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Abstract

In this paper, the existence of the solutions of the fractional differential equation with
p-Laplacian operator and integral conditions is discussed. By Green’s functions and
the fixed point theorems, we state and prove the existence and uniqueness results of
the problem. Two examples are given to illustrate the results.
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1 Introduction
Differential equations are useful in modern physics, engineering, and in various fields of
science. In these days, the theory on existence and uniqueness of boundary value problems
of linear and/or nonlinear fractional equations has attracted the attention of many authors.
There are comprehensive studies in this area. At the same time, it is known that the p-
Laplacian operator is also used in analyzing mechanics, physics and dynamic systems,
and the related fields of mathematical modeling. However, there are few studies of the
existence and uniqueness of boundary conditions of fractional differential equations with
the p-Laplacian operator, see [1-27] and the references therein.

Zhang et al. [4] studied the eigenvalue problem for a class of singular p-Laplacian frac-

tional differential equations involving a Riemann-Stieltjes integral boundary condition:

-Df (¢, (D¥x))(8) = af (£:2(8), € (0,1),
x(0)=0,  Dfx(0)=0,

x(1) = /lx(s) dA(s),
0

where D’f and DY are standard Riemann-Liouville derivatives with 1 <o <2,0< 8 <1,
Aisafunction of the bounded variation, and fol x(s) dA(s) is the standard Riemann-Stieltjes
integral. In their study, the results are based on upper and lower solution methods and the
Schauder fixed point theorem.

In [5], Su et al. studied the existence criteria of non-negative solutions of nonlinear
p-Laplacian fractional differential equations with first order derivative,
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0o (D u(t)) = g, (Wf (6, ule), W (1), forte (0,1),

kou(0) — kiu(1) = 0,

mou(0) — myu(l) =0,

x7(0)=0, r=2,3,...,[a],
where ¢, is p-Laplacian operator, i.e. g,(s) = [s[’~%s, p > 1, and (plgl = Qg i + é =1,°D"is
the Caputo derivative and we have the function f(¢,u, ) : [0,1] x [0,00) X (00, +00) —
[0, 00) which satisfies the Carathéodory type conditions. Moreover, the nonlinear alterna-
tive of Leray-Schauder type and Banach fixed point theorems are used.

Han et al. [6] studied nonlinear fractional differential equations with p-Laplacian oper-

ator and boundary value conditions,

Dj, (gop (Dg+u(t))) +a()f(u)=0, forO<t<l,

u(0) = yu(§) + 4,

#p(D5,14(0)) = (¢ (D5, (1)) = (#p(D5,14(0))),
where 0 < <1,2< g <3,and Dj,, Dg+ are Caputo fractional derivatives, @,(s) = [s|’~s,
p>1,and<p;1:<pq,}7+ %1 =1, and the parameters are 0 <y <1,0 <& <1, 1 > 0. The
continuous functions a : (0,1) — [0,00) and f : [0,00) — [0,00) are given. The Green’s
function properties and the Schauder fixed point theorem are used.

In [2], Liu et al. studied the solvability of the Caputo fractional differential equation

with boundary value conditions involving the p-Laplacian operator. The existence and

uniqueness of the problem is found by the Banach fixed point theorem. The problem is
given in the following:

(0p(DE,x(1)) =f(t,x(0)), forte(0,1),
with boundary value conditions

%(0) = rox(1),

x,(o) = rlx,(l),

x9(0) =0,
where i =2,3,...,[a] — 1. Here, ¢, is the p-Laplacian operator and D, is the Caputo frac-
tional derivative, 1 < @ € R, and the nonlinear function f € C([0,1] x R, R) is given.

In [7], Lu et al. studied the existence of nonnegative solutions of a nonlinear fractional
boundary value problem with the p-Laplacian operator:

Db, (¢p(D3,u®)) =f(t,u(r)), forO<t<1,
u(0)=1'(0)=u'(1) =0,
Dj,u(0) =Dg,u(1) =0,
where 2 < <3,1< 8 <2, and Dj,, Dg . are the standard Riemann-Liouville fractional

derivatives. Green’s functions, the Guo-Krasnoselskii theorem, and the Leggett-Williams
fixed point theorems are used.



