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1 Introduction
In this paper, we are concerned with the blow-up of solutions for the following quasilinear
hyperbolic equations system:

U — div(|Vu|m_2Vu) +aluP2u, - Aug = fi(u,v),  (x,t) € Q x R, (1.1)

Vi — diV(|VV|m_2VV) +alvP v = Ave=fo(u,v),  (x,t) € 2 xR (1.2)

with the initial boundary value conditions

u(x,0) = ug(x) € Wé‘m(Q), u(x,0) = w1 (x) € L2(Q), x€, (1.3)
v(x,0) = vo(x) € W™ (Q),  wi(x,0) =wi(x) e L[X(Q), x€Q, (1.4)
u(x,t) =0, vix,t) =0, (xt) €0 xR, (1.5)

where Q is a bounded open domain in R” with a smooth boundary 2. 4 > 0 and m,p > 2
are real numbers, and fi(-,-) : R — R (i = 1,2) are given functions to be determined later.
When m = 2, problem (1.1)-(1.5) defines the motion of charged meson in an electromag-
netic field and was proposed by Segal [1]. Equations (1.1) and (1.2) with initial boundary
conditions (1.3)-(1.5), but without dissipative terms, were early considered by several au-
thors. Medeiros and Miranda [2, 3] showed the existence and uniqueness of global weak
solutions. Da Silva Ferreira [4] proved that the first-order energy decays exponentially in

the presence of frictional local damping. Cavalcanti et al. [5] considered the asymptotic

© 2014 Ye; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly credited.


http://www.boundaryvalueproblems.com/content/2014/1/251
mailto:yjye2013@163.com

Ye Boundary Value Problems 2014, 2014:251 Page 2 of 10
http://www.boundaryvalueproblems.com/content/2014/1/251

behavior for an analogous hyperbolic-parabolic system, with boundary damping, using
arguments from Komornik and Zuazua [6].
For the initial boundary value problem of a single quasilinear hyperbolic equation

Uy — diV(|VM|m_2VM) +aluP2uy — Ay = blul"%u,  (x,t) € Q x R, (1.6)
u(x,0) = up(x) € W&’m(ﬂ), u(x,0) = (x) € L2(Q), %€, 1.7)
ulx,t)=0, (xt)€dQ xR, (1.8)

Yang and Chen [7-9] studied problem (1.6)-(1.8) and obtained global existence results
under the growth assumptions on the nonlinear terms and the initial value. These global
existence results have been improved by Liu and Zhao [10] by using a new method. In [11],
the author considered a similar problem to (1.6)-(1.8) and proved a blow-up result under
the condition r > max{p, m} and that the initial energy is sufficiently negative. Messaoudi
and Said-Houari [12] improved the results in [11] and showed that the blow-up takes place
for negative initial data only regardless of the size of Q2. By means of the perturbed energy
and the potential well methods, Messaoudi [13] gave precise decay rates for the solution
of problem (1.6)-(1.8). In particular, he showed that for m = 2, the decay is exponential.
In absence of the strong damping —Au,, equation (1.6) becomes

Uy — diV(|Vu|m’2Vu) +aludP2uy = blu?u,  (x,t) € Q x R, (1.9)

For b = 0, it is well known that the damping term assures global existence and decay of the
solution energy for arbitrary initial value (see [14—16]). For a = 0, the source term causes
finite time blow-up of solutions with negative initial energy if r > m (see [17]). When the
quasilinear operator —div(|Vu|"2Vu) is replaced by A%, Wu and Tsai [18] showed that
the solution is global in time under some conditions without the relation between p and r.
They also proved that the local solution blows up in finite time if > p and the initial energy
is nonnegative, and gave the decay estimates of the energy function and the lifespan of
solutions.

In this paper we show that the local solutions of problem (1.1)-(1.5) with small positive
initial energy blow up in finite time. Meanwhile, the lifespan of solutions is given. The
main tool of the proof is a technique introduced by paper [19] and some estimates used
firstly by Vitillaro [20] in order to study a class of single wave equations.

