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Abstract
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1 Introduction

In this paper, we consider the following problem:

—a(q, |ul” dx)Au =fi(x,u), xin<Q,
u>0, xing, (1.1)
u=0, xonod,

where € RN is a smooth bounded domain, y € (0,+00), and a : [0, +00) — (0,+00) is a
continuous function with

inf a(t) > ag =a(0)>0.
te[0,+00)

Chipot and Lovat [1] considered the following model problem:

u—a(fqu(zt)dz)Au=f inQx(0,T),
ulx,t)=0 onT x(0,T),
u(x,0) = up(x) on Q.

Here  is a bounded open subset in RN, N > 1, with smooth boundary I', and T is an
arbitrary time. The diffusion coefficient a is a function from R into (0, +00), which depends
on the entire population in the domain rather than on the local density, and u describes
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the density of a population subject to spreading. If y = 2, then we get the well-known
Carrier equation. The fact that (1.1) appears in some applied mathematics attracts a lot
of attention. With the aid of the Krasnoselskii fixed point theorem and the Schaefer fixed
point theorem, by the monotonicity of f;, Corréa [2] considered the existence of positive
solutions of (1.1) for y > 1. By establishing a comparison principle, Corréa et al. [3] proved
the existence of positive solutions to (1.1) also for y = 1. Under the assumption that A(x, u)
(which is generalized from the nonlocal term a(s)) is bounded, there are some results on
the existence of positive solutions and the existence of n distinct solutions; see [4, 5].

Another nonlocal elliptic equations are the Kirchhoff elliptic problems like

—a(|ul|®)Au =f(x,u), xin <,
u>0, xin§, (1.2)
u=0, xondQ,

related to nonlinear vibrations of beams, where 4 : R — R is a given function, and || - ||
denotes the usual norm in H}(<2). In this case, variational methods are used to consider the
existence of the solutions to (1.2) because the nonlocal operator u — a(||u||) Au possesses
a variational structure; see [6—13] and the references therein. Especially, for the Kirchhoff
elliptic equations

—a(l|lull*) Au = Af (0) || + g(x)|ulP2u, xinQ,
u>0, xin$, (1.3)

u=0, xonadg,

Chen et al. [14] examined in detail the number of solutions admitted subject to the vari-
ations of parameters embedded in nonlinear terms. For the case a(t) =1, the existence
and multiplicity of positive solutions for the elliptic equations has been extensively inves-
tigated; see [15—22]. Especially, Ambrosetti et al. [23] studied the equation

—-Au=iul+u’, xin <,
u>0, xin€Q, (1.4)
u=0, xond,

and established multiple results for different A, where € is a bounded domain in RN with
0<g<l<p=<2*(2*= ]3—]_\[2 if N>3and 2* = +oc0if N =1,2)and A > 0.

Naturally, we hope that there are some interesting results for (1.1) that are similar to
those in (1.3) and (1.4) in [14, 23] and references therein. Notice that the methods used in
[8-11,14-16,19, 21-25] are the sub-suppersolution method, theory of topological degree,
and the variational method. Unfortunately, the operator u — a( fQ |u(x)|” dx) Au has no
variational structure. Up to now, the tools to study (1.1) are a fixed point result with Leray-
Schauder condition and the Schaefer fixed point theorem. Very recently, Alves and Covei
[26] established the sub-supersolution method, which can be used to study the existence
of weak solutions for a large class of nonlocal problems.

Motivated by the works of [14, 23, 26, 27], in this paper, we study the existence and
multiplicity of the classical positive solutions for (1.1). The paper is organized as follows.

In Section 2, according to the idea in [26, 28], we prove the existence of solutions be-
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tween well-ordered subsolution and supersolution to guarantee the existence of classical
solution to (2.1) and give a formula to calculate the degree. Section 3 presents the exis-
tence and multiplicity of positive solutions to (3.1), whenp>1>g>0o0rl>p>g>0,
which improves the results in [29], where the a(t) is bounded, or €2 is an annular region.
In Section 4, when nonlinearity is linear at u# = 0, by bifurcation theory we discuss the un-
bounded connected component for (4.1); and present sufficient and necessary conditions
for the existence of positive solutions to (4.7);. In Section 5, in the case where the non-
linear term is singular at # = 0, we consider the existence of positive solutions to (5.1);.
In Section 6, sufficient and necessary conditions of positive solutions to (5.1) are given to
guarantee that positive solutions to (5.1) are in C[0,1] or C'[0,1] when N = 1.

Notation In this paper we use the following notation.
Let u: Q — R is continuous, and || = max, g |u(x)|;
C(Q) = {u: Q2 — R|u(x) is continuous on £} with norm ||| = |#|sc;

CH) = {u € C(Q)|Vu(x) is continuous on L} with norm ||z|| = max{|u|es, | Vt]oo}-

2 Sub-supersolution method
Now we consider the general problem

—a( [, |u|” dx)Au = F(x,u), xin$,

(2.1)
u=0, xondg,

where © € RN is a smooth bounded domain, y € (0,+00), and a : [0, +00) — (0,+00) is a
continuous function with

ao = a(0) > 0.

Definition 2.1 The pair functions , 8 € C}(2) N C?(R2) are subsolution and supersolution
of (2.1) if

1 : 1O 2
i —Aa(x) < WF(?C,O[(&C)), xin Q,Vue C (Q) NnC (Q),

05|&)Q = O,

and
—A‘B(.?C) > mﬂx,ﬂ(x)), xin Q,Vu € Cl(ﬁ) N CZ(Q),
Blag = 0,

where x (x, u) = a(x) + (u — a(x))* — (u - Bx))*.

Definition 2.2 Let u,v € C}(Q). We say that u < v if u(x) < v(x) on € and u(x) < v(x) for
all x € 092, and if u(x) = v(x) for some x € I' C 9€2, then we write g—z lxear > % |xer-

Remark 2.1 S={u e CY(Q):a <u < B} isan open set if @ < 8.

We say that an open set S C C'(Q) is admissible for the degree if the compact operator
A has no fixed point on its boundary 0§ and the set of fixed points of A in S is bounded.
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In this case, we define
deg(I - A,S,0) = deg(I - A,SN B(0,R),6),

where R is such that every fixed point u# of A in S satisfies |l«|| < R. By excision property
this degree does not depend on R.

To be able to associate a degree with a pair of subsolution and supersolution, we have to
reinforce the definition.

Definition 2.3 A subsolution « of (2.1) is said to be strict if every solution « of (2.1) such
that o < u satisfies o < u.

In the same way, a strict supersolution § of (2.1) is a supersolution such that every solu-
tion u of (2.1) such that u < B satisfies u < 8.

Definition 2.4 The function F: Q2 x R is an L”-Carathéodory function if
1. F(-,u) is measurable for all # € Q;
2. F(x,-) is continuous for a.e. x € 2;
3. for all bounded set B C RY, there exists /15 € L?(S2) such that for a.e. x € 2 and all
u € B,

|F(x, u)| < hp(x).
Remark 2.2 The idea of the above definitions comes from [28].

