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Abstract

In this paper, we analyze some properties of the linear difference operator
A:Cr— G, [AXI(0) = x(t) = V(t)x(t — T), and then, by using the coincidence degree
theory of Mawhin, a kind of neutral differential systems with non-constant matrix is
studied. Some new results on the existence of periodicity are obtained. It is worth
noting that V(t) is no longer a constant matrix, which is different from the
corresponding ones of past work.
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1 Introduction

The field of neutral functional equations (in short NFDEs) is making significant break-
throughs in its practice; it is no longer only a specialist’s field. In many practical systems,
models of systems are described by NFDEs in which the models depend on the delays of
state and state derivatives. Practical examples for neutral systems include population ecol-
ogy, heat exchanges, mechanics, and economics; see [1-4]. In particular, qualitative anal-
ysis such as periodicity and stability of solutions of NFDEs has been studied extensively
by many authors. We refer to [5-12] for some recent work on the subject of periodicity
and stability of neutral equations.

In the last few years, the stability of neutral systems of various classes with time de-
lays has received an ever-growing interest from many authors. Many sufficient condi-
tions have been proposed to guarantee the asymptotic stability for neutral time delay
systems. We only mention the work of some authors [13-15]. It is well known that the
existence of periodic solutions of neutral equations and neutral systems is a very ba-
sic and important problem, which plays a role similar to stability. Thus, it is reason-
able to seek conditions under which the resulting periodic neutral system would have
a periodic solution. Much progress has been seen in this direction and many criteria
are established based on different approaches. However, there is no paper for investi-
gating the existence of periodic solutions of neutral system with non-constant matrix.
In addition, to the best of our knowledge, most of the existing results deal with scalar
NFEDs or neutral systems with a constant matrix. For example, in papers [16—20], based
on Mawhin’s continuation theorem, several types of scalar neutral equations have been
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studied:
2 n
jtz( (&) - ku(t - 1)) = f (u(®) (£) + 2 (B)g(u®) + > Bi(Og(u(t - ) + p©),
j=1
‘Z_];[ :N(t)[ (t) - B(t)N(t) Zb N (£-05(2)) - Zci(t)N'(t—ri(t))],
i=1

dN
= (|:r(t ]Zla, £)InN(t - oj(t Zb(t t—tl(t))j|

& (t) +ax' (£ - 1) = f(£,2(2)),
(u() + Bu(t - 7)) = gi(t, u(t)) - g2 (t, ult — m)) + p(o).

For a neutral system, we note that Lu and Ge [21] studied the following system:

2

d
7 (x(t) - Cx(t-7)) + pr grad F(x(¢)) + grad G(x(¢ — 7(2))) = p(t).

But C is a constant symmetric matrix. The purpose of this paper is to investigate the ex-
istence of periodic solutions to the nonlinear neutral system with non-constant matrix of

the form

2
% (x(t) - C(t)x(t — r)) + %gradl—"(x(t)) + grad G(x(t - y(t))) =p(t), 1.1)

where x € R”, C(t) = diag(c1(2), c2(t), ...,ca(t)), C(t + T) = C(t); F(x) € C2(R",R), G(x) €
CHR",R); p € R,R"), p(t + T) = p(t); ¥ € CR,R), y(t + T) = y(¢); T, and t are given
constants with 7' > 0.

Throughout this paper, we use some notation:

1) I, ={1,2,...,n}; Ya = (a1, as,...,a,)" €R", |a| = (X1, |ai|2)%;

(2) Cr={x:xe C(R,R"),x(t + T) = x(¢t), Vt € R} with the norm

lplo = max |p(t)|, Ve e Cr;

te[0,T]

(3) CL={x:xe CY(R,R"),x(t + T) = x(t), ¥t € R} with the norm

= max Je'l,} Ve ecr.
lell = max {iglo. [¢]y}, Vo eCr

Clearly, Cr and Cl. are Banach spaces.

2 Main lemmas
Lemma 2.1 [22] If|c(t)| #1, then operator A has a continuous inverse AT on Cr, satisfy-

ing

. f@®+ 21 [l et =G -Dr)f(t-jr), co<LVfeCr,
- - ZH ]_[’fi a1 tm}f(t +jt+1), o0>1VYfeCr,
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/T‘[A_lf](t)‘dt< s Jo [fOldt, co<1vfeCr,
o L Trwld, o >1vfecy,

_ — C()<].,Vf€CT,

® 4], < {Lo
0 o> 1,Vf e Cr.

