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1 Introduction
One of the extended approaches to convexity developed in the last century includes
strongly convex functions as a subclass of convex functions (see [20] and for more recent
contributions, [10, 11, 18]).

Let us recall that a function f: [a,5] € R — R is strongly convex with modulus ¢ > 0 if

FOx+ (1 =1)y) <A (x) + (1= A)f () — ch(l = A)(x - ) (1.1)

forall x,y € [a,b] and A € [0, 1].
A function f that satisfies (1.1) with ¢ = 0, i.e.,

SOx+ 1 -1y <A (x)+ (A -0f (), (1.2)

is convex in the usual sense. Obviously, strong convexity implies convexity, but the re-
verse implication is not true in general. For example, a linear function is convex but is not
strongly convex.
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Comparing with convex functions, the strongly convex ones possess stronger versions
of the analogous properties. One of their useful characterizations is given in the following
lemma (see [23, p. 268], [11, 20], and the references therein).

Lemma 1 A function f: [a,b] — R is strongly convex with modulus ¢ > 0 iff the function
g: [a,b] — R defined by g(x) = f(x) — cx? is convex.

We further use the well-known theorem proved by Stolz [19, p. 25].

Theorem 1 (Stolz) Letf: [a,b] — R be a convex function. Then f is continuous on (a, b)
and has finite left and right derivatives at each point of (a,b). Both f’ and f| are nonde-
creasing on (a, b). Moreover, for all x,y € (a, ), x <y, we have

S @) <flx) <f ) <fiO).

Strongly convex functions are accompanied by the corresponding Jensen inequality,
which was proved in [20].

Theorem 2 Let a function f: (a,b) — R be strongly convex with modulus ¢ > 0. Sup-
pose X = (x1,...,%x,) € (a,b)" and a = (ay,...,a,) is a nonnegative n-tuple such that A, =
Yoliai>0withx = A%Z?:lﬂixi' Then

_ 1< ¢« —\2
f@ = ;au‘ (%) — A—nizzljaxxi - &) (13)
It is easily seen that for ¢ = 0, inequality (1.3) becomes the Jensen inequality for convex
functions:
1§
f@ =) af @), (1.4)

mo=1

Inequality (1.3) provides a better upper bound for f (x) because of the nonnegativity of
the term A%Z?:Mz‘(xi —%)2. Thus (1.3) is an improvement of (1.4) and is considered as its
stronger variant.

Another Jensen-type inequality was established by Mercer [17]. Given a convex function
f:(a,b) > R with m,M € (a,b), m <M, for x = (x1,...,%,) € [m,M]" and a nonnegative
n-tuple @ = (ay,...,a,) such that A, = >/ ;a; > 0 with x = ﬁZ?ﬂaixh the Jensen—Mercer
inequality states that

1 n
f(m+M=3%) <f(m)+f(M) - A—Zaéf(xi). (1.5)
" =1

Numerous improvements and generalizations of (1.5) have been obtained since. Here
we accentuate two such results. In [15] the authors proved that for a convex function
fi(ab)—> R, x=(x1,...,%,) € [m,M]", where m, M € (a,b), m < M, and a nonnegative
n-tuple @ = (ay,...,a,) such that A, = Z?ﬂ“i > 0, we have the inequalities

f©+f' () (m +M—c—Ain;a,-x,-> (1.6)
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1 n
<fOm) +fD) ~ = ) aif (x)
"ozl

1
<f(@+f Omm—d) +f MM =d) = —— 3 aif @) ~ d)

=1

for all ¢,d € [m, M].
Furthermore, the following variant of the Jensen—Mercer inequality was proved in [18]
for strongly convex functions.

Theorem 3 Let f: (a,b) — R be a strongly convex function, and let m, M € (a,b), m < M.
Let x = (x1,...,%,) € [m,M]", and let a = (ay,...,a,) be a nonnegative n-tuple such that
Yoriai=1withx=Y " awx;. Let }; €[0,1],i €{1,...,n}. Then

SO+ M=%) < fom) +f(M) =) aif (x;) (1.7)

i=1

—c [2(1\/1 — m)? Z ani(1—x;) + Z a;(x - xi)2:| )

i=1 i=1

For some recent results on the Jensen—Mercer inequality, see [1-3, 9, 12-14, 16, 24].

