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—(1 +b f K|V ul? dx) div(K6)Vu) = KKF(W), x e R,
R2

where f has exponential subcritical or exponential critical growth in the sense of the
Trudinger-Moser inequality. By using the constrained variational methods,
combining the deformation lemma and Miranda’s theorem, we prove the existence
of a least-energy sign-changing solution. Moreover, we also prove that this
sign-changing solution has exactly two nodal domains.
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1 Introduction and main results
In this present paper, we consider the existence of the least energy sign-changing solutions

for the following equation:
—<1 + b/ K(x)|Vu|2dx) diV(K(x)Vu) = Kx)f(u), xeR? (1.1)
R2

where K (x) = exp(|x|?/4), b is a positive constant, and we assume that f satisfies:
(h) £(6) € C'(R,R);
() £(8) = ot]) as [¢] > O;
(f2) limyy— o % = 00, where F(t) = fotf(s) ds;
(f3) % is an increasing function on R\{0};
(fa) There exist

p-2

) =
p>4 and o> |:4mp<p—)@:| ,
p-4)w
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such that

tfv(t) > Q0|t|pr

forall £ € R, where g > 0 and m,, is attained in a ground state nodal energy of Eq. (1.1)
when f(u) = |ul?~%u.
As we all know, we call problems of type (1.1) nonlocal problems because there is an inte-
gral over R2. Such problems were first posed by G. Kirchhoff in [1] as an extension of the
classical D’Alembert wave equation for free vibrations of elastic strings.
Similar nonlocal problems also model several physical and biological systems, where u
describes a process which depends on the average of itself, for example, the population
density, see [2] and the references therein. After J.L. Lions [3] proposed the functional

analysis method of the equation
Uy — (a+b/ |Vu|2dx>Au = f(x,u), (1.2)
Q

where a, b >0, and  C RY is a bounded domain, the steady-state form of the problem
(1.2) has received a lot of attention. At the same time, many more results were obtained; we
refer to [4-9] for bounded domains. In [6] the authors obtained sign-changing solutions
to the nonlocal quasilinear elliptic boundary value problem using variational methods and
invariant sets of descent flow in the subcritical case.

For the entire space RN(N > 3), we know that the embedding H'(RN) «— L4(RN)
(2 < g < 2%) is not compact. In order to overcome the lack of compactness, many re-
searchers introduced the potential function V(x), to study the Kirchhof-type equation of

the following form:

_<a+b/ |Vu|2dx>Au+ V(x)u =f(x,u), (1.3)
RN

restoring spatial compactness by making different assumptions about V(x). In [10], the
author showed that problem (1.3) has sign-changing solutions, if we assume V € C(R?,R)
satisfies inf,.gs V(x) > a; > 0 and, for each A > 0, meas{x € R3: V(x) < A} < o0, with a;
being a constant and meas denoting the Lebesgue measure in R3. In [11], the author got
a positive solution to the problem (1.3), considering V/(x) as a locally Holder continuous
function, and assuming there is a constant & such that V(x) > « > 0 for all x € R® and
infyep V(%) < mingega V(x), where A is an open bounded set. There are many diverse re-
sults for equations of type (1.3) in RY; we refer to [12—15] and the references therein. In
fact, by observation, we can see that our problem can be viewed as a generalization of the
constant-coefficient Kirchhoff equation, when K(x) = 1, it is exactly the Kirchhoff equa-
tion as in (1.3). At the same time, we use the properties of function K(x) to avoid using
potential function V(x) to overcome the problem of lost space embedding compactness.
It is well known that the critical growth for nonlinear terms also leads to the loss of
compactness for the embedding H*(RN) < L¥ (RN), where the critical Sobolev expo-
nent is 2* = 2N/(N - 2) (N > 3). When N =2, the critical exponential growth is related to



Qin et al. Journal of Inequalities and Applications (2023) 2023:40 Page 3 of 19

Trudinger—Moser inequality, which appears in the pioneer work [16, 17], that s,

sup /e““z < C(x)
Q

leell 1y <1
H@

for all o < 47 and Q C R2. Motivated by this inequality, de Figueiredo et al. [18] intro-
duced the notion of subcritical and critical growth in the plane, i.e.,
(fs) f € C(R,R) and there exists g > 0 such that

t 0, o>ap,
im £8 _ 0

e
It[—o0 ga] 00, o <.