Here
co = max 0 = min |c(t)|,
te[0,T] te(0,T]
Let
A . CT —> CT7

[A](8) = x(t) = V(£)x(t - 7),
where Vt € R, V(¢t) € Cl. is a real symmetric matrix

We will give some properties of A

Lemma 2.2 Suppose that Ai(t), Ao (£) An(t) are eigenvalues of V (t). Then the operator
A has continuous inverse A on Cr, satisfying

T n 1 p
| tatrio]de < EZ Al )y 1@,
0

n

)\.l"L < I,Vf € CT,

- )2 L@l de,  riy>1Yf € Cr,
no— L )3lflo, AL <LVfeCr,
@ (A, =] = <1-A;=L>2)1 Mo B <L 2 G
O g2 flos Air>LYf € Cr,

where

)‘4i,L = max ‘)\l(t)
te[0,T]

Aig= min |A(0)], i€l
te[0,T]

Proof (1) Since V/(t) is a real symmetric matrix, there exists an orthogonal matrix U/(z)
such that

U)V(OU" () = E;(¢) = diag(A1(£), A2(2), .., 2 ().

Consider the system

x(t) = V(e)x(t — 7) = f(2),

where we have equivalence to

y(t) - B, (0)y(t - 7) = f(2), @.1)
where f(£) = U(O)f (), y(t)

U(t)x(t). On the other hand, a component of the vector in
system (2.1) is

yi(t) = 2Oyt — T) = £i(£)

iel,.
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From Lemma 2.1, we have

~(t)+2;’°1 F it = (k=D)T)fit—jT), Air <1,

70=1"% 0 . 2:2)
{l L;:+r) Z} 1 ij 11 A t+kr)f(t +]T +1), Aig> 1.
Thus, A™! exists and
At Cr— Cr, A @) =x(t) = UT (t)y(t), te[0,T]. (2.3)

When A;; <1, by (2.2) we get

< maxeeqo,r |fi ()]

l(t) ’ l S Ii;
’y 1-Aiz
ie.,
maxeepo,r i(0)l
i(t B 1.
tn[lg);]|y()| l—ki,L Led
Thus, by (2.3) we have
1
n 2
1 T 2
= U (t)y()| = t)| = “(t
A7, E@ﬁ (©)y(0)] tE}&’%]M )| max, (;yl( ))
% oo\ 3
. maxqeo,r] |fi(£)?
< t < — e
= (Z trengv;]yl( )> - <z=21 (I—2i)?
" 3 " 3
1 ~ 1
< — lo= —0 | Uf]
(; (1- M,L)Z) o ; (1—2ir)? flo
3
- 1
- (; 1- M,L)2> o
Obviously,

T o n 1 % T
/0 | A7 (8)] dt < (; 7(1—%&2) /0 If (0)] dt.

(2) Similar to the above proof, when 1;; > 1, we get
1
n 1 2
-1 <
(A, < (Zl T W) flo.

T 4 n 1 % T
/0 |A f(t)|dt5(;—(l_m)z) /0 f(®)| dt. -

Let X and Y be two Banach spaces and let L : D(L) C X — Y be a linear operator, a
Fredholm operator with index zero (meaning that ImL is closed in ¥ and dimKerL =
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codimImL < +00). If L is a Fredholm operator with index zero, then there exist contin-
uous projectors P: X — X, Q:Y — Y such that ImP = KerZ, ImL = Ker Q = Im(/ — Q),
and Lpgynkerp : (I = P)X — ImL is invertible. Denote by K, the inverse of Lp.

Let Q be an open bounded subset of X, a map N : @ — Y is said to be L-compact in Q
if QN(R) is bounded and the operator K; »(I - QN () is relatively compact. We first give

the famous Mawhin continuation theorem.

