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1 Introduction
We assume that ® C R? denotes a bounded open domain and consider the 2D nonlinear

incompressible viscoelastic flow equation (see [1]).

Problem I Seek o = (07,,)2x2 and U = (i, uy)T together with p that satisfy

0.+ (-V)o=Vus, (zt)e®x(0,T), (1)
u—yAu+u-Viu+Vp=V-(sa’), (z6)e€0x(0,T), 2)
divu=0, (zt)e0®x(0,7), 3)
0(2,0)=0%2), uz0)=u’(z), zc0, (4)
0zt)=00(zt), uzt)=uy(zt), (zt)ed® x[0,T], (5)

where z = (x,), 0 = (01,,)2x2 denotes the unknown unsymmetrical stress matrix, u =
(t4x,1y)" the unknown flow velocity, and p the unknown pressure, y = 1/Re, Re denotes
Reynolds, and the functions 6°(2), 0¢(2,£), u°(2), and uy(z, ¢) all are known. For the sake
of simplicity and without losing universality, we suppose that 0 (z,£) = 0 and uy(z,£) =0
in the subsequent analysis.
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Certain phenomena, such as the complicated rheological phenomena and the mag-
netoelectrical phenomena (see [2-5]), can be described with the nonlinear incompress-
ible viscoelastic flow equation, i.e., Problem I. Therefore, it is worthy to study the equa-
tion.

Even though the existence and uniqueness of the analytic solution for the 2D nonlin-
ear incompressible viscoelastic flow equation have theoretically been proved (see, e.g., [1,
6]), because the 2D nonlinear incompressible viscoelastic flow equation in the actual en-
gineering applications includes generally intricate computational domain or known data,
it can not be usually solved so that one has to find its numerical solutions. Recently, a
stabilized mixed finite element (SMFE) method of Problem I has been posed in [7]. How-
ever, for all we know, there has not been any report about the SFVE method for the 2D
nonlinear incompressible viscoelastic flow equation, i.e., Problem I. Hence, in this study,
we devote ourselves to building a SEVE method for the 2D nonlinear incompressible vis-
coelastic flow equation, i.e., Problem I. In particular, comparing with the SMFE method
in [7], the SEVE method here has more merits; for instance, it can easily proceed and sup-
ply adaptability for dealing with complex domains (in fact, it could be changed into the
finite difference scheme to implement the numerical computations, but one can proceed
the theoretical analysis by means of the SMFE method) and can maintain local mass or
other conservation laws. Therefore, it would be more effective than the SMFE method
in [7].

Though some SFVE methods for the steady Stokes equations, time-dependent Navier-
Stokes equations, time-dependent parabolized Navier-Stokes equations, and time-
dependent incompressible Boussinesq equations (see [8—11]) have been set up, these four
types of equations are thoroughly different from the 2D nonlinear incompressible vis-
coelastic flow equation here, which includes the unsymmetrical stress matrix complexly
coupling with flow velocity. Thus, the study of the existence and convergence for the SFVE
solutions of Problem I is confronted with more difficulties, needs more technique, and has
greater challenges than the existing methods as aforesaid. However, Problem I holds cer-
tain particular applications. Hence, in this article, we first review the weak and the time
semi-discretized solutions of the 2D nonlinear incompressible viscoelastic flow equation
in Section 2. We then build the SEVE method with a non-dimensional real and two Gaus-
sian quadratures of the 2D nonlinear incompressible viscoelastic flow equation and an-
alyze the existence, stability, and error estimates of the SFVE solutions by means of the
SMFE method in Section 3. Next, we employ some numerical experiments to validate
the validity of the preceding theoretical conclusions in Section 4. Finally, we draw some

conclusions in Section 5.

2 Review of the weak and time discretized solutions of the 2D nonlinear
incompressible viscoelastic flow equation

The Sobolev spaces together with their norms applied thereinafter are classical (see [12]).

Let H = [H)(©)]* and W = [H{(©)]*** together with M = {9 € L*(0): [, ¥ dz = 0}.

