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1 Introduction

In this paper, we consider the following nonconvex and nonsmooth problem:

i F(A) + GO) + Hs ), (1.1)

where the function F : R” — R is continuously Lipschitz differentiable, G : R? — R U
{+o0} is a proper lower semicontinuous function, H : R” x R? — R is a Fréchet differen-
tiable function with Lipschitz continuous gradient, and A : R” — R? is a linear operator.
Many application problems can be modeled as (1.1), e.g., compressed sensing [2, 14], ma-
trix factorization [5], sparse approximations of signals and images [22, 27], and so on.
Obviously, when m = p and A is the identity operator, (1.1) can be written as

i (FG) +GO) + Hey)) (12)
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Utilizing the two-block structure, a natural method to solve (1.2) is the alternating min-
imization method. For a given initial point (x°, yo) € R™ x IRY, it generates the iterative
sequence {(xk i )} by the following scheme:

#**1 € argmin {F(x) + G(yk) + H(x,yk) = R’”} ,

y**1 € argmin {F(xk+1) +G@y)+ Hx Yy y e Rq} .

The method is also called the Gauss—Seidel method or the block coordinate descent
method, and its convergence results can be found in [3, 23, 29]. However, the conver-
gence of the above methods is in the setting of convex case. In the nonconvex setting,
the situation becomes much harder. Bolte et al. [5] considered a proximal alternating lin-
earized minimization (PALM) algorithm for solving problem (1.2) in the nonconvex and
nonsmooth case, which has the following form:

e arg min {F(x) + <VxH (xk,yk) ,x—x") + %k Hx—xkuz tx € R”‘} ,
y**1 € argmin {G(y)+(VyH (xk”,yk)y—yk) + % ||y—yk||2 S Rq} ,

where c; and dj are positive real numbers. They proved the global convergence under the
assumption that the augmented Lagrangian function satisfies the Kurdyka—Lojasiewicz
property. Driggs et al. [15] proposed a generic stochastic version of PALM algorithm for
nonsmooth nonconvex optimization problem, where various variance-reduced gradient
approximations were allowed. PALM can be considered as a blockwise application of the
well-known proximal forward—backward algorithm [13, 20] in the nonconvex setting. In
[9], Bot et al. chose a continuous forward—backward method and introduced a dynamical
system consisting of partial gradients of smooth coupling functions and proximal point
operators of two nonsmooth functions, and Attouch et al. [1] proposed an alternating
proximal minimization algorithm for nonconvex structured problem (1.2).

When G(y) = 0 and H(x,y) = H(x) for all (x,y) € R” x RY, problem (1.1) is translated
into the following problem:

mﬂi{%{F(Ax) + H(x)}, (1.3)

where H : R” — R is a Fréchet differentiable function with Lipschitz continuous gradient.
Problem (1.3) can be writen as

min F(z) + H(x)
xeR™M

s.t. Ax=z.

In the convex case, the linearized ADMM was adopted to solve this problem in [24, 31, 32]
in the following form:

e argmzin{F(z) + (uk,Axk —z) + g ||Axk - z||2},

xk+l :xk _ % (VH (xk) +ATMk + ﬂAT (Axk _Zk+1)) ,
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uk+1 _ Ltk + O'ﬂ (Axk+1 _Zk+1) , (1'4)

where u is the Lagrangian multiplier, 8 is the penalty parameter, and 7,0 > 0 are step-sizes.
Furthermore, the linearized ADMM was applied in the nonconvex case in [10, 21]. Moti-
vated by [15], Bian et al. [4] extended the result to the case of ADMM, which combined
ADMM with a class of stochastic gradient with variance reduction. Li et al. [19] examined
two types of splitting methods for solving this nonconvex optimization problem (1.3), the
alternating direction method of multipliers and the proximal gradient algorithm.

Inertial effect, as an accelerated technique, started from the so-called heavy-ball method
of Polyak [26], was very efficient in improving numerical performance of the algorithm.
Recently, the research of inertial-type algorithm has attracted more and more attention,
such as inertial versions of the ADMM for maximal monotone operator inclusion problem
[6], inertial forward—backward—forward method [7] based on Tseng’s approach [28], and
general inertial proximal point method for the mixed variational inequality problem [12].
Notably, Guo, Zhao, and Dong [17] have proposed a stochastic two-step inertial Bregman
proximal alternating linearized minimization algorithm, which presents a significant ad-
vancement in the field. Also, Zhao, Dong, Rassias, and Wang [34] have contributed to this
area with their two-step inertial Bregman alternating minimization algorithm, enhanc-
ing the understanding of nonconvex and nonsmooth optimization problems. Additionally,
Zhangand He [33] have introduced an inertial proximal alternating minimization method,
which further broadens the scope of application for inertial techniques. Specially, for prob-
lem (1.2) in the nonconvex setting, Pock and Sabach [25] proposed an inertial version of
PALM (IPALM), and Gao et al. [16] proposed a Gauss—Seidel-type inertial proximal alter-
nating linearized minimization (GIPALM) algorithm. For problem (1.3), Chao et al. [11]
combined an inertial technique with ADMM and employed the KL assumption to obtain
the global convergence in the nonconvex setting.

