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Abstract
In this paper, we look for periodic solutions of planar Hamiltonian systems

X' =fy)+p(ty),
Y ==g(x) + pa(t,X).

By using the Poincaré-Birkhoff twist theorem, we prove the existence and multiplicity
of periodic solutions of the given system when f satisfies an asymmetric condition
and the related time map satisfies an oscillating condition.
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1 Introduction
In this paper, we are concerned with the existence and multiplicity of periodic solutions

of planar Hamiltonian systems

{ X =f() +pi(t,y), 1.1)

¥ =—gx) + pa(t, %),

where f,g: R — R are continuous, p; : R?> — R (i = 1,2) are continuous and 27 -periodic
with the first variable t.
In the case when f(y) =y, p1(¢,y) = 0 and p» (¢, %) = p(t), system (1.1) becomes

x =y,
Y =—gx) +p(t),

which is equivalent to the differential equation

&+ g(x) = pl). (1.2)

The existence and multiplicity of periodic solutions of Eq. (1.2) have been widely studied

in the literature (see [1-5] and the references therein). Recently, the periodic solutions of
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planar Hamiltonian systems have been studied with an increasing interest (see [6—11]). In
[11], Fonda and Sfecci studied the periodic solutions of the planar Hamiltonian systems of
the type

=gy, ¥=-g@x). 1.3)
Assume that the following conditions hold:

L, . L,
a, < liminfM < hmsupM <at,

Jy—>+00 y y—>+00

L, . L,
a_ gliminf’w < 11msupM <a

y=—x y y—>—00

’

and

t,
<limsup ‘M <b*
X—+00 X

t,
b, < liminr &%
X—>+00 X

’

b_ <liminf

X—>—00

t, . L,
&%y %) <limsup g_z( %) <b,
x

X—>—00

+

where a®, a., b* and b.. are positive constants. It was proved in [11] that system (1.3) has

at least one 27 -periodic solution provided that there exists an integer 7z > 0 such that

() )
and
() )it

In the present paper, we shall deal with the periodic solutions of system (1.1) when the non-

resonant conditions (1.4) and (1.5) do not hold. Assume the following conditions hold:

(l) g satisfies limyy_, ;00 SgN(X)g(x) = +00;
(hy) there exists a constant L > 0 such that, for all x,y € R, |g(x) —g(y)| < L|x - y|;
(h3) the limits limy_, .00 pi(;’y) =0 (i = 1,2) hold uniformly with respect to ¢ € [0,27];

(h4) there are two positive constants a and b such that

lim M =a, lim @

y—>+00 y y—>—00 y

=b.

It is well known that the time map plays an important role in studying the periodic so-
lutions of Eq. (1.2) (see [1, 2, 5] and the references therein). In this paper, we also use the

time map to study the periodic solutions of system (1.1). Let us set

Gx) = ‘/0 g(s)ds.
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Under condition (/;), we can define the time map

d(c) dS
Tie)= /w@ V2(c-GE)

for ¢ > 0 large enough, where w(c) and d(c) satisfy w(c) < 0 < d(c) and G(w(c)) = G(d(c)) = c.
Assume that the time map 7(c) satisfies the condition:

(r) There exist a constant o > 0, an integer n > 0, and two sequences {ax} and {bi} such
that limy_, o0 @k = +00, limy_, o bx = +00; and moreover

2 2
T(ag) < —ﬂ—a, (b)) > —n+a,
mn mn

where m = ﬁ + ﬁ and a, b are given in condition (/4).

We prove the following theorem.

Theorem 1.1 Assume that conditions (h;) (i =1,...,4) and (t) hold. Then system (1.1) has
infinitely many 21 -periodic solutions {(x(t), yx(t))}32, which satisfy

lim <m'1g1(}xk(t)| + |yk(t)|)) = +00.

k—o0 \ te

Moreover, for each integer k > 1, both x;(t) and yi(t) have exactly 2n simple zeros in [0, 27).
From Theorem 1.1 we can obtain the following corollary.

Corollary 1.2 Assume that a, b are two positive constants, e, p : R — R are continuous and
conditions (h;) (i = 1,2) and (t) are satisfied. Then the same conclusions of Theorem 1.1 still
hold for the system

x' =ay* — by +e(t),
y = —gx) + p(2).