For simplicity of notations, hereafter we denote by || - ||; the space L*(Q2) norm, || - || de-
notes L2(2) norm, and we write an equivalent norm ||V - ||,, instead of Wé’m(Q) norm
-1 Wh(g)- Moreover, C denotes various positive constants depending on the known con-
stants and may be different at each appearance.

2 Preliminaries

Concerning the functions fi (, v) and f>(u, v), we assume that

fie,v) = by |u + VI (u + V) + by || ulv),
(2.1)

r-1 r+1
| I

fo(,v) = bylu+v|* (u +v) + by|v| " v|u

where b1, by > 0 and r > 0 are constants.
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It is easy to see that

ufi(u,v) + vy (u,v) = 2(r + 1)F(u,v), Y(u,v) € R%, (2.2)
where
F(u,v) = ! |l + v 204D 4 £|uv|’+1. (2.3)
2(r+1) r+1

Moreover, a quick computation will show that there exist two positive constants Cy and
C; such that the following inequality holds (see [21]):

Co
(|u|2(r+1) + |V|2(r+l)) SF(M,

- 2(r+1) 2(r+1)
20+ 1) )(l u?0HD 4 |y, (2.4)

v)_2(

Now, we define the following energy function associated with a solution [, v] of problem
(1.1)-(1.5):

£O = 5 (@ + [n@ )+ - (19u@[ + [9017) - [ Fands  @5)
m Q
for [u,v] € Wy () x W™ ($2), and
1
EO) = 5 (lal? + 1) + - (1Yol + 199017) - [ Flua,vo)ds 26)
m Q

is the initial total energy.
Note that we have from (2.5) that

1
E(t)> —
m

([vu@)|” + [n0)]”) - /Q Flu,v) dx 27)

for [u,v] € Wy () x Wy ().

Lemma 2.1 Let s be a number with2 <s<+oo ifn <mand 2 <s < n”_”:n if n>m. Then
there is a constant C depending on 2 and s such that

lulls < ClIVull,, Yue W™ ().

Lemma 2.2 (Young’s inequality) Leta,b > 0 and 117 + }1 =1forl<p,q < +00, then one has
the inequality

ab < éa’ + C(8)bY,
where 8 > 0 is an arbitrary constant, and C(8) is a positive constant depending on §.
We get from Minkowski’s inequality and Lemma 2.1 that

e+ V1541y < 2(18ll300) + 1VI50) < 2B2(IValy, + IVVIE,). (2.8)
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Also, we have from Holder’s inequality and Lemma 2.2 that

1
laavllrn < J8) [ 1 gy = 5 (100 [y + 1700 )

2

B
< 7(||Vu||3n +VVIZ,), (2.9)

where B is the optimal Sobolev constant from Wy" () to L27*V(2).
We get from (2.3), (2.8) and (2.9) that

2(r+1)

C,B
/F(u,v)dxs =2
Q r

1
7 (IValy, + 19vIE) ™ (2.10)

b
where C, =27b; + 2,—31

Considering the basic inequality |x + y|? < 2°7(|x|” + [y|°), ¥x,y € R, p > 1, it follows
from (2.7) and (2.10) that

1 ) ) % CZB2(r+1) 5 5 \ral
E@t) > —— (IVull;, + IVVI,) 2 = ——(IVul, + IVVI,)
m2 2 r+1
= Q(/Ivulz, + 19012, ), 1)
where
1 C B2(r+1)
QML) = M 2 220+1)
25 r+1

Therefore, we get that

Q/()") - %)\Wkl _ 2CQBZ(H1))\.2H1,
952
m-—1

Q//(}\_) =— Am—z _ 2(2’, + l)CzBZ(r+1)A2r.
277

m 1
Let Q'(A) = 0, which implies that A; = (272 CoBXr+Yym=20+D | As A = A; and m < 2(r + 1), an
elementary calculation shows that

Q//(t) _ m—2r5:+ 1) (2% Cng(Hl))#E’Z“) <0.
277

Thus, Q(A) has the maximum at A; and the maximum value is

d= Q)= — <1 ! )(2%c232<’+1))m—57r+l>. (2.12)
2

22\ 2(r+1)

In order to prove our main result, we need the following two lemmas.

