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1 Introduction

The discontinuous Galerkin (DG) method was first proposed by Reed and Hill [1] to solve
neutron problems in 1973. Then, motivated by the success of Bassi and Rebay [2] for the
compressible Navier—Stokes equations, Cockburn and Shu [3] designed the local discon-
tinuous Galerkin (LDG) method for solving nonlinear equations with higher order spatial
derivatives. The main idea of the LDG method is to transform higher order partial dif-
ferential equations into an equivalent first order system by introducing auxiliary variables
such that the Runge—Kutta discontinuous Galerkin (RKDG) method [4] can be used, so
the LDG method shares many advantages of the DG schemes.

In the past twenty years, the LDG method has been widely studied in various frame-
works. In [5], the LDG scheme with alternating numerical flux was applied to the linear
convection-diffusion problem, and the optimal (k + 1)th order of accuracy was obtained by
virtue of local Gauss—Radau projections. In [6] and [7], Cockburn et al. studied the mini-
mal dissipation local discontinuous Galerkin method and proved that the hp-version esti-
mates of convection-diffusion equations can reach the optimal convergence order. Mean-
while, Cockburn et al. also analyzed the LDG method for Stokes system in [8] and then
proposed a new LDG technique for incompressible stationary Navier—Stokes equations.
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For partial differential equations with higher order spatial derivatives, note that the spa-
tial discrete operator of the LDG method is usually rigid. If explicit time discretization is
used, then smaller time steps must be required to ensure the stability of the scheme, which
will cost more computing time. Zhang and Shu [9] improved the low precision problems
of second order time discretization, proved the L2-norm stability for scalar linear conser-
vation laws, and obtained a priori error estimates of the third order TVD Runge—Kutta
LDG method. Wang and Shu [10] presented the optimal error estimates for solving one-
dimensional linear convection-diffusion equations in both space and time for the third
order implicit-explicit Runge—Kutta time-marching coupled with LDG spatial discretiza-
tion. In 2016, Wang and Shu [11, 12] further extended this result to the one-dimensional
and two-dimensional nonlinear convection-diffusion equations. For more applications on
implicit and explicit time-discrete method, one can refer to [13].

It is worth pointing out that when the LDG method is used, it is very important to design
an appropriate numerical flux to ensure the stability of the scheme [14]. The error esti-
mates can only reach k + % order if we choose central fluxes for odd order polynomials [2].
But the numerical experiments show that the error estimates can easily reach k + 1 order
when the alternating fluxes are used. In recent years, Meng and Shu [15] put forward more
comprehensive theories of the upwind-biased fluxes and proved the optimal k + 1 order
error estimates of the semi-discrete and fully discrete scheme for linear hyperbolic con-
servation equations. Li and Meng [16] analyzed the discontinuous Galerkin method based
on upwind-biased numerical fluxes for one-dimensional linear hyperbolic equations with
degenerate variable coefficients. For higher order partial differential equations, Meng ex-
tended the upwind-biased fluxes to the generalized alternating fluxes in [17]. Moreover,
Meng, Liu, and Zhang investigated that local discontinuous Galerkin methods with gen-
eralized alternating fluxes for one-dimensional linear convection-diffusion equations can
superconverge to order 2k + 1 in [18].

The main content of this paper is as follows. In Sect. 2, we introduce the semi-discrete
scheme based on the generalized numerical fluxes for the fifth order partial differential
equation and obtain optimal error estimates by constructing energy equations. In Sect. 3,
the theoretical results are confirmed by numerical experiments, where the strong stability
preserving high order time discretization method [19] is used.

2 Error estimates of the LDG method
2.1 LDG scheme
In this paper, we consider the one-dimensional linear fifth order equation

Ut + Uyxxxx = 0, (xy t) € [O, 27[] X [0’ T]? (213)
u(x, 0) = MO(x)’ (21]3)

where 1 (x) is a smooth function. For convenience, we take the periodic boundary condi-
tion u(0, t) = u(2m, t) into discussion.