If the above holds for all @ > 0, we say that f has exponential subcritical growth at +00, and
if there exists «p > 0 as above then f has exponential critical growth at +0o. When dealing
with the entire space, we need a new version of the Trudinger—Moser inequality. It asserts
that

sup /1;2 (e”‘”2 -1) < C(a)

Il 3 2y <1
for all @ < 4r; see [19, 20] and the references therein.

To obtain our results, we consider using the variational method in a weighted Sobolev
space consisting of rapidly decaying functions at infinity, where the embedding of R? is
recovered in the weighted Sobolev space. This idea was first proposed by M. Escobedo
and O. Kavian in [21], mainly used to find a self-similar solution of the heat equation in
RN, more precisely, they define the weighting function
| 2

K(x):= exp(%), for x e RN,

For scholars interested in weighted Sobolev spaces, we recommend [22-28]. In [27],
the author proves that the weighted semilinear elliptic problem has a sign-changing so-
lution in the critical case, where the nonlinear term f satisfies the standard Ambrosetti—
Rabinowitz superlinearity condition (namely, there exists 6 > 2 such that ¢f(t) > 6F(t) > 0).
In our paper, we directly use the Trudinger—Moser inequality in the weighted space con-
sidered in [29]; see Lemma 2.1.

Now, we introduce our work space. Consider C2°(R?), the space of infinitely differen-
tiable functions with compact support, and denote by X the closure of C>°(R?) with re-

spect to the norm

lull = (A;ZK(x)Wude)i,

which is induced by the inner product

(u,v):/ Kx)VuVvdx.
R2
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Define the weighted spaces for each s > 2 as
L}(Rz) = {u measurable in R? : / K(x)|ul|fdx < oo}.
R2

By the results from [21, 22, 28] and Lemma 2.1 of [29], the space X is complete and the em-
bedding X — L}(Rz) is continuous and compact for all s € [2, 00). Note that X ¢ LY (R?),
thus we use the Trudinger—Moser inequality in R? as a substitution of the Sobolev in-
equality.

From (f;), for all € > 0, there exists § > 0 such that, when |¢| < §, we have

[F(@)] < eltl. (1.4)

Let o > «p be given by (f;) and g > 2. By using the critical growth of f, we obtain

t
im —OL_ (15)
2 [ e ~ 1)
Therefore, for all € > 0, ¢ € R, there exists C, such that

max{[f(8)¢], |[F()|} < ele? + Celel? (e - 1). (1.6)

’

The problem (1.1) corresponds to the energy functional / : X — R which can be con-

structed as

2
I(u) = %/R2I((x)|Vu|2dx+ Z(/RZK(x)szdx) —/RzK(x)F(u)dx. (1.7)

By assumptions on f and a standard argument, we can affirm that /, is a well-defined

C! functional, and its derivative can be computed as

(Il’,(u),w) = (1 +b||u||2) ./1;{2 K(x)Vquoabc—/]R2 K(x)f (u)g dx, (1.8)

for all ¢ € X. Furthermore, u is a sign-changing solution of system (1.1) if and only if u is

a critical point of I, and u* # 0, where
u* := max(u,0), u~ := min(x, 0).

Motivated by [5, 10], in order to find a sign-changing solution of equation (1.1), we make

the following decompositions for uz € X:

Ib(u)zlb(u+)+1b(u_)+é/ K(x)|Vu+|2dx/ K@)|Vu | dx, (1.9)

2 Jr2 R2

(Il;(u),u+)=(Ié(u*),u+>+b/ K(x)’Vu*‘zdx/ K(x)‘Vu”zdx, (1.10)
R2 RrR2

(Il’)(u),u_>:(l;j(u_),u_)+b/ K(x)|Vu+|2dx/ K(x)\Vu_|2dx. (1.11)
RrR2 R2
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Meanwhile, we consider the Nehari manifold and Nehari nodal set associated to (1.7)
defined respectively by

N = {u e X\{0} : (I, (u), u) = 0}
and
M ={ueX;u™ #0:(l,(w),u*) = I,(w),u”) = 0}.
In this paper, we have the following result.