For problem (1.1), Hong et al. [18] analyzed the behavior of the alternating direction
method of multipliers (ADMM) in the nonconvex case. Wang et al. [30] studied the con-
vergence of the alternating direction method of multipliers (ADMM) for problem (1.1)
in the nonconvex and possibly nonsmooth case. Bolt et al. [8] transformed problem (1.1)
into a three-block nonseparable problem by introducing a new variable, which has the
following form

. F M
(x,y,Z)EJIRpMIEquRp (2) + G(y) + H(x,y)

s.t. Ax =z (1.5)

Then the augmented Lagrangian function Lg : R” x R? x R? x R” — RU{+00} of problem
(1.5) was defined as

B

Lg(x,9,z,u) = F(z) + G(y) + H(x,9) + (4, Ax — z) + §||Ax -z|?, B>0, (1.6)

where u is the Lagrangian multiplier, and B is the penalty parameter. Bolt [8] gave the
following proximal minimization algorithm (PMA) to solve it:

. l/L 2
Yol e arg;gg; {G(y)+<VyH (xk,yk) ,y)+ DY HJ’ —ka } ,



Xue and Ma Journal of Inequalities and Applications (2024) 2024:124 Page 4 of 23

k+1 . k 4.k B k 2
&+ €arg min {F(z)+<u A —z)+ EHA" — },

xk+1 = xk _ 'L'_l (VxH (xk,yk“) +ATl/lk + ,BAT (Axk _Zk+l)) ,

uk+1 - Mk + O',B (Axk+1 —Zk+1)-

Moreover, they provided sufficient conditions for the boundedness of the generated se-
quence and proved that any cluster point of the latter is a KKT point of the minimization
problem. They also showed the global convergence under the Kurdyka—¥Lojasiewicz prop-
erty.

Inspired by the above algorithms, in this paper, we propose a weak inertial proximal
minimization algorithm for the nonconvex and nonsmooth problem (1.1). The main con-
tributions of the paper are as follows.

e Comparing with [8], inertial effect can effectively improve the convergence. Under
the action of the inertial effect, we also show that the sequence generated by the pro-
posed method is bounded and the algorithm is global and strongly convergent under the
Kurdyka-¥.ojasiewicz assumption.

e Comparing with [11], problem (1.1) is different from problem (2) in [11]. Here our
problem owns a nonsepable term H(x,y), which leads to big difficulty for showing the
convergence.

The paper is organized as follows. In Sect. 2, some useful definitions and results are
collected for the convergence analysis of the proposed algorithm. In Sect. 3, we propose a
modified inertial proximal minimization algorithm and analyze its convergence. Section 4
tests a numerical experiment to conclude the effectiveness of our algorithm. Finally, some
conclusions are drawn in Sect. 5.

2 Notation and preliminaries
In this section, we summarize some basic notations and some conclusions, which will be
used in the subsequent analysis.

In the following, R” stands for the n-dimensional Euclidean space with

n
) =xTy =Y wy Nzl =y/(x2),
i=1

where T stands for the transpose operation. For a set S C R” and a point x € R”, let
d(x,8) = ing lly —x||2. If S = ¢, then we set d(x, S) = +o0 for all x € R”.
ye

Definition 2.1 (Lipschitz differentiability) A function f(x) is said to be Ly Lipschitz dif-
ferentiable if for all x, y, we have

“Vf(x)_vf(y)uz ELf”x_yHZ'

Lemma 2.1 [21] (Descending lemma) Let f : R" — R be Fréchet differentiable such that
its gradient is Lipschitz continuous with constant £ > 0. Then the following statements are
true:

(i) Forall x,y e R" and z € [x,y] = {(1 —Hx+ty:tel0, 1]}, we have

2

’

FO)<F @+ (¥ @y -2+ |y
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(it) For all y € R\{0}, we have

. 1 ¢ N
et {f(x)‘ (;—ﬁ) [vf @ }leerﬁ@f(x)-

Remark 2.1 The descending lemma can be written as follows:

b4
FO)<f@®+(Vf@®),y-x)+ 5”3’_’5”2 Vx,y € R,

which follows from (i) by taking z := x. In addition, by taking z := y in (i) we obtain

f@=f ) +(Vf (n),x-y) - §||x—y||2 Vx,y € R".

Lemma 2.2 [25] Let {a,},>o be a sequence of real numbers bounded from below, and let

{b,},>0 be a sequence of real nonnegative numbers. Assume that for all n > 0,
A1 + by < ay.

Then the following statements hold:
(i) The sequence {a,},-q is monotonically decreasing and convergent;

(ii) The sequence {b,},= is summable, that is, Y, b, < 00.

n>0

Lemma2.3 Let{a,},cy and {b,},cn be nonnegative real sequences such that’y_, b, < 00
and ay <a-a,+b-a,1+Db,foralln=>1, whereac R, b>0,and a+b<1. Then

ZneN an < 0.

We now introduce a function satisfying the Kurdyka—}¥.ojasiewicz property. This class
of functions will play a crucial role in the convergence results of the proposed algorithm.

Definition 2.2 Let € (0, +oo]. We denote by &, the set of all concave continuous func-
tions ¢ : [0,77) = [0, +00). A function ¢ belonging to the set ®, for n € (0, +00] is called a
desingularization function if it satisfies the following conditions:

(i) 9(0) = 0;

(ii) ¢ is continuously differentiable on (0, ) and continuous at 0;

(iii) ¢’(s) > 0 for all s € (0, n).

The KL property reveals the possibility of reparameterizing the values of the function to
avoid flatness around the critical points. To the class of KL functions there belong semi-
algebraic, real subanalytic, uniformly convex functions, and convex functions satisfying a
growth condition.