Mahmudov and Unul Boundary Value Problems (2015) 2015:99 Page 3 of 16

In [1], Wang and Xiang used upper and lower solutions method to find the existence
results of at least one non-negative solution of the p-Laplacian fractional boundary value
problem, which is given in the following:

Dy, (¢y(D§,u(®))) =f (6, u(r)), for0O<t<l,
u(0) =0, u'(1) = au(§),
D3, u(0) =0, D, u(1) = bDg, u(n),

where 1 <o,y <2,0<a,b<1,0<&,n<1,and also D%, D}, are Riemann-Liouville
fractional operators.
In this paper, we focus on the existence of solutions of the fractional differential equation

Dg+¢P(Dg+u(t)) =f(t’ u(t)’Dg+u(t))’ (1)

with the p-Laplacian operator and integral boundary conditions,
1
u(0) + wiu(1) = o / g(s, u(s)) ds, (2)
0

1
' (0) + o/ (1) = 02/ h(s, u(s)) ds,
0

D, u(0) =0,
Dj,u(1) = vDg, u(n),

where Dj,, D€+ are for the Caputo fractional differential equation with1 <o <2,1< 8 <2,
Vv, Ui, 0; (i =1,2) are non-negative parameters. f, g, & are continuous functions. By the
Green’s functions and fixed point theorems, we state and prove the existence and unique-
ness results of the solutions. Two examples are given to illustrate the results.

2 Preliminaries
The basic definitions are given in the following.

Definition 1 The Riemann-Liouville fractional integral of order « > 0 for a function f :
(0, +00) — R is defined as

@J@=F%1Aw—w*7wda

provided that the right hand side of the integral is pointwise defined on (0, +00) and T is
the gamma function.

Definition 2 The Caputo derivative of order « > 0 for a function f : (0, +00) — R is writ-

ten as

o _ 1 ! _ yn—a-1g(n)
DESO = s | €90 ds

where 7 = [«] + 1, [¢] is the integral part of «.
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Lemma3 Letu € C(0,1)NLY(0,1) with the fractional derivative of order a > O that belongs
to C(0,1) N LY(0,1). Then

I8, D%, u(t) = u(t) + a1t + ¢ot* 2 4 -+ "7,

forc; e R(i=1,2,...,n), where n is the smallest integer greater than or equal to «.

Lemma 4 Let « > 0. Then the differential equation D f(t) = 0 has solutions
f@) =ko + kit + kot® + -+ - + kgt

and
I8, DL f(t) =f(8) + ko + kat + kot? + -+ + kyat™,

wherek; e Randi=1,2,...,n=[a] +1.

The Caputo fractional derivative of order n — 1 < o < n for t¥ is given by

Do g r];}fz;i)l)ty’“, ye€Nandy >nory ¢éNandy >n-1,
0+ =

0, y €{0,1,...,n—1}.

3)

Also, for brevity, we set

won = 01 o2M1 w = 02
1= - ) 2 = )
T+ (4 pn)(d+ o) 1+ ps
vp-lph-1

L=ctP ().

Al = T r B+ 1)

We use the following properties of the p-Laplacian operator: ¢,(u) = |u["~>u, p > 1, and

-1 _ 1,1_
(,‘bp —¢q,p+q—1.

(L) Ifl<p<2,uv>0,|ul,|v|>r>0,then
|60 () = (V)| = (p = D |~ vl.
(L2) If p>2, |ul,|v| <R then
|6p(u) = ()] < (p = DR |u— v].