Lemma 2.3 Let [u,v] be a solution to problem (1.1)-(1.5), then E(t) is a nonincreasing func-
tion for t > 0 and

d
27 E@ = =(allwally + allvilly + 1 Viell3 + [97]13) < 0. (2.13)
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Multiplying equation (1.1) by u; and (1.2) by v, and integrating over Q x [0,], then
adding them together and integrating by parts, we get

ﬂa-Ew):—A(4W4@M+amugﬁ+”kuwj+nvw@w3¢s (2.14)

fort> 0.

Being the primitive of an integrable function, E(¢) is absolutely continuous and equality
(2.13) is satisfied.

Applying the idea of Vitillaro [20], we have the following lemma.

Lemma 2.4 Assume that 0 < E(0) <d.
@ F(IVuol2, + IVvoll2) % <A}, then (|| Vull?, + | VVIIZ) % < A} for t > 0.
(i) If (IVuol?, + IVvoll2) % > A, then there exists Ay > &y such that
(IVal2, + IVVIZ)Z = 24 fort > 0.

For the detailed proof of Lemma 2.4, one can refer to [18].

We conclude this section by stating the local existence and uniqueness of solutions for
problem (1.1)-(1.5), which can be obtained by a similar way as done in [7-9, 22]. The result
reads as follows.

Theorem 2.1 (Local solution) Suppose that [ugy,vy] € Wé’m(Q) X Wé’m(Q), [u1,v1] €
L*(Q) x L*(2) and

2<m<2(r+1)§ﬂ, n>nm; 2<m<2(r+1)<+o0, n<m, (2.15)
n—m

then there exists T > 0 such that problem (1.1)-(1.5) has a unique local solution [u(t), v(t)]
satisfying

[u,v] € L=([0, T); Wy (Q2) x Wy (),
ug,ve € L%([0, T); L*(R)) N LP(Q x [0, T)) N L*([0, T); Hy(R2)).
Moreover, at least one of the following statements holds true:

@) luell® + vell® + IV ulle + Vvl — +00 ast — T
(2) T =+o0.

3 Main result and proof

In this section, we prove that the solutions with positive initial energy blow up in finite
time under some conditions and that the estimates of the lifespan of solutions are given.
Our main result reads as follows.

Theorem 3.1 Assume that (2.15) holds, r > %max{p,m} — 1 and [up,vo] € Wé’”’(Q) X
W™ (), [u1, ] € LX) x LX(R). If 0 < E(0) < d and (|Vuo|?, + Vvol?)% > A}, then
the local solution of problem (1.1)-(1.5) blows up in finite time.

Proof Let

H(t)=h-E@®), t>0, (3.1)
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where /1 = W. We see from (2.13) in Lemma 2.3 that H'(¢) > 0. Thus we obtain
H(t)> H(0)=h—E0)>0, t>0. (3.2)
Let
G() = L(uut + V) dx + %(”Vu(t) ||2 + || Vv(t) ||2) (3.3)
By differentiating both sides of (3.3) on ¢, we get from (1.1) and (1.2) that

G'(6) = (luell® + 1vel®) = (Il + 19 VL)

+2(r + 1)/ F(u,v)dx — a/ (Il + v P> vv) dix. (3.4)
Q Q

We have from (2.5), (3.1) and (3.4) that

2(r+1)—m
——

G'() = (r+2) (luell + Ivel*) + IVully + 11V

- a/ (Iut|p_2utu + |vt|”’2vtv) dx+2(r+ 1)H(t) — 2(r + 1)A. (3.5)
Q

We obtain from Lemma 2.4 that

2(r+1)-m . m
(7(||Vu||m +IVVIm) = 2(r + 1)k

20+ 1) —m (A=A m
> 2 (VR + V) ?