Theorem 1.1 (Subcritical case) Assuming (f;) with ag = 0 and (fy)—(f3) hold, equation (1.1)

has a least-energy sign-changing solution, which has precisely two nodal domains.

Theorem 1.2 (Critical case) Assuming (fs) with oy > 0 and (fy)—(f2) hold, equation (1.1)

has a least-energy sign-changing solution, which has precisely two nodal domains.

We organize this paper as follows. In Sect. 2 we give some useful preliminary lemmas
which pave the way for getting a least-energy sign-changing solution. Then Sect. 3 is de-

voted to proving Theorems 1.1 and 1.2.

2 Some preliminary lemmas
According to [29], the following version of the Trudinger—Moser inequality holds:

Lemma 2.1 Foranyr >0, u € X, we have K(x)|u|"? € L*(R?). If ||u|| < M, cM? < 47, then
there exists C = C(M,r, ¢) > 0 such that

/Rz K(x)|ul** [exp(cu®) — 1] dx < C(M,r, )llull". (2.1)

Proof See [29, Theorem 1.1 and Corollary 1.2]. O

Next, we prove that the set M is nonempty. In this proof, we adopt in part the idea of
Zhong and Tang [30].

Lemma 2.2 Suppose that [ satisfies (fo)—(f3). For any u € X with u* # 0, there exists
a unique pair of numbers s,,t, > 0 such that s,u* + t,u~ € M and I,(s,u* + t,u~) =

max o lp(su® + tu).

Proof Fix u € X with u™ #0. We first verify the existence of (s, ¢,). Write

Ib(su+ + tu’) = %“su+ +tu” H2 + ZHsu+ +tu ||4 —/ K(%)F(su+ + tu’) dx
R2

_12 +2€4 +4_/ + 222 w1121, 112
—25 ||u || +4s ||u || RZK(x)F(su )dx+2s t ||u || ||u “

1,0 2 b 4l — 4 -
ARG —/l;zK(x)F(tu ) d.
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Let &(s,t) = I,(su™ + tu”) and use ®@* to represent the gradient at (s,¢), ie, % =
(Di(s,t), Py(s, 1)) = (I (su™ + tu )u*, I, (su* + tu")u~), and then

®y(s,t) = sllu I + bs® |t |* + bt lu* Pl |1 = fpo K(x)f (su) () dx,

s

(2.2)
D,(s,t) = tllu ||* + b lu~ ||* + bt ||* | ||* — [ K(x)f (b7 ) (™) .

Combining (f;)—(f3), it is easy to verify ®@/(s,s) > 0, @,(s,s) > 0 for s > 0 small enough and
d/(t,t) <0, P,(¢t,t) < 0 for ¢ > 0 large enough. Then there exists 0 < r < R such that

d.(r,r) >0, &, (r,r) > 0; P(R,R) <0, P,(R,R) <0. (2.3)
By the monotonicity with respect to s > 0 (resp. ¢ > 0) if £ > O (resp. s > 0) is fixed, one has

d.(r,t) >0, ®/(R,t) <0, foralltelrR],

(s, r) >0, ®,(s,R) <0, forallselrR].

It follows from the Miranda’s theorem [31] that there exists a pair (s, t,) € [r,R] X [r,R]
such that

®5/(Sm tu) =0, ¢;(Sm tu) =0,
which implies that s,u™ + t,u” € M, i.e., M #@.
Next, we will prove that the positive number pair (s,, t,) is unique. We suppose that
there are two pairs of positive numbers (s, , £y, ), (Su,, tu,) satisfying @(s,,, t,,) =0,i=1,2.

Without loss of generality, we assume s, <s,, and that there exists a unique s, such that
D/ (sy,ty) = 0. From ®(s,,, t,;) = 0 we derive that

sl 85, ' s 2 P | = [ K (o) ) )
and

s | 552, | |+ bt P = [ K03 (o) ) @5)
and then, combing (2.4) with (2.5), we have

1 1 1 1
(-t olg - )i
_ / K(x)(f bur) T (Su2u+)>(u+)4dx. (2.6)
R2

(Sullfﬁ)s (Suzlfﬁ)?’