Thus, the weak form of Problem I is the following.



Xia and Luo Boundary Value Problems (2017) 2017:130 Page 3 0of 17

Problem II For 0 <t < T, seek (u,0,p) € H x VW x M that satisfies

(U, @) + A, @) + Ai(u,u,9) - B(p, @) = (divieaT),p), VoeH,
(0, x)+ As(u,0,x)=(Vuo,x), Vxev,
B®,u)=0, VYoeM,

a(z,0)=0"(2), u(z,0)=u(z), ze0O,

the above (-, -) is the inner product in L?(®)2*2 or L%(©)?,

A(w,w:yfvw-vwz, Vo e H,
®
B(z?,go):/z?divgodz, Vo e M,peH,
®
A, ) = /O (¥ -V)0) -6 (- V)$)-0]dzi2, V.. P,

Az(fp,o,x)zf[(((p-V)a)x—((¢~V)x)a]dz/2, Vo € H,Yo,x € W.

(C]

The above A;(-,-,), Az(,+,-), A(-,-), and B(-,-) have the following properties (see, e.g,

(11, 13-20]):
A, 0,0)=-Ai¥.0,90), A0 =0, Yo,¥,¢cH, 7)
A0, %) =-AW,x,0), AW x,x)=0, V¥ eH, Vo, xeW, 8)
AW, ¥) = vIVEIE, AW, 0)| <7 IV¥IolVelo, V¥,0cH, )
s o> Bl 9 € M, (10)

where B8 > 0 is the real. Set

AZ((0,0‘, X)

No=  sup .
oo xew Vello - IVallo - 1IVxllo

(11)

By the same approach as the proofs in [1, 6], we can acquire the following.

Theorem 1 When the original value pair (u°(2),0°(2)) € [L*(®)]* x [L*(©)]**2, Prob-
lem 11 has a unique solution (u,o,p) in H x W x M merely dependent on the original
value pair (6°(z),u’(2)).

Let N be the integer, k = T/N the time step, and (u’, 0/, p’) the semi-discretized solutions
for (u,0,p) at t; = ik (1 < i < N) with respect to time. When the time-derivatives u; and
0; at moment ¢ = ¢; are approximated by (u’ — u*1)/k and (o' — 67 71)/k, severally, the semi-

discretized format about time of Problem II can be read as follows.
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Problem III Seek (u/,0%,p') € H x W x M (1 <i < N) that satisfy

(U, @) + kAW, @) + kAL(U, Ui, @) — kKB, 9)
= k(div(cic'T),@) + (U, @), Ve cH,

(4 x) + kA, (U, 0%, x) = k(Vute, x) + (655 x), VYxeWw, (12)
B®,u))=0, V& eM,
d=0%@2), uw=uz), zecO.

The following conclusion for Problem III was proved in [7].

Theorem 2 Under the same conditions of Theorem 1, if there is a real o > 0 such that
IVu000 < o and (1 - 2ka) > 0 when k is small enough, then Problem 111 has a unique

set of solutions {u', o, p'}, C H x W x M satisfying

, 1 0

! —_— , 13

lo'lo = s 1l ®
i

oz + 1+ vk AW} = Cllo'a ™o o), 1i=, a9

j-1

where C represents a positive real independent of k. In addition, when the solution (u,o,p) €
[H3(0, T; HY(©))]? x [H?(0, T; Hy(©))]1**2 x [H?(0, T; HY(®))] for Problem 11, we have the

error estimations
Jute) |2+ K Y [9 (ute) ~ ) |+ o)~ 7] < O, s)
j=1
lo@)-o'||,<Ck, 1<i<N. (16)

Remark 1 Conclusions (13) and (14) in Theorem 2 signify that the time semi-discretized
solutions to Problem III are stable and attain the optimal error estimates in time. In ad-
dition, by the regularity, we know that, when the original value pair (¢°,u°) is suitably
smooth, the solutions to Problem III are bounded so that the conditions || Vu‘|¢ < a

are rational.