If F is an L”-Carathéodory function with p > N, then the operator

F(x, u(x))

.cl(Q : a( (w1 dx)
N:CQ) = L) o e d)

is well defined, continuous, and maps bounded sets to bounded sets. Then the operator
A:CY(Q) - CY(Q) defined as

Au=(-A+0)7 (Nu+2ru), 1>0,
is completely continuous, and problem (2.1) is

u=Au, ir>0.
Theorem 2.1 Let Q € RN (N > 1) be a smooth bounded domain, and y € (0, +00). Suppose
that F : Q x R — R is a continuous function. Assume that « and § are the subsolution and
supersolution of (2.1), respectively. If there exists h € LP(2) (p > N) such that

|F(xv,u)| < h(x), xe€Qax) <u<pBx). (2.2)

Then problem (2.1) has at least one solution u such that, for all x € Q,

a(x) < ulx) < B(x).
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If, moreover, a(x) and B(x) are strict and satisfy a < B, then
S= {u e CHQ)|a < ,3}

is admissible for the degree, and
deg(I-A,S,0)=1.

Proof By L”-theory there exists R > 0 greater than max{||«||, || 8|} such that, for every F

satisfying (2.2) and every solution of (2.1) with @ < u < 8, we have
llaell < R.

Let

F(x,a(x)) if u<a(x),
Fr,u)= { Fxyu)  ifalx) <u<Bx)
F(x, B(x)) ifu> Bx).

We will study the modified problem (A > 0)

Flx10) + Ax(x,u), x€Q,

—AUF A= e T

(2.3)
ulyo =0,

where x (x, 1) = a(x) + (u — a(x))* — (u - Bx))*.

Step 1. Every solution u of (2.3) is such that a(x) < u(x) < B(x), x € Q.

We prove that a(x) < u(x) on Q. By contradiction assume that max, g(o(x) — u(x)) =
M > 0. Note that a(x) — u(x) = M on Q («(x) — u(x) <0, x € 9Q). If %y € Q is such that
a(xg) — u(xg) = M, then

0 < —A(a(xo) — ulxo))
- 1
= a( [y 1x (%, uo(x)) |7 dx)
_ 1 7
a(fo |x (%, uo(x))|” dx)
= —A(a(xo) — ulxo))

< 0.

F (o, at(x0))

(0, u(x0)) = Ax (%0, (%)) + Aa(ix)

This is a contradiction.
Now we prove that 8(x) > u(x) on Q. By contradiction assume that max, g(8 — u(x)) =
—m < 0. Note that 8(x) — u(x) 2 —m on Q (8(x) — u(x) > 0, x € Q). If xy € Q is such that:

B(xo) — ulxg) = —m, then

0 > —A(B(x0) — ulxo))
1

- a( fo 1x (x, uo (%)) dx)F(xo,ﬂ(xo))
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1 _
- F
a(fo 1x (@, uo(x))|7 dx)

= A(B(x0) — ulxo))
> 0.

(0, u(x0)) — Ax (%0, u(x0)) + Aa(ix0)

This is a contradiction.

Consequently,
ax) <ulx) < Bx), xeQ.

Step 3. Every solution of (2.3) is a solution of (2.1). Every solution of (2.3) is such that
a(x) < u(x) < B(x). Since F satisfies (2.2), we also have that | «| < R. Hence,

1 1
a(fo |x e u@)” dx) ~ a( [, |u(x)]” dx)’

f(x, M(x)) = F(x7 M(x)),

and u is a solution of (2.1).
Step 4. Problem (2.3) has at least one solution.
Define the operator

. LS , F(x, u(x))
N:C(Q)—>LP(Q):u— —d(fQ PENZEL

It is easy to see that N is well defined, continuous, and maps bounded sets to bounded
sets. Then the operator A : C1(Q2) — C!($2) defined as

Au=(-A+ ) Nu + ru)

is completely continuous.
By the hypothesis on F and the construction of F there exists & € L(R2) such that, for
every u € C(Q),
F(x, u(x))
a(fo, |x (%, u(x))|” dx)

+ax (% ux))| <h(x), (2.4)

which guarantees that there exists K > 0 large enough such that, for all v € A(C'(2)),
vl < K.

Then there exists K > max{||«]|, || 8]|} large enough such that
A(B1(0,K)) S Bai(0,K)

and, by a classical result of degree theory [30],

deg(I - A,B1(0,K),0) = 1.
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Therefore, there exists u € B1(0, K) such that
u=Au.
Steps 2 and 3 yield that
a(x) <ulx) <px), xeQ.
Step 5. If a(x) and B(x) are the strict subsolution and supersolution, then we have
deg(I-A,S,0)=1.

Since a(x) and B(x) are the strict subsolution and supersolution, A has no fixed point
on 3§, and so deg(/ — A, S,0) is well defined. Step 6 guarantees that A has no fixed point
in B(0,K) — S. Then

deg(I - A,S,0) = deg(I - A,B1(0,K),0) = 1.

The proof is complete. d

Remark 2.3 If we do not define the topological degree, we may use C(£2) and obtain sim-
ilar results.

Remark 2.4 The difference between our Theorem 2.1 and Theorem 1in [26] is that F(x, u)
can change sign and we get the existence of classical solutions to (2.1).

Remark 2.5 In the particular case N =1, we can also allow p =1, and it is classical that,
in this case, A also is completely continuous.

Remark 2.6 The difference between Definition 2.1 and the definitions in [26] is that we
define a special function x and the classical sub-supersolutions and that in [26] the sub-
supersolutions are in the sense of distribution.

In the following sections, we suppose that a(t) : [0, +00) is continuous and increasing on
[0, +00) for convenience.

3 The existence of positive solutions with concave and convex nonlinearities
In this section, we consider the problem

Au=—L (P
Au= ﬂ(fQ\uIde)()‘u +uf), x€Q,

ulx)>0, xe, -~
ulpo =0,

wherey >0,1>¢>0,p>0, Q= {x e RV||x| <1}.
In order to consider the existence of positive solutions for (3.1),, we list some previous
results. Let ¢; be the eigenfunction corresponding to the principle eigenvalue of

-Au=2Au, xe€8,

ulyq = 0.
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It is found that A; > 0 and ¢;(x) > O for x € ; see [16]. Moreover, there exist u, u* € C3(R)
that satisfy

-Au=1 xe€g,
u>0, xe€,
ulpe =0,
and
-Au=ul, xeQ,
u>0, xe,
ulaQ = 07
respectively. By [19] the following results are true:

PLecm, Lecm. (32)
e u

Suppose that u, is a positive solution to (3.1);. Let

-
c:a(/|uf|dx> and v=cu;. (3.3)
Q

Then v satisfies

_Av = 1 q 4 P
AV = ey oo + Y #E€Q, (3.4)
V|BQ = 0’

and the transform (3.3) will be used later.
Let

K ={ue C(Q)ulx) = 0,¥x € Q}.

Obviously, K is cone in C!().

Using Theorem 2.1, we have following theorems.
Theorem 3.1 Assume that % >p>1andlimg, o t(:(g/y = +00. Then there exist Ty >
'y > 0 such that

(1) (3.1),, has at least two positive solutions if A € (0,T5);

(2) (3.1)x has at least one positive solution if . =Ty and L = T'y;

(3) (3.1)x has no positive solutions if > > T'y.

Moreover,
|5 )00 < C, VY positive solutions u, to (3.1),,A € [0,T].

Theorem 3.2 Assume that 0 < q < p < 1. Then (3.1), has at least one positive solution for
A>0.
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Now we consider

~Au= %(Auq +uP),
ux)>0, x€9, (3.5)x
u|3§2 = Oy

where ag = inf;e(g 400) a(t).