We define two Green’s functions G(t,s) and H(t,s),

-t (M1(1+M2)+W2(1+M1)) (a-r)*!
(a) (1+u-12)(1+/tz) (a)
uip(1-1)%"
Glt.s) = @)@ s
’ —( /t1(1+/tz)+tuz(1+m)) (-t
+p1) L +pe2) ()
e (1-7)*2 t<rt,

t TGN’
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and
[(t-9)1P! t(1-s)p~1
T(B)  ~ Tvr-nrp)’ 0<s<t=<Ln<s
() a1 o P (y=s)p~1
H(ts)={ '#  0-vmre) t oo prpy 0=s=t=Lnzs
I [ B PO
I=oPIr(p)’ 0<t<s=<ln<s,
—t(1-5)f1 P (p-s)P-1 O<t<s<ly>s

o Tt @)+ G—or 1)’

Lemma5 Letf,g,h e C(0,1),andwithl < o <2 we have the following fractional boundary

value problem:
D}, ¢, (D%, ult)) =£(2), (4)
u(0) + mu(l) = o1 f; g(s) ds,
/ ’ 1 (5)
w'(0) + pou/ (1) = 0 [, h(s)ds,

DZ u(0) =0, )
Dg, u(1) = vDg, u(n),

it has a unique solution which is given by

t 1
(Tu)(t) = /0 G(t,s)p, (/0 H(t, t)f(r)dt) ds + w1 + wst,

with

o1 0241 02
and w, =

Tt (L+p)(d+ o) L+ py

w1 =
Proof By applying Ig . to both sides of (4), we get

" (£-s)! 1
D0+ t) / F(ﬂ) bl bgt, bl,bg ER,

_g)p-1
D2, u(t) = ¢q( /0 %f(s) ds—by - bzt>.

Using the boundary conditions D, #(0) = 0 and D, u(1) = vD{, u(n), we have
Pg(-b1)=0 = b1 =0,

and secondly,

L -s)ft ) (n — )1
¢q(/0 F(ﬂ) f(S)dS ) —V¢q(/0 F f(S)dS—b2ﬂ>

A ([ )

Moreover, since ¢, is one-to-one,

15.fQ) = by = v Y15 f(n) = ban) = vP UG £ () = VP,
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L) = v L f(n) = (1= vP ')y

Then

1

P
by = mmf() ﬁ)mf(’?)

(1-9)" vt " (n—s)!
- ds — ds.
(l—V’Hﬁ)/o rp) WE (1—vpf1n>/o gy SO

Since ¢, (D%, u(t)) = 15 £ () — by — byt,

. (-9 t L(q-s)p1
on (D0+u(t)) = /(; N0 f(s, u(s)) ds — (1 ) o TR f(s, u(s)) ds
tyr1

i) / F(ﬁ Flouts) s

= / H(t,s)f (s)ds,
0

1
Dy, u(t) = ¢, (/o H(t,s)f(s) ds),

t _ o1 1
u(t) = /0 ( F(Z) ¢q< /O H{(t,s)f (s) ds) dt — ¢ - oot. )

By the boundary conditions (5), we get

1
- +,U«1</(; a F(r) ¢p</ H(z, s)f(s)ds) dr —¢ - cz> —0'1/ g(s)ds,

1
0 (1F<T) 1¢"</ H(w.s)fte) dS)df caphr - 01/0 gs)ds = (1 + ),

Rz Q- m
C“(lm)/ @) ""’(/ He, s)f(s)”ls)dr )

o1 1

M (1 T)*? B
_(1+M2)/0 I(o-1) ¢p</H” )ds>dr 1+M2)

Inserting c; into (8), we get the values of ¢;, and inserting ¢; and c; into (7), we have

t o-1
u(t) = /0 ( F(f)) ¢p( / Ht,)f (s,u s))ds)dt

pa(L+ pa2) + tpa (1 + pa) 1-r7)e?
_< 1+ p)A + pa) )/0 NG ¢P(/Hrs)f5”(s)ds>

M1

J15y0%) Lq- )2
A+ )L +p2) Sy Tla- ¢’p</ H(t,9)f (s, u(s)) ds) dr
1 oyt — toa (1 + y) 1
1+ /0 g(S; M(S)) ds — (m) /0 h(S, u(s)) ds. N
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Lemma 6 The functions G(t,s) and H(t,s) are continuous on [0,1] x [0,1] and H(t, s) sat-
isfies the following properties:

(1) H(t,s) <0, fort,s€[0,1],

(2) H(t,s) > H(s,s), for t,s € [0,1],

(3) the Green’s function H(t,s) satisfies the following condition:

! B(B, B)
0 5/ H(t,s)|ds < ———————,
0 | | A —vrtn)I(B)
where B is the Beta function.