2.1.1 The meshes
Let us denote the computational interval I = [0, 27 ], consisting of cells J; = (xj_% %1 ) with
1 <j <N, where

O0=x1<Xx3 <+ <Xy, 1 =27,
2 3 N+3
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Then we deﬁnex,—(x 1+ 1)/2 hj = =%,1 —x;_1,and i =maxh;. Use p_ | and p* | to
J=32 J*t2 J*t3

denote the left and rlght 11m1ts of p at the dlscontinuity point x; N In what follows, we

employ [p] =p* —p~ and {p} = @ to represent the jump and the mean value of p at
each element boundary point. The following piecewise polynomial space is chosen as the

finite element space:

Vi= Vi ={vel’):v|, e P(I),j=1,...,N},
where PX(I;) denotes the set of polynomials of degree up to k > 0 defined on cell J;.
2.1.2 Function spaces and norms

For any integer [ > 0, the norms of the broken Sobolev spaces W (I},) = {u € L*(I) : uly €
W'P([)),j=1,...,N} with p = 2,00 are given by

1

Nl wizgyy = Nl = (Znunw),

el roegyy = max. i,

In the case of [ = 0, we denote [ u| ;2 = [|u].
2.1.3 The semi-discrete LDG scheme

Next we introduce the semi-discrete LDG method of Egs. (2.1a) and (2.1b). First, we use
some variables

q = Uy, P =4 T = Px, S=Ty

to transform Eq. (2.1a) into a first order linear system

Us + 8, =0, (2.2a)
=Ty, (2.2b)
=Py (2.2¢)
P =4 (2.2d)
q = uy. (2.2e)

The LDG scheme is defined as follows: find uy, i, pi, i, Si € th suchthatVp,&,¢,v,¢p €
V,i‘, there holds

(up)ep dx + spp |1+- P |]__ /sh,ox dx =0, (2.3a)
Y I
/ spE dx — r},é_| 1+ mE* |1_7 / rhécdx =0, (2.3b)
Y Y

/rhd)dx—ﬁw iy +Pu®" ;1 + fph¢xdx201 (2.3¢)
5

Y
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/Pm/fdx—tfm/f_lﬁ% + ¥ +/qh1/fxdx=0, (2.3d)
Y Y
f qne dx — bih(p_|j+% + Lih(p+|j_% + / U@, dx =0, (2.3e)
Y 5

where s, 7, P, qn, Uy are numerical fluxes. Here we use the generalized numerical fluxes
related to parameter 6. We write 6 = 1 — 6 and choose numerical fluxes at X1 j=0,...,N

as follows:

=
"
E“QJ
[
>
=
+
—_
H
cb
=
=

where 6 > % For the initial condition, we take u;(0) = Pj4. It holds that
llto — Prtoll 2y < CH*H luto |l yksr.o0 gy (2.4)

where P, is the L2 projection into Vk
We define (z,p) = [,z - pdx. For simplicity, we would like to introduce the DG discrete

operator H(z,p, 2z ). That is,
N
H(Z:P»é) = ZH;‘(Z»P, 2)’
j=1
where for each cell /; = (xj_%,ijr%),
M(z,p,i):ﬁépxdx—ip_|j+% +2p+|j_%. (2.5)
]

By simple calculations, we obtain the following lemma for a DG discrete operator.

Lemma 1

H(z,p,2") + H(p, z,pé) =0, (2.6a)

N
H(zp?') +H(pzp') = (1-20) ) ([2]-[p)), (2.6b)

j=1

N
(z,p, ) + H(p z,p’)=(20-1) Z z] [p] el (2.6¢)

j=1

N
H(z22") = (% - 9) > (1P, (2.6d)
j=1

Page 4 of 19
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~ N
H(z,2,7%) = (9 - %) Z([z]2)j+%. (2.6€)

i1

~.

2.1.4 The numerical initial condition

In this subsection, to derive optimal error estimates for the fifth order equation, we need
to obtain the optimal initial error estimates for all variables first [20]. We consider the
corresponding steady-state problem

U+t Uyxxxx = & (%)

satisfying periodic conditions and a source term g(x) = u(x) + o (x)® so that its exact solu-
tion is identically the initial condition of (2.1a)—(2.1b), uo(x). That is, find uy, sy, 74, Py, qn €
V}’f such that

/1 Unp dx—]-[,(sh,p,si) = /Igp dx, (2.7a)
J J

/Ij sp€ dx + Hj(rh,é,rZ) =0, (2.7b)
/1 ¢ dx + H}-(ph,q&,pfl) =0, (2.7¢)
i

/1 pu dx + H(qi ¥1,5) = 0, (2.7d)
J

/1- qn dx + Hi(up, ¢, uZ) =0, (2.7¢)

hold for any p,&,¢,¥,¢ € V;’f andj=1,...,N.