Lemma 3.1 (see [16]) Assume that 0 < q <1, p > 1. Then there exist T'p, and C,, > 0 such
that

(1) (3.5); has at least two positive solutions if A € (0,1 4,);

(2) (3.5), has at least one positive solution if & = T'sy;

(3) (3.5), has no positive solutions if A > Ty,

Moreover,

[trloc < Cqys Y positive solutions uy, to (3.5);, A € [0,T].

Lemma 3.2 (see [21]) Suppose that f : Q@ x R* — R is a continuous function such that
s (x,s) is strictly decreasing for s > 0 at each x € Q. Let w,v € C(Q) N C*(Q) satisfy:

(@) Aw+f(x,w) <0<Av+f(x,v)in Q;

(b) w,v>0inQ,andw>vonoQ;

(c) Ave L (Q).

Then w>vin Q.

Proof of Theorem 3.1 (1) We show that for A € (0,T,,;), (3.1), has at least one positive
solution.

For u € P, we define the operator

1 _
(Aru)(x) = W /;2 G(x,y) [Au(y)q + u(y)p] dy, xe€Q,

where G(x, y) is the Green function for —Au = h.
For 1 € (0,T,,), by [16] there exists a u; € C* (Q) such that

—Au, = %(Au;’ +ul), xeQ,
u(x) >0, xeg,
ulaQ = 07

with aal; <0,x€0RQ. Let B(x) = uy, and by = SUPc(o, 1% 1] a(t). Since 0 <1< gand A >0,
we can choose ¢ > 0 small enough such that

ehigi(x) < bio()n(swl(x)))q, xe€Q,
epi1(x) < Bx), VxeQ,

and

9 9
ea® W - Caql
on on
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Let a(x) = ¢ (x). Then

-A(eg1(x)) = el (%)
<o Me@@) + (e ())), xeQ,
ep1(®)]pe = 0.

Therefore, by the strict monotonicity of 2 we have

—AB() = 1 (MB@) + B(x))

> ey M+ BEY), xeQueClQ)NCHR)
Bx)>0, xe&,
Bx)lsa =0,

and

—Ala(x)) = er1¢1(x)

< g5 (e ()7 + (@1 (x)))

= i@ MEa @) +E@@)), xeQue CH(Q)NCHR),
alye =0,

with

da  9B(x)
—>
on on

, Yxeoq,

which implies that & and 8 are the subsolution and supersolution of (1.2) with « < 8. Now
Theorem 2.1 implies that (3.1); has at least one positive solution u; with a(x) < u; (x) <
B(x), x € Q. Moreover, if W = {u € K € CH(Q)|a < u < B} and u € [, 8] is a solution to
(1.2), then we have

—A(ulx) —ax) >0, xe€,
(u—a)lse =0,

which, together with the maximum principle, means that

du(x) Jda(x)
on < on

, x€0q,
that is,
a<u
A similar argument shows that
u=<p.
Now Theorem 2.1 guarantees that

i(A;, W,K) = deg(I — A, W,0) = 1. (3.6)
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Let
= sup{)» > 0:(3.1), has at least one positive solution}.

Obviously, I'; > 0.

(2) We show that I'; < +00.

Assume that u, is a solution to (3.1);,. Let ¢ = “(fsz |1y, |” dx)_!% and v = cu,. Then we get
(3.4). By Lemma 3.1 there exist C’' > 0 and I'" > 0 such that equation

—Av=2M1+P,

Ve =0
has at least one positive solution for all 0 <A < T’ and

sup [Viloo < C', (3.7)
r€(0,TV]

which, together with (3.4), implies that

y 1 5
(a( [ 1w (%) dx))P-a)/w-1)

a</9|u,\(x)|ydx>_plu

r, (3.8)

|V|OO = < C/)

[ee}

and

Iuloofa(/ﬂlux(x)lydx)mc’. (3.9)

Now we show that {fQ |uy (x)|” dx : A € (0,T1)} is bounded.
In fact, if {fQ |, (x)|” dx : A € (0,T1)} is unbounded, then there exists a sequence {u;, }
such that

lim /|ukn(x)|ydx:+oo.
Q

n—+00

Now (3.7) means that

|-
U

0< a(/ \ukn(x)|y dx)p_ u,(x)<C, xeq.
Q

Then

_r

=
0§a</|u,\n(x)|ydx> ’ u ())<C”, xeQ.
Q

Integration on 2 yields that

0§a</|uxn(x)|ydx>_[ﬁ/|ukn(x)|ydx§|Q|C’y.
Q Q
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Lets, = [, |u;,(x)|” dx. Then

e-DIy \ 4
Sn S |Q|C/y,
a(sy)

which contradicts to

te-Dly

lim = +00.
t—+00 a(t)

Since a(t) > 0 is continuous on [0, +00) with inf;>¢ a(t) = ap > 0, the boundedness of
{ [ lur (@)1 dx : & € (0,T1)} means that

a(/ \ux(x)|y dx) is bounded,
Q

which, together with (3.8), means that

(p—9)/(p-1)
A<IV sup(a(/|u)\(x)|ydx>> .
relp Q

Hence,
I'1 < +00. (3.10)

From (3.9) we have

Ll

o

1774 Sa(/ |ux(x)|ydx> < to0. (3.11)
Q

(3) We show that there exists ur, satisfying (3.1)r,. By the definition of I'; > 0 there exists
asequence A, — I'1 and u,,, is a positive solution of (3.1);,,. From (3.10), there exists C; > 0
such that

|Au,, (%)] < ai[)»ux,, @)+, (%] <C1, VA, €[0,T1],
0

which guarantees that {u;,,} is relatively compact in C'($2). Then there exists ur, € C! (Q)
such that

n,-l—i>r£loo Up,, () = ur,(x) uniformly on Q.
A standard bootstrap argument shows that ur, € C! (Q) N C*(Q) is a nonnegative solution
for (3.1)r,.
(4) We show that for A € (0,T,), (3.1), has at least two positive solutions.
By (3.10) and the Green formula there exists C, > 0 such that

‘Vuﬂx)! =

1
a( [y |, (%) dx) /Q G, ) [ L. (0)7 + w, )P | dy

<G, Vrel0,T4]. (3.12)
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Let R > max{C,Cy}and A > T". Let H(t,u) = u — (=A) ' ((tA + 1 = T)A)ud + u?) and By =
{ul||lu|| < R}. If there exist 1o € [0,1] and uo € K N 9By such that

H(tg, ug) = g — (—A)_l((tok +(1- IO)X)ug + ug) =0,

then we have

—AMQ = m((l’o)\. + (1 - TO)X)uq + I/lg), X € Q,
uplx) >0, xeg,

uolae = 0,

which, together with (3.11) and (3.12), means that ||| = max{|u#o|co, |Vio|oo} < R. This
contradicts to ug € (0Bg) N K. The homotopy of H,

deg(I - H(L,-),Br NK,0) = deg(I - H(0,-),Bx N K, 0).
Next, we claim that
deg(I - H(0,-),BrNK,0) = 0. (3.13)

In fact, suppose that there exist 1 > o > 0 and ug € 9B N K such that H(0, up) = wouo.
Obviously, 1o > 0 and u satisfy

—Aug = )(Xug +ul), x€Q,

1
woa(fq luo @)Y dx
up(x) >0, xe€€,

uolae = 0.