We know that the left-hand side of the latter equality is positive due to assumption s, <
Su, . At the same time, using hypothesis (f;), we can see that the right-hand side is negative,
which leads to a contradiction. Therefore, we have s,; = s,,, 50 s, is unique. The proof of

t, uniqueness is similar.
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The existence of an extreme value of ®(s,t) at (s,, t,) is verified by using the sufficient

condition for the existence of an extreme value of a binary function:

DUi(s,t) = llut |* + 3bs |ut |* + b ||ut ||l |* = [go K)f (su)(u*)? dx,
@/y(s, 1) = 2bst||u* | *||u”||* = Dyi(s, 1), 2.7)
D5, 8) = llu 1* + 36t | |* + bs | u* | 2w 1* = fgo Kx)f (tu™) (™) dx.

Substituting point (s, t,) into (2.7), we have

DU (suty) = |l ||* + 3bs2||lu* ||* + be2 [lu ||| |

— [ K@)f' (suu) (*)? dix,
DL (Sur bu) = 2bsyty lut |2 lu~ 1* = @.(su, t), (2.8)
D) (surtu) = lu||* + 3bE2 (| ||* + bs? || |||~ ||*

— [ K@)f (1) (u7)* dx,

then, combing @/(s,, t,) = 0 with hypothesis (f;), we obtain that
@suti) = o' [P 303t | b o P [ K ) )
<[t P30t | o Pl -3 [ K Gsant) ()
= 2w |- 20 ] || 29)
and
O U R I R o O R R
<o [P 303 o |+ s o [P | =3 [ K () - 0) s
= —2fur | - 22 o | (2.10)
hold. Since, obviously,
D (Susty) <0,
from (2.8)—(2.10) we get

(Ds/;(su: tu)(p;(su: tu) - ¢S,,;2(Sur tu)
> @[t |+ 265b ]t [P ) @ |+ 2550 et | [)
— (@bsutu ||

> 0. (2.11)

Thus we can get the maximum value of @ (s, t) at (s, t,). The proof is complete. O

Page 7 of 19
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Lemma 2.3 Assume that (fy)—(f3) and (fs) hold, as well as u € X and u* # 0. Then we have:
(i) IfP,(1,1) <0, ®/(1,1) <0, there is a unique positive number pair (s,, t,) obtained in
Lemma 2.2, satisfying 0 < s,,t, <1, such that s,u* + t,u~ € M.

(ii) If®/(1,1) >0, ®,(1,1) > O, there is a unique positive number pair (s, t,) obtained in
Lemma 2.2, satisfying s,, t, > 1, such that s,u* + t,u~ € M.

Proof (i) Assuming that s, > ¢, >0, in view of s,u* + t,u~ € M, we have

sullat |7+ s aet P+ bs3 ae [P | = sl | + 053 et |+ st ot | [

= / I((x)f(subﬁ) (u*) dx. (2.12)
R2
From the hypothesis @/(1,1) <0, we have
o bl <l P P = [ i) o) e 213

Combing (2.12) with (2.13), we get

1 N flu®)  fw)], .
(5_2 - 1) = H2 = /RZ K(X)[(sjulj)3 - (uL‘f)S}(u )4dx. 219

u

If 5, > 1, then the left-hand side of this inequality is negative, but from (f3) the right-hand
side is positive, so (2.14) yields a contradiction. Therefore we conclude s, < 1. Using a
similar method, we can prove that ¢, < 1.

(ii) Similarly, assuming that 0 < s,, < ¢,, and using the fact that s,u* + t,u~ € M, we get

sullut |7+ st [P+ s [P [P < sullw I + bsi et | + st | [

= / K(x)f(suu")(w) dx. (2.15)
RrR2
From the assumption ®/(1,1) > 0, we have
I e I e e 7 fR KGf (u) (") d. (2.16)

Now combing (2.15) with (2.16), we get

1 . flsuu®)  fw)], .
<s_2 - 1) J “2 = /1;2 K(x)[(suu*)3 - (u*)3}(u )4dx. 217

u

If s, < 1, then the two sides of (2.17) are contradictory, therefore we conclude s, > 1. Using

a similar method, we can prove that ¢, > 1. d

Lemma 2.4 Assume that (fo)—(f3) and (fs) hold. Then there exists p > 0 such that ||u|| > p
for all u € M. Furthermore, m :=inf{l,(u) : u € M} > 0.
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Proof Suppose, to the contrary, that there exists {u,} C M such that ||u,| — 0. Using
(1.6), we obtain