Definition 2.3 [5] (Kurdyka—Lojasiewicz property) Let f : R” — R U {+00} be a proper
lower semicontinuous function. The function f is said to have the Kundyka—Lojasiewicz
(KL) property at a point ¥ € domdf := {VGR”:@‘(V) 7’@} if there exist n € (0, +00], a neigh-
borhood V of ¥, and a function ¢ € f;, such that

¢'(fW) —f() - dist(0,3f (v)) = 1
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for all

ve Vﬂ{veR":f(f/)<f(v)<f(f/)+n}.

If f satisfies the KL property at each point of domdf, then f is called a KL function. Next,

we recall the following result, which is called the uniformized KL property.

Lemma 2.4 (Uniformized KL property) Let Q be a compact set, and let f : R" — R U {+00}
be a proper lower semicontinuous function. Assume that f is constant on Q2 and satisfies
the KL property at each point of 2. Then there exist € >0, >0, and ¢ € f, such that

¢'(f) = f(@)) - dist(0, 3f (v)) > 1
for allliny v € Q and every element v in the intersection
{V e R”: dist(v, Q) < 8} N {v eR? ) <f(v) <f() + 17} .
Definition 2.4 (Coercivity) A function ¥ : R” — R U {+00} is called coercive if

lim ¥ (x) = +o0.
l%l|—+o0
Definition 2.5 [5] (Subdifferentials) Let o : R” — (—00, +00] be a proper lower semicon-
tinuous function.
(i) For a given x € domo, the Fréchet subdifferential of o at x, written 9o (x), is the set
of all vectors u € R” that satisfy

limint ZP ~ oW - by -x
y#% ly — Il

> 0.

When x ¢ domo, we set 5a(x) =0.

(ii) The limiting subdifferential, or simply the subdifferential, of o at x € R”, writ-
ten o (x), is defined through the following closure process do (x) := {u € R” : Ixk — x«,
o (¥) > o(x) and u* €do (#) > uas k— oo}.

3 Algorithm and its convergence
In this section, we propose a weak inertial proximal minimization algorithm for solving

the optimization problem (1.1) and study the convergence behavior of the algorithm.

Algorithm 3.1 Modified Inertial Proximal Minimization Algorithm (MIPMA)

Let 8,7 >0,0<6; <1,and u > 0. For the starting points (x°,9°,2%) € R” x R? x R?,
u’ e R?, (x71,y7!) € R™ x RY, the sequence {(x¥,5*, 25, u¥)}
by

k>0 for any k > 0 is generated

. . w 2 k _
yk 16 arg)[/];]}{tt}{G(y)+<VyH(xk,yk)’y>+§||y—yk|| +9<y,yl _yk 1)}, (313)

. B 2 M 2
zk*leargglelﬁrg {F(z)+<uk,Axk—z>+5||Axk—z|| + E”z—zk” }, (3.1b)
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xk“::xk—r_l(VxH (xk,yk”) +AT U+ BAT (Axk—zk”)+9 (xk—xk_l)) , (3.1¢)

W i=uk 4 (AR - 2. (3.1d)

Remark 3.1 Based on the algorithm in [8], inertial terms 6 (y,y* — y*~!) and 6 (xk - xk‘l)
are added into the y-subproblem and the x-subproblem, respectively, and a regular term
Sllz— ZK||? is admitted to z-subproblem.

The following assumptions are important for the convergence analysis.

Assumption A (i) The functions F, G, and H are bounded from below.
(ii) F is Lipschitz differentiable, i.e.,

|VE@) - VE@)|* < &|z-2|*.

(iii) The Function H is L, Lipschitz differentiable, and VH is Ly (%, y) Lipschitz continuous,

ie,
9, (59) -V (,5) > < L (e =+ [y -7 ).
For any fixed y € R, there exists £;(y) > 0 such that
|ViH @, y) = ViH (8, 9)|| < 1) |2 =o', Vx4’ e R™,
and for any fixed x € R”, there exists £»(x) > 0 such that
|VyHx,y) = VyH (x,5)|| < ) [y -y ¥y e R
Furthermore, there exist £1 . >0, ¢, , >0, £, such that

sup £1(y) < €14, sup £r(x) <Ly, sup  Lp(x,y) < L.
yeRY xeR™ (%y)eR™ xRY

(iv)We assume that

Al2+2
BlA vy

102 + 20> )
>4y, +20,B>max { —— , 3l ¢, T>108||A|" + 5
"

Remark 3.2 Assumption (i) ensures that the sequence generated by Algorithm 3.1 is well
defined. It also has as the consequence that

L:= {F(z) + G(y) + H(x,y)} > —o0.

inf
(%,9,2) R xRT x RP

Before the proof, let us present the variational characterization of scheme (3.1a)—(3.1d).
By the optimality conditions for (3.1a) and (3.1b) we have

0€ IGH ) + V,HE, y5) + n(F ™ =5 + 0 (F =), (3.2a)
0= VEE*Y) — ik — BAxF — 250 + pu(2*! = 25). (3.2b)

Page 7 of 23
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By substituting (3.1d) into (3.2b) and rearranging terms we obtain
W = VEEY) + BAX — Axb) + n( = 25). (3.3)

The convergence analysis is based on a descent inequality, which will play an important

role in our research.