L
Let v = 1,”" uo. Then v satisfies that

—-Av W+, xeQ,

— 1 1
T a(fg luo @) dx) (ﬂ(op-q)/(p—l)

v(x)>0, x€,

V|3Q=0.
Since
LIy
—_A>
—9)/(p-1 ’
ué” q)/(p-1)

this contradicts the definition of I';, which means that
H(0,u) # uu, Yuel0,1],uecdBrnK.
Therefore, (3.13) is true, and so,

deg(I - A,(Br - W)NK,0) =deg(I — A, Bg,0) — deg(I - A, W,0) = -1. (3.14)
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Now for A € (0,T,,), we consider

-Au=rul, xe€8,
ulx)>0, xe€, (3.15)
ulpq = 0.

1
From [16], (3.15) has one positive solution vy. Let r = ||p||. Let 0 < r < min{a(C? |2]) 71 ||vo [,
llell}. For T € [0,1], define

H(t,u)=u- (—A)‘l(kuq +uf + r), ueCH{Q)NK.
We claim that
H(t,u) #6, t€[0,1l,u e KNaB(0,r).
In fact, suppose (o, 4o) € [0,1] x KN 3dB(0,r). Then

1 q
—Aug = W(Aouo +uh+19), xX€Q,
uplpe = 0.

Let ¢ = a( [, uf) dx)fqlTl and v = cug. Then

i —Av = AV + cTPVP + (1, (3.16)

vlpe = 0.
By Lemma 3.2 we have
v=cu, >vy, YA>0,x€Q,
and so
uo > a(CVIQI)ﬁVo,
which contradicts to ||ug| = r < a(C” |Q|)ﬁ Ivoll. From the homotopy of H it follows that
deg(I - A, B, NK,0) =deg(H(0,-),B, NK,0) = deg(H(1,-), B, NK,0) =0,
which, together with (3.14), implies that
deg(I- A, (Br - (WUB,))NK,0) = -1

Consequently, A has another fixed point u;; € (Bg — (W U B,)) N K, that is, (3.1), has an-
other positive solution u,; for all A € (0,1'y,).
Consequently,

+oo>T1 =T =Ty,

Similarly, (3.1)r, also has at least one positive solution. The proof is complete. d
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Proof of Theorem 3.2 For given A > 0, since 0 < g < p < 1, there exists K; > 0 such that

s AKT elZy + KP el

ag

’

that is,

AK] lelds + KT |efs
> .

ag

K

Let B(x) = Kie(x). Then

-A(Bx)) = —A(Kie(x))
=K
MK el L, +KP el oo (3.17)
> —_—

w0 , X€8,

Bx)=0, xe€dQ.

Let by = a(fQ BY (x) dx). Choose ¢ > 0 small enough such that

1
eMr(x) < b—(k(egol(x)))”, xeQ, (3.18)
0
and
eg < Kie(x), VxeQ. (3.19)

Let o(x) = g1 (x). Now (3.17), (3.18), and (3.19) guarantee that
g9 ’4
CA(B)) > Al e
MBE)I+(B()1 1O 2
> ooy iy’ X € Q,ue C(Q)NC(RQ),
Bx)=0, x€0%,

and

—Aa(x)) = er1¢1(x)

< 35 (e ()7 + (@1 ()))

< wreara MG + (@@)), xeQueC@)NC(D),
a(®)aq =0,

which guarantees that « and B are the subsolution and supersolution to (3.1);. Now The-
orem 2.1 implies that (3.1), has at least one positive solution for all A > 0. The proof is
complete. d

4 The existence of positive solutions when the nonlinearity is linearat u=0
In this section, we consider the problem

—-Auy = W()\,u +f(x;u))! X € Q,
ulx)>0, xe€9, (4.1),,

ulaQ :07
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where y >0, and € RV is a bounded smooth domain. Now we list following conditions

for convenience:

(H;) f(x,u) is continuous on © x (00, +00), and

lim £&%)

|u|—0+ u

=0 uniformly onx € Q. (4.2)

For u € C(R2), we define the operator

1
F()\.,u(x)) = W /S; G(x:y)[)tu(J’) +f()’)”()’))] dy

_ A Q) +f 0 ul) A
- ao/S;G(x,y)u(y)dy+/QG(x,y)|:a(fgw(x)ly 7 ﬂou()’)] dy

e (Lu)(x) + H(Au(x)), x€9,

where G(x, y) is the Green function for —Au = h.
Of course, under these new notation, (A, ) solves (4.1);, if and only if

u=F(A;u):=ALlu+ H(\, u). (4.3)

Suppose that (H;) holds. It is easy to see that L : C(2) — C(2) is a compact and con-
tinuous linear operator and H(}, -) : C(Q) — C() is a compact and continuous nonlinear

operator. Moreover, (4.2) guarantees that

|[ G000t 2
)| =| | 60| GELCRT - o o)

_ /Gu,y)'“‘(” +£0,u0) _iu(y)] dy‘
Q L ag

ag + o(1)
) ) +f0hu) 1 h
= /QG(x,y) i o 1o ﬂ—ou(y)} dy‘
= / G(x,7) _M[l + 0(1)] _ lu(y)i| dy‘
Q L ag ag

,u(y))
= / G(x, y)jM [1+0(1)] dy‘
Q ag
=o(llull), asul—o. (4.4)
Now, we state the following result.

Lemma 4.1 (see [31]) Let E be a Banach space. Suppose that L is a compact linear operator
and that \7' € o (L) with odd multiplicity. If H satisfies condition (4.4), then the set

T={(su) eRxE:u=ALu+HO,u)uz0}

has a closed connected component C = Cy,_such that (1,0) € C and
(i) C is unbounded in R x E, or
(ii) there exists A # )\ such that (3;0) € Cand 37t € o (S).
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Suppose that 1 is the principle eigenvalue to the problem

—Au=rLtuy, =x€Q,
a0

ulsq = 0.

It is well known that the first eigenfunction ¢; associated to A; can be chosen positive.
Moreover, A, is an eigenvalue with odd multiplicity.

By the global bifurcation theorem, (H;) guarantees that there exists a closed connected
component C = C;, of solutions for (4.1); that satisfies (i) or (ii).

Lemma 4.2 There exists § > 0 such that if (A, u) € C with |» — M| + |u| <8 and u # 0, then
u has a defined sign, that is,

ux)>0, x€Q or ulx)<0, xecQ.

Proof Take {u,} in C(Q2) and A,, — A1 such that

u, %0, et |l = O, Uy = ApLuy, + H(Ay, thy). (4.5)
Considering w,, = u,/||u,||, we get
f(xiun)
i At T
—AW,, Tag W + [ﬂ(fg \unP/iix) " ao Wn]
_ An [}bnwn‘*o(l) _ An ]
Tag " ap+o(l) ao Wy (46)
_ Mn o(1)
“ap Wn + [ao+o(1)]’ x €

wy(x) =0, x€dQ.
It is easy to check that

1

Wullcig) =
IWall gy -

[A,, + |l unll e +K],

o

where K is a positive constant.

Since that {u,} is bounded in C(), {w,} is also bounded in C'(2). By the Arzela-Ascoli

theorem, {w,} converges to some w € C'(R2), uniformly in , under a convenient subse-
quence. Of course, [|[W| ¢ =1, and thus w # 0 in .