3 The SFVE method of the 2D nonlinear incompressible viscoelastic flow
equation

3.1 FVE format

In this subsection, we directly build the SFVE format by the time semi-discretized format,

i.e., Problem II. Thus, we can bypass the semi-discretized SFVE method about the spatial

variables such that our theoretical analysis becomes simpler and more convenient than

that in [9].

Let 3, = {K} represent the quasi-uniform triangulation of ®, where / = max{diam(K) :
K € 3} (see [13, 21]). Let I, = {V} be a dual partition associated with 3, (see [21]), where
V, is surrounded by the line segments between the barycenter zx € K € J, and the mid-
points of the edges of K, sharing the vertex z of K (see Figure 1). Let Z;(K) consist of the
vertices of K € 3, and Z; the interior vertices of Z,.
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(a) (b)

Figure 1 The formulation of the control volume. Chart (a) shows the line segments between the
barycenter zx € K with the midpoints of the edges of K. Chart (b) denotes a sample of the control volume V;,
sharing the vertex z of K.

The trial subspaces for the unsymmetrical stress matrix and velocity together with pres-

sure are, respectively, chosen as follows:

P2 Xulk € (771(1<))2X2,VK €3},

Wh—{thWﬂ[ ( )]
Hy = {0y e KO [CO] : @4l € (Pu(K))’, VK €34},

My = {9, e MNC(O): 9|k € P(K), VK € 3},

the above P (K) denotes a bivariate linear polynomial set on K.
It is evident that W), C W = H}(©)**? and H);, C H = H}(©)?. For (¢,0) € H x W, let
(T1,¢, pyo) denote an interpolation operator from # x W onto H;, x Wj. By the interpo-

lation theorem (see [13, 21]), we acquire the following:

o — 0|, < CH*"|pl, Yo e H*(©®)*,n=0,1, 17)

lo — puol, < ChH* "oy, Vo € H(©)*?,n=0,1, (18)

the above C denotes a positive generic real independent of k and 4.
The test subspaces W), together with H,, for the stress matrix together with flow velocity

are separately taken as follows:

Wi = { x5 € LX(©)%: x,ulv, € Po(V2)>2 (V, N3O =),

Xulv, =0 (V,N0O £0),VV, € 3}},

~ (19)
Hi = {0 € L(©)* 1 v, € [Po(V)] (V.N80 =),
Ouly, =0 (V. N3O #P),VV, € Q‘Z},
where Py(V,) is the constant space on V, spanning by
1, zeV,
¢.(2) = VzeZ, (20)

0, elsewhere,
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For (u,0) € H x W, let (IT}u, p;0) be an interpolation operator from H x WV onto Hy, x
Wh, ie.,

(Mju, pjo) = Z (u(2),0(2))¢;. (21)

°
zeZh

With the interpolation theorem (see [13, 21]), we acquire
|u-Tul, < ChlVule; o -pial, < ChIVolo. (22)

Then the SFVE format with a non-dimensional real and two Gaussian quadratures is

read as follows.

Problem IV Find (u}}, p},0}) € Hy x My x W, (1 <i < N) that satisfy

(U T,) + kA (U, T 0y) + KA (uy, i, TT00,) = KBy (p), T10,)

= k(div(o}oil), e,) + (u, ', Tie,), Ve, € Hi (23)
(o, 05 X0) + KAz (w04, pix )

=k(Vutal, pixn) + (0hh 0iXx0),  YXn € W (24)

Bh(z?h,uZ) + 'Dh(pz,l?h) =0, Vd,eM,

(25)

a° =T11,6°2), u) = pu(z), ze®O,
where
Ay (uh,l'lh(ph =—y Z / goh(z)Vuh nds; (26)
V2€3; V2
By(0nTe,) = D 0,(2) / 9ynds; (27)
Vze‘sh
Avi (@ ¥ Tun) = [(@) - V) ¥y, ) + ((dive)) ¥y, iug) |/2; (28)
Aon(Wisat oixn) = [((W) - Vol pixn) + ((divey)on pjixs) |12 (29)
Dy on) =5 Y { / siondz— [ pzﬂhdz}, (30)
Ke3y, K1

8 > 0 denotes a non-dimensional real, |, K f(2)dz (j = 1,2) represent two suitable Gaussian
quadratures on K that are accurate for j (j = 1,2) degree polynomial, and f(z) = p,9 is a

polynomial of degree <j.