2] < et |* + bllus||*
58/ 1<(x)|u,,|2dx+C5/ K@)y (7% 1) dx
R2 R2

- s/ K() )2 dax + CS/ K97 (1" T)” 1) dix. (2.18)
R2 R2

Using Sobolev embedding theorem and Holder’s inequality with s',s > 1, we get

1

1
ot l1? < £S5 uu |l + Ce ( / 2K(x)mm’ dx)s ( / i 1<(x)(e““"n"2<nﬁ’;u ?_ 1)sdx) ,
R R

which after a rearrangement yields

1
s

1
(1-eS8;") lual® < G </]RZ K ()| dx)s </RZ K (e P _ 1)de> '

Arguing as in the proof of Lemma 3.4 in [32], there exists C, such that

1

s

1
(1-eS;") luall* < C. (/21<(x)|un|qf’ dx)s </21<(x)(e””“"2(|52u>2 -1) dx) :
R R

Letv,:= ﬂH’ then ||v,||? = 1. Since || u,|| — 0, there exists 8 < 47 such that sa | u,||?> < B

(7%

holds. For g > 2, using Lemma 2.1 and the embedding theorem, there exists a constant C,
such that

“l=

~ ’ ~ 4
(1_8551)”“,,”251\4@( / K@)y |* dx) < MC.S,} llu".
R2

By simplifying we get
(1-¢S8;") _
2 <l
2
MC.S o
—es3ly 1
By arbitrariness of ¢, there is a constant p = [(1 £52 q) ]4-2 > 0 such that ||u,| > p > 0.
MC,S 2
qs

Now assume that {#,} C M is a minimizing sequence for m. Using hypothesis (f), we

get

1 1 1
m= lim inf[[(un) - Z(I/(u,,),un)] z 2 Jim inf ||, | > 2 p> >0, (2.19)

n—00

which completes the proof. d
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Because {u,} is bounded in X, there exists u € X such that #* — 4% in X. Since {u,} C
M, one has (I'(u,),u) =0, ie.,

/ K(x)ywﬂzdmb/ I((x)|Vu|2dx/ K@)| Vi | dx
R2 R2 R2
=f K@)f () (uy) da. (2.20)
R2

Since [lu|| > p >0, using (1.6), we have

o= s = [ K)o ds
R2

< 8/ K(x)|uff|2dx + C; / K(x)|uff|q(e"‘(”3)2 - 1) dx. (2.21)
R2 R2
By the boundedness of {u,} in X, there exists C; such that

pr<eCi+ CS/ K(x)’unir|q(e"‘(“”i)2 - 1) dx
R2

1 1
58C1+é€< / K(x)|uf|qs')" ( / 1<(x)(ew<ﬁ>2—1)dx> , (2.22)
R2 R2

from which we get

1
0> —eCy <MC, </ I((x)|uf|qs/ dx)s . (2.23)
R2

2
; =L
Choosing & = 7=, we have

2=

_ (| k@) qs’dx>s. 2.24
2MC€_(R2 ()u | (2.24)

0<

Since gs' > 2, we conclude that - — u* in L% (R?). So, we have

1
/ 5 2
( / K()|u®|* dx) > .o (2.25)
R2 2MC,

Therefore u* #0.

3 Proof of theorems
In this section, we will prove our main results. We first deal with the subcritical case (g =

0), it is related to the convergence of involved functions f and F, see (fo)—(fs).

Lemma 3.1 Let {u:} C M be a minimizing sequence for m. Then there exists u* € X such
that

/ K(x)f(uf) (uf) dx — / K(x)f(ui) (ui) dx (3.1)
R2 R2
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and
/ K®)F (u;;) dx — / K(x)F (u™) dx. (3.2)
R? R?
Proof According to Lemma 2.4, there exists M; > 0 such that
|ut|* <My, VneN, (3.3)

and there exists a function u# € X such that uF(x) > u®(x) and f(u(x))(ui(x) —
f(u*(x))(u™ (x)) a.e. in R2. In order to prove the first limit, the generalized Lebesgue con-
vergence theorem is used here. Letting g : R — R and g € L' (R?), and using (1.6), we have
that

K(x)f(uf(x)) (uf(x)) < eK(x)’uni(x)‘2 + CSK(x)’uni(x)‘q(ﬁ“"(”’%‘))2 — 1) ::g(uf(x)).