Now, by (4.5) we know that {u,} is a Cauchy sequence in C() and

H(\y, u,)
ll el

Wy = A Lw,, +
Letting n — +00, we have

W) = 2—; /Q G, )w(y) dy,

that is,

—Aw:*—lw, x e,
ag
wx)=0, xedQ.
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Since w # 0, by spectral theory we must have
wx)>0, x€Q or wkx)<0, xeQ.

Without loss of generality, we can suppose that w(x) > 0 for all x € Q. Since w is the
CY(Q)-limit of {w,}, we must have w,(x) > 0 for all x €  and n large enough. Therefore,
the sign of u,, coincides with that of w,, for n large enough. The proof is complete. O

Now we decompose C into C = C* U C~, where
C* ={(x,u) € Clu(x) = 0,Vx € Q}
and
C™ ={(xu) € Clu(x) <0,¥x € Q}.

A simple computation gives that C* = {(A,u) € C|(A,—u) € C"} and C* is unbounded if
and only if C is also unbounded.

Theorem 4.1 If (H;) holds, then there exists an unbounded closed connected component
C = G, of solutions for (4.1);.

Proof Infact, suppose that C is bounded, which implies that C* is bounded and C contains
(%,0), where A #11, A € o (L).
In this way, we can take {u,} in C(Q) and A, — A such that

An #0! ”un” — 0 and Uy = F()‘n: un); ()‘m un) eC".

Considering wy, = u,/||ux| cg) we know that it satisfies problem (4.6). Moreover, as in
the proof of Lemma 4.2, under an adequate subsequence, {w,} converges to w in C!(S),
which is a nonzero solution of the eigenvalue problem

—-Aw= ):Lw, x €,
ao
w=0 onodS,

that is, w is an eigenfunction related to i. Since A # A;, w must change sign. Then, for 1
large, each w,, must change sign, and the same should hold for u,, = w,|lu,l¢g), which
contradicts to (A, u,) € C*. The proof is complete. g

Now we consider the following special problem:

_ I S— _ylp1

Au = e 7 Au— |ul'u), x€Q,
ulx)>0, xe€9, (4.7)5
ulaQ = 07

where y > 0, Q is a bounded smooth domain, and p > 1.
By Theorem 4.1 the connected component C* of (4.7), is unbounded. Now we have
following theorem for (4.7);.
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Theorem 4.2 Suppose that p > max{ay + 1,y — 1}. Then at least one positive solution of
(4.7);. exists if and only if . > Ay.

Proof First, we will show that for any A > 0, there exists r > 0 such that

.
||u||H5(Q) <r, V(u)eC'and <A. (4.8)
From now on, we denote by || - || the usual norm in H}(<2), that is,
lleell = Neell g ) < 7

Indeed, suppose that (4.8) is false. Then, there are {u,} € H}(S2) such that
lunll = +oo and  u, = F(Ay,u,), An <A.

Considering w, = u,/||u,||, it follows from (4.3) that

1 1
Vw, - Vvdx + / ubvdx
/9 lunll al fo un(x)” dx) Jo

An

__ M 1
= a(fQ () ) /g;w,,vdx, Vv e Hy(R2). (4.9)

Since that {w,} is bounded in H}(£2), without loss of generality, we can suppose that there

is w € H}(Q) satisfying

w, — w  in Hy(Q), w, — w  in L*(Q),
and

wy(x) — w(x), a.e.in Q.

Taking v = u,/||u,||P~*" as a test function, (4.9) is

1 Jowh™dx
+
lonllP=27=2 " collunll =27 + co(f wa(x)” dx)*
Jowidx

 NuallPe [o + ([, un () d)*]”
Since p > ay +1, letting n — +00, we derive

Jo Wy dx

im =
n=>+00 €1 ||t |7 + Co( fo W)Y dix)

Since

1 1
Jowh' dx - Jowh' dx

cllun |77 + o[, wa(x)” dx)

— ay a(p+l-y) ’
cilln =7 + ca(fo wu(x)P* dox) 1 |Q| P

Page 19 of 35
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we have

lim
n—+0Q

Jo i dx
iy = 0

ay a
cillunll = + o fo walx)P*! dox) PT|Q| 2T

which implies that

lim / wo dx = 0.
Q

n—+00

By the Fatou lemma
/ wx)P dx < lim / Wwa(x)P dx = 0.
Q n—+00 Q

Therefore, we should have w = 0. Thereby, {w,,} converges to 0 in L?(2). Taking v = w,, as
a test function, we see that

1
Vw,|?
/Q' il e+ e, @) dx)e]
1
=A L (%)? dx.
/S;w (%) dx

o1+ oo ([ tn(%)7 d)

/ Uy, ()P w, (x) dx
Q

Since {X,} is bounded from above by A and W fg U, (x)Pw,(x)dx > 0, we

have

A
f|vwn|2§_fwn(x)2dx'
Q 1 JQ

Taking the limit, we have that ||w,| — 0, which contradicts to ||w,|| =1 for all #n. Then
(4.8) is true, which, together with the boundedness of €2, implies that

lule <7 Y(hu)eC'and < A.

Next, we will show the nonexistence of solution for A < A;, proving that C* does not
intersect [0, ;] x Hy(2). Indeed, suppose that

(A u) € [0,M] x Hy(R), (A,u)eC.

Using v = ¢ as a test function in (4.6), we get

M / by i > L fquprdx— [ uPdydx
Q

c1 + o[ un(x)7 dx)* ¢+ o[ un(x)? dx)*

A
=/VMV®1dx=—1/u¢1dx.
Q 1 Ja

This is a contradiction.
Consequently, problem (4.7); has at least one positive solution if and only if A > A;. The
proof is complete. O
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5 The positive solutions for singular nonlocal elliptic problems
In this section, we consider the singular elliptic equation

—a( [ |u)|” dx)Au(x) + K(x)u™ = rul, x€Q,
ulx) >0, xe€g, (5.1),
u|3Q = Oy

where y >0,1> ¢ >0, Q is a bounded domain in RN, N > 2, with C*># boundary 3%,
B€(0,1),KeC*(Q),and0<qg<1,ue(0,1).
Now we list some previous results for the following equation:

—Au(x) + Kx)u™ =11, xeQ,
ulx)>0, xe€, (5.2);
ulpe =0,

where K € C(Q) and 0 < g <1, i € (0,1). Define
E={ueC**(Q)NCEQ):u" L)}

Theorem 5.1 (see [21]) Let K(x) < 0, x € Q. Then
(i) (5.2) has a unique solution u, € E for any \ € R;
(ii) u, is increasing with respect to X;
(ili) ad(x) <u,(x) < cpd(x) for any x € Q and some ¢, and ¢y > 0 independent of x;
(iv) u; € CVH(Q).

Theorem 5.2 (see [21]) Let min, g K(x) > 0. Then
(i) there exists \* > 0 such that (5.2) has at least one positive solution u;, € E for any
A> A
(i) ad(x) < up(x) < cad(x) for any x € Q and some c¢; and ¢y > 0 independent of x;
(iii) uy € CY1(Q).

Using Theorems 5.1 and 5.2, by Theorem 2.1 we have the following results for (5.1);.