Lemma 3.1 Suppose that Assumption A holds. Suppose Lg (a)k) is defined as (1.6). Then
we have
k+1 +1 _k+1  k+1 SI‘LZ +1 2 2 6 k+1 k12
Lg (60,551, 2y )+ 7”5‘ —zkH +GBIAN" + E)”x A
0

1 el IReT Ca ) IR e e A

2

2
<Ly (A ) 4 2 T IR + ) -

0.k -12
o =
where
CI:E—SZ‘%-”OMZ,
2 B
All* + 1,
G =r-10ppap - A0
¢
Ci=l_2t g
2 2

Proof According to the descent lemma and (3.1c), we have
H (xk+1,yk+1)
<H (2, 5%0) + (VH (o, 971) 20— o) 4 % [t - o)
<H (44 + 222 a1 |
+ ot =2 AT - BAT (AxF -2 -0k — Ty M )

:H(xk’ykJrl)_(uk’Akarl —Axk>—ﬁ(Axk _Z/(+1’Axk+l —Axk>
_e(xk _ kL kel _xk>+ (Zl_+ _ t) ka+1 _kaZ
’ 2
<H (xk,yk+1)_<Mk,Axk+1_Axk)+g||Axk_zk+1||2_ §||Axk+1_zk+1||2

2
. (/3 A"+ 6e Q) ket ]+ 4 o — 1|2,
2 2 2

which implies that

H(xk”,yk“) + (uk,Axk»rl _Zk+1) + g”Aka _ k4 ”2
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( k yk+1) (uk,Axk—zk+1>+ g”Axk _Zk+1H2 + 3 ”xk_xk—l ”2

2
s <ﬂ IANZ + €1+ . 9) [+ —xk||2.

2 2

By the definition of Lg it can be rewritten as
0 _1112
L ( k+1’yk+l k+1 )<Lﬁ (xk yk+1 k+1 uk) + 5 ka_xk IH
2
+ (—/3 HA”2 s - T+ g) Hx’”l —xk”z. (3.4a)

According to the descent lemma, we easily get

2

+ + £ xk +
H () <H () (5, (), 20D et
H (4,51 + (VyH (o), =)+ % [ =] (3.5)

From (3.1a) and (3.1b) we obtain

G (yk+1) + (VyH (xk,yk) ,yk+1 _yk>

AP 0 s - 2 G ()

and

1)+ Eak - Bk - 2P

F(ZY) + (uf, Ax* -

2

)

<F(Z")+ (uk,Axk - zk) + g ”Axk _
respectively. Adding the above three inequalities yields
F(Zk+1) + G(yk+1) +H(xk,yk+l) + <uk,Axk _Zk+1)

ﬁ +1|2 I2% 1 + + 2
P ast =P (- ) e -

<F(E)+ G () + H (+5,5F) + (uF, Axk - 2F) + §||Axk —zk||2

( Y yk—1>.
By the definition of Lg we have

Ls (xk,yk”,zk“,uk) + <% _ %) ||y/<+1 Y. ”2 N %szu _anz

< s (k) £ 0 o )
<Lp (ki) 10 I - I -4

<Lg (xk,yk,zk,uk) + g”yk —yk+1H2 + gﬂyk —yk’l HZ (3.4b)

Page 9 of 23
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Then we get

14 0
L (xk,yk+1,zk+17uk)+(g_%__) H k+1 yk||2 + %szu _ ”2

<Lg (xk,)’kdk, Mk) + ) H)’k—yhl ||2 (3.6)

Combining the definition of Lg and (3.1d), we have

Lﬁ (xk+1,yk+1’zk+1’ Mk+1) _ ng (xk+1,yk+l,2k+l, Mk)
— (uk”,Axk*l _ Zk+1> _ (uk’Alel _ Zk+1>

_ (Mk+1 _ uk,Axk+1 _ Zk+1)

_ l ||uk+1

B

k112
-u|”.
From (3.3) it follows that

” Mk+1 —u

“I°
= | VE@) - VE(Z) + B(Ax' ! — AxF) — B(Ax* — Ax*T)
@ =2 - -2 Y|
<5224 = 2K|* + 5BIAIP [t — k[P + 5B2IAN [ — |
T e T e
S5B + 52| - 2 4 52— A
+ 52NN [ — | + 521413 |#F - (3.7)

Then we have

( k+1 k+1 k+1 uk+1) L (k+1’yk+1 k+1 uk)
1
< S o7 et
+5BIAN & =k |* + 5BIAN [F - & (3.4¢)

Hence, combining (3.4a) and (3.4b) with (3.4c), we obtain

Ly (41,541, K01 ket
2 2 9
< Ly (¥, 55, 250 00 4 51F+TS'“”Z1<+1 —zk||2 N 5%“2" s “2
# SBIAI [ [+ 5B AN [ - 2

5! 5
<Ly (xk’yk+1’zk+1,u ) %“ 1 1<|| + _ k- 1“

12
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Al +0,, 6 0
eI HELTE oy Db | sl D ot
512 5 2 5 2
SLﬁ(xk,yk,zk,uk).;.(%_E)||Zk+1_zk”2+L”Zk_zk_1”2
2
+<5ﬁ||A||2+M_Hg)ukaxk“z

0 ¢
F IR+ Dl o Ay o (Fe - ) A

which can be rewritten as

Ly (xk+1,yk+l’zk+l,uk+1) + (% B 5@' ;5MZ)||Z](+1 _Zk||2

AP+t 0 o ¢
st P Sypn g 2 Gy

kkkk521<_l<—12 2€1<_k_12
<Lyl 2 )+ = | =2 T B IAIR+ ) [
0
Ll
The proof is completed. O
Remark 3.3 Obviously, from Assumption A(iv) we have C; >0, C; > 0, and Cs > 0, since