Remark 1.3 From condition (/4) we know that f can be written in the form

SO)=ay" —by” +h(y),
where /1 : R — R is continuous and satisfies

lim @z

[yl=>+00 y

0.

Therefore, it suffices for us to prove the main theorem for the system

¥ =ay* —by +p1(L,y),

(L1
¥ =—gx) + pa(t, %),

where p; (i =1,2) satisfy condition (/3). In the case a = b #1, by introducing a rescaling of
the time s = at, u(s) = x(3), v(s) = y(3), we find the equivalent system of (1.1)" (having the
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classical form)

u =v+qlsv),
V = —g() + qals, ).

Such a rescaling cannot be easily applied in the case a # b because we do not know when
the solution will change its sign.

We finally stress the fact that the proofs of the above results will be given under the ad-
ditional assumptions that f and p; (i = 1,2) are locally Lipschitz continuous with variables
y or x. It is shown in Section 4 that this requirement is not restrictive and that our results
are valid for any continuous functions f and p; (i = 1,2).

2 Basiclemmas

At first, we consider the auxiliary autonomous system
=ay -by, ¥y =-gk). 21

The orbits of system (2.1) are curves determined by the equation

1 1
I an” + 5by-z +Gx) =c, (2.2)

where c is an arbitrary constant. We can easily prove the following lemma.

Lemma 2.1 Assume that condition (h1) holds. Then there exists a constant cy > 0 such that,

forany ¢ > co, I is a closed curve which is star-shaped around the origin O.

From Lemma 2.1 we know that, for ¢ > ¢y, each I'; intersects with the x-axis at two
points (w(c),0) and (d(c), 0), where w(c) and d(c) are continuous and satisfy

w(c) <0 <d(c), G(W(c)) = G(d(c)) =c.

Let (x.(2), y.(£)) be the solution of system (2.1) lying on the curve I, with ¢ > ¢y. Obviously,
(2c(2),y.(¢)) is periodic. Let us denote by T'(c) the least period of (x.(t), y.(£)). From the first
equation of (2.1) and (2.2) we have that

ro=(Lo L)
Va  Vb) Juo V20c=Gs)

By the definition, T'(c) is continuous for ¢ > ¢y.
Now we perform some phase-plane analysis for system (1.1)". Let (x(£), ¥(£)) = (x(¢, %0, ¥0),
¥(t,%0,0)) be the solution of system (1.1)’ satisfying the initial condition

x(0) = xo, ¥(0) = yo.

Lemma 2.2 Assume that conditions (h;) (i = 1,2, 3) hold. Then each solution (x(¢),y(t)) of
system (1.1) exists uniquely on the whole t-axis.
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Proof The proof follows directly from the fact that the nonlinearities are locally Lipschitz
continuous and all have at most linear growth. O

According to Lemma 2.2, the Poincaré map P : R?> — R? is well defined by

P (x0,y0) = (%1, 71) = (%(277, %0, %0), (277, %0, ¥0) ).

Clearly, the Poincaré map P is an area-preserving homeomorphism. The fixed points of P
correspond to the 27 periodic solutions of system (1.1)".
Now, we take the polar coordinates transformation x = rcos 6, y = rsin6 to system (1.1)".

Under this transformation, system (1.1)" becomes

% = r(asin* 6 — bsin™ 0) cos O — g(rcos @) sinb + p;(¢,rsinb) cos o
+ py(t,rcos0)sinb,
o P (2.3)

& = —(asin* 6 — bsin~0) sin6 — 1g(rcos6) cosd — 1pi(t,rsin6) sinf
+ %pz(t,rCOSO)cose.

Denote by (r(¢),0(t)) = (r(t, ro,00),0(t, ro,600)) the solution of (2.3) with the initial value
r(O) =70, 9(0) = 90’

with xg = rg cos 6y, yo = ro sinfy. Clearly, the Poincaré map P can be written in the polar
coordinate form P: (rg,0p) — (r*,0*) with

r* =r(2m,79,0p), 0* =0(2m,rg,0y) + 2im,

where [ is an arbitrary integer.
Applying the polar coordinate transformation x = p cos @, y = p sin ¢ to system (2.1), we
get

42 _ p(asin® ¢ —bsin” ¢)cos —g(pcosg)sing,

dt —
‘ ' . ' ) (2.4)
d—f = —(asin® ¢ — bsin™ ¢)sing — ;g(p COS @) COS .