Theorem 5.3 Let K(x) < 0 for all x € Q. Then
(i) (L.1) has at least one solution u, € E for any A > 0;
(i) ad(x) < uy(x) < cod(x) for any x € Q and some c; and ¢y > 0 independent of x, and
uy, € CVH(Q).

Proof (1) For A > 0, we consider the problem

—a(fQ |u(x)|” dx) Au(x) + K(x)(u(x) + %)‘“ =xul, xeg,
ux)>0, x€g, (53)n

ulpe =0,

where n € {1,2,...}.
Since 1 € (0,1) and 0 < g < 1, there exists Kj > 0 such that

Lo Mg KK + AKT e 112,
agp ’
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that is,

max

K> wea K@K + 0K e + 1%,
1 .

ag

Let B(x) = Ki(e(x) + 1). Then

-A(B(x)) = —Ki Ale(x) +1)
=K

5 MaXeg KK Hrakter11d,
ao

> —K@BE) " +ABx)1
> @
Bx)=1, xe€dQ.

(5.4)

, X€8,

Let bg = ﬂ(fQ B(x)” dx). Since 0 < g < 1, there exists % > &, > 0 small enough such that

e 1(x) < bi(mig(—l((x)) (anwl(x) + l)ﬂ + A(an(gol(x)))q>, xeQ, (5.5)
0 \x€Q n
and
eq1(x) < Ky (e(x) + 1), Vx € Q. (5.6)

Let o, (x) = £,¢1(x). Then, for u € C'(Q) N C*(R), (5.4), (5.5), and (5.6) imply that

~A(B(x)) > —K@x) ()" +AB8x)T

ag
> —K(x)((ﬂ(x)Jr%)‘l)*H+Alg(x)q
=T Ao xGu@) dx)
Bx)=1>0, x€0%,

x €,

and

—A(an(x)) = errg(x)
< g (Min, (=K ®)) (21 (%) + ;) + (£491 (%))
W( —K(x)(n(®) + 1) + Maa (1)), x€Q,
aylae =0,

which means that «,(x) and B(x) are the subsolution and supersolution to (5.3),. Now
Theorem 2.1 implies that (5.3), has at least one positive solution u,,.
Now we consider set {u,,}. Since |, | < Ki|e + 1|x, it follows that

1\ 1\ ™" 1\ "
A(u,,(x) + —) —K(x)(un(x) + —) > min|K (x)| <K1(|e+ 1]oo) + —) ,
n n x€Q n
and so

—A(un(x)) = m(kun(x)" - K()(un(x) + 1))
> £ min, o [K@)|(Kile + 1o0) + )77, x€Q,

Uylye = 0.
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Lemma 3.2, together with (3.3), implies there exists ¢ > 0 such that

(%) = bimig|1<(x)|(1<1(|e +1lo +1)) Me®) = copi(x), x€ %,
0 xeQ

where by = a( [, B7 (x) dx). Then

1 _
|Vu,(x)| < . /S;ti(xry)i(I;L%(|I((x)|(cowlw)) " a(Kile + 1|oo)q) dy
and

|Vt (1) = Vit (x2)|

1 -
< - [ 16461 - Gtz )| (max| K9] (cogn ) ™ + 2 (Kile + 1)) .
ao Jo x€Q
The same technique as in [32], Theorem 1.1, yields
| Vit (1) = Vit (x2)| < Clovy — x|
Therefore, u, € C*'~*(R). The sequence {u,} has a subsequence {u1,;} such that

lim u, =u, uniformlyon Q.

nj—+00
Now a straightforward calculation yields

= a(fq u% (x) dx)

{ ~A( (%)) = ——+———(Ma; (0)T = K(x)ux) ™), x€,

ula = 0.

(2) Suppose that u;, satisfies (5.1);.. Let ¢o = a( [, u} (x) dx) > 0 and v(x) = a( [, u} (x) dx) x
u;.(x), x € Q. Then v(x) satisfies

—Av(x) + o K(x)u™ = ciq)»uq, x € Q,
0

vix) >0, xe&,
V]sq = 0.

Now Theorem 5.1 implies that there exist ¢; and ¢; > 0 independent of x such that
ad(x) < vi(x) <cd(x) foranywxe €,
and so

adx) <u,(x) < cod(x) foranyx e Q.

1 1
a( [, u} (x) dx) a( [, u} (x) dx)

Moreover, v € C#() implies that u € C17#(). The proof is complete. O
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Theorem 5.4 Let min, g K(x) > 0. Suppose that there exists p > ﬁ such that

t1/(py)
lim a(t)=+o00 and lim = +00. (5.7)
t—>+00 t—+00 q(t)
Then
(i) there exists A* > 0,such that (1.1) has at least one positive solution u, € E for any
A > A%

(i) c1d(x) < uy(x) < cod(x) for any x € Q and some c; and ¢y > 0 independent of x, and
U, € Cl’l_“(Q).

Proof For ¢, by the Hopf maximum principle, there exist §o > 0 and ¥ C 2 such that
IVoil = 61, x€X, lg1] >80, x€Q-X.

Then there exists M; > 0 such that

Mi2(1 - )|Vl K*

2ul(L+p) — Mﬂ(p2lt/(1+ll)
191

xeyx, (5.8)
1+ p)?e;

and there exists M, > 0 such that

K* MM,

<
Mg(pfu/(lw) 1+pu

2
o, xeQ-3, (5.9)

where K* = max, g K(x). By (5.7), choose M > max{M;, M,} large enough such that

a(MV/ (pl(x)l% dx) >1. (5.10)
Q

Combining (5.8) and (5.9), we have

? e 2M 2 21— wWM|Ve|? 1
—AM(pll K +K(x)(M(p1 M) " = [1 )xl(pll o m +I<( )72#
+ U 1+ )¢ M”ga““
SM lfu
< M, xeQ-%,
1+p
and so
ﬁ 3 1+u 1+u nw
—AMep,™ < " Algo K(x)(M<p ) , x€Q-X.

Therefore, for n > 0,

2 3M 2
_ I+ 1+;1 _ 1+p,
A(Mep, ™) Toa M,\ K(x) (Mg, )

133/; () 2) K(x)< ( Lu%))/ xeQ-X. (5.11)

A

IA
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Let uj (x) satisfy

-Au=ul, xe§,
M|3Q =1.

Now by (5.7) it follows that

t
li =
t—}l;noo a(tve fQ uf(x)}’ dx)

+00,

which implies that there exists T > 0 such that, for all £ > Ty,

t 3Mi-1 - XX
> A
a(ere [oui )7 dx) = 1+p

Let

M@ ") + D\ ona
T > max{ To, (sup M) ,ﬂé D/(p(1-q) 1)}'
xeQ Uy (%)

For A > Ty, let
2 _
u, (%) = M@, ™ (x) and u,(x) = \ui(x), xeQ.
It is easy to see that
u, (%) < (x) = Mu(x), xe€Q.

For u € C1(), let

X (0 u(x)) = 1, (%) + () — 1, (%)) = ((x) = 1 (%)) "

a0 < a( /Q I (e, )| dx) < a<w /Q () dx).
bo :a(w /Q (uf(x))ydx).