Lemma 2.3 [23] Suppose that X and Y are two Banach spaces and L : D(L) C X — Y
is a Fredholm operator with index zero. Furthermore, Q C X is an open bounded set and
N :Q — Y is L-compact on Q. If all the following conditions hold:

(1) Lx # ANx,Vx € 0Q ND(L), VA € (0,1),

(2) Nx ¢ImL,Vx e oQNKerlL,

(3) deg{QN,Q2NKerL,0}#0,
then the equation Lx = Nx has a solution on Q N D(L).

3 Main results
Theorem 3.1 Suppose that foT p(t)dt =0, (¢) is a nonzero periodic solution of (3.1) and
there exists a constant M > 0 such that

(Hy) Viel, 28 is bounded in the set Ay (or Ay), where

m ax,'

Ar={x:ix=(x1,%0,...,%,) € R",x; € (~o0, M, % € R,j € I, - {i}},
Ny = {x:x = (X1, %2,...,%,) € R",x; € [-M, 00),x% € R, j € I, - {i}}.

(Hy) xl;’—g > 0 (or < 0), whenever |x;| > M, i € I,.

02F(v)
x2 ?

Hs3) Suppose that jiq, i, .. ., 4y are eigenvalues o v € R”, and there exists a constant
pp g

Ar > 0 such that

max{|u1|, |M2|"~r|:u'n|} <Af.

Then system (1.1) has at least one T-periodic solution, if Lo, < % (or 00 > 1), (Ap;Im +
nALi/m)T + Ao <1, and © = mT, m € Z, where

hoji = tg?g);]{}ci(t) el A= tg;ﬁ]{\c;(t) si€l,},
A = tg{lﬁ}{lc?(ﬂ i€ In}’ 00, = t?[loi%]”q(t) i€ In}~

Proof Define

A:Cr— Cr, [Ax](t) =x(t) = C(t)x(t — ), VteR,
N:Cy—Cr,  (Nx)()= —% grad F(x(¢)) — grad G(x(¢ - v (¢))) + p(),

L:D(L)CcCr— Cy,  Lx=(Ax),
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where D(L) = {x : x € CL,x" € C(R,R")}. Then system (1.1) obeys the operator equation
Lx = Nx. We have (x(£) — C(t)x(t — 7)) = 0, Vx € Ker L. Then

x(t) = C(t)x(t — 1) =Cit +Ca,s

where ¢;,¢, € R”, Since x(t) — C(t)x(t — ) € Cr, we have ¢; = 0. Let ¢(¢) € C(R,R") be a

nonzero periodic solution of
x(t) - Clex(t—7) =1, (3.1)

then |¢(£)]? > 0 and fOT @2(t)dt #0, where I is an unit matrix. We get

T
KerL = {aogo(t):ao € ]R}, ImL = {y:ye CT,/ y(s)ds = O}.
0

Obviously, Im L is closed in C7 and dim Ker L = codimIm L = n. So L is a Fredholm operator

with index zero. Define continuous projectors P, Q:

T
P:Cr— Kerl, (Px)(t) = M )

fOT 2dt

and

Q:Cr— Cr/ImlL, Qy= %/()Ty(s)ds,
Let

Lp = Lipgynkerp : D(L) N Ker P — Im L,
then

Ly = Kp:ImL — D(L) N KerP.

Since ImL C Crand D(L) NKerP C CIT, Kp is an embedding operator. Hence Kp is a com-
pletely continuous operator in Im L. By the definitions of Q and N, one knows that QN (£2)
is bounded on Q. Hence the nonlinear operator N is L-compact on Q. We complete the
proof by three steps.

Step1.Let Q1 = {x € D(L) C C}.: Lx = ANx, » € (0,1)}. We show that ; is a bounded set.
We have Lx = ANx Vx € Q, i.e.,

2

d d
prl (x(t) - C(t)x(t — r)) + AE gradF(x(t)) + A grad G(x(t — y(t))) = Ap(t). (3.2)

Integrating both sides of (3.2) over [0, T], we have

T
/ grad G(x(t - y(t))) dt =0,
0
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ie,Viel,

T
[ oSty 63
0 836,'

Let % be bounded in A; and

0G
xia— >0, whenever |x;| > M. (3.4)
Xi

Let
Ey={t:te0,T],x(t-y() <M}, Ey={t:t€[0,T)x(t - y(t)) >M}.