1072 + 2012 All2+ ¢
M>£2,++29,IB>F7M’1>1013”A”2+%+
7

Based on Lemma 3.1, we define the following regularized augmented Lagrangian func-
tion:

2
Lg (%32 u,x,y,2) =Lg (%,y,2,u) + 5% ||z—z'||2

0 0
+(5,8||A||2+§)||x—x’||2+5Hy—)/”z. (3.8)

~ko_ (xk yk Zk Mk xk 1 yk—l’zk—l)

the following lemma implies that the sequence [ Lg (c?)k)}k X is decreasing. It is important
>

k nk Sk

Let & = (x,9,2, u,x’,y/,z/), , and of = .y z ,uk) Then

for our convergence analysis.

Lemma 3.2 (Descent property) Suppose that Assumption A holds. Let L,g ( ) be defined as
in (3.8). Then there exist Cy, Cy, C3 > 0 such that

i,g (d)k”) +C ||9ck+1 —xk H2+C2 ”yl”l —yK ||2+C3 ||zk’rl -~ ||2 §I:ﬁ (é)k) . (3.9)
Proof The result follows directly from Lemma 3.1 and Remark 3.1. O

Lemma 3.3 Let

,3 > 3[1:

Page 11 of 23
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Then there exists y such that

11 3
. - (3.10)

y 27 28

Proof We notice that the reduced discriminant of the quadratic equations in (3.10) (in y)

is

A 4 12[
=4 — —IF.
! B
Since
13 > 3lF!
it follows that A,, > 0, and hence the equation has a nonzero real solution. O

Theorem 3.1 (Convergence) Suppose that Assumption A holds. If {c?)k } =0 IS a sequence

generated by Algorithm 3.1, then the following statements are true:
(i) The sequence [24,3 (@ )]k ) is bounded from below and convergent;
>

(if)
A wk 50,9 —yf 50,21 -2F 50 and “-uF—0 as k— +oo;

(¢ii) The sequence {Lﬂ (* )} is convergent.

k>1

Proof First, we show that L is a lower bound of {i,g (d)k)}k>2. Suppose on the contrary

that there exists ko > 2 such that iﬁ (c?)ko) — L <0. Since {]:5 (&)k)} is a nonincreasing

k>1

sequence, we have that for all N > ko,
N kool R
S (Lp (@) -L) = 3 (L (6) -L) + N ko + 1) (5 (6) - 1),
k=1 k=1

which implies that

On the other hand, for k > 1,

A

Lg (&%) =L > F(Z*) + GOF) + HR b + (ub, Axk - 25— L

> (uf, Axk - 2F)

1 1 1
= 5 117 g I = = g 1 (3.11)

Page 12 of 23
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Therefore, for all N > 1, we have

N 1N , 1 ,
> (s (@9)-L) —ﬁZ —u ) t55 || uN |- Y] ) =5 1#]
k=1 k=1
which leads to a contradiction. From Lemma 3.2 we have that
Ly (@) + R =7+ Gy =+ G| 4 =27 < L ().

As {i,g(c?)k)}k is bounded from below, we obtain that {i,g(d)k)}k is convergent by
>1 >1

Lemma 2.2 and also that

k+1

X _xk — 0,yk+1

k+1

—y =0, —ZF 5 0ask — oo.

Then, according to (3.7), it follows that #**! — u* — 0 as k — oco. By the definition of
{Zﬁ (@ )}k we obtain that {Ls (w*)} is convergent. O
>1

Remark 3.4 (i) Thanks to (ii) of Theorem 3.1, it is easy to see that {x’“rl —xk}, {yk+1 —yk},
{#1 -2k}, and {u**! ~u*} are bounded. Define

k+1 k

S* := sup { ”x —x k+1 k
k=0

ARl [ 7

yk+1 _yk

uk||}<+oo.

’ ’ )

Theorem 3.2 (The boundedness of sequences) Suppose that Assumption A holds. Let
{(xk, ¥k, 2K, uk) } k=0 be a sequence generated by Algorithm 3.1, and suppose that there ex-
ists y € R\ {0} such that (3.10) holds. Suppose that the function H is coercive. Then every
sequence {(xk,yk,zk, uk) }k>0 generated by Algorithm 3.1 is bounded.

Proof Let k > 1 be fixed. According to Lemma 3.2, we have that

B4 (0) 2 o2 1 () 2Ly ()

>F (Zk+1)+G(yk+1) +H(xk+1,yk+1)_$ ||uk+1||2

2

+ /<+1 Zk+1 ﬂ k+1 (312)

b

From (3.3) we have

||M/<+1 ”2 _ ||VF(Zk+1) i ﬂ(Akarl —Axk) . /L(Zkﬂ _Zk)H2
<3| VEG | + 382141 [ =" + 32 [ -

<3| VEEY|” + BAIAN +3u*)S2,
Multiplying this relation by ﬁ and combining it with (3.12), we get

ifﬂ (é\)l) ZF(Zk+1) + G(yk+1) +H(xk+1,yk+1)

Page 13 of 23
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3/32||A||2+3u g