We will prove that g() is convergent in L!(R?). First, note that

/1<(x)|uf;|2dx_>/ K()|u|* dx.
R2 R2

Choosing s',s > 1 such that % +1 =1, we have

s

K@) || > K@)7 [u*]" in L¥ (R2). (3.4)

Using (3.3) and choosing o < ;\4_”§’ we conclude by Lemma 2.1 that

+
MZ( iy () )2
/ K (e @ _ 1) dx < / K@)(e Nl —1)dx
R2 R2
a2
< / K(x)(e Ml —1)dx <M. (3.5)
R2
Because
K(x)e"‘s‘””i(x)I2 — K(x)e"‘s”‘i(")‘2 a.e. in R?,
we can use Lemma 4.8 of [33] and conclude that
K(x)e K ()ee P, (3.6)

Using (3.4) and (3.6), as well as Lemma 4.8 of [33] again, we conclude

/ KO () (1) dx — / KO (%) (i) .
R2 R2

Analogously, [p, K(x)F (1) dx — [0 K(x)F(u*) dx.
Using the lower semicontinuity of convex functions, one has

” ut H2 < limian u:‘f H2 (3.7)

n—00
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Using (3.1), (3.2), and Lemma 2.3, there exists (s,, £,) € (0,1] x (0, 1] such that
= St + b
By (f3), we have
m < I (i) = I (it) — L—i([,’,(ﬁ),ﬁ)
= 1||zz||2 + i/zK(x)[f(ﬁ)ﬁ—zLF(a)] dx
= —||suu I*+ —/ K@)[f (sune”) (suta") = 4F (s ] dx
v gl e g / K (6 ) ()~ 4F ()]
illull +—/ K()[f (w)u — 4F ()] dx

< liminf[||u,,||2 + ! / K@)[f ()14 — 4F ()] dxi|
n—00 4 R2

1
= lim mf( (t6,) — Z<1/(un), u,,)) =m. (3.8)
Thus we conclude that s, = ¢, = 1. So i = u, I,(u) = m. O

Lemma 3.2 Assuming (fo)—(f3) and (f5) hold, and u € M, one has ®(s,t) < P(1,1) = I,(u)
forall (s,t) € CR*,R*)\{(1,1)}. Furthermore, det(®*)'(1,1) > 0.

Proof Letting u € M and noting that (I, (1), u*) = (I,(u* + u”),u*) = 0, we get that (1,1)

is a critical point of @, i.e.,

®%(1,1) = (8 (1, 1) (1 1)> =(0,0).

According to Lemma 2.2, we know that @(s, ) reaches its maximum at (s, ¢,), so from
(3.8) we conclude that s,, t, = 1. To verify det(®*)'(1,1) > 0, first note that

e (@60
“”“’”‘( 0 gg(t)>’

where

g1(s) := @Y (su)u' =s|u’ ”2 +bs° |u’ ”4 - /RZ K@)f (su®)u*,

@206 = D (e Y = tu [P + b |t - /R K@ ()
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Because u* € N, it follows from the definition of g1 (s) and (f3) that

g =+ 3b]u - [ Ky ) o'y
= o+ /R K@) 1 () ()] dx <0, (3.9)
Similarly, g;(1) < 0, and therefore we conclude that
det(®*)'(1,1) > 0. O
Lemma 3.3 Assume (fo)—(fs) and (f;) hold. If u € M and

1 =m:= inf I(v),
b(u) =m Jinf )

then I (u) = 0.

Proof Suppose to the contrary that the conclusion is not valid. Then there are §, A > 0 such
that |7, ()|l > A whenever ||u — v|| < 35. Let D C R? be such that (1,1) € D, and define a

continuous mapping g : D — X by g(s,t) = su* + tu~. From Lemma 3.2, we conclude that

«a:= max I,og<m. (3.10)
(s,t)€dD

For 0 < ¢ < min{(m — «)/2,18/8} and S := Bs(v), using Lemma 2.3 of [34], there exists 1 €
C([0,1] x X, X) verifying:

(a1) n(Lu)=u, ud ;' ([m-2e,m+2¢]);

(a2) n(L,I**NS)C L)