Denote by (o(2), ¢(t)) = (p(t, po, 90), ¢ (£, o, po)) the solution of (2.4) satisfying the initial

value

p(0)=po,  ¢(0) = po.
Using conditions (%;) (i =1,2,3), it is not hard to prove the following lemma.

Lemma 2.3 Assume that conditions (h;) (i = 1,2,3) hold. Then there exist constants y > 1
and Ry > 0 such that

7
= <r(t) <yro, Vte[0,27],ro > Ro.
14

In particular, under conditions (h;) (i = 1,2), p(¢) satisfies the inequality

% Sp(t)SVpO’ Vte [0’27-[]!100 ZRO
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Lemma 2.4 Assume that conditions (h;) (i = 1,2, 3) hold, and let
(1o, 60) = (27, 70,00) — bo; O(ro,00) = 0(27,70,00) — bo.
Then, for any sufficiently small ¢, there exists a positive constant { such that
|®(ro,60) — O(ro,00)| <& forrg>2¢.
Proof Let (x(t),y(t)) = (%(t,x0,0),¥(t,%0,Y0)) be the solution of (2.1) with (x(0),(0)) =
(0, y0)- Itis noted that (x(£), y(£)) = (x(£,%0,¥0), ¥(£, %0, ¥0)) is a solution of system (1.1)" with

(%(0),5(0)) = (x0,¥0). Set

u(t) = u(t’xO!yO) = x(tle!yO) _‘;C(t’xOIyO)x

V(t) = V(t)xO,yO) :y(terryO) _}_/(t’ xod’o)~

Then we have

d

Zl(tt) =aly () -y (O] -bly () -y @)] + pr(t.¥(2)),
d

;(tt) = -[g(x(@®) - g(%(®)] + p2 (£, %(2)).

Let d(t) = /u?(t) + V(). Then we get
d'(t) < 8d(t) + |pr (6, y(0) | + |p2 (£, (1)) |

with § = %(M + L), u = max{a, b}. From condition (/3) we have that, for any sufficiently
small n > 0, there exists ¢, > 0 such that

I (&)] <nlyl +¢, V(t,y) €R?
and

p2(t,%)| < nlxl +¢,,  V(t,x) € R
Therefore, we obtain

d'(t) < 8d(t) + n(|x(8)] + [(2)]) + 2¢,.

Solving this inequality, we get

2 2w
d(t) < e’ /0 ([x@] + [y@)]) dt + 4, < V2ne™™ /0 V() + 2 () dt + A,

26,,e2”‘S
8

where A, = . It follows from Lemma 2.3 that, for ¢ € [0,27],

d(t) < nro + Ay,
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where B = 2+/2mye¥™ . Write ¥ (t) = ¥ (t, ro,600) = @(, 1o, 60) — O(t, 79, 0p). Clearly, if |1/ (£)| <
7, then ¥ (¢) is just the angle between the vectors (x(¢), y(¢)) and (x(£), y(¢)). Hence, we have

PO+ p*) - d*(@1) d*(t)

cos Y (t) = 200 = 2r(0p0)

It follows that

il’12 m < 7d2(t) .
2 T ar(t)p()

According to Lemma 2.3, we have that if ) is sufficiently small and ry is large enough, then

‘Sm@‘ L4 _rro+dy) &
2 17 2yr(®)p(t) 2ro 4

Since ¥ (0) = 0 and ¥/ (¢) varies continuously as ¢ increases from 0 to 277, we have

. v(@)
sin ——

[y (8)] <4 >

<e.

Consequently, we have that there exists ¢ > 0 such that, for ry > ¢,
’@(7’0,90)—@(7’0,80” <g, Vroz;‘. O

Lemma 2.5 Assume that conditions (h;) (i = 1,2) and (t) hold. Then there exists a constant
> 0 such that, for t € R and k large enough,

‘/’/(t) S —Cl),
with (pg cos @g, po sin@g) € 'y, 0or (0o €OS @o, po Sin@p) € Ty,
Proof From the definition of T'(c) and condition (7) we know that, for each k € N,
21 21
T(ax) < — —mo; T(by) > — +mo.
n n
In what follows, without loss of generality, we assume that the sequence {T'(by)} is
bounded. Otherwise, we can replace the sequence {T'(by)} with a bounded one because
T(c) is continuous for ¢ large enough. We shall only deal with the first case, and the sec-
ond one can be proved similarly. Let us set

di = d(ax), wi = wlax).