With the aim of new improvements and elaborating the existing results, the paper is
divided into five sections. In Section 1, we recall a few results needed further: some on
strongly convex functions and some well-known ones, concerning convex functions. Sec-
tions 2 and 3 deal with the Jensen and Jensen—Mercer inequalities, both generalized by
means of strongly convex functions. In Sect. 4, we discuss applications to Csiszar strong
f-divergences introduced in [10], for which we provide new estimates and their partic-
ular types in the same manner. We also derive new estimates for the Shannon entropy.
Section 5 deals with new Chebyshev-type inequalities.

2 The Jensen-type inequalities
We start this section with important properties of strongly convex functions, which are

direct consequences of the characterizations given in Lemma 1 and Theorem 1.

Lemma 2 Let f: [a,b] — R be a strongly convex function with modulus c > 0. Then it is
continuous on (a, b) and has finite left and right derivatives at each point of (a, b). Both f’
and f| are nondecreasing on (a, b). Moreover, for all x,y € (a, b), x < y, we have

S1(x) = 2ex <fl (%) = 2cx < f'(y) — 2¢cy <f](y) - 2cy. (2.1)
Iff is differentiable, then f' is strongly increasing on (a, b), i.e., for all x,y € (a,b), x < y,

S @)+ 2y —x) <f' (). (2.2)

Proof Let id denote the identity function, i.e., id(¢) = t for all ¢ € [a, b]. Since f is strongly
convex with modulus ¢ > 0, the function g = f — ¢ - id? is convex. Now, as an easy conse-
quence of Theorem 1 applied to the convex function g = f — ¢ - id?, we get the first part of
the statement.
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If f is differentiable, then f'(x) = f'(x) = f](x) and f'(y) = f'(y) = f:(¥), and (2.1) implies
(2.2). d

Bearing in mind the statement of the previous lemma, for a strongly convex function
f:la,b] - R, by f'(x), x € (a,b), we mean that f'(x) is any element from the interval
[ x),f(x)]. If f is differentiable, then f'(x) = f' (x) = f/(x).

Furthermore, for a strongly convex function f: [a, 5] — R with modulus ¢ > 0, we have

f@) =)+ 3)x—y) + clx - y)? (2.3)

for all x,y € (a,b). This inequality is as an easy consequence of the characterization of
convex functions via support lines (see [21, Theorem 1.6]) applied to the convex function
g=f—-c-id>.

A generalization and an improvement of Jensen’s inequality (1.3) for strongly convex

functions is included in the following theorem.

Theorem 4 Let f: (a,b) — R be a strongly convex function with modulus c > 0. Suppose
X=(%1,...,%y) €(a,b)" and a = (ay,...,a,) is a nonnegative n-tuple with A, = 211 a; > 0.
Letx = AL,, Yol aix; and ;= (1 — X)X + Aixi, A € [0,1],i € {1,...,n}. Then
1 & 1 &
0= |-= D alf@) —fG) = el =@ =) | = = D a1 =2 |f G| 17 - 2
" =1 " =1

n n

1 1 A

= i ;“&f(xi) A ;ﬂzf(xi)
1 n R _ n _

- LA =)f R)E-x) - Y ai(l =) E ) (2.4)
"= " =1

Proof Applying the triangle inequality ||u| — |v]| < |u —v| to (2.3), we get

[[f®) =) = cx = )| = [f O] |(x = »)]|
< [f® -f0) - cx =) —f )x - )|
=f(®) = f) —cx =) —f )x - ). (2.5)

Setting y =%; and x = «;, i € {1,..., n}, from (2.5) we have
[ = f @) = (1 = A)* & = x:)*| = (1= &) |[f' G % — x4l
< [fx) —f@) — A = A)f @& — %) — o1 = 1)* (% — ;)|
=f(x;) —f ) — (1= A)f G E — x0) — c(1 = 1)* (% — %)

Now multiplying by a;, summing over i, i = 1,..., #, and then dividing by A, = > a; > 0,

we get
1 n
T Zﬂi [ = f @) — (1 = A)* & = x:)*| = (1= &) [ G| % — x4l
" =1
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= Ain ;ﬂi f () = @) = (1= M) )& — %) — (1 = 1) (&% — )7

=— Zaf(xl) - Zazf(fci)
}’l }’l l 1
1 n n

- YA = 2)f G- ) - Y ai(l =) E ) (2.6)
"1 "ozl

By the triangle inequality (|Z;’:1 uizi| <Y, ailzl), we also have

Ain;m ) = £ ) — e = AP G — )] - Ai ;ma- ol Gl s

1 n
< o D aillf@) = fG) = (=@ = )| = (1= A | G| 15 - x| (2.7)
"1
Now combining (2.6) and (2.7), we get (2.4). O

The following corollary is a direct consequence of Theorem 4.