(az) I(n(1,u)) < I,(u), Vu € X.
By Lemma 3.2, (a3), and (a3), it follows that

(;rtg(le(n(l,g(s, t))) <m. (3.11)

It follows from the definition of ®* and u € M that @*“(s,t) = 0 ifand only if (s,£) = (1,1) €
D. Therefore, from the Brouwer degree theory and Lemma 3.2, we get

deg(®*,D,0) = sgndet(®*)'(1,1) = 1. (3.12)
Let h(s, t) := n(1,g(s, t)) and
(s, t):= (s7'I, (h(s, ) (s, t)*, £, (h(s, ) (s, £)7). (3.13)

By the choice of ¢ > 0, (3.10), and (a;), we have g = & in dD. Thus, the definition of ®* and
(3.13) imply @* = W in 9D, from which we get

det(¥,D,0) = det(®*,D,0) = 1.
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So, there exists (s, t) € D such that /(s, £) € M, which is in contradiction with (3.11). Thus
we get I; () = 0. d

Proof of Theorem 1.1 Letting {u,} C M be a minimizing sequence for I, under the con-
straint set M, we know that the sequence {u,} is bounded in X by Lemma 2.4. Also there
exists # € X such that u, — u in X. Combining (2.25), (3.8), and Lemma 3.3, we have
Ip(u) = m, I,(u) = 0, and u* #0. Therefore, when «g = 0, Eq. (1.1) has a least-energy sign-
changing solution u.

Next, it is proved that # has two nodal domains through contradictory assumptions.

First, by Fatou’s lemma, one can easily observe that

(I, (w), ™) < liminf(I; (u,), 1) = 0.

n—00

Now, we assume
U=1uUy+ Uy +Us (3.14)
with u; #0, 11 >0, uy <0, uz > 0, supp(;) N supp(u;) =0, i #j (i,j = 1,2,3), and
(Lw),u)=0, i=1,2,3.

Let v:=uy + uy, v = ug and v~ = uy, as well as v+ # 0. Then, by Lemma 2.3(i), there exists
(sy,t,) € (0,1] x (0,1] such that

sVt + eV =sup + tuy €M, Iy(syuq + tyuy) > m. (3.15)

Through direct calculation, we have

+ — + - bsgt‘% 20,112
Ib(svv + Vv ):I;,(svv )+Ib(tvv )+ T||v+|| vl

52 1
TN / KO[f (svtar)sytts - 4F(s,101)] dx
4' 4 R2

£ 1
g lua|* + — /2K(x)[f(tvuz)tvuz — 4F (t,uy) | dx
R

4
< %nulnz + i fR i K()[f (u1)uy — 4F (u1)] dx
+ %||M2||2 + ZIL /}R2 K(x)[f () — 4F (u)] dx

b b
=Ip(u) + Ip(u2) + 5|IM1II2||M2||2 *31 lloea 1 a3 >

b
2 N2 12 [l 2a 1> (3.16)
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In addition,
1
0=—{I(u),
4< (1) 143)
1 b 1
= L—Lllusll2 + Z||M||2||u3||2 o /Rz K(x)f (us)us dx
b 2 2, b 2 2
<Ip(uz) + 2l llusl™+ 7l llllus )™ (3.17)
From (3.15)—(3.17), we get the following contradiction:

m < Ip(s,u1 + t,us)
é 2 2 é 2 2 é 2 2
<Ip(ur) + Ip(u2) + Ip(us3) + 2”’41” o ll” + 2||u1|| llzes | + 2||M2|| flusl
=Ip(u) = m. (3.18)

So u3 =0, and u exactly does have two nodal domains. O

In order to prove Theorem 1.2, we first introduce an auxiliary equation
—(1 +b / K(x)|Vu|2dx> div(K(x) Vi) = K(x)|ul’u, (3.19)
R2

where p > 4 is given by (f3). The energy functional corresponding to equation (3.19) is

1,(u) = % /Rz K(x)|Vu|*dx + Z(/Rz K(x)|Vu|2dx>2 -~ 1% /Rz K(x)|ul’ dx. (3.20)
The corresponding Nehari manifold and Nehari nodal set are

Ny = {u e X\{0}u #0: (I (u), u) = 0} (3.21)
and

M, = {u eX;ut #0: (II',(u),W) = (I;(u),u_) = 0}. (3.22)

When p > 4, the embedding X < Lf (R?) is compact. We use the previous proof to estab-
lish the existence of w,, € X satisfying I,(w,) = m,, Il’,(wp) =0, and such that

my, = ueil}\flplp(u) >0 (3.23)

holds.
For the critical case, we need to control m below the threshold to restore compactness,
and now we estimate the value of m.