Obviously, dy — +00, wx — —o0 as k — oco. Next, we prove that there exist two positive
constants v; (i = 1,2) such that

d
liminf€% _ L. mine M) _
k— 00 k k— 00 Wi

V.
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Assume by contradiction that

d
lim inf $%)

k—o00 k

=0.

Then there exists a subsequence of {d} (we still denote it by {d\}) such that

g(d)

dm = =
Set
gldk) e
dy

We have that ¢ — 0 as kK — oo. From condition (/4,) we know that, for 0 < x < d,

g ' Cle)  gld)| _ lg(di) —g)|  |g(di)(dx — %)
= - = | - < -
X X dy X dix
< L(di —x) . (L . Ig(O)I) (dk —x)'
x dy X

For simplicity, we assume g(0) = 0. Then we get that, for 0 < x < d,

‘@_Sk‘<2L(dk—x)'
X

- X
Consequently, we have that, for 0 < x < d,
g(x) < exx + 2L(dk — x).

It follows that, for 0 < x < dj,

di dg
G(dy) - Gx) = / gls)ds < / [skx +2L(dy — x)] dx
= %5k(d1% —xz) + L(dk —x)2.

From the definition of 7" we have that

T di dx dy dx
= ) -
@w=m| e =Ge) '”/o NACCARED)]
d dx
>m
/0 \/sk(d,% —x2) + 2L(dj — x)?

_m/1 dt
o Ja-2) 2L -2

Since

limint /1 dt o1 /1 dt
imin > — =400,
koo Jo Jer(1—12) +2L(1—1)> ~ /2L Jo 1-¢
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we have that
lim T(ax) = +00.
k— o0

This is a contradiction because T(ay) is a bounded sequence. Therefore, there exists a
constant v; > 0 such that

iminf S _

k— 00 k

V1. (2.6)

Similarly, there exists vy > 0 such that

liminf M =v,.

k—o00 Wi
From condition (/;) and (2.5), (2.6) we know that there exists sufficiently small &g > 0 such
that, for k large enough and x € [(1 — &¢)dy, di],

20l 1
St o T 2.7)

o) _ gld) 2Udi-x) 1
x T d x -2 1-¢gg

Therefore, if p(t) cos ¢(t) € [(1 — &9)dk, di], then we have
: - . , 1,
¢'(t) < —(asin® () — bsin™ ¢(t)) sing(t) — 2 1cos o) < -,
where w; = min{a, b, %vl}. Next, we deal with the case p(t)cos@(t) € [0,(1 — &9)dy]. Set
xk = (1 — &o)dy. Assume that the line x = x; intersects with the curve I';, at two points

(x,y;) and (x, y;) with y; < 0 < y;{. Then we have

1 1
an,tz + G(xy) = ax = G(dy), Eby;2 + G(xx) = ax = G(dy).

Therefore, we get

= \/ 2 (60~ G(a-eod)), = —\/ - (6ld0) - G((1 - e0)d)).

From (2.7) we have

i \/%(G(dk) - G((1 - e0)dy)) _ [ som

Xk (1 - &0)d ~V 2a(1 - &)
and

v 3G - G- e0)di) sy

Yk __ - oV

Xk (1 - &0)dx — YV 2b(1-¢o)
Set

B* = arctan foln B~ = arctan foln

2a(1 - &) 2b(1 - &)
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From condition (/;) we know that there exists A > 0 such that g(x) > 0 for x > A. If
o(t)cosp(t) € [A, (1 — &o)dy] and p(t) sin p(¢) > 0, then we have

1
@' (t) < —asin® B* — —g(pcosg)cos g < —asin® B*.
0
If p(¢) cos ¢(¢) € [0,A] and p(£) sinp(£) > 0, then we have that, for p, large enough,
/ 2 p+ 1 1 -2 o+
¢'(t) < —asin” B" — —g(pcosp)cosp < —ia sin” 8*.
0
Similarly, we have that, if p(£) cos ¢(¢) € [A, (1 — &¢)dx] and p(£) sinp(¢) < 0, then we have
/ Lo, 1 9
¢'(t) <-bsin" B~ — —g(pcosg)cosp < —bsin” .
0
If p(£) cos ¢(t) € [0,A] and p(¢) sinp(t) < 0, then we have that, for p, large enough,
/ -2 - 1 1 -2 H—
¢'(t) <-bsin” B~ — —g(pcosg)cosp < —Ebsm B.
0
In conclusion, we have proved that there exists w; > 0 such that