Therefore, when the test function ¥, € M), and j = 1, the trial function p;, € M), has to
be a piece-wise constant. Hence, we define a map 7, : L2(®) — Wi satisfying, V& € L%(®),

@,9) = (T, ), VO € W, = {94 € LX(©) : 94|k € Po(K), YK € 3y} (31)
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It is obvious that the map 7, satisfies (see [18])

7 llo < 190, V& € L*(®), (32)

19~ mdllo < Chll? 1y, VO € H'(O). (33)
Furthermore, by the map 7y, Dy, (-, -) may denote the following:

Di(pn: 0n) = 8(pn — 0P, On) = 80 — Tnpns On — Tnon). (34)
3.2 The existence and stability together with convergence of the SFVE solutions
For the sake of analyzing the existence and stability together with convergence of the FVE

solutions, we need to use three lemmas (see [8, 13, 19, 21]).

Lemma 3 The following equalities hold:

An(¥1, T0,) = AW, 0)), A9 ¥ T,) =0, V¥, 0, € Hy,
Aosn(¥ 101 0501) =0, V¥, € Hy, Vo, €Wy,

Bh(l?h, HZ(ph) = —B(l?h,(ph), V(ph € ’Hh,Vl?h € Mh.
In addition, Ay(uy, IT;¢y) is symmetric, positive definite, and bounded, i.e.,

AU 0,) = Au(0), TGYL), YU, 0, € Hy,

there is a real hyg > h > 0 meeting

AU T = vVl A e, | < viIvlilleull, Y9, 0, € Ha

Lemma 4 There are the following conclusions:

(Vi ey) = (00 TV,), YU, 0, € Has

(¥, 01) = (. o) | < CH™ "W lnll@ll, ¥ € H"(©)%, 9, € Hpym,n=0,1.

Furthermore, set ||V, llo = (¥, T ¥ Y2, then there are two positive reals C, and C, that
satisfy

Cill¥illo =¥ ullo < GlidLllo, V¥, € Ha (35)

Lemma 5 (Gronwall’s inequality) When three sequences {a;}, {Bi}, and {u;} are positive
and {;} is monotone such that a; + B; < ju; + A Z]’:(l) B (A >0) and oy + Bo < [ro, we have
o; + ﬂi = Wi exp(l)_") (l =0,1,2,.. ')'

Remark 2 For matrix functions, Lemma 4 is still correct.
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The FVE solutions hold the following existence together with stability.

Theorem 6 Under the same conditions of Theorems 1 and 2, if there is a real o > 0 that
satisfies IIVué,‘1 lloco < @ and (1 —2ka) > 0 when k is small enough, then Problem IV has a
unique set of solutions {u,, pi,, o'}, that satisfies the following stability:

i 1 0
H’ahmo = (m)i H’a | 0’ (36)
luillo + 2ills + v& D[ Ve o < Cloioil g + [uo). (37)

j-1

Proof Due to (24) being a linear equation, for the sake of proving that it has a unique
set of solutions {aZ}ﬁl C Wi, we just need to demonstrate that when ¢°(z) = 0, afq =0
(1 <i < N). Therefore, we only prove that (36) holds. For this purpose, by taking x,, = o,
in (24), when || Vu} o, < @, using Lemma 3, the Holder inequality together with the

Cauchy-Schwarz inequality, we acquire

llollls = k(Vu el piiot) + (o3 pio)

. 1 . .
< kel g + 5 (ol + o5 15)- (38)
Thus, from (1 — 2ka) > 0, we obtain

il oY
oy, Mo _ Mol 1<i<N. (39)

i < 7 . _—,
llorily = V1—2ka ~— ~ (=2ka)i ~~

Therefore, when ¢° = 0, (24) has only the zero solution. Thus, (24) has a sole set of solu-
tions {o} }Y,.