m Ay
20r+1) - Vul?, + | Vv]2)%
N (r+1)-m m. (IvVull, + 1IVvll;,) —2(r + Dk
)\‘m
2
20+ 1) —-m (A = A" 3 N
> - T (I1Vullz, + 1VVI7,) 2
2 1) -
+ wx;’f —2(r+ DI (3.6)
We have from Lemma 2.4 that W . % > 0, and by (2.12) and (3.2), we see that
2
2 1) - 2 1) - m _2
(V+ ) Wl)"% —2(1"+1)]’l _ (V+ ) m(27CZBZ(H1))m_2(H1) _2(r+ l)h
m
=2(r+1)(d - h) =2(r +1)(h - E(0)) > 0. (3.7)

It follows from (3.5), (3.6) and (3.7) that

2r+1)-m (A=A
Ay

m
2

G'(6) = (r+ 2) (Il + Ivel®) + (vl + 19,

- a/ (|ut|1’_2utu + |Vt|1’_2vtv) dx +2(r + 1)H(¢). (3.8)
Q
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We have from Holder’s inequality that

a

/ (|u,¢ 1P20,u + |Vt|p_2VtV) dx
Q

1 2(7;1) 2(?1) p-1 1= p P p-1
< Collullypdy MatllyZyy lseelB™ + 101y (Wl Ve lET).

2(r+1) 2(r+1)

We get from (2.7), (3.1) and Lemma 2.4 that

H{t) <h-

/QF(u, V) dx.

m2 2
1
< d— T}\.;ﬂ +
m2 2
Since
1
d- m—2 {n:_ [0
m2 T 22 (r+1)

1 m
— (IVul?, + IVvI2,) 2 +/P(u,v)dx
2 Q

m

(2 g CZBZ(HI)) w200 < (),

so we have from (3.2), (3.10), (3.11), (2.4) and Lemma 2.1 that

0 < H(0) < H(t) §/F(u,v)dx
Q

G
2(r+1)
ClBZ(Hl)
<
— 2(r+1)

We obtain from (3.9) and (3.12) that

a

1

/ (|ut P2 0,u + |vt|"_zvtv) dx
Q

2(r+l)

2(r+1) 2(r+1)
(||u||2(r+1) + ”V”2(r+l))

(IVul 20 + Vv 20D, ¢> 0.

2(r+1)

1
_i -1 -1
< CsH(O) 07 ([[ully L a2+ [Vl Loy Ve N2,

We get from (3.13), Lemma 2.2, Lemma 2.3 and (3.1) that

a

/ (|ut P20,u + |vt|”_zvtv) dx
Q

2(r+1 2(r+1 - _
< Gs[e? (lulisery) + 1VIsies) +& P T H O]H)™,

_1
where o = 5~ )

a

< C3[e"HOY ™ (lull3gm) + V]

/ (luelP 2wt + |ve P> vev) doc
Q

Now, we define L(t) as follows:

L(t) = H@®)"" +3G(®),

t>0,

2(r+1)
2(r+1)

— L £>0.Let 0 < p <, then we have from (3.2) and (3.14) that

) + £ PTH(O)H(t) " H'(1))-

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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where § is a positive constant to be determined later. By differentiating (3.16), we see from
(3.8) and (3.15) that

L'(t) = Q- p)H(t)"H'(t) + 8G'(¢)
> [1- p - 8Cse FTH(0) ] H(D) " H'(¢)

+8[(r+2) (lell® + lvell?) + 2(r + DH(®)]

20+ 1) —m (MY =AY
+ .