28 Si— (3.13)

”VF( k+l)|| ﬂ HA k+1 _ k+1 +%Mk+1

We will prove the boundedness of {(xk, ¥ ,zk,u") } 40 According to (3.13) and Proposi-
tion 2.2, we have that for all k > 1,

1 2
Axk+1 _Zk+1 _uk+1

H(xk+1,yk+1) + g

+
5
~ 382%||A 3
Ty AL o inf{F(2) - = IVF@IP) - inflGO)
28 28
-~ 3 A 3
Ty@")+ W inf{F(2) (———)||VP<z>||} _inf{G))
2
<T@ + W ~inf(F(2))  inf(G)). (3.14)

Since H is coercive and bounded from below, we have that the sequences

{(@9)}ep and {Axk—zk+luk}
B P k=0

are bounded. As, according to (3.1d) and Remark 3.2, { Xk — 2k } 4~ 18 bounded, it follows

that { } and { } are also bounded. O

k>0 k>0

The next lemma provides upper estimates for the square of the limiting subgradients of
the regularization of the augmented Lagrangian function 1:,3 (@5).

Lemma 3.4 Suppose that Assumption A holds. Let { ( K, gk, 2, uk ) } i be the sequence gen-

erated by Algorithm 3.1, which is assumed to be bounded. We denote v* = (xk ¥k, 2k ). Then
there exists ¢ > 0 such that

dist (0,015 (1)) = ¢ (W51 =K + [vF = vR1 ).

Proof Let k > 1 be fixed. Applying the calculus rules of the limiting subdifferential, we
get

9 Lﬂ( k+1) VxH (xk+1,yk+l) +ATuk+1 +ﬂAT (Axk+1 _Zk+1)

+(10B[IA]1* + ) (¢ - 1), (3.15a)
33,2;; ((Z)k“) -9G (yk+1) + VyH (xk”,yk”) +0 (yk+1 —yk) , (3.15b)
azifﬁ (d)k+1) -VE (Zk+1) _ uk+1 _ ﬂ (Axk+1 _Zk+1)

2
. (- 25), (3.15¢)
B

Dl (@) A= -2 = 2 (i), (3.15d)
Bl (GF*1) = - L0BIANZ +0) (x5! = xF), (3.15¢)

ay/zﬁ (C’bk+1) -_f (yk+1 _yk) , (315f)
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1012

az’iﬁ (d)k+1) - _ ﬂ

(1 - 2). (3.15g)
After combining (3.15a) with (3.1c), we have

) Lﬁ((l)k+1) \V/ H(xk+1 yk+l) \V/ H(xk yk+1)+AT k+1 AT k

+ BATAGE — x5 + Q0BIA? + 6 — ) — x5 — ok — xF 1.
Substituting (3.2a) and (3.2b) into (3.15b) and (3.15c), respectively, leads to

vyH(xk+1,y1<+l)_vyH(xk,yk)+(9_Mxyk+1_yk>+9(yk+l_yk) = ayiﬂ((;)k+l)

10p2 .
—(Mk+1 _ Mk) _ ,BA(xk+1 _xk) + ( Lok _ /L)(Zk+1 —Zk) = BZL/S(&)]H-I)

Let DX = (a1, df*, diot, i, i, dit, i), where
d/;Jrl =VxH(xk”,)/k+1)—VxH(xk,yk+l)+ATuk+l—ATMk
+BAT A1 =x5) + (10BIIA)? + 6 — T)(x ! — 2F) — 0(xF — 2*1),
dytt = V,HE, Y=V H ) +(0 — 100/ =) +0 64 =,

dk+1 ﬂA(karl k) + (10ﬁ [L)(Zk+1 k)’

1

d1;+1 — E (Mk+1 _ Mk) ,

d = ~(10B1IAI* +6) (¢ - «"),
k k
dytt = -6 (' -5),

dlz(,+l _ _%&2 (Zk+1 _Zk) .

Then it follows that D**! € L4 (**!) and (dk+1 dkl dk+l dk“) edlg (ok*1).
Thus dist? (O, aLg (1) ) < ||p*+! || . By Assumption A(iii) we have

[9,H (0,550 = V,H () [ < 6 ([0 =] 4 =)
Then there exists ¢; > 0 such that
dist* (0,014 (6)) < D1’
<7 (It =) [ =oA)  2 =2)

k+1 _ukHZ + ||yk _yk—l ”2 + ”xk_xk—l ”2)

+|u
Thus by (3.7) there exists ¢, > 0 such that

aist (0,00 (6#7)) =2 (| =+ | <"+ |2 -
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e R o R Tl ) (3.16)
Then by v¥ = (xk K, 2 ) it follows that
12 112 12 )
e B i R VIR Ean o

Combining with (3.16) gives

dist (0, dLg (&)k“)) < \/42 <|| vkt k|| g ok = et “2)

=g (ot = v ot =)
The proof is completed. O

Now we give the convergence analysis of the sequence in a general framework by prov-
ing that any cluster point of { (xk AT AR ) } 4~ 18 2 KKT point of the optimization problem
(1.1). Let € and €2 denote the cluster point sets of the sequences {a)k } and {c?)k }, respec-
tively.