Lemma 2 The numerical initial condition (2.7a)—(2.7¢) is well defined. That is, LDG so-
lutions uy, sy, ry, pn, qn of (2.72)—(2.7€) uniquely exist.

Proof Since (2.7a) is a linear system with a known right-hand side and s, ry,, px, g5 can be
expressed by i, we can first prove the uniqueness of (¢, s, 4, P, q1), then, obviously, the
existence will follow. Assuming that (u}, s}, 73, p1,q}) and (i3, 5%, 77, ps, q2) are two different
solutions of (2.7a)—(2.7¢) and denoting g, = u, — u}, & = S}, — 52, & =1} — 1> & = P} — Pi»
g, =4} — q;, we have

/1 gup dx — Hy(g, p.g7) = 0, (2.82)
J
/1 g dx + Hi(g.£,¢)) =0, (2.8b)
J
/1 G dx+ Hi(gy .8,) =0, (2.8¢)
/I_gpxlf dx + Hy(g, v.80) = 0, (2.8d)

/)

f 2,9 dx + Hy(gu, ¢.8)) = 0. (2.8e)
1,

]
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We take (0,&,¢,V,¢) = (84,84 —£p» & —&) in (2.82)—(2.8¢). By Lemma 1 and direct calcu-
lation, we have

N

llgull® - (% - 9) Z([Z]Z),+% =0. (2.9)

j=1

Thus g, = 0 since 6 > % Then, substituting g, = 0 into (2.8e) and letting ¢ = g,, we have
g4 = 0. Similarly, we have g, = g, = g, = 0, which implies that uy, s;, r4, ps, g are unique.
This ends the proof of Lemma 2. O

2.1.5 The global Gauss—Radau projections

For the LDG scheme, using the generalized numerical fluxes, we need to construct a glob-
ally defined projection P;}. For u € H'(I), the projection P}u is defined as the element of
VK that satisfies

/PZu(x)vh dx = / ulx)v,dx, Vv, € Pk_l(lj), (2.10a)
I I

Pu=i, atx,1,j=1,...,N, (2.10b)
with 0 > %

Lemma 3 Assume that u is sufficiently smooth and periodic. Then there exists unique P},
satisfying conditions (2.10a) and (2.10b). Moreover, there holds the following property:

”M—PZM”LZ(I) < Chk+1||u||Wk+1,oc(1). (211)
Using the initial condition and the triangle inequality, we have
| (P =) (-, 0) | 2y < CH Mt sponc gy, (2.12)
where C = C(0) is independent of the mesh size /. The lemma has been proved in [15].

Lemma 4 Assuming that uy € W*'°(I},) and periodic, we have the following error esti-
mates:

llsto = wnll + o = sull + llro = rall + llpo = pall + llqo — qull < CH**?, (213)

where qo = Uy, po = Uy, o = u(()g), S0 = ué‘”, and C is independent of h.

Proof In this part, we denote
e, =Uy—Uy = (uo —PZM) + (PZM - u;,) =Ny, + €y
eq =40 —qn = (90 — Pyq) + (Piq — qn) = ng + €4

ep:Po—Ph:(Po—PZP)"' (PZP—Ph) =1p +€p,

e,=ro—rp=(ro—Pyr) + (Pir—ry) =1, + 6,
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e, =S0—Sp = (so —PZS) + (PZS —sh) =1, + €.
Considering scheme (2.8a)—(2.8e) and summing over all j, we have the following equations:
[eup dx — H(es, 0, ef) =0,
/Iesé dx +H(e.,&,€l) =0,
/;e,q& dx + H(ep, ¢,€,) =0,
/epl// dx + H(eg, w,eZ) =0,