(p/(t) S )

with (oo cos @o, po singg) € Ty, p(t)cosp(t) > 0 and k large enough. Similarly, we can
prove that there exists @y, > 0 such that

(p,(t) S _wlz,

with (pg cos @, po singy) € T'y, p(t)cosp(t) < 0 and k large enough. Let us set w =
min{w,, w5 }. Then we have that

(p,(t) S -,
with (09 cos o, po singp) € I'y, and k large enough. O

Lemma 2.6 Assume that conditions (h;) (i = 1,2) and (t) hold, and let ®(py, o) =
©(27, po, o) — @o. Then there exist two positive constants § and oq such that

®(po, po) < —2nm -4, (po cos o, po singo) € Tay,  ar > 0o;

®(p0, 9o) > —2nm + 6, (0o cos @o, po singg) € 'y, br > 0o.
Proof From Lemma 2.5 we have that there exists oo > 0 such that, for a; > oo or by > 0o,
0'(t) < -, (o cOs 9o, po singg) € Ty, or  (po COS Yo, po Sin@g) € Ty,

Write ®(pg, ¢o) = —2Im — ¢, where [ > 0 is an integer, 0 < ¢ < 27. Let us denote by ¢, the
time for ¢() to decrease from -2/ to —2Im — ¢. If (09 cos @o, po sin @) € 'y, , then we have

27 = 1T (ay) + ty = Imv(ag) + ty.
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Since t, < T(ax) = mt(ax), we have
21
2w =Imt(ag) +ty < (L + Dmr(ar) < ([ + 1)<— - ma).
n

It follows that [ > n. If [ > n + 1, then we have
®(pg, o) = —2Ilr —p < -2(n+1)m.

If [ = n, then we have
2
ty =2m —nmmt(ay) > 2w —n| — —mo | > nmo.
n

Therefore, we get

nT(ag)+ty
-0 = / ¢'(t) dt < —nmo w.
nT (ag)

Furthermore,
D(po, o) < —2nT — NMO W.
Set § = min{2m, nmo w}. Then we have

®(pg, o) < —2nm -6, (o cos o, po singg) € 'y, ax > 0o

Similarly, we can prove

®(po, 9o) > —2nm + 6, (oo cos @o, po singg) € ', bi > 0o. O

3 Proof of the main theorem
At first, we recall a generalized version of the Poincaré-Birkhoff fixed point theorem by
Rebelo [12].

A generalized form of the Poincaré-Birkhoff fixed point theorem. Let A C R? be an
annular region bounded by two strictly star-shaped curves around the origin, I'; and Ty,
I'; C int(I"y), where int(I'y) denotes the interior domain bounded by I';. Suppose that F :
int(T'y) — R? is an area-preserving homeomorphism and F|.A admits a lifting, with the
standard covering projection IT: (r,0) — z = (rcos 8, rsin0), of the form

F|A:(r,0) —> (w(r,@),@ + h(r, 9)),

where w and / are continuous functions of period 27 in the first variable. Correspondingly,
for T'; = IT}(I";) and T, = IT7(I",), assume the twist condition

h(r,0)>0 onTy; h(r,0) <0 onT.
Then, F has two fixed points zj, z; in the interior of A such that

h(IT™(z1)) = h(TT(22)) = 0.
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Remark 3.1 The assumption on the star-shaped boundaries of the annulus is a deli-
cate hypothesis. Martins and Ureria [13] showed that the star-shapedness assumption on
the interior boundary is not eliminable. Le Calvez and Wang [14] then proved that star-
shapedness of the exterior boundary should also be imposed, while this assumption was

not made in Ding’s theorem [15].