Proof The proofs of properties (1)-(2) are given in [1]. Thus we will prove property (3) for
any t,s € [0,1]. The Green’s function H(t,s) is negative. Therefore,

! ! B(B,B)
05‘/0\ |H(t,S)|dS§V/O\ |H(S,S)|dS§ m

3 Existence and uniqueness results
In this section, we state and prove existence and uniqueness results of the fractional BVP

(1)-(2) by using the Banach fixed point theorem. Our study concerns the space
C, ([0,1],R) = {u € C([0,1],R), Dy, u € C([0,1],R)},

which is shown in the form

leell, = llaelle + || Dg,u]

where || - ||, is the sup norm in C([0,1], R).
The following notations will be used throughout this paper:

A = 1 |: |M1||1+,U«2|+|M2||1+M1|]+ 1 [ 2y i|
(o +1) 1+ a1+ pol T(e) [ 11+ palll+ pal |

A 1 [ [ 42] ]
2= + ’
Ma-y+1) T2 - )L+ pol

o]
Nl
= |02||M1+|1+M1||’ . loa| .
[T+ pa||1+ pal L2 -y)1+ pal

To state and prove our first result, we pose the following conditions:
(A1) The function f : [0,1] x R x R — R is jointly continuous.
(A2) There exists a function /; € Lt ([0,1], R*) such that

[f (&, w1, u2) = f (&, vi,v2) | < Up(6) (|luin = w1 + lz = 2],

for all (¢, uy, us), (¢, v1,v2) €[0,1] Xx R x R.
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(A3) The functions g and / are jointly continuous and there exists /[, [, € LY([0,1],R")
such that

lg(t,u) - g(t,v)| < L (@) |u - v|
and
\h(t, 1) = h(t,v)| < n(6)|u -,

for each (¢, u), (t,v) € [0,1] x R.
Next, we define an operator, T which is 7 : C[0,1] — C[0,1] as follows:

Tox(t) = ¢4 (/01 H(t,s)f (s,x(s), Dy, x(s)) ds).

Lemma 7 Assume (Al)-(A3) hold and q > 2. There exists a constant lt, > 0 such that
| Toult) = Tov(®)| < Il = vlly,

forall u,v € B,. We have

B(B, B)

1
-2 -2
I = (@ = DL Wyl [ [1105.9]ds < (0= DL s st

Proof If p > 2 and ¢ > 0 we have the following estimation:

1 1
/ H(t,s)]’(s,u(s),Dg+u(s)) ds 5/ |H(t,s)|[f(s,u(s),Dg+u(s))|ds
0 0

1
5/0 |H(t,5)|l:(s)(|u(s)| + |Dj, u(s)| + |f(s,0,0)|) ds
1
< (N lioollull, +M)/ |H(s,s)| ds
0

1
5(||lf||oor+M)/0 |H(s,s)|ds

=Ly,
where M = max;e[o1; |f(s,0,0)|. Now using the property (L2), we get the desired inequality,

[(Tow)(®) - (Tov)(®)]

1 1
?q (/ H(t,s)f (s, uls), Dy, u(s)) ds) -, (/ H(t,s)f (s, v(s), Dy, v(s)) ds)
0 0

<(g-DL%®

/1 H(t,5)(f (s, u(s), Dy, u(s)) —f (s, v(s), D, v(s)) ) ds
0

1
s(q—l)Li,‘2||lf||m||u—v||V/ |H(s,5)| ds
0
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B(B,B)
(1 -vrIn(B)

=lgllu—-vl,. O

-2
<(@-DL " llloo lu—vll,

Theorem 8 Assume (A1)-(A3) hold. If

2 2
ilfo (ZA,-) + Ayl + (ZM)MHI} <1, )
i=1

i=1

then our BVP (1)-(2) has a unique solution on [0,1].