Corollary 1 Let f: (a,b) — R be a strongly convex function with modulus c > 0. Suppose
X =(x1,...,%,) € (a,b)" and @ = (ay,...,a,) is a nonnegative n-tuple with A, =Y - a; >0
andx = =37 amx;. Then

a,
Z a; |f () = f(®) = clx; = 2| = |f'@®)| - Z a; |x; - X|
1 n n
== D) —f® - Y aiw - (2.8)
" =1 " i=1

Proof Setting A;=0,i=1,...,n, from (2.4) we get

1 « 1 &
<o Do alf@) —f@) - -’ - = D alf @) 17 - (2.9)
"ozl =1
1 n
= Z aif () — — Z af (%)
An i=1
-1 anaf@@ —x) -~ anai(a‘c ~ ).
An i=1 An i=1
Note that
1 & 1 &
L e @i =5) =f @)= D aix -5 =0. (2.10)
"oi=1 =1
Now combining (2.9) and (2.10), we get (2.8). |

Finally, in a similar manner, we get an inequality, which counterparts the Jensen inequal-

ity (1.3).
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Theorem 5 Let f: (a,b) — R be a strongly convex function with modulus c > 0. Suppose
X=(X1,...,%,) € (a,b)" and a = (ay,...,a,) is a nonnegative n-tuple with A, = Z:’zl a; >0
and x = ﬁ Yo awxi. Let A €[0,1),i € {1,...,n}. Then
1 1
T 21) aif o) = 2= D af (1= 2% + dix) (2.11)
i

i=1
1 n ¢ n
< 0w = A )6 =8 - = D ai(l = A)*G - x)’.
! sl
Proof With (2.3) slightly modified, for x = (1 — 1,)x + A;x; and y = y;, i € {1,...,n}, we have

S =A%+ hixy) — f () = f/ () (1 = A)E = x7) + (1 = 1)* (% — %)

Now multiplying by a;, summing over i, i = 1,..., n, and then dividing by A,, > 0, we get

1 < 1
T > af (1= k)% + hixi) - " > af(x)
i n

i=1

> Ai ;aia — M) () = %) + Ai ;aia - 1) - %),

which is equivalent to (2.11). O
Again, a direct consequence of Theorem 5 follows by setting A; =0 fori=1,...,n.

Corollary 2 Let f: (a,b) — R be a strongly convex function with modulus c > 0. Suppose

X =(%1,...,%) € (a,b)" and @ = (ay,...,a,) is a nonnegative n-tuple with A, =y ", a; >0

= _ 1 n s
and x = i > i aixi. Then

n

1 _
0= =) af(x)~f@ (2.12)
"1
1 n , 1 n n ’ c n _ )
< e Zﬂzf (i)o; — 12 2% aif'(x;) - T Zﬂi(x —x)"
=1 noi=1 i=1 =1

Remark 1 Our results generalize and improve the main results obtained in [7, 8], which
were related to convex functions.

3 The Jensen-Mercer-type inequalities
We embark on further investigation of the Jensen—Mercer inequality (1.5). Along the way,
we generalize and improve results (1.6) from [15] and (1.7) from [18].

Theorem 6 Let a function f: (a,b) — R be strongly convex with modulus c >0, and let
m,M € (a,b), m <M, and A; € [0,1],i € {1,...,n}. Suppose X = (x1,...,%x,) € [m,M]" and
a=(ay,...,a,) is a nonnegative n-tuple with A,, = 3" a; >0 and x = Ain Yo aix; Then

f@+f(@dm+M-d-X) +Ain21:ai(m+M—d—xi)2

i=
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n

2c(M - m)?
+ a4 ;aiki(l = Ai)

(3.1)

1 n
<fom) +fD) = = ) af ()
Ti=1

1
<f@+f(mm—e)+f WM -e)- - > af @i - e)

"1

- Ai Z a;(M —x;)(3x; —2e — M) + c(m — e)2

=1
foralld, e [m,M].

Proof Let 1; €[0,1], x; € [m,M],and y; =m + M — x;, i € {1,
convex combinations:

...,n}. Then we can write as

Xi = )\,ﬂ’l’l + (]. - )»i)M,

yi=A-Aym+rM, ie{l,...,n}
Applying (1.1) twice, we have

fm+M—x;)=f((1—r)m+ L M)
< (1= 2)f (m) + Af (M) = chi(1 = 2 )M — m)?
= f(m) + f(M) = Af (m) + Af (M) = f(M) = chi(1 = 1) (M — m)?
=f(m) +f(M) = [Af (m) + (1 = L)f (MD)] = chi(1 = A)(M — m)*
< f(m) + f(M) = f Qm + (1 = 2)M) = 2chi(1 = 1) (M — m)?
= f(m) + f(M) - f(x)) = 2hi(1 = 2)M - m)?.