By assumption (H;), if x; < M, there exists a constant M; > 0 such that |%| < M;. From
(3.3) and (3.4), we get

aG(x(t—y(t)))\ e [ GGy @)
I L. <),

0X; 0x;
Thus

G ((t -y (2)
8x,-

‘dtleT.

/T G (x(t -y () ‘ Jt / G (x(t -y (2))) ‘ di + / G (x(t -y (2))) ‘ dt <2, T,
0 dx; E 0% E 0x;
ie.,
! 1 aGee - yo) ']
/0 ’gradG(x(t—y(t)))‘dt:/O [;(T) j| dt
T K[ 0GE(E - (1)
<[l
<2uM,T. (3.5)
We claim that there exists a point #; € R such that
|xi(t1)| < M. (3.6)

In fact, for V¢ € [0, T], we have x;(¢ — y(£)) > M, and by (3.4), we have fOT w dt >0,
which is a contradiction; see (3.3). So there must be a point & € [0, T] such that

xi(5 - (8)) =M. 3.7)
Similar to the above proof, there must be a point 5 € [0, T] such that

xi(n-vy(m)=-M. (3.8)

Page 7 of 12
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(1) If x;(5§ — y(§)) = —M, by (3.7) we have
i (& - 1(8))| =M.
Let 1 = & — y(&). This proves (3.6).
(2) If x; (& — y(&)) < =M, from (3.8) and the fact that x;(¢) is continuous on R, there is a

point £ between & — y (&) and n — y(n) such that |x;(¢;)| < M. This also proves (3.6). Let
t=kmw+ty, keZ,ty €0, T]. Then |x;(¢1)| = |x:(£2)] < M. Hence we get

T T
< |xi(t2)| +/0 |x;(s)’ds §M+/O ‘x’(s)|a’s,

xi(t2) + /‘txi»(s) ds

2

T . T 3
lxlo < ﬁ<M+/O |%'(s)| dS> < «/E(M+ T2 (/0 ‘x’(s)’zds> >

Multiplying the two sides of system (3.2) by x7(¢) and integrating them over [0, T], com-

’x,»(t)| = max
te[0,T]

bining with t = mT, by (3.9) we have

T 9 T 9 T T 9
—/ | (2)] dt+kz,i/ |x(8)] dt+n/\1,i|x|0/ |x/(t)|dt+/\o,,~/ | (6)|” dt
0 0 0 0

T T
oy / xT(¢) grad G(x(¢ — v (£)) dt — & / T (t)p(t)dt > 0,
0 0

T T 2
a- )Lo,i)/ |x’(t)|2dt < Az,iTn(M +/ |x’(t)| dt>
0 0
T T
+ nkl,iﬁ(M+/o |x (t)| dt)/o |x (t)| dt
T
+ (Iplo + 2nM1)T<M +/ ()| dt)
0
T 2
= (Ao, T + nhy /1) </ |x’(t)| dt>
0

T
+ (240, TnM + nhyiv/nM + |plo T + 2nM, T) / |¥'(0)| dt
0

+ Ao TnM* + (Iplo + 2nM1)TM

T
< (2)\2,5T1’1 + nkl,,«/ﬁ)T/ ‘x’(t)‘z dt
0

S

+ (200, THM + ndyi/nM + |ploT + 2nM T) T
T ) 1
x ( / | (2)| dt) + ho, TnM? + (|plo + 2nM;) TM.  (3.9)
0
From (3.9) and (Ao T + ni1;/n)T + Ao, < 1, there is a constant M, > 0 such that

T
/ | @] dt < M. (3.10)
0
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In view of (3.9) and (3.10), we get
1 1
xlo < /(M + T2M3 ) := Ms. (3.11)

From Lemma 2.2, (Ax(t))” = Ax" () = 2C'(t)x'(t — 7) = C"(£)x(¢t — ) and (3.2), if X¢; < %' we

have

2')+A7! [A% gradF(x(t)) + A grad G(x(t - y(t)))]

= AT 2COX (- 1) + C"(O)x(e — ) + A7 (Ap(0)],
T I - 1 %
/0 ‘x (t)’ dt < (;: m) (3.12)

T192F (x(2)
(]

dx?
T
+ 2T)\1,,-/ |/ (8)| dt + Tholxlo + T|p|0>.
0

T
’|x’(t)|dt+/(; |grad G(x(t - y(¢)))| dt

From assumption (H3) and (3.10)-(3.12), we get

T
/ | (2)| dt
0
1

n 1 2 11 11
<> Ty (reT2M3 +2nMi T + 2Ty, T2 M3 + ThoiMs + Tplo).

i=1

So there exists a constant M, > 0 such that
T
/ " (t)| dt < M. (3.13)
0

Since x(t) € CL, fOT x'(t)dt = 0, there is a constant vector & € R” such that x'(«) = 0; then
by (3.13) we get

T
%' ()] < / |x"(£)| dt < M.
0
Thus
|x’|0 < M4.