After {aZ}ﬁl have been obtained by (24), (23) and (25) form the SFVE format for the
time-dependent Navier-Stokes problems. Therefore, from the SEVE method of the time-
dependent Navier-Stokes problems (see, e.g., [10, 11, 19]), we deduce that (23) and (25) have
a unique set of solutions {(uil, pﬁl)}f\:[ 1 C Hy x My, that satisfies (37). This accomplishes the

argument of Theorem 6. O
Set

A((Shunr thn); ((phr 29}1))
= A(Shu",(ph) +A; (Shun,Shun,(Oh) - B(th",goh) + B(l?h,Shu”), (40)

A((u",p"); (@1, 90) = Au", 0,) + A (U™, 0", 9,) = B(p", 9,) + B(O,u").

By using the SMFE methods of the 2D time-dependent Navier-Stokes problems (see,
e.g., [7,19, 20]), we obtain the following.

Lemma 7 Assume that (S,u’, Qup’) € Hy, x My, is a Navier-Stokes projection for the solu-
tions (U', p') of Problem 111, i.e., for all solutions (u',p’) € H x M of Problem 111, there are
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(Suu', Qup') (1 < i < N) satisfying

KA((Sutt', Qup'); (@, 0)) + (Sutt’ = Sp™, @) + kD (Qup', 1)
= kA((u',p'); (@1, 1)) + (U =" 0,), V(@ 00) € Hiy x My, (41)

Spu® = Tl (2), W =u'(z), zecoO. (42)
Then we have
[snu'll, + [Qur'lly = ('], + '] ), 1=i<N. (43)

When h = O(k) together with the solution (U',p’) € H*(®)* x HY(®) (1 < i < N) for Prob-

lem 111, the error estimations hold
Juf =S, + |9 (0 = 5,08) |, + [~ Quil ] <O, 1<i=N. (a4)

Remark 3 As a matter of fact, (41) together with (42) constitute a system of error
equations between the SMFE format and the time semi-discretized format of the time-
dependent Navier-Stokes problems. Therefore, (43) and (44) are directly acquired with
the SMFE method (see, e.g., [7, 19, 20]).

With the standard FE method of the 2D elliptic equations (see, e.g., [13, 21]), we can

obtain the following lemma.

Lemma 8 Assume that Ry, : W — W, denotes a generalized Ritz map, namely, for known
ultet, ot eW, ot eW,andel e W (i=1,2,...,N), Ryo' e Wy, (i =1,2,...,N)
satisfy

(Rhai, xh) + kA, (u;‘l,Rhai, xh) - (Rhcri_l, xh) + k(Vuﬁ,‘thai, xh)
= (o', xp) + kA (U 0% x3) = (07 xp) + K(VU0%, 1),

VX, € Wi1<i<N. (45)

Then, when (U, p',0%) (0 < i < N) are the solutions to Problem 11l and o' € H*(®) N W, we

have the following:
|Rio'[, < Clolly i=01,2,...,N, (46)
Ruo'—a'| < CH, i=0,1,2,...,N. (47)
. 2

The convergence of the SFVE solutions of Problem IV is as follows.

Theorem 9 Under the same conditions of Theorems 2 and 6, if (u,p, o) is the solution to
Problem 11, {u},p}, 0} is the set of solutions to Problem 1V, p)) = p° = 0 (or pY = Qup°),
h = O(k), No ||V, |lo <1/4, and (u°,a°) € H'(®)* x H(®)**2, then we achieve the error
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estimations