Further, applying (2.3), we get
F@ +f @ m+M-x;—d) + c(m+ M —x; —d)* <f(m+M —x;),
which, combined with the previous inequality, implies

f@d)+f/(d)m+M—x;—d) + c(m + M — x; — d)*

(3.2)
<f(m+M -x;)
<fOm) + f(M) = f(x) = 2chi(1 = )M = m)”.
Furthermore, for x;,e € [m,M],i € {1,..., n}, by (2.3) we have
f(m)—f(e) <f'(m)(m —e) + c(m — e)°, (3.3)

SO = f ) < f' (MM = ;) + (M = x:)*.
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Using (3.3), we have

Jm) +f (M) = f(x) = 2chi(1 = A)M = m)? (34)
=f(e) +f(m) ~ f(e) + f(M) = f(x:) = 2chi(1 = 1) M — m)°
<f(e)+f'(m)(m—e) + [ (M)(M - x,)
+c(m—e)* + (M — x;)* — 2ch (1 — A)(M — m)*
=f(e) +f (m)(m—e) +f (M)YM —e) - f (M)(x; — e)
+cm—e)? + c(M —x;)* = 2chi(1 — A)(M — m)?.
Since /" is strongly increasing and x; < M, by (2.2) we have —f'(M) < —f'(x;) — 2¢(M — x,),
ie.,
f&) +f (m)(m—e) +f' (MM —e) - f (M)(x; - e) (3.5)
+c(m — e)* + (M — x;)* = 2chi(1 = 1) (M — m)*
<f(e) +f (m)(m—e) +f MM —e) - [f'(x:) + 2c(M — x7) | (x; — €)
+c(m — e)* + (M — x;)* = 2chi(1 = A;)(M — m)*.

Combining (3.4) and (3.5), we get

Sm) + fQM) = f (%) = 2ehi(1 = 1) (M = m)? (3.6)
<f(e) +f (m)(m—e) +f (MM - e) - [f'(x:) + 2c(M - x;)] (x; — €)
+cm—e)? + c(M —x;)* = 2chi(1 — 1) (M — m)?
=f(e) +f (m)(m—e) +f (MM - e)
—f () (x; — €) — 2(M — x,)(x; — €)

+c(m—e)* + c(M — x;)* = 2chi(1 = A)(M — m)*.
Finally, from (3.2) and (3.6) we have

f(@) +f @) (m+M—x;—d) + c(m+ M —x; — d)*
<fOm) + f(M) = f(x) = 2chi(1 = )M = m)”
<f(e)+f (m)(m—e)+f (M)(M - e)

—f' () (x; — €) = 2c(M — x;)(x; — €)
+c(m —e)* + (M — x;)* = 2chi(1 = 1) (M — m)>.

Multiplying it by ;, summing over i,i = 1,...,n, and then dividing by A, > 0, we get (3.1).
O

Remark 2 In particular, if we set A, = 1 and d = m + M — X, then the first inequality in (3.1)
becomes (1.7) from [18], which makes it a generalization. Furthermore, our result (3.1)

improves (1.6) from [15].
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As an easy consequence of the previous theorem, we get the following inequality of the
Jensen—Mercer type.

Corollary 3 Let the assumptions of Theorem 6 hold. Then

n _ 2 n
fm+M—7) + Ai 3w - ) + 26(1\/1[47’") Y a1 - (3.7)
" =1 " i=1
1 n
<fOm) +fM) = = Saf (x)
moio1

1
<f@ +f'(m)(m - %) +f MM - x) - i Z aif' (x:)(x; — %)

o=l

- Ai 3" @M - x)(3x; - 2% — M) + c(m — %)

i1

Proof Choosinge=x = AL,, Y aix;and d = m + M - %, from (3.1) we get (3.7). O

4 Applications to strong f-divergences and the Shannon entropy
Let P, = {p =1 Pn) PP >0, 1 pi = 1} be the set of all complete finite dis-
crete probability distributions. The restriction to positive distributions is only for con-
venience. If we take p; = 0 for some i € {1,...,n}, then in the following results, we
need to interpret undefined expressions as f(0) = lim;_,¢, f(¢), Of (%) =0, and Of (g) =
lim, o, f (f) = elim, oo L, e 0.