1

/eq<p dx + H(eu,go,eZ) =0.
I

By the orthogonality, we have

ﬁe}pdx—H(és,p,éé) = —/Inupdx, (2.14a)
fl &Edx+H(e,&,6") =~ /I nsE dx, (2.14b)
fl edx+H(épd,6,°) = /1 0, dx, (2.14¢)
fl &V dx+ H(épr,6,7) = - /1 NV dx, (2.14d)
/;‘%‘P dx+H(éwmg,6,") = - /Inq(p dx, (2.14e)

that hold for any p,&,¢,¥,¢ € th . In what follows, we will prove the optimal initial error
estimates. Taking (p,§) = (—€,, &) in (2.14a)—(2.14b), summing the corresponding equa-
tions up, and using Lemma 1, we obtain the following equation:

/e_se_s dx — /e’ue_, dx = —/nsés dx + /nue_, dx. (2.15a)
I I I 1

Taking (W’(p) = (e_pre_q)! (p,go) = (e_tu_e_s)’ ((pr W) = (e_q:e_u)) (¢,§) = (e_r!ejv) and (‘i:r(b) =

(—€r,—€p), by the same way, we have

/e},e;, dx + /ére_q dx = —/npe;, dx — /n,e_q dx, (2.15b)

I I 1 1

/e_ue_u dx — /e_qe_s dx = —/nue_u dx + /nqe} dx, (2.15¢)
I 1 I I

/e_qe_q dx + ‘/.e;,e_u dx =— /nqe_q dx — /npe_u dx, (2.15d)
I I 1 I

/ &6 dx + H(ép 6,,6,°) + f &6y dx + H(é,6,,6,")
1 1

= _/nre_rdx_/nse_pdx» (2.15e)
1 1

Page 7 of 19
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- / &é dx — H(é,,6,,6") - / &6y dx — H (6y,6,,6," )
1 1

= /nse_,dx+/n,e_pdx. (2.15f)
I I

Adding (2.15€) and (2.15f), we get

/é,érdx+/ése;,dx—/ésé,dx—/e}e_pdx+Q
I 1 1 1
= —/n,e’,dx—/nse_p dx/nse_r dx + /n,e} dx, (2.16)
1 1 1 1
where
Q=H(6,6,6,") + H(€, €y, 6°) — H(,6,6,°) — H(p €1, 6,°).

It is easy to find that 2 > 0 by Lemma 1. Then, using Lemmas 1 and 3, the Cauchy-
Schwarz and Young'’s inequalities to (2.15a)—(2.15d) and (2.16), we have

el < Cuyl€ull® + Crllé 11 + Csy liésN1* + CH*2, (2.17a)
lép? < Cpyllépll + Crll& 1% + Cyy lleglI* + CH*+2, (2.17b)
ez < Cuglléxll® + Cysll€gI* + Cpy ll€plI* + CH*2, (2.17¢)
ll€xll* < Cugll€ull® + Cyy lléall® + Cy, ll&s]|* + CH*+2, (2.17d)
611> < Cps ll€plI* + Cr llér 1> + Cs ll5 1> + CH*+2. (2.17¢)

Furthermore, by adjusting the coefficients in (2.17a)—(2.17e) with Young’s inequality, we
have the estimate

2 2 2 2 2 2k+2
llso = sull® + llro = rll” + lpo = pull” + llg0 — qull” < lluo — upl|® + CH™*=.
Hence we arrive at
k+1
lIso = sull + lIro = 7ull + llpo — pull + g0 — qull < lluo — unl + CH**". (2.17f)

We take (0,&, ¢, ¥, ) = (€4, €4, —€p, €, —€;) in (2.14a)—(2.14e). Through direct calculation,
from Lemma 1 we have

N

ndmz—(%—e)Ejﬂ@PL%

j=1

= /npe;, dx — /nue'u dx—fnqéqu+/nsé dx—/n,e', dx. (2.17g)
I 1 I I 1

Substituting (2.17f) into (2.17g) and using Lemma 3, we finally get |&,]| < Ch**!. This
completes the proof of Lemma 4. d
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2.2 Error estimates
In this subsection, we state the error estimate of the LDG method using the generalized

numerical fluxes. First, we define

ey =u—up=(u—Phu)+ (Pru—up) =ny+6,
eq=q~an=(q-Ppq) + (Phq—aqn) =nq + &,
ep=p—pn=(p—Pip) + (Pip—pn) = 1p + &,
e,=r—ry=(r—Pir)+ (Pir—ru)=n, + 6,

e =S—58, = (S—PZS) + (PZs—sh) =175 + €.
Then we have the following theorem.