Let

Page 25 of 35

(5.12)

(5.13)

(5.14)

From (5.9) we know that by > 1. By (5.11), (5.13), and (5.14), for u € C}(Q) N C?(R2), we have

—A(u3,1(x)) = ~AL uf (x))
= AP0 1 (x))
= A0P71) (31,1 (x))

0 a( fq(x (xu(x)))? dx)

U 1(x) =1 >0, xe€0%,

> 2o M ) ~ oy a K @)@ () + )™

> m (A (#5,1(x))7 = K (%) (#3,1(x) + %)_M],
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and

-Ay, (1)) = —A(MgoF‘ (x))

[lw St o (x) - K (x)(Mt/) e (®))™"]

= 5 [bo 3,1{#[, )»1901(96) T (u, (%))

— K(x)bo(Mep, ™ (x)) ]
< oy M @) - K@), () + D7, xeQ,

— a(fqx(

u, (%)|aq = 0.

Hence, u, (x) and #, (x) are the subsolution and supersolution of (5.3),,. Now Theorem 2.1

implies that for n € {1,2,...}, (5.3), has at least one solution u; with
E}L(x) < Up.n (x) < E)L,I(JC), X € §

Now we consider set {u;_,}. From (5.14) we have

|Vt ()| < 6,1_0/Q|G"(x'y)|(TG%XV((’C”(M¢1(y))_2”/(1+“) $ 1 (00 | ”)q> dy

and

|Vu,\,n(x1) - Vu, , (x2)|

1 o1+ .
= /Q |G, y) - Gx(xz,y)|(r;alﬁ)&|l((x)|(M¢1(y)) P 00 a4t ])7) dy

The same technique as in [32], Theorem 1.1, yields

2
| Vit (%1) = Vit n(%)] < Clagy = |'724/0410),

Therefore, u, € C¥'-2*/1+19(Q). The sequence {u,} has a subsequence {u,,} such that

lim u, =u, uniformlyon Q.
nj—> +00

Now a straightforward calculation yields

-A(u,(x)) =

Uy ]aq = 0.

W(A“A(’C)q - K@®up(x)™), xe€,

(2) Suppose that u;, satisfies (5.1);. Let ¢o = a(fg u} (x) dx) > 0 and v(x) = a(fQ u} (x) dx) x
u;(x), x € Q. Then v(x) satisfies

~Av(x) + ch K (x)u ™ = 4 Auq x € Q,
v(x)>0, x€€,
vlse = 0.
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Now Theorem 5.2 implies that there exist ¢; and ¢, > 0 independent of x such that

ad(x) <vi(x) <cd(x) foranywx e €,

and so
 dw < u  d@ foranyxeQ
— dx x) foranyx e Q.
a(f ] (x)dx) =« [ ul () dx) Y
Moreover, v € CY~#(Q) implies that # € CY*~#(Q). The proof is complete. O

6 Positive solutions for (1.1) when N =1
In this section, we consider the case N =1:

W= ) (s #€O,D)

u(0) = u(1) = 0, (61)

and by using Theorem 2.1 we present sufficient and necessary conditions for the existence
of positive solutions for (6.1).
Now we list some conditions for convenience:

(Hi1) f:(0,1) x (0, +00) — (0, +00) is continuous, and there exist A, i, § (—oo <A <0< p <
1, 0 <8 <1) such that for all x € (0,1) and v € (0, +00), we have

cof(x,v) < f(x,cov) < chf(x,v), 0<cop <5, (6.2)

cof (x,v) < f(x,cov) < chf(x,v), co>1/6. (6.3)

Now we state a result on the existence of positive solutions for the following problem
from [33]

{ —u" =f(xu), xe(0,1), 6

u(0)=u(1)=0

Theorem 6.1 (see [33]) Suppose (Hy) holds. Then necessary and sufficient conditions for
the existence of positive solutions from C[0,1] for the boundary value problem (6.4) are

1
0</ x(1 — x)f (x,1) dx < o0,
0
1 1
ii_r)r(l)x/x 1-9)f(s,1)dt=0 lfil_l)f(l)/x 1-9)f(s,1)ds=+00, and
JEgr(l)(l—x)/jsf(s,l)ds:0 ifii_l)r(l)/oxg’(s,l)ds=+oo.

Theorem 6.2 (see [33]) Suppose (Hy) holds. Then a necessary and sufficient condition for
the existence of positive solutions from C'[0,1] for the boundary value problem (6.4) is

1
0 </ S (%201 - x)) dx < co.
0
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Lemma 6.1 (see [34]) Suppose u > 0 is concave on [0,1]. Then
u(t) > luloox(l-x), te€[0,1].

By using the idea of the proofin [22] sufficient and necessary conditions for the existence

of positive solutions to (6.1) are obtained.

Theorem 6.3 Suppose (Hy) holds. Then necessary and sufficient conditions for the exis-
tence of positive solutions from C[0,1] for the boundary value problem (6.1) are

1
0</ x(1 - x)f (x,1) dx < o0,
0
1 1
ig%x/x 1-9)f(s,1)dt=0 zfig%/x 1 -9)f(s,1)ds = +00, and (6.5)
i%(l—x)[)xqf(s,l)ds=0 éfi%/ong(s,l)ds=+w.

Proof Necessity. Suppose that uy is a C[0,1] positive solution to (6.1). Let v(x) =
a(fol uo ()Y dt)up(x), and so v satisfies

—V' = fx,via(f) ul (D) dt) < gx,v), x€(0,1),
v(0)=v(1) = 0.

It is easy to see that g(x, v) satisfies (H;), and Theorem 6.1 implies that

1
0< / x(1 - x)g(x,1) dx < oo,
0

1 1
limxf (1-9)g(s,1)ds=0 if lim/ (1-s)g(s,1)dt = +00, and
x—0 x x—0 x

X

X
lin}(l —x)f sg(s,1)ds=0 if lirr(l) sg(s,1)ds = +oo,

which is equivalent to (6.5).

Sufficiency. Now we consider

' = Wﬂ‘(x, u+l), x€(0,1), (6.6)
u(0) = u(1) = 0. N

Choose m > 2 such that m(u — 1) > 1 and

O<m=m
Let

X 1
hx)=(1 —x)f sf(s,1)ds + (1 —x)/ 1-9)f(s,1)ds, Vxe][0,1],
0 x
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and
H(x) = h(x)VIm =21 e [0,1],

and, by the proof of [33], define

1
) = / Gl 9)(s(0 - 9))'f (5, 1) ds = x(1 - Doy V€ [0,1],
0
and
1
Hi(x) = / G(x,s) (H(s))_”f(s,H(s)) ds+H(x), Vtel0,1],
0

where

s(1-x), 0<s<wx<l],
G(x,s) =
x(1-5), 0<x<s<l.

Let H* = max,e[o,1) Hi(*) and choose K; > 0 large enough such that
* I3 * 1
I(ld() > (I(}H + 1) ) I(lH > S.

Let B(x) = K1Hj(x), x € [0,1]. Inequalities (6.2) and (6.3) guarantee that

1 B(x)+
f(x,ﬁ(x)+;) :f(x, H) H(x))

B+ 1\
5( HG) )f ()

< (KiH* +1)" H(x)™f (x, H(x))

< agKiH(x)™"f (x,H(x)), x€(0,1),

and so
—-B"(x) = KiH (x)™"f (x, H (x))
> of @) +3), x€(01), (6.7)
B(0) = B(1) = 0.