Jut) —ujlg + lo @ - ol + kU@ - Pyl + |V (u@) -ui)],
<Ch?, 1<i<N. (48)
Proof First, by Problem III subtracting Problem IV and taking ¢ = ¢,,, ¥ = ¥y, and x = x;,
and then using Lemmas 3 and 4, we acquire the following error system:
(u' - uj,04) + (U, - Tuj, 0, - TTe,) + KA(U' - uj, 0))
+ kA (U, @,) — kAu (), u),, TT*0,) — kB(p' - i, 01
=k(div(o'e"” -0}, 0,) — k(div(o)0)) ). T 0, — @)
+ (W —u ) - (u, e, —0,), Ye,eHui=12,...,N, (49)
B0 u' —u)) - 8(pj, — wnply 0 — 1094) =0, V¥, € My,i=1,2,...,N, (50)
(0" =05 xn) = (@ i X = Xi) + KA (U, 07, x) = KAz (U, 03,0 07100
—K(Vulat, ) - K(VU el pix) + (07 - o 1)
—(oZ‘l,prh—xh), Vx, € Whi=12,...,N. (51)

Set &' = Qup’ — p!, and &' = Su’ — ui,. With (41), (49), and (50), we obtain

12+ kv IvE
= (S’ —u', EY) + kA(Syu’ - o', EY)
+(u' - u), &) + kA(U' - u), E)
= (S —uLEY) + kB(Qup' - P E') + kA (U U EY)
— kA (S, Sy’ E) — kAL(u, U, E) + k Ay (u), b, TTE')
+kB(p' - pi,, £') - (u}, - Mjul, E ~ T} E')
+ (Ut - u L E - T E) — (Suu™ —ul L EY)
+ (U™ —u L EY) + k(div(o'e ~olol]), ) - k(div(o)al]), T} E - EY)
=k(div(e'o™ - oo)l), E) — k(div(o)o} ), TE — E') — kA (E', uj, EY)
s Ay (U, £~ TTLEY) + (€71, €71) + kB(E', £)
— () —ut =TT (u), — uy!), E ~ TTEY). (52)

By Lemma 4, the Holder and Cauchy-Schwarz inequalities, and Theorems 2 and 6, we
have

|k(div(e'o™ —alail), E) —k(div(ahol), TIEE - E)|
= |k(o'e"" —a)0" + ol —ai0)"), VE) + k(div(ajal]), T;E - £
< Chlo' - a4 1, €'l + kR Sain(ototh) ], I9€

i P2 vk i
kana —6h||0+Ckh4+?”V5 ”0'
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When & = O(k), by Taylor’s formula, we acquire

| (w, — i = T (ur, — "), €7 - TEY) |
< O |V (u - i) || 9,
. . ) ) k .
= aP(|VE g + [ V(S = s g+ [VET ) + S| VE g
i i- ky i
< Ch|[E||; + Ckh* + Ch| & 1||§+?||v5 2. (54)

Because B(d, Syu’ — u') = —k8(Qup' — pn(Qup’), On — puy), by the property of the map 7,
and (51), we obtain

B(&', &) = B(&", S’ —u') + B(&', u' — u))
S, . o . S, . ) ) .
= —5(51 —mpE' & - mpE’) - 5(51_1 - mpE E - mEY)
5. I -
< & -mgg+ T &7 - me 5. (55)
When N0||Vu2||o <1/4(i=1,2,...,N), by (3), (8), and Lemma 4, we acquire
K vk (o i £~ ) = A (€, )| < i + Y Jver 2 (56)
By combining (52) and (53)-(56), we acquire
, . kS, . . k8, . ;
|05 + kv [ V€5 + 1" = me g - 67 = mae ™
< Ckh* + Ch|| €72 + Ck|| o’ - o5 (57)

When p2 =p° =0 (or pg = Qup°), by summing (57) from 1 to i, we acquire
[&0 +2ky DNE g + ks [l&" — mg]
j=1

i i-1
5anh4+CkZ“07—ai‘}§ +C/<2H8jué (58)
j=1 j=0

By Gronwall’s Lemma 5, from (58), we acquire

||8i ||(2) +kZ|| V87||§ +k||§i —nhéi”i < C(h4 + kZ”ai —02 ||(2)) exp(Ckn). (59)

Jj=1 Jj=1

Extracting the square root of (59) together with utilizing Zﬁ:o la;|//n < (Zfzo a?)1? and
llcllo = Idllo < llc + dllo, we acquire