Step 2. Let Q{x € KerL : QNx = 0}, we shall prove that 2, is a bounded set. We have
x(t) = agp(t), ag € R Vx € Q,; then

T T
/ grad G(aop(t -y (2))) dt = / grad G(aop(t)) dt = 0. (3.14)
0 0
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When X, < %, i € I,, we have

Then we have

lo()] = /ns.

Thus
- M
ag < ——.
0= /ns

Otherwise, if, V£ € [0, T], |agp(t)| > M, then from assumption (H;), we have

3G (aop(t))

>0 (or <0), iel,
3965

which is a contradiction; see (3.14). When oy, > 1, i € I;, we have

]

e 1 > 1
oilt) = A1) = _ci(t +7) - Z H ci(t+kt)

j=1 k=1
o0 j+1
<L oS-
Mg Ao
1 0
= — = <
-1 7

Then we have

lo@®)| = V/nlyl.

Thus

M
Jalyl’

ap =

Otherwise, if V£ € [0, T, |agp(£)| > M, then from assumption (H;), we have

0Glaop(®))

0 (or <0), iel,
Bxi

which is a contradiction; see (3.14). Hence €2, is a bounded set.

Page 10 of 12
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Step 3. Let Q = {x € CL : |x|o < nMy + 1, |x/|o < nMy4 + 1}, then 1 U Q3 C 2, V(x,A) €
92 x (0,1), and from the above proof, Lx # ANx is satisfied. Obviously, condition (2) of
Lemma 2.3 is also satisfied. Now we prove that condition (3) of Lemma 2.3 is satisfied.
We have [x°] = |ao@lo, a0 € R, Va° € 9Q N KerL. There at least exists a i € I,, such that
x| > M. When x > M, take the homotopy

H(x, 1) = ux +(1- nw)QNx, xeQnKerL,u e 0,1].

Then, by using assumption (H,), we have H(x, i) # 0. When x? < —M, take the homotopy
Hx,pu)=-ux— (01— pu)QNx, xeQnKerL,u e [0,1].

We also have H(x, 1) # 0. Then by degree theory,

deg{QN,Q2NKerL,0} = deg{H(-,O), QN kerL,O}
= deg{H(-,1), 2 NkerL,0}

=deg{l,2NkerL,0} #0.

Applying Lemma 2.3, we reach the conclusion. O

Remark 3.1 When % < Ao, <1lor op; <1, there are no existence results for periodic so-
lutions for system (1.1). We hope that there is interest in doing further research on this

issue.

As an application, we consider the following system:

2
% (x(t) - C(t)x(t — 47r)) + % gradF(x(t)) + grad G(x(t —5cos t)) = p(2), (3.15)
where
T . sint cost
t) = t), t)) , =4, t)=5 t, C(t)=d , ,
x(t) = (x1(8), %2(2)) T =47 y () = 5cos (t) 1ag<1,000 1’000)
F(x) = i(x2 + 20165 + X3 + 241 + 3% + 1) G(x) = L (%1 + %)
o 1 2 ) \/57'[ ’

p(t) = (sint,cost)T.

Clearly, system (3.15) is a particular case of system (1.1). Obviously,

(xl»xZ)T’ 82F(V) ) ( ) '

dG(x) =
erad G() .-
Here assumptions (H;)-(H,) are all satisfied. In addition,

Sy
Sl= =

1
ﬁn

1
© 1,000’

(Ag,i T + nhyi/n)T + Ao, = 0.0976 < 1.

T =2m, Ao = AL = Ao, n=2,
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, we know that system (3.15) has at least one 27 -

By using Theorem 3.1, when g, < 3

periodic solution.
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