Proof Let us define the operator 7 : C, ([0,1],R) — C,([0,1], R) to transform our BVP (1)-
(2) into a fixed point problem,

(Tu)(t)

~ t (t _ S)a—l Y
_ fo S Tolf (s uts), DY) ds

1 1- a-1
a . ™ /0 ( r& To(/ (s, (s), D5, u(5))) ds

1o L1 -s)?
L+ p)d+pu2) Jo T(a-1)

¢ 1 1— a-1
_(ll-tz,uz)/o (F(g) To(f (s, uls), Dy, u(s))) ds

To(f (s, u(s), Dy, uls))) ds

o[ oz = L+ pm)) [
+ (1+M1)/0 g(S,l/l(S)) dS—m A h(s,u(s)) das. (1())

Taking the y th fractional derivative, we get
D} (Tu)(t)

- / th (f (s, u(s), DY, u(s))) ds
o Ma-vy) ° ’ o

o tl—y fl (1 _ S)ot—y—l
0

To(f (s, u(s), D, u(s))) ds

A+ u2) F(2-y) Fle-y)
1-y 1
+ ﬁ F(;—_y) A h(S, M(S)) dS (].1)

for ¢ € [0,1]. Since f, g, h are continuous, the expression (10) and (11) are well defined.
Clearly, the fixed point of the operator 7T is the solution of the problem (1)-(2). To show
the existence and uniqueness of the solution, the Banach fixed point theorem is used and
then we show T is contraction. We have

|(Tu)() - (TV)©)]

t -1
(t—s)"
< / — d
_/0 @) Tollu—vl, ds

| 1 Q-5
1+mlto Tl

Igllu—vl, ds
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[l ezl /1 (1—S)a_21 e — v, ds

L+l + ol Jo T@-1)" ’
72 T(1-9)t

1+pualJo Tl

Illu—vll, ds

o1 !
Ly(s)(|u(s) — v(s)| + | D, u(s) — Df, v(s)

|1+/*L1| g (| | | 0+ |
loallps + 1+ pull / 16 ([#65) = v(s)| + | DL ) - DY, )] s

1+ polll+pal Jo

{l ( F-s)*! a1+ pal + [palll+ el 1 (1 —s)*
To + ds
I(a) 1+ per] 11+ pal o D'l
|1 ||zl ! (1—5)“_2 ds)

|1+M1||1+,u2| Ma-1)

o1 |02||M1+|1+M I

1( - l (s)ds llu—vll,
|1+M1| T+l el Jo
<{ ( [l + o + (2|1 + s [l a2 )
- Fle+1)  Tla@+DIL+ 1+ ual  T(a)1+ pa]l+ wol
o] loa [ + |1+ pal|
Il + ——————lull1 lle = vll,. (12)
Tl 1+ pal 1+ ] ’
By using the Holder inequality, we get
|Tu(@®) - Tve)| < {lr A1+ Aglllglly + An Il }lle = vl (13)

Dy, (Tu)(¢) - Dy, (Tv)(®)]
t (t _ S)a—y—l
= /(; T_y)l% lloe = vl ds
ol £ [t A-g)* !
L+ua TR-y)Jo Tl@-y)

I llu—vll, ds

|1|f2llz|f'(2 y)/ () ([14(5) = v(s)| + | Do, u(s) — Dg, v(s)]) ds
[ e
S{I‘(a—)/)[o(t g “

1

l'ﬁ) tl_y |M2| (1 _ s)a—y—l ds

" Tla—y)F@- )L+ ]

tl—y 1
+L/ lh(s)ds}||u—v||y
1+ uaT(2 =) Jo

<{l ( . [l )
“1\T@-y+1)  T(a-y+DLQ2—y)L+ ]

o]

1
B s S l (s)ds}||u—v||
|1+M2|F(2—J/)/0 ’ Y

5{ I, (1+ [42] )
Fla-y+1) T2 - )1+ psl

|os ] }
—" I u-v|,. 14
|1+;,L2|F(2—)/)” Wl gl Iy (14)
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Similarly,
D3, (Tul®)) - D3, (Tv()| < {7 Ao + Ay Il e = vl (15)
With the help of (13)-(15), we find that