; 12
usfuwk[nvsinwHsfuo—nmiuo]sc(h4+kzuaf'—azuf,) | (60)
i=1
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When £/ # 0, we have ||&/]lg > ||m1&%|lo. Therefore, there is a real @ € (0,1) satisfying

oll€¥lo = llmrEl]lo. Thus, using the triangular inequality, Lemma 7, and (60), we acquire
; 12
S LR R (95 (et I
=
Set e; = Ry0' — ¢} By (51) and Lemma 8, we acquire
llesllg = (e:, e:)
=(Ryo' —c',e) + (o' 0}, €)
(R =0 &) + kA (u 0", ) — kAo (Ui, Ryo™ )
_k(Vulole) + (Vi Ryohe)]
+[ (o) prei — €) + kA (uj ', 0}, pre;) — kA (U™, 0, )
+k(Vu'o', &) —k(Vuy o), pje) + (07 — o)t e) - (o), prei —€)]
= (o, -0} prei—e) + k(Vu'Ryo', &) — k(Vul o}, pjie;)
+ kAy(uj', 0}, pie;) — kA (u) ', Ryo ', €;). (62)

By Lemma 4 together with the Holder and Cauchy-Schwarz inequalities, we acquire

(o}, — 05 prei - )
= Ch(lleillo + [Ruo" — o', + o’ = o™,

+ o™ =R, + lleicallo) I Vesllo
1
< Ch(h* + K*1* + lle;l|§ + lle1lly) + §||ei||(2), (63)
‘k(Vuﬁ,‘thai, e,') - k(VuZ‘lafq, p,’;ei)’

1
=3 lle:ll3 + Ckh®. (64)

When N0||Vu§,||o <1/4 (i =1,2,...,N), by (4), Lemmas 3 and 4, and the Holder and
Cauchy-Schwarz inequalities, we acquire

Ik Aoy (u 0}, p55) — kAo (u Ry )| < ineng + Chi?. (65)
When % = O(k), by combining (62) with (63)-(65), we acquire

leill§ < Ck(h* + llell§ + lleiallg)- (66)
If k becomes sufficiently small so as to ensure Ck < 1/2 in (66), we acquire

llesll3 < lle1llg + Ckh*. (67)
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By summing (67) from 1 to i and using Lemma 8, we gain

leill§ < Ciki* + lleo |l
< Ch* + C|Ryo® = a°|, + Cllo - pyo |12

< Ch*. (68)
Further, we get
leillo < CH*. (69)
By the triangle inequality, (69), and Lemma 8, we acquire
lof o, < Cr®. (70)
By combining (61) with (70), we acquire
Juf =, |V (=), = | =} ] < O o

By combining (70) and (71) with Theorem 2, we achieve (48). When &/ = 0, (48) is valid,
too. This accomplishes the argumentation of Theorem 9. O

Remark 4 It can be easily seen from Theorem 6 together with its argumentation proce-
dure that, when ||[Vu||o and || V|| are small enough, the conditions NOIIVuﬁlIIO <1/4
(i=1,2,...,N) of Theorem 9 are tenable.

4 Some numerical experiments
Here, we adopt some numerical experiments to check the feasibility and effectiveness of
the above SFVE format.

Let the computational domain © = {(x,y) : 0 < x < 50,30 <y <70} U {(x,7) : 50 < x <
100,0 <y <100}, Re = 1,000, and the initial and boundary values of the flow velocity ul =
Uo = (Ux0, ty0) = (2(y — 30)(70 — ), 0) on {(x,y);x = 0,30 <y <70} and u® = ug = (uy0, Uy0)
that satisfies du,0/dx = pRe and u,9 = 0 on {(x,) : x = 100,0 < y < 100}, but u® = ug =
(4x0, uy0) = (0,0) on other sides of ©, while the initial and boundary values of the stress
0 = (0m)2x2 satisfy that 011 = 093 = 1 and 013 = 091 = 0. Moreover, we divided {(x,7):0 <
x <50,30 <y <70} into 5,000 x 4,000 = 2 x 107 small squares of side size Ax = Ay = 0.01
and divided {(x,7) : 50 < x < 100,0 < y < 100} into 5,000 x 10,000 = 5 x 107 squares of
side size Ax = Ay = 0.01, too. And then, we linked the diagonal of each square to split
it as two triangles along the identical direction, to constitute triangularizations <;, with
h=+2x1072. Finally, we adopted the barycenter control element 3}, whose nodes were
the barycenter point for the element K € Jj,. For the sake of ensuring /# = O(k), we chose
k=0.01.