Let {u,} C M, be a minimizing sequence for I,(u,) — m,.

Lemma 3.4 For b >0, we have Q0 < m < %0
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Proof Let w=w* + w~ and w* # 0 be the sign-changing solution of (3.19). Then we have
(I}’,(w), w*) = (I;,(w), w_) = (Il'j(w), w) =0 (3.24)
and

1 -4
my = 1L,(w) = I,(w) — E<I;(W), w) > E lwi. (3.25)

Using (f3) and (3.24), we have (I} (w), w¥) <0, while using Lemmas 2.3 and 2.4, there is a
unique number pair (s, ) € (0,1] x (0,1] such that sw* + tw~ € M. Combing (1), (3.24),
(3.25), for (s, t) € (0,1] x (0,1], we obtain

m < Iy(sw* +tw”)
2 bs* bt*,
e e M e
242
R g e
p Poop ’

2
< jw]

+

21 Kl e - P ]« B
2| Jr2 4
2 _p 4 Cn2n—p2] bty
V2T kb as— bl =l P ]+ 2]
R2

e o P - 2 - 2

< max (5 - 25 g - B o= ) - 2 |2 )
I e Pl |

< max (5 - 25 Y =220

< 2(;__42 ou7"m, (3.26)

Lemma 3.5 Suppose {u,} C M is a minimizing sequence for m. Then

. 21
hrnsup||u,,||2 <—.
o

n—00 0

Proof From the assumption, we have I;(u,) — m, (I, (4,), u,) = 0, when n — +00. From
(f3), we have

s 0(1) = Ia) ~ {1y o)) =

Page 16 of 19
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From Lemma 2.4, we have

8(p—-2) --2
limsuplue,|® < 4m < L= o7,
n—0o0 _ 4
Using (f2), we get limsup,_, o [l 1> < 3. -

Lemma 3.6 Assume {u,} C M is a minimizing sequence for m. Then

./]RZ K@)f () () dx — /]R2 K@f (u*) (u*) dx

and

/ K(x)F (u:‘f) dx — K(x)F (ui) dx.
R2 R2

Proof We only prove the first limit here, as the second is obtained similarly. By Lemma 3.5,
we have limsup,,_, . [|%, 1> < i—’; and, up to a subsequence, uf (%) = u*(x) and

FE®) () = f (45 @) (4= @) ae inR2

Arguing as in the proof of Lemma 3.1, introducing g : R — R, g € L}(R?), and using (1.6),

we have
K@) (2 () (4 () < eK )| (0] + CoK ()| ()| (2 7 — 1) 2= g (u ().

We will prove that g(u:5) converges in L'(R?). First, note that

/K(x)|uff|2dx—>/ I((x)|ui|2dx.
R2 R?

Considering s, s > 1 such that % + Sl, =1and s — 1%, we obtain

K@) |it]T > K@)7 [u*]" in L¥ (R2). (3.27)

Now, choosing « > g and close to @y, using Lemma 2.1, there exists M, > 0 such that

+
asllus (4 2

K(x) (eas(uni(x))z - 1) dx = / K(x) (e ol — 1) dx
R2

R2

+
7 ( Uy (%) )2

< | K@x)(e " —1)dx<M,. (3.28)
]R2

Since
K(x)e"‘s‘””i(”)I2 — K(x)e"‘s”‘i(")‘2 a.e. in R?
we use Lemma 4.8 of [33] and conclude that

K@)e i ~ Ka)e“  in 1(R2), (3.29)
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Using (3.27), (3.29), and Lemma 4.8 of [33] again, we conclude

/ K@)f (uy) () dx— | K@) (u®)(u*) dx. 0
R2

R2

Proof of Theorem 1.2 The proof is similar to that of Theorem 1.1. We conclude that in the
critical case, [, has a least-energy sign-changing solution which has precisely two nodal
domains. O
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