Proof of Theorem 1.1 From Lemmas 2.4 and 2.6 we know that there exists an integer ko > 0
such that, for any k > ko,

0127, ry,600) — 0 < —2m7, (rocosby,rgsinby) € Iy, (3.1)

9(27’[,1’0,90)—90 > —-2nm, (r()COSQo,Y'o Sil’l@o) erk. (32)

Without loss of generality, we assume that ay < by < ay1 for k > ko. Let Dy be an annular
region with boundary I';, and I',. Consider the Poincaré map P : Dy — R?. Write the

Poincaré map in the form
r* =r(2m,ro,60), 6" =0 + ©*(ro,60),
where @*(rg,0y) = 0(27,ry,60) — Oy + 2nm. From (3.1) and (3.2) we know that, for k > ko,

®*(}”0,90)<0, (V()COSQ(),I"() sin@o)e Fﬂk’

®*(rg,00) > 0, (rocosbp,rgsinby) € Iy,.

Therefore, the area-preserving homeomorphism P is twisting on the annulus D;. On the
other hand, by Lemma 2.1, we have that both I';, and I';, are star-shaped with respect
to the origin O for k large enough. Consequently, all assumptions of the generalized form
of the Poincaré-Birkhoff fixed point theorem are satisfied. Therefore, the Poincaré map P
has at least two fixed points in annulus Dy. Furthermore, system (1.1)" has infinitely many

27 -periodic solutions {(xx(£), yx(£))}72; which satisfy

klggo<1}glg(}xk(t)\ + \yk(t)!)) = +00.
Clearly, each 27 -periodic solution (xx(t), yx(¢)) rotates clockwise strictly » turns around
the origin in the interval [0, 27 ]. It follows that both x4(£) and yx(¢) have exactly 2 simple

zeros in [0, 27). Hence, the conclusion of Theorem 1.1 holds. O

From Theorem 1.1 we know that the existence of periodic solutions of system (1.1) has
tight relation with the asymptotic property of time map 7(c). In case g is odd, we can easily

check condition (7). Set

2G 2
G, =liminf ;x), G* =limsup

X—>+00 X X—>+00

G(x)

x2

From Theorem 3.1 in [1], we have the following lemma.
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Lemma 3.2 Assume that condition (h) holds, g is odd and G, < G*. Then

[ Tz } C[rit?]
NIV B
where t, =liminf,_, , 7(c), T° =limsup,_, ,, 7(c).
Applying Theorem 1.1 and Lemma 3.2, we can obtain the following corollary.

Corollary 3.3 Assume that conditions (h;) (i =1,...,4) hold. Let g(x) be an odd function
and G, < G*. If

m?n® 1 1
dneN, — €(G,,G" m=—+—|,
el ) ( Va «/Z)

then system (1.1) has infinitely many 21 -periodic solutions {(x(£), yx(£))}3o, which satisfy

fim (min(Jx(6)] + |y(0)]) ) = +oo.

in
k—00 \ teR

Moreover, for each integer k > 1, both xi(t) and yi(t) have exactly 2n simple zeros in [0, 27).

4 Concluding remarks

The restrictions on the local Lipschitz conditions of f and p; (i = 1,2) made in the proofs of
the above sections can be removed. Indeed, Lemmas 2.4 and 2.6 guarantee the applicabil-
ity of the following non-uniqueness version of the Poincaré-Birkhoff theorem which was
proved by Fonda and Urena in [16]. We now state this theorem for a general Hamiltonian

system in R?V. Let us consider the (time-dependent) Hamiltonian system

’ = V H t; » ’

* = VHExY) (4.1)
J/ = —VxH(t:x,J’);

where the continuous function H : R x RN x RN — R, H = H(t,x,y) is T-periodic in its
first variable ¢ and continuously differentiable with respect to (x,%), x = (x1,...,%4n), ¥ =
(3/1, e 1yN)

We next introduce the definition of rotation number of a continuous path in R?. Let w
[t1,t2] — R? be a continuous path such that w(t) # (0,0) for every ¢ € [t,, t,]. The rotation
number of w around the origin is defined as

6(t) - 6(n)

Rot(w(t); [t1, ]) = o

where 6 : [t;,£,] — R is a continuous determination of the argument along w, i.e., w(t) =
|w(t)|(cos O(¢),sinB(¢)).