L. Csiszar [5] introduced an important class of statistical divergences by means of convex

functions.

Definition 1 Let f: (0,00) — R be a convex function, and let p,q € P,. The Csiszar f-
divergence is defined as

Di(q,p) =Y _pif (1%) : (4.1)
i=1 t

It has deep and fruitful applications in various branches of science (see, e.g., [4, 22] with
references therein) and is involved in the following Csiszar—Korner inequality (see [6]).

Theorem 7 Let p,q € P,. Iff: (0,00) — R is a convex function, then

0=<Ds(qp)-f (D). (4.2)
Remark 3 If f is normalized, i.e., f(1) = 0, then from (4.2) it follows that

0 <Ds(q,p) with Ds(q,p)=0 ifandonlyif q=p. (4.3)
Two distributions q and p are very similar if Dr(q, p) is very close to zero.

Recently, in [10] a new concept of f-divergences was introduced: when (4.1) is defined
for a strongly convex function f, it is denoted with Df(q, p) and is referred to as strong
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f-divergence. Accordingly, in [10] the following improvement of the Csiszar—Korner in-

equality for strong f-divergences was obtained.

Theorem 8 Let p,q € P,. If f: (0,00) — R is a strongly convex function with modulus
¢>0, then

0 < Ds(q,p) —f (1) = cD,2(q, p), (4.4)

~ n 2
where D, 2(q,p) = Y _p; (Z—i) -1
-1

~ n 2
Remark 4 Here D,2(q,p) = > p; <%> — 1 denotes the strong chi-squared distance ob-
i=1 !

tained for the strongly convex function f(x) = (x — 1)> with modulus ¢ = 1.
Additionally, if f(1) = 0, then from (4.4) we have

0 <¢D,2(q,p) < Ds(q,p). (4.5)
Inequalities (4.4) and (4.5) improve (4.2) and (4.3).

We further use the results from the previous sections to prove new estimates for strong
f-divergences.

Corollary 4 Letp,q € Py, ri=1-A; ( - ;—) and ;€ [0,11,i € {1,...,n}. Let f: (0,00) —
R be a strongly convex function with modulus c > 0. Then

n ) . 2
o l/ (1> ~f () = (1= 2) (1 - @)
i=1 pi bi

<Dy(qp)- ) _pf(r)
i=1

0=

= A= )i - il
i=1

=D A2 ) pi-q) —cY_(A=1) i - q1) (4.6)
i=1

i=1

In particular, we have

n . . 2 n
ZP:'/(%) —f(l)—0(§—1> -lFo- > Ipi - ail
i=1 ¢ L i=1

< Dy(q,p) —f(1) - cD,2(q,p), (4.7)

0=

< 2
where D,»(q,p) = Y 1P (%) -1
If, in addition, f is normalized, then

n 2
Z qi qi
1 }/ Di Pi

< Df(q,p) - cD,2(q,p). (4.8)
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Proof Applying (2.4) to x; = %, a; = p; with x = %. Yoiaxi=Y r,qi=1and & =(1-
ADX+ ixi = (1 — A)+A VS ( b ) =r, i €{l,...,n}, we get

Zpl‘/( ) fr)—c(1- )\)(1__>
= épéf (%) -épzf(n)
“Sonaiar e (1-£) - S pa-nr (1-2)

0<

Zpl(l M |f (n)|’1——'

which is equivalent to (4.6).
Ifr;=0,i=1,...,n,thenr;=1,i=1,...,n, and from (4.6) we get (4.7). If, in addition, f
is normalized, i.e., f(1) = 0, then (4.7) implies (4.8). O

Corollary 5 Let A; € [0,1], i € {1,...,n}, and let p,q € P,. Suppose f: (0,00) > R is a

strongly convex function with modulus ¢ > 0. Then

Dy(q,p)- Y _pf (1 — ki (1 - %)) (4.9)

i=1 ¢
2
<Z<1 Af! (q‘>(ql -pi) —chl(l ay ( p) :
i=1 i=1 l
In particular,
Digp)-f (<) f (1%) (qi — i) — cD2(q, p). (4.10)
i=1 t

If, in addition, f is normalized, then

0<Dr(qp) <) f (g) (qi —pi) — eD,2(q, p). (4.11)

i=1

Proof Applying (2.11) to x; = f;; anda; =p; withx =" amx; =) ., q; =1, we get

épaf (%) —gjpf (1 Y m%)
<sz<1 Mf(q‘) (——1>—c2pl(1 )»)2(1——)2

which is equivalent to (4.9).
Choosing A; =0,i=1,...,n, from (4.9) we get (4.10). Further, for a normalized function
f, (4.10) implies (4.11). O