I Tu—Tv|,
< {l7(A1+ D) + Aglilglly + (Apy + Apy) | alln Yl = vl
2 2
= {lﬁ, (Z m) + Aglilglh + (Z Ah,) ||lh||1}||u— Vily-
i=1 i=1

Thus 7 is a contraction mapping by condition (9). By the Banach fixed point theorem,
T has a fixed point which is the solution of the BVP. d

4 Existence results
Theorem 9 Assume:

(iv) There exist non-decreasing functions ¢ : [0,00) x [0,00) — [0,00) and ; : [0,00) —
[0,00), i = 1,2, and the functions [y € Lt ([0,1,R*) and Iy, 1, € LY([0,1],R*) such that

[f (&, u,v)| < (@) (lul + [v]),
gt )| < L)y (Jul),
’h(t: Ll){ = lh(f)W2(|M|)»

forallt e [0,1] and u,v € R.
(v) There exists a constant N > 0 such that

N

1. (16)
|:€0(||u||y)l76 i Av+ Yl )il Ag + Walllull,) 1 alh Y7 Ahii| g

Thus problem (1)-(2) has at least one solution on [0,1].

Proof Let B, = {u e C,([0,1],R) : ||ull, <r}.
Step 1: Let the operator 7 : C,,([0,1],R) = C,([0,1], R) be given in (10) which defines B,
to be a bounded set. For all u € B,, we get

[(Tu)(@)|
‘/’(’”) t a-1
< F( )l%/(t—s) ds
allL+ pal + [allL +pual 0(r) / (1— )% ds
1+ 1|1+ pal [ (e )
1] ezl o(r) a2
|1+m||1+m|r(a—1ZT"/(H) @

|o1] [oa|lpn + 11 + pall !
g wl()/ 11,(5)| s + m%(’”)/o 11(5)| ds



Mahmudov and Unul Boundary Value Problems (2015) 2015:99 Page 12 of 16

and

DG, (Tu)(@)

QO(V) ! _ e-y-1
S—F(a—y)lﬁ’/o(t s) ds

|12 £ @(r) /1 -1
l 1-98)%7""ds
1+ o r(z—y)r(a—y) 7 Jo

|os]
|1+m|r( )‘”2 /V” )| s.

By the Holder inequality,

[(Tw)(0)]
(Nl A (el 11+ pal + 2l |1 + pal)e(r)irg . [l peale(r)iT,
T Ta+1) 1+ 1|11+ po|T (e +1) L+ 1|11+ pa| T ()
lon [l loallper + 11+ pal W2 ()1 211y
11+ 1] 1+ pall1 + pa]
< ()l Ar + Mg (Mg lly + Ay Yra () 11
Dy (Tu)(@)|
o7y [2lo(r)l, loa [y () 12 Il

= + +
Ma-y+1) N+uwlQ-y)Mla-y+1) 1+ulT2-y)

<o)l Ao + Ay Yo () | 1.
Therefore,
[(Tw)|, < o)z (A1 + A2) + Mgy (gl + (A, + Apy) W2 () 1 sl

Step 2: The families {(7Tu) : u € B,} and {D},(Tu) : u € B,} are equicontinuous. For
t < t, we get

[(Tu)(t:) - (Tuw)(t)]

< ()l [/tl (=9 +(ta—9)"")ds - /m (L2 — 9" ds}

I (er)
N |M2||t2—t1|</”’)lT0/ (1 )" ds
1+usl  TI(a)

lo2 ||+ pallE2 — ta|¥ra(r)
[l 11+ purl

/ ‘lh(s)‘ ds— 0 asty— 4.
0

Similarly,

| Dy, (Tu)(t2) = Dy, (Tu) (1)
(/)(r)l% |: i _a-y-1 — ) gs — ? _ a—y—ld]
_/0 ((t1 5) +(tp —5) ) s / (t —s) s

“Ta-vy) A
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-y -
el lpallty” =477

1
+ (1-5)*7""1ds
T(a—y)IL+uaDQ2-y) /0
loallty™” =87 |9
11+ 1202 -y)