Assume that for each i = 1,..., N, there are two strictly star-shaped Jordan closed curves
around the origin I'}, I'y C R? such that

0 e D(T}) c D(T}) C D(TH).
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Here we denote by D(I") the open bounded region bounded by the Jordan closed curve I'.
Consider the generalized annular region

A= DT\ D(TY] - x [P\ D(TY)] € R,

Theorem 4.1 ([16]) Under the framework above, denoting z;(t) = (x;(t), yi(t)), assume that
every solution z(t) = (z1(t), . ..,zn(t)) of (4.1) departing from z(0) € 3.A is defined on [0, T
and satisfies

zi(t) #(0,0) foreveryte[0,T]andi=1,...,N.
Assume that there are integer numbers vy, ..., vy € Z such that, for each i =1,...,N, either

<v, ifz(0)eTly,

Rot(z(2); [0, T1) { >v;, ifz(0) €T,

or

i ) i 0 Fi!
Rot(z;(2); [0, T1) 7Y l.fz (0)el
<v;, ifzi(0) eTs.
Then Hamiltonian system (4.1) has at least N + 1 distinct T-periodic solutions 2°(t), ...,
ZN(8), with 2°(0),...,2N(0) € A, such that

Rot(zf(t); [0, T]) =v; foreveryk=0,...,Nandi=1,...,N.

Remark 4.2 Itis noted that there is no requirement of uniqueness of Cauchy problems as-
sociated to system (4.1) in this higher dimensional Poincaré-Birkhoff theorem for Hamil-
tonian flows. In [17, 18], Theorem 4.1 is applied to prove the multiplicity of periodic solu-
tions of weakly coupled Hamiltonian systems. Theorem 1.1 in the present paper can also
be extended to a weakly coupled system of the type

x: :ﬁ(yi) +p1i(t’xry);

, (i=1,...,N), 4.2)
¥ = =gi(x:) + pai(t, %, )

where x = (x1,...,a4n), ¥ = O1;..,¥8), fisgi : R — R (i = 1,...,N) are continuous, pj; :
RN+ 5 R (=1,2,i=1,...,N) are continuous and 2 -periodic with the variable ¢. As-
sume that there is a function U : R*¥*! — R such that

ou au .
8_(’896,}’) =P1i(t;x»y): _(t)x)_y) = _pzi(t;xry) (l = 1) . '~1N)'
_yi Bxi

In this case system (4.2) is a Hamiltonian system. Simple examples of such functions can
be given. For example,
i=N
Uut,x,y) =pt) 1_[ sinx; sin y;.

i=1

Assume that the following conditions hold:
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(hy) g satisfies limyy)—, ;o0 SgN(24)gi() = +00,i=1,...,N;
(M) there exist constants L; > 0 such that, for all u,v € R, |gi(u) — gi(v)| < Li|lu — v|,
i=1,...,N;
(h3) there are constants M; > 0, M, > 0 and 0 < y; < 1 such that |p;(t,x,y)| <
Mi(Jx;| + y:])Yi + My forall £ € [0,27], (x,9) e RN, j=1,2,i=1,...,N;
(M) there are positive constants ; and b; such that
A tim A9 _y,

lim =a;
V—>+00 VY v—>-00 VY

i

Set G;(u) = foug,'(s) ds,i=1,...,N. Let us define the time maps

di(c) ds
e [
wile) ~2(c—Gi(s))
for ¢ > 0 large enough, where w;(c) and d;(c) satisfy w;(c) < 0 < d;(c) and G;(w;(c)) =
G;(di(c)) = c. Assume that the time map t;(c) satisfies the condition:

(t) There exist constants o; > 0, integers n; > 0, and sequences {a}‘(} and {b}‘(} such that

limg_, o0 ), = +00, limg_, o b} = +00; and moreover

) 2 ; 2 .
ti(at) < — -0, (b)) > —+0;, i=1,...,N,
k k
min; min;
where m; = ﬁ + \}17 and a;, b; are given in condition (/).
13

With a slight modification of the proof of Theorem 1.1 and using the higher dimensional
Poincaré-Birkhoff Theorem 4.1, we can prove the result.

Theorem 4.3 Assume that conditions (h}) (i =1,...,4) and (t') hold. Then Hamiltonian
system (4.2) has infinitely many 21 -periodic solutions {(x*(t), y* (DR, which satisfy

lim <min(}xk(t)| + |yk(t)|)) = +00,

k—oo \ teR

where |x*(t)| = Zﬁjv |xf(t)|, ly<(£)| = Zizf[ |y{f(t)|.M0reover,for each index i, both xf(t) and
yf (t) have exactly 2n; simple zeros in the interval [0,27).
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