [0,6\2

which implies that

T
/ (u, e(t)) dt = / (u, e(t)) dt — / (u, e(t)) dt=0 (23)
Q 0 [0,6\Q

forallu € RN . Let WIT’W) = RN @span{e(t)}. Since dim(WlT’P(t)) < 00, all the norms are equiv-

b . s
alent. For any v = u + se(t) € WTW), there exists a positive constant K such that

IVllize@) = KlIVIi2g)- (24)
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Denoting E; = fOT le'()1PY dt, Ey = [, |e(t)| dt, by (22), (23), (24) and (F}), we get

T T
o(u + se) :/0 I%ke/(t)rm dt—/o F(t,u +se(t)) dt
1 g ’ p(t)
<— |se (t)| dt — F(t, U+ Se(t)) dt
by Jo Q
T
< i_/ |se/(t)’p(£)dt—C7/|u+se(t)’“dt+C8|S2|
P Jo Q

1 (7 H
5—/ |se/(t)|"<‘)dt-c71<ﬂ(/|u+se(t)|2dt) + Gl Q|
P Jo Q
I

I 2
=— / Ise' )P dt - C; K </ (Iuf? + $*[e(®)|*) dt) + G |Q|
P Jo Q
LI NPT Wm0l 1| E 1T
<— | |s€@®|" dt - CK"|u|"|Q|Z - C;K"s"|E3| 7 + Cs| Q.
P Jo
Therefore, when s > 1, we have
E1 + I3
o(u+se) < —s’ — C,K*|Ey| 28" + Cg|L2].
=
Since u > p*, there exists , > max{l, p} such that

o(u+se)<0 forallue RN ands=r,. (25)

Moreover, for all # € RN and 0 < s < ry, we have

+

E.r}
o(u+se) < =2 — K" |u"|Q7 + Cs|Q.
I

This deduces that

E17§+ +Gg|Qp~

ou+se) <0 when |u|* > T .
G KHQzp~

Let u € RV, |u| > 1, from Proposition 4, we know that

T T
7= [tz [ de =
0 0 P

So, let ry satisfy

- EX +GlQlp
rf Zmax{l’wT},

CoK#|Q 5 p-
then, when u € RN, |u|| = |u4]p() = 11, we obtain

ou+se) <0 forallsel[0,r]. (26)
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On the other hand, if s = 0, by (F}), we get
T
<p(u+se):—/ F(t,u)dt <0 forallueRN. (27)
0

Setting Q = {u + se|u RN N B, ,s € [0,7;]}, by (25),(26) and (27), we have

sup ¢(u) <O0. (28)
u€dQ
The proof of Lemma 4 is completed. O

Proof of Theorem 1 By Lemma 3 and Lemma 4, applying Lemma 1, then ¢ possesses a

critical point u(t) whose critical value ¢ satisfies ¢ > « > 0. By F;, we can see that u(t)

is nonconstant. Hence, problem (1) has at least one nonconstant T-periodic solution in

lep(t) O
T

4 Conclusions

In this work, we have established an existence result for nonconstant periodic solutions of
a class of second-order systems with p(t)-Laplacian. For p(x) is a constant p, it is easy to
see that the conditions and conclusion in Theorem 1 are the same as those in Theorem 1.4
in [6]. Thus Theorem 1 generalizes Theorem 1.4 in [6] and Theorem 1.1 in [5]. Further-
more, obviously, conditions (F;) and (F3) of Theorem 1 are weaker than (A;) and (4s3) of
Theorem 4.1 in [8]. Therefore, Theorem 1 extends Theorem 4.1 in [8].
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