Page 11 of 19
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Corollary 6 Letf: (0,00) — R be a strongly convex function with modulus c > 0. Let p,q €
P, with 1% e[mM],0<m<M,and r; €[0,1],ie{1,...,n}). Then

n 2
f@+f@m+M-d-1)+c> p, (m+M—d—g)
i=1 ‘

+2e(M = m)* Y hi(1 =1y (4.12)
i=1

<f(m) +f(M) - Dy(q,p)

<+ om0+ F MM~ €)Y (Z)(%—e)
i=1 l 1z

—chl (M— —) (3% —2e —M) +c(m—e)2

l

foralld,e € [m, M].

In particular,

fm+M=1)+cD,2(q,p) + 2e(M —m)* Y k(1= 1) (4.13)
i=1

<f(m) +f(M) - Ds(q,p)

<fQ)+f (m)(m - 1)+ f (MM -1) - Zf (p)(q, -p)

i=1
—chi (M— @> (3@ -2- M> +c(m—-1)>2
P} Di p

If, in addition, f is normalized, then

f(m+M—=1)+cDy(q,p) +2e(M —m)* » " 1i(1 = 4i) (4.14)
i=1

<f(m) +f(M) - Dy(q,p)

<fom)(m—1) +f/(M)(M - 1) - Zf (p)(q, -pi)

i=1

—ch, (M— —> <S% -2- M> +c(m—-1)>2

4

Proof Applying (3.1) tox; = % and a; = p; withx = AL” Yoiaxi=Y g =1, weget(4.12).
In a particular case, fore=1and d = m + M — 1, from (4.12) we get (4.13). If, in addition,
f(1) =0, then (4.13) implies (4.14). O

Applying the previous corollaries to the corresponding generating strongly convex func-

tion f, we derive new estimates for some well-known divergences, which are particular
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cases of the strong f-divergence. Here we consider a few of the most commonly used di-
vergences.

Example 1 The strong Kullback-Leibler divergence of p, q € P, is defined by

Dri(gp) =Y ailn (1%) : (4.15)
i=1 !
where the generatlng function is f(¢) = tInt for t € (0,00). Fix [ > 0. Since f"(¢) = , we
have f” > 7 on [m,l], 0 < m < [, and the function f|,, is strongly convex with modulus
1
c= .

2
Applying inequalities (4.6), (4.8), (4.9), (4.11), (4.12), and (4.14) to f(¢) = tInt with ¢ = 211,

we may derive new estimates for the strong Kullback-Leibler divergence Dxi(q, p).

Example 2 The strong squared Hellinger divergence of p,q € P, is defined by
Dyp(q,p) =) _(Vpi- V3
i=1

where the generating function is f(¢) = (V-1 )2 for ¢ € (0,00). Fix [ > 0. Since f"(¢) =
f’ we havef” 7B °On [m,1], 0 < m < [, and the function /|, is strongly convex with

modulus ¢ = " ﬁ

Applying inequalities (4.6), (4.8), (4.9), (4.11), (4.12), and (4.14) to f(¢) = (Vi - 1)2

with ¢ = , we may derive new estimates for the strong squared Hellinger divergence

1
with ¢ = 275
Dy2(q, p).

Example 3 The strong Bhattacharya distance of p, q € P, is defined by

Dy(q,p) = -)_/Pidi

i=1

where the generatmg function is f(t) = —/t for t € (0,00). Fix / > 0. Since f”(¢) = f’ we
have f " /7 °n [m,1], 0 < m < [, and the function f|,,,,; is strongly convex with modulus
C=

sﬁ

Applying inequalities (4.6), (4.7), (4.8), (4.9), (4.10), (4.11), and (4.12) to f(£) = —/f with
c= ﬁ, we may derive new estimates for the strong Bhattacharya distance D(q, p).