Theorem 3.3 (Global convergence) Suppose that Assumption A holds. Suppose that the
sequence generated by Algorithm 3.1 is bounded. Then we have that

@) Qis nonempty, compact, and connected;

(i) dist (I:ﬁ (c?)") , fZ) — 0as k — oo;

(itd) If { (x5, 9%, 25, u7) }jz » is a subsequence of { (x* y%,2" u") } i that converges to (x% ",
zZ5u*) as k — +00, then

1. Z '\kj =L *, *’ *, * ; '1
i 2y (@9) = L (") @17)
(iv) Q C critlg(d);
(v) The function iﬁ takes on 2 the value

2 N : k k k .k

£y = tim L, (0) = lim {F () +G0F)+ H (+5)).
Proof By the definition of 2 and Q, (i) and (ii) are trivial.

(iii) Let {a)kf } be a subsequence of {a)k } such that 0% — w*, j — 00. Since F and G are
lower semicontinuous, so is Lg, which follows from

liminfLg (o) > Lg (0*). (3.18)

J— 00

On the other hand, the definition of z¢*! shows that

2

’

L (55,95, 2540, k) + %”zkﬂ _Zk”2 <Ly (& 05, 25 ) + %”z* K

from which we get

Ly (2, 1) + ] = B~ ] <L (52 ).
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Replacing xX, y%, z*, 251, uk by &b, 9%, 25, 25+, b, we get

Ly 271 )+ 2 [ P L b ).
Combining this with Theorem 3.1(ii) gives

ot~ — 0ask— oo,

and then we have

||a)kf+1 -l || — 0and ||a)kf —a)*” — Oasj — oo,

which implies that

limsup Lg (xkf,ykf,zk/*l,uk/) <Lg(w*).

j—o0

k+1

Since z5*! — z — 0 as k — oo, it is easy to get

lim Lg (¢,54,25%%,44) = lim Ly (9).
J—> 00 J—> 00
Then we have

limsupLg (") < Lg (w*). (3.19)

j—o00
Therefore from (3.18) and (3.19) it follows that

lim Ly (09) = Lg (0*).

Jj—+00

By the definition of L (&), since ||@f — w*!| — 0 as k — oo, the desired statement fol-
lows.
(iv) For the sequence D* defined in Lemma 3.4, for j>1, we have Db e aiﬁ (d)ki ) Then

Dki—>0asj—> 00,

and thus

& — &*and Lg (&%) — Lg (@*) asj— oc.

The closedness criterion of the limiting subdifferential guarantees that 0 € aiﬂ (d)"/) or, in
other words, that ®* € Crit(iﬁ).

(v) Due to Theorem 3.1(ii) and the boundedness of {x,},-.q, the sequences {Zﬁ ((Dk)}

and {F (zk) +G (yk) +H (xk,yk)}kzo have the same limit:

k>0

L= tim Ly (&%) = lim {F (&) + G (F) + H (x*.5%)}.

k—+00 k—+00

The conclusion now follows by statements (iii) and (iv). O
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Next, we will prove global convergence for {(x*,%,z*,u*)} o generated by Algo-

rithm 3.1 in the context of the Kurdyka—t.ojasiewicz property. Suppose that iﬁ (@F) is a
KL function with desingularization function

@(s) = cs'0,0 [0,1),c>0.

Theorem 3.4 (Strong convergence) Let v< = (x K,z ) Assume that L,g(a)k ) is a KL func-
tion and Assumption A is satisfied. Then we have
) 3 [of - < o0,

(i) {wk} converges to a critical point of Lg.

Proof From the proof of Theorem 3.3 it follows that limy_, , f,ﬁ (d)k ) = iﬂ (c?)*) We con-
sider two cases.
Case 1. There exists an integer ky > 0 such that L (¢ (&%) = Ly (& (&*). Then since {iﬁ (c?)k)}

is decreasing, we know that for all k > ko,

Gl 4Gl A PG |22

A

<L (@)L (&) <Ly () ~Lp (&7) = 0,

which implies that x**1 = xk, yk+1 = o, Zk+1 = 2% for all k > k. Then from (3.7) and (3.8) we

k+l k+1 = K, and the desired

have uf*1 = ¥ for any k > ko. Thus, for all k > ko + 1, we have o
results follow.

Case2.1g (&F) > Lg (& (&*) forall k. Then since dist (&*, 2) — 0, we have that for arbltrary
&1 > 0, there exists k; > 0 such that dist (&%, Q) < & for all k > k1. Since limy, 4o0 Lg (& (&N) =
Lﬂ ( ) we have that for arbitrary &, > 0, there exists k, > 0 such that Lﬂ ( ) < Lf; ( ) + &9
for all k > ky. Therefore, for any &1, &2 > 0, when k > % = max {k1,k>}, we have dist ( Q)
e1, Lg (0%) < Lg (&%) < Lg (@*) + &2. Since |} is bounded, by Theorem 3.3 we know that
Qs nonempty compact set and L,g is constant on 2. Applying Lemma 2.4, we deduce that

for all k > &,
o (Lp (&)~ Ly (") ) dist (0,014 (64)) = 1.

Due to ¢’ (i,g (&%) - Lg (é)*)) > 0, we obtain

] <dist (0,01 ().

¢ (L (04) - Ly (o)

Using the concavity of ¢, we get that
0 (L5 () - 15 (7)) - 0 (L5 (") - L5 (&7))
> ¢/ (Ls (") - L (7)) (L6 () - Ly (6.