— g SIVull+ IV

— G338 HO)™ (Ilull20H) + [v)20:D). (317)

m_sm
Letting k = min{r + 1, 2= . (Azk—mAl)

} and decomposing 28(r + 1)H(¢) in (3.17) by
28(r + 1)H(t) = 2k6 H(t) + 28(r + 1 - k)H(¢), (3.18)

we find from (2.4) that

/ Flu,)dx > (20 4 ). (3.19)

Co
T 2(r+1)
Combining (3.1)-(3.2) and (3.17)-(3.19), we obtain that
L'(£) > [1= p - 8Cse PTH(0) |H ()" H'(£)
+8[(r+2) = k] (laell® + llvell*) +28(r + 1 - k)H(2)
s |:2(r+1)—m . (AF =27

—k]8(||w||$+ Vv

m Ay
kCy _a
¥ [7 ~ C3eH(0) ] (laell3000) + Vi) (3.20)
Choosing ¢ > 0 small enough such that &” < r1+<1Co H(0)* and 0 < 6§ < C—p LlH(O)""", we
have from (3.20) that
L'(t) = Cas[llwcl® + Vel + 1V ulls + VI + lullyor) + Iviae) + H@®)],  (3.21)

where Cy = {r+2-k,2(r+1-k), 2er+01 % . (AZW;;,,,W) —k}. Therefore, L(t) is anondecreas-

ing function for ¢ > 0. Letting § in (3.16) be small enough, we get L(0) > 0. Consequently,
we obtain that L(¢) > L(0) > 0 for ¢ > 0.
Since 0 < p < <1, it is evident that 1 < — <14 - We deduce from (3.3) and (3.16) that

1
1

107 = 00+ (5 [ e+ v dx)”+<a[||w<t>||2+||w<t>||2]>ﬁ]. 22)

On the other hand, for r > 0, we have from Holder’s inequality and Lemma 2.2 that
1
H 1 1
(5 / (uus + VVt)dx> Co (Il = IIMIIZ(HI + [lvell = ||V||2 ril) )
Q

u e

1 v v
< Crllwll gy + IVl + Nl =2 + v 72), (3.23)

Page 8 of 10
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wherei+%:1.Let0<p<min{a,%—# },v—2(1 p), then -

2(r+1)”’ )
It follows from (3.12) that

1

= N P (R N &
u ) v ’
2(r + 1)H(0) 204D = 2(r + DH(0) 2041 =

1

CIBZ(HI) ﬁ ClBZ(Hl) 20+0)
FYSETSTITSY Vil > 1, — Vvl = 1.

2(r +1)H(0) 2(r+1)H(0)

Thus, we get from (3.24) that

e 2 C -
2o 1 2(r+1)
||u||2(,+1) lllyiny) = (m) 11 541)

11
”V” u v ﬁ - L (1-2p)(r+1) ||V||2(”1)
2( r+1 - 2(r+1) — 2(’, + I)H(O) 2(r+1

We obtain from (3.23) and (3.26) that

1

- 2 2 2(r+1) 2(r+1)
<8f(uut+vvt)dx) < Cy(lluell® + lIvell* + llotll511) + VIl341))-
Q

>

Similarly, we have from Holder’s inequality and (3.25) that

A

2 2
GLIvul? + 1vvIP]) =7 < Co(IValln” + 1VVIm") < Cuo(IVally, + [VVI,).

Combining (3.22), (3.27) and (3.28), we find that

L

2 1
L@&)T < Cullluell? + vel® + IVall + Vv + lul50 )

2(r+1)
2(r+1) + ||V||2(r+1

We obtain from (3.21) and (3.29) that
L'(t) = Cul(®)77, t20,

where Cj5 = %‘;f Integrating both sides of (3.30) over [0, ¢] yields

L

L(t) = (L(0)™7 — Crapt) 7

P

Page 9 of 10

2
5 < 2(r+1).

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

)
Note that L(0) > 0, then there exists T = Tyayx = 29O guch that L(£) — +00 as £ —

Ciap
+00. Namely, the solutions of problem (1.1)-(1.5) blow up in finite time.
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