Let by = SUP, 0, 2 p (1) ] a(t). Let Ky be small enough such that
Ky (x) < Bx), Kom(x) <1-6, x€l0,1],
and

boK < 8" (Kalhlo )"
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Let a(x) = Kyl (), x € [0,1]. Inequalities (6.2) and (6.3) guarantee that

saters 1) 2w+ 1)

> §H ’\(a(x)+ >f(x,1)

> 57 Kyl |oo(1 = %)) (%,1)
> oKy (x(1 - %)) f(x,1), x€(0,1),

and so
—a”(x) > Ky (x(1 - x))*f (x,1)
< blf(x,ot(x) + 1) x € (0,1), (6.8)
a(0)=a(l)=0

For u € C[0,1], from (6.7) and (6.8) we have

—B"(%) = f (@, Bx) + ;)
> m/(x,ﬂ(x) +1), x€(0,1),Yu € C[0,11 N C*(0,1),
B(0)=B(1) =0,
and
—a’(x) < ,,if(x,a(x) +1)
< dﬁf(x,ot(x) + l) x € (0,1),Yu € C[0,1] N C*(0,1),

flxy tu(t

a(0)=wa(l)=0.

Consequently, « and 8 are the subsolution and supersolution to (6.6),. By Theorem 2.1,
(6.1),, has at least one positive solution u, with a(x) < u,(x) < B(x), x € [0,1]. Moreover,
combining (6.2), (6.3), and (6.7), we have

el 1 1
o T (x e n)

Y
< i(SA’“ (%) aoKiH (x)™f (x, H(x))

< pron(B@+1 _AKH( i (x, H 0,1
< aw1) B x)'f(x,H(x)), x€(0,1),

ag

which guarantees that {i,(x)} are uniformly bounded on [3k, 1 3¢] € (0,1), k > 1. There-

1
kal__] (011)7/(21 BY

the diagonal method there exists a subsequence of {u,} that converges uniformly #, on
any [%, 1- %{] C(0,1), k > 1. Without loss of generality, assume that

fore, {u,(x)} has a uniformly convergent subsequence on any |

lim u,(x)=uo(x), x€(0,1), and

n—+00

1 1
nLHPoo uy(x)=uo(x) uniformlyx e [Bk ﬁ]’k >1.
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Obviously, ug(x) is continuous on (0,1), and
a(x) <uolx) < B(x), x€[0,1].

Since a(0) = B(0) = «(1) = (1) = 0, we have
lim ar(x) < lim uo(x) < lim f(x) ~and

lim a(x) < lim #o(x) < lim B(x),
x—1 x—1 x—1

which means that #, is continuous on [0,1] with #¢(0) = #g(1) = 0. The dominated con-

vergence theorem guarantees that

1 1
lim / ug(x)dx:/ ul (x) dx,
n—+o0 Jo 0

which, together with the continuity of a(¢), means that

1 1
lim a(/ ul, (x) dx> = a(/ ul (x) dx).
n—+0Q 0 0

adwanfy oo ) el
+ %) | s, u,(s) +— )dx, xe€|—,1-—|,
a(flulydn Jy 3 3k

where

(s— )1 — 3z —%), 2 <s
(x— 3k)(l =8 3<%

Gi(x,s) = !

letting n — +00, we have

1 ) 1
o) =0 37) (1 )
1 -5 . )
+W/31k Gr(x,8)f (s,uo(s)) dx, x€ [@’l_ﬂ}kZL

Differentiating the above equations yields that

% 1 1 1
_uox) mf(x,uo(x)), xe|:3k ﬁ],kil,

which, together with 14(0) = uy(1) = 0, means that u € C[0,1] N C2(0,1) and u, is a solu-
tion to (6.1). O
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Theorem 6.4 Suppose (H;) holds. Then a necessary and sufficient condition for the exis-
tence of a positive solution from C'[0,1] of (6.1) is

1
0< / f(x,x(l - x)) dx < 0. (6.9)
0

Proof Necessity. Suppose that u is a positive solution. Let v = a( fol ud () dt)uo(t), t € [0,1],
and so v satisfies

def

i_w = f,via(f) ul () dt) < g(x,v), te(0,1),

v(0) =v(1)=0.

It is easy to see g(x, v) satisfies (H;), and Theorem 6.2 implies that

1
0< / g(x,x(l —x)) dx < 00,
0

which is equivalent to (6.9).
Sufficiency. Let

x 1
hx)=(1-x) / sf(s, s(1- S)) ds+(1-x) / a- s)f(s, s(1- s)) ds, Vxe€]0,1].
0 x

By Lemma 6.1 we can see that /(x) > x(1 — x)|h|~. From (6.9) we know that there exists
N > 0 such that fol s(1=s)f(s,1—5)ds <N. Then

arx(1—x) < h(x) <ax(1-x), x€]l0,1],

where a; = min{1, || 4||}, a; = max{1, N}.
Let k; > 0 large enough such that

1 41
—abky T8 <1, aky > 1
ao

Inequalities (6.2) and (6.3) imply that

! f (%, B(x)) = %f(x, kah(x))

ag
1 koh(x)
= %f<x, Sx(l— ) Sx(1 - x))

- 1 koh(x)
~ ao ((Sx(l -X)

1
< ﬂ—agkg_lék’”kgf(x,x(l - x))
0

)M(S’\f(x,x(l - x))

< kyf (x,2(1 - x)), x€(0,1). (6.10)

Let k; < kz be small enough such that

1
Ko ———————— >1, kh(t) <1
a( [y (kah(x))7 dx)



Yan and Ma Boundary Value Problems (2016) 2016:165 Page 33 of 35

Inequalities (6.2) and (6.3) imply that

1 1
— i o fwelw) = o — e f (ki
ey a4 ey a1

= s Sx(1 -
al fy (kah(x))” dx)f<x Sx(1—x) #1 =)

1 kih(x) \" N
8 L x(l—
‘l(fol(kZh(x))V dx) (5x(1 - x)) f (%, x(1 - %))

1 ny =1 oi—
— - ar k&S (a1l -
= a(fol(kzh(x))y dx) a; Ky f (%,4(1 - %))

> kf (%21 -%)), x€(0,1). (6.11)

Consequently, for u € C'[0,1], (6.10) and (6.11) guarantee that

—B"(x) = —(koh(x))"
= kof (x, 2(1 — x))
> Lf(x, B()
2 ey ay @A), x€(0,1),Vu e Cl[0,1]n C*0,1),

= a(fy xGoulx

B(0) = B(0) =0,
and

—a" (x) = =(kih(x))"
= kif (x, 2(1 — x))

ﬁ)f(x,a(x))
'’ yf(x,a(x)), x € (0,1),Yu € C10,1] N C%(0,1),

a fO X x,u(x ) dx
a(0) = «(0) = 0.

Moreover, for a(x) < u < v(x), choose ¢ > 0 large enough such that

1
> - and 2 <8, x€(0,1).
1) c

0 <f(xu)
kz cu
:f(x, orl—m x)x(l - x))

(%) (i) ste0-9)
(" ) (can)"f (5,501 - ),

which, together with (6.9), guarantees that

/[f(x,u)|dx<( )(caz /fx,x(l x))dx<+oo, Va(x) < u <v(x).
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By Theorem 2.1, (6.1) has at least one positive solution u € C![0,1] with a(x) < u(x) < B(x),
x € [0,1]. O
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