Combining this with the KL property gives
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<dist (0,08 (@) (¢ (Ls () - Ly (@) =0 (Lp () - 1p (7). (320)
By Lemma 3.2 there exists 7 = min(Cy, Cy, C3) such that

Lp (64 -1y (0"") z Qo = [P+ Gy |+ G2

> vk vk (321)

By Lemma 3.4 we get

dist (0,01 (6)) = ¢ (0% = vk + w51 =02 (3.22)
Putting (3.21) and (3.22) into (3.20), we obtain

noA =K F < g ([F =R o -0k

(0 (B (6 =15 (%) -0 (L (@) - 1 (7)) (3.23)

n
0. Then (3.23) can be equivalently rewritten as

Set by =+ (90 (iﬂ (@)~ Ly (5)*)> -9 (2'/3 (@) - Ly (@*))) >0 and a; = [[vF - 0% >

az., <bg(ar+ar1). (3.24)

Since ¢ > 0, we know that
o0 ; R R
Y <= (Lﬁ (@) =Ly (a’*)> '
k=1 n

(e @]
and hence ) by < 0o. Note that from (3.24) we have
k=1

1
a1 < Vi (ax + ax-1) < 2 (ax + ax-1) + by.

By Lemma 2.3 this gives that ).~ ax < 0o. Therefore

DI = <00 3 oI -y <00, 3 [ =2 <o
k=1 k=1 k=1

Combining this with (3.7), we have

o0
Z ||uk - uk’l H < 00.
k=1

This indicates that {a)k} is a Cauchy sequence. Therefore {a)k} is convergent. Let o* — o*,
k — 00. According to Theorem 3.3(iv), it is clear that @™ is a critical point of Lg(w*). The
proof is completed. d
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4 Numerical experiments
In this section, we present a numerical example to compare the performance of our algo-
rithm with PMA in [8] and BIPCA in [34]. We consider the following optimization prob-

lem:

2
)

.1 1 ¢
rr;lyn§ lAx = b|% + ¢ ||y||; + 52 ||Bx—y|
which can be rewritten as
min s 2= b2+ cr y]? + 2 |Be—y|?
%9z 2 L 32 4
st. Ax=z

We select A and B as random matrices with A = (a;),x» and B = (b;j)gxm, where a;;, b €
(0,1). Let m, p, q be three positive integers with m = g. We take the initial points of Algo-
rithm 3.1, x° = zeros(im, 1), y° = zeros(q, 1), z° = zeros(p, 1), u° = zeros(p, 1), x7! = rand(n, 1),
and y! = rand(n,1). The parameters are set as yu = 4, B = 182.5, 7 = 1.92¢ + 7, and
¢1 = ¢ = 1. The initial points of PMA in [8] are also set as x°, 5°, 2, 4, and the parameter
o = 0.01. The initial points of BIPCA in [34] are set as x° = x™! and ° = y}, and the pa-
rameter o = 0.01, Define ||Ax — z||? as the error, and select || Ax — z||? < 10~ as the stopping
criterion. The numerical experiment is carried out in 64-bit MATLAB R2019b on 64-bit
PC with Intel(R) core(TM)i7-6700HQ CPU@2.6 GHz anf 32 GB of RAM.

The numerical results are shown in Tables 1 and 2. To make it explicit, we also measure
the performances of the algorithm by plotting the curve of error. The corresponding re-
sults are presented in Figs. 1 and 2. In the tables, k denotes the number of iterations, and
s denotes the computing time.

In view of Table 1 and Fig. 1, we find that the inertial factor has a positive effect on the
convergence of Algorithm 3.1. The larger the value of the inertial parameter, the faster the
convergence speed. In addition, by observing Table 2 (where 61 and 6, are the two inertial

Table 1 Numerical results of two algorithms under various inertia values and dimensions

m=qg=100; p=200 m=qg=100; p=300 m=qg=100; p =400
Algorithm 3.1 k=10;5=03281 k=12;5=0.3750 k=14;5=03238
B =0.1
Algorithm 3.1 k=9;5=03438 k=11;5=0359%4 k=12;5=03450
6y =05
Algorithm 3.1 k=28;5=03281 k=10;5=0.2969 k=11;5=0359%4
6y =08
PMA k=305;5=0.7813 k=308;s=1.0469 k=310;5=20313

Table 2 Numerical results for Example 5.1 with various 6

0 Algorithms 3.1 BIPCA PMA

k s k s k s
6 = 0.9 for Algorithm 3.1 85 3.9426 143 4.2761 162 4.3871
61 = 0.05, B>, = 0.03 for BIPCA
6 = 0.8 for Algorithm 3.1 106 4.5488 k188 4.7906 198 52917
61 = 0.04, 65, = 0.02 for BIPCA
6 = 0.7 for Algorithm 3.1 142 47215 234 5.8531 261 6.7946

61k =0.03, 62 = 0.01 for BIPCA
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Figure 1 The performance of our algorithm with m =g =100 and p = 400
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Figure 2 Errors for three algorithms

parameters in BIPCA) and Fig. 2, it appears that our algorithm needs fewer iterations and
converges more quickly than PMA and BIPCA. In short, experimental results show that
our algorithm is effective and performs better than PMA in [8] and BIPCA in [34] because
of employing the inertial technique and ADMM.

5 Conclusions

An efficient modified inertial proximal minimization algorithm is presented for solving a
nonconvex and nonsmooth problem that is the sum of a smooth function and a linear op-
erator or of a nonsmooth function and a function that couples two variables. The proposed
algorithm updates the x-subproblem and y-subproblem with inertial effect. The parame-
ters are selected in a simple way. The numerical experiment reveals that the algorithm is
feasibile and effective.
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