1
(r)/‘ ’lh(s)’ds—>0 asty — f.
0

Thus {(7T%) : u € B,} and {D}, (T u) : u € B,} are equicontinuous and relatively compact in
C([0,1], R) by the Arzela-Ascoli theorem. Therefore 7 (B,) is a relatively compact subset
of C, ([0,1],R) and the operator 7 is compact.
Step 3: Let u = A(Tu) and u = A(D}, (Tu)) for 0 < i < 1. For each ¢ € [0,1], define M =

{llzll, € C,([0,1],R), [|ull, < N}. Then we get

lulle = [ A(Tw)|,

<o(lully )l A+ Mg (luelly ) 1 glly + A o (llully ) a5
lulle = | 2(Dg, (Tw) |,

< @(llully)irs A + Apy s (Il ) 11

Thus
2 2
lelly < @(lluly)lir Z Ai+ Y (llelly ) gl Ag + Yo (llzelly ) a2 Z Ap,.
i=1 i=1
That means

[zl
<L
oUlully )iz Yy Ai+ Yl ) el Ag + Yol ) Nall Y2y A

For a non-negative N and |u|l, < N, the operator 7 which is defined in M to be

C, ([0,1], R) is continuous and compact. Therefore 7 has a fixed point in M. O
5 Examples
Example 10 Consider the following boundary value problem of a fractional differential
equation:
3 3 %
2 3 D
D¢, (9,5, u)(t) = (0L ¢ DG, ) )
IDG, u(t)|+1 (17)
u(0) +0.1u(1) = 0.01 [ 2 ds,
' (0) +0.1u/(1) = 0.01 f, (49 4 1) dis.
Here

o, B =15, M1, o =01, 01,05 = 0.01,

v,n =0.3, =04, y =0.01,

and

|l [v]
+ ’
lul+1  |v|+1

ft,u,v) =
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U eu 1
—_—, h(t,u) = —.
1 +5)? (&:u) (1+2e) * 2

g(t» I/l) =
Since 0.88 < I'(1.5) < 0.89, I'(2) =1, I'(2.5) = 1, we find

A; =0.89, Ay =0.82, Ay =0.009,

Ap, =0.0099, Ay, =0.009, le=l=1,
with simple calculations. Therefore

{ZTO(Al + A9) + 20, lg Il + (Apy + Ahz)||lh||1}
< 17317, +0.04

<1
Then we can choose
176 <0.562.

Thus all assumptions of Theorem 8 satisfied. Therefore the problem has a unique solution
on [0,1].

Example 11 Consider the following boundary value problem of fractional differential

equation:

3
3 3 . 2
5 5 _ | (t)|3 |sinDg, u(z)| 1
D3+(¢ng+u)(t) - 9(‘uu(t)|3+3) + %0+ + ﬁr
9(sin Dy, u(t)+1)

u(0) + 0.1u(1) = 0,01 fol 3(1;12))2 ds,

u'(0) +0.14/(1) = 0,01 fol B(E:zg)ﬁ ds,

3
DZ,u(0) =0,

3 3
DZ,u(1) = 0,3DZ,u(0,3),

where f is given by

|3 | sinv| 1

t) ) = . A
VUL 9(|ul3 +3) " 9(sinv +1) " 12

We have

|3 [sinv| 1
V(tluﬁv)’§ + " + —, ucR.
9(|ul>+3) 9(sinv+1) 12

Here

o,B =15, U1, o =01, 01,09 = 0.01,
v,n=0.3, =04, y =0.01,

A; =0.89, Ay =0.82, Ay =0.009,
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Aj, =0.0099, Ay, =0.009, L =4=01,

and g(t, 1) = 221 h(t,u) = 2490 o(N) = ¥, (N) = Yo (V) = N If

3(1+s)2’ 3(1+e%)2’

N
©(N)(0.561)(0.89 + 0.82) + ¥ (NV)(0.1)(0.009) + 1, (N)(0.1)(0.0099 + 0.009) >L,

N
N(0.96) + N (0.0009) + N'(0.0019

N
———>1,
0.9628N

1.04 >1,

>1,
)

then (16) is satisfied. Then there exists at least one solution of the BVP on [0, 1].
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