Example 4 The strong Jeffreys distance of p,q € P, is defined by

Dy(q,p) = Z(ql poln; = Dxa(q, p) + Dir(p, @),
i=1

where the generating function is f(¢) = (t — 1)In¢ for ¢ € (0,00). Fix [ > 0. Since f"(¢) =

&l we have f” > 1+21 on [m,l], 0 < m < [, and the function f/,, is strongly convex with

modulus ¢ = IZ*T%

Applying inequalities (4.6), (4.8), (4.9), (4.11), (4.12), and (4.14) to f(¢) = (t — 1) Int with

I+1

c=5m

we may derive new estimates for the strong Jeffreys distance D;(q, p).
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Example 5 The strong Jensen—Shannon divergence of p,q € P, is defined by

N

- 1| 2q; L 2p;
Dys(q,p) = [Zqiln 1 +Y pi P }
i=1

pitqi ‘T Pitdi

1rs P+q) = P+q
=3[P (a757) + B (0557) |
2[1@([ 5 + Dk | P 5

where the generating function is f(¢) = % (tln lz—ft +1In 1%;) for ¢ € (0,00). Fix [ > 0. Since

@) = m, we have [ > m on [m,l], 0 < m < [, and the function f|,; is strongly

_1
s+

Applying inequalities (4.6)), (4.8), (4.9), (4.11), (4.12), and (4.14) to f(¢) = 5 (¢In 25 +

1+t

In ﬁ) with ¢ = m, we may derive new estimates for the strong Jensen—Shannon diver-

gence D;g(q, pP)-

convex with modulus ¢ =

We now consider the Shannon entropy [25], defined for a random variable X in terms

of its probability distribution p as

n 1 n
S(p) = E piln; =—E pilnp;. (4.16)
i=1 ¢ i=1

It quantifies the unevenness in p and satisfies the relation
0<S(p)<Inn.

Using the results from the previous sections, we obtain new estimates for the Shannon

entropy.

Corollary 7 Let! >0, and let p € P, be such thatpil,...,p—ln €(0,/]. Letpi=n—A; (n - p%),
A €[0,11,ie€{1,...,n}. Then
; '

S Py
-1 P

_ 1-X 1\’
S(p) < S(p) + Inp;p; — BV R n—-— n—-—
bi

n n n 2
_ i 1 1 1
< E pilnp; + E %(1—)»1') <71—;) ~ o E pi(l— 1) <71—;) . (417)
i=1 i=1 £ ! i=1

L

Zlﬂi

i=1

In particular, we have

ZP;’

. 1 1\?
e — (=
2 Pibi= 55 s

n ) n pi 1 1 n 1 2
<D pilnpi+ Z; (” - ) g 2P (” ) : (4.18)
i=1 i=1 £

pi i=1 bi

S(p) <S(p) +

Proof Applying (2.4) to the function f(¢) = —1In¢, t € (0, ], strongly convex with modulus

1 1 PR 1 n n 1 ~ _
Cc= W,andxi = » andzzi =pi withx = a, Zi:l ax; = Zi:lpila_i = nandxl» =(1-A)x+Ax; =

Page 14 of 19
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(I—Ai)n+)\,-l% :n—k,’(n—p%) =pii€f{l,...,n}, we get

1 1-A;
0< pi|-In—+1np; — —< ) Pi n——
121: pi ? Z pi
—ip»lnl +iprln[ﬁ'+i&(l—k~) (n— l)
i=1 pi 4 T b bi
1 o 1\°
-5 i(1-2)* (n-—) ,
2P ;p( ) (n Pi)
which is equivalent to (4.17).
Choosing A; =0,i=1,...,n, from (4.17) we get (4.18). a

Corollary 8 Let [ > 0, let p € P, be such that Pil’”qpln € (0,1, and let 1; € [0,1], i €
{1,...,n}. Then

§n 21— (- lf a-n2 (2 2
‘1= —=-n)+— (1 =X ——n
, Pi pi 202 4 P Di
i=1 i=1
n )Li
+ E piln <(1—}\.,)l/l+;)

< S(p). (4.19)

In particular, we have

n 1 n 1 2
lnn+1—n2p5+ﬁ2pi<;—n) < S(p). (4.20)
i=1 i=1 :

Proof Applying (2.11) to the strongly convex function f(¢) = —Int¢, t € (0, ], with modulus
c= ﬁ, and to x; = }% and a; = p; with x = A%, Yo A = Zf’zlp,% =n, we get

n 1 n )\l
S s S it (- apns 2
i=1p npi+ i=1p Il<( )l’l+pi)

n 1 1 2 2

S_izl pil =4 (Z) (;z_ > 22 Zp,(l Ai) (_—I’l> )

which is equivalent to (4.19). If we choose A; = 0,i = 1,...,n, then (4.19) implies (4.20). O

Corollary 9 Let 0 < m <[, let p € P, be such that pil,..., pin € [m,l], and let \; € [0,1],
ie{l,...,n}. Then