By solving the SFVE format on Microsoft Surface Book PC, we achieved the approximate
solutions of u, p, 011, 012, 091, and 0y, at moment ¢ = 10 and painted them in Charts (a)’s
of Figures 2 to 7, respectively. The SMFE solutions of u, p, 011, 012, 021, and o33 at moment
t = 10 were obtained by solving the SMFE model in [7] on the same PC, and they are
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Figure 2 The streamline of numerical solutions of the flow velocity u. Charts (a) and (b) are severally the
SFVE and the SMFE solutions at moment t = 10.
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Figure 3 The numerical solutions of the pressure p. Charts (a) and (b) are severally the SFVE and SMFE
solutions at t = 10.

Figure 4 The numerical solutions of the stress component a1. Charts (a) and (b) are severally the SFVE
and SMFE solutions at moment t = 10.

painted in Charts (b)’s of Figures 2 to 7, respectively. These charts showed that the SEVE
solutions were more stable than the SMFE solutions due to the SEVE method maintaining
local mass or other conservation laws.

Charts (a)’s and (b)’s of Figures 8 and 9 severally showed the L?-norm errors (log10)
for the SFVE and SMFE numerical solutions of the flow velocity u, pressure p, and stress
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Figure 5 The numerical solutions of the stress component a1;. Charts (a) and (b) are severally the SFVE
and SMFE solutions at moment t = 10.
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Figure 6 The numerical solutions of the stress component 0>. Charts (a) and (b) are the SFVE and SMFE
solutions at moment t = 10.
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Figure 7 The numerical solutions of the stress component 03;. Charts (a) and (b) are severally the SFVE
and SMFE solutions at moment t = 10.

0 = (Oyn)2x2 on the time interval [0,10], which were estimated by ||rﬁ, - rﬁl’1||o (r=u,p,
oroy,1<i<Nand/n=1,2)because ||r(t;) - r,illo < 25:1 ||r2 - r;lllo when r(ty) = rg.
From developing tendencies of the error curves of Figures 8 and 9, we can easily see that
the errors of SFVE solutions increased far slower than those of the SMFE solutions, which
further showed that the SFVE method here was more stable than the SMFE format in [7].
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Figure 8 The L2-norm error tendency of the numerical solutions of the flow velocity u and the
pressure p. Charts (a) and (b) are severally the error of the SFVE and SMFE solutions on 0 < t < 10.
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Figure 9 The L2-norm error tendency of the numerical solutions of stress. Charts (a) and (b) are
severally the errors of the SFVE solution and the SMFE solutionon 0 <t < 10.

This signifies that the SEVE method here is more effective than the SMFE model in [7]
for solving the 2D nonlinear incompressible viscoelastic flow equation. The error curves
for the SFVE solutions also expressed that these numerical simulating conclusions were

in agreement with those theoretical ones because no error was greater than 1074,

5 Conclusions

In this study, we have directly set up the SFVE format with a non-dimensional real together
with two Gaussian quadratures by means of the time semi-discretized format of the 2D
nonlinear incompressible viscoelastic flow equation. Therefore, we can not only bypass
the semi-discretized SFVE technique with respect to the spatial variables, but can also
remove the limitation of Brezzi-Babuska inequality so that the theoretical study here is
more convenient than other existing methods used in the time-dependent Navier-Stokes
problems (see, e.g, [9, 15, 16]). We have analyzed the existence and stability as well as
convergence for the SFVE solutions and verified that the SFVE method is more superior

than the SMFE method by comparing their numerical simulation results, too.
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