1 & 1\* 1
ﬁZpi<m+l—d—;> — S m+l-d-n (4.21)
i=1 ¢
(I-m)* & ml
+ > ;)\i(l—ki)+ln7
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=S(p)
1 ml
il _ ) im=
< (e m) + (e l)+Zpl (e p)+ne
R 1\/3 (m—e)?
-— il l—— ) ——-2e-1
212;19( pi)(l')i ‘ )+ 2r
foralld,e € [m,l].
In particular, we have
L Z 1 2+(l_m)22njx(1 34 dn (4.22)
— i\ n—— L—=Ap)+ 1IN — .
202 i:lp Di 2 pry m+l-n
=S(p)
1 1 - 1
5—(n—m)+—(n—l)+pr(n——)+lnﬁl
m / P pi n

1 & 1 3 (m - n)?
_2—12;317!([—;)(;—2”—1)4' 212 .

Proof Applying (3. 1) to the strongly convex function f(¢) = —1In¢, t € (0, ], with modulus

—pn.withx= LS . SV ,1_
c= 212 and to x; = — and a; = p; with x = a Do aixi= 1 Pi,; =1, we get

—lnd——(m+l d- n)+2—122p1<m+l d——)

, (- m)2 .

Zk(l A:)

n
1
5—1nm—1nl+2p,-1n—
i=1 pi

n -1

§—lne—%(m—e)—%(l—e)+;pi<i) (i—e)
(m—e)’

2122P‘< o) (15 2e)

which is equivalent to (4.21). Choosing e = n and d = m + [ — n, from (4.21) we get (4.22).

O

5 New bounds for the Chebyshev functional

One of the fundamental inequalities in probability is the discrete Chebyshev inequality,
which we quote in the following form (see [21]).

Page 16 of 19
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Theorem 9 Let a = (a1,...,a,) be a nonnegative n-tuple with A, =y -, a; > 0, and let
p=Wwi,...,pn) and q = (qu,...,q,) be monotonic real n-tuples in the same direction. Then

1 n 1 n n
< Y apigi- e Y aipiy_aig; > 0. (5.1)
Tzl " =1 i=1

If p and q are monotonic in the opposite direction, then we have the reverse inequality of
(5.1).

We can find many papers that study the Chebyshev functional T'(a;p, q) derived from
the Chebyshev inequality (5.1) by subtracting its right side from its left one:

n n n
T@:p.q) =A, ) apigi— ) api Y ads (5.2)
i-1 i1 i

and in the normalized form as
n n

T(p,q) = % > pidi- % Y b)Y 4. (5.3)

i=1 i=1 i=1

By (5.1) we have
T(a;p,q)>0 and T(p,q)>0.

Using the results from Sect. 2, we obtain improvements of the Chebyshev inequality
(5.1), i.e., we get new bounds for the Chebishev functional of types (5.2) and (5.3) without

the assumption of monotonicity.

Corollary 10 Let a = (ay,...,a,) be a nonnegative n-tuple with A,, =Y ., a; > 0, and let
p=p1,....pn) and q = (qu,...,q,) be real n-tuples with p = Ain Yriapiand P, =", p.
Then

n .

0< Ai Zdi(lﬂi -py (5.4)
i=1
1 & 1 2
< | 2@l —f @) - cwi-pP| = [f @) - = Y ailwi-p)l
=1 =1

n
c _
+ A Zﬂi(Pi —P)2
"i=1
n

> afp)-f®)

i=1

=

|-

Cc " _
<T(ap,@) - = ) aip-p)’ < T(@p,q).
" =1

i=
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In particular, we have

c < P, 2
0=-3" (p,-— 7) (5.5)

i=1
i P, Pl |, (P\| 1 P,
g Dot () -l ) |- (%) 52 %)
< P, 2
(-7
1 P,
= P ?zl f)-f (;)
¢ — P,\?
VCTEEDD (Pi - ;) <T(p: Q.
i=1
Proof Combining inequalities (2.8) and (2.12), we have
¢ n
0=+ gai(xi - &) (5.6)

1 ¢ 1 ¢
< | Do alf@) —f@ - i -2 - [f @] = D ail@i -3
"1 "1
c Z o
+ A_n 2 a;(x; — x)

1
Zaﬂx,) -f®)

=7,
i=1
Al Zaf(xl)xl o thxlzazf(xl)——zal(x xi)*
noj=1
! Z@f (6i)si = — Zaxlzagf/(xi).
n i=1 noj=1 i=1

Setting f'(x;) = q; and x; = p;, i € {1,...,n} and using (5.6), we get (5.4).
Ifweseta;=1,i=1,...,n,thenp=13" p;="2 where P, =) [ p;. Now inequality
(5.5) immediately follows from (5.4). O
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