Theorem 1 Assume that u, q, p, r, s are the exact solutions of system (2.2a)—(2.2e), and
for t € [0, T, etllkss> N4ellkss, l|tteellirs are bounded uniformly. We take the generalized
numerical fluxes and the finite element space V¥, there holds the following L*-norm error

estimates:
llewll + llegl + llepll + llexll + llesl + | (ew)e || < CH "t +3), (2.18)
where C depends on 0, |||l x5, |U¢llks5, and ||ug || ki, but is independent of h.

Proof Using the DG discrete operator, the LDG scheme can be written as

[(uh),p dx — Hj(sp, ,o,si) =0, (2.19a)
J
/Ish“;‘ dx + Hj(rh,‘g‘,rﬁ) =0, (2.19b)
j
/1 e dx + Hy(py, ¢, 5,) = 0, (2.19¢)
J
/;phl/] dx+H,(qh,1p,qZ) =0, (2.19d)
/1‘v qne dx + H,»(uh, ®, uZ) =0. (2.19¢)

/)

Summing (2.19a)—(2.19¢) over allj = 1,...,N, we obtain

/(uh)tp dx — H(sl’l’ /O;SZ) =0, (2.203)

1

/Shs dx"'H(rhr‘i:)rZ) =0, (2.20b)
1

/Vhd)d?(f + H(Ph; ¢1PZ) =0, (2.20C)
1

/ pw dx + H(qu ¥, 4)) = 0, (2.20d)
1

Page 9 of 19
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/qmp dx + H(uh, ®, uZ) =0. (2.20e)
I

Thus, we get the following error equations:

/I(e,,)t,o dx—H(es,p,ef) =0, (2.21a)
/Iesﬁ;‘ dx + H(e,, &, ef) =0, (2.21b)
/1 expdx + H(ey ¢,€)) =0, (2.21¢)
/1 eprdx+ H(eg Vr,€)) =0, (2.21d)
/qugo dx + H(ew ¢, eZ) =0. (2.21e)

To prove the theorem, we need to establish six equations by repeatedly taking different p,
&, ¢, ¥, ¢ in Egs. (2.21a)—(2.21e). The specific method is as follows.

The first equation:

Taking (0,&,¢,V,¢) = (€4, €5, —€p, €, —€) in Egs. (2.21a)—(2.21e) and summing over all
equations, we get

1d _ _ _ _
E E ||eu||2 + ((nu)t; eu) + (esr eq> - <er,ep>
(&) — (eq &) — H (6, 64,6) - H(61,6,6,°)

+H(6,6,,6°) + H(ép61,6") — H(p 6y 6) = 0. (2.22)

Then, by Lemma 1, Eq. (2.22) is finally turned into

N

1d _, 1 o
5 el + (9 - 5) ;[epl
= —<(Tlu)t; e_u> — (s, €q) + (M €p) — (Mps &) + (Ngy E5). (2.23)

The second equation:
Taking the derivatives on both sides of (2.21a)—(2.21e) with respect to ¢ and taking

(0,6,0,%,0) = ((€.)s, (e_q)t’ _(e;v)t: (er)s, —(&5)s), we obtain

1d, _ NN, o
sl s (o-3) Y]
= _<(nu)tt: (e_u)t> - <(ns)t! (e_q)t> + <(77r)t: (e_p)t> - ((np)t: (e-r)t) + ((nq)t’ (e_s)t) (224')

The third equation:
Substituting (¥, @) = (€, €,) into (2.21d) and (2.21e), we have

(1 €u) + (€pr€u) + (Ngs €q) + (€qs€g)

+ H (6,646 + H (€, 65,€5) = 0.

Page 10 of 19
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Using Lemma 1, we have

ll€g11* = —(€p» €u) — (1gr ) — (1 €).- (2.25)

The fourth equation:
Similar to the third equation, taking (¢, ) = (¢;, €,) in (2.21c) and (2.21d), we get

11 = (€, €5) = (Mp &) — (s &) (2.26)

The fifth equation:
Substituting (&, ¢) = (e,, e,) into (2.21b) and (2.21c) yields that

(€5, 6p) + (15, €p) + (€1, 6;) + (01, &) + H(E1,6p,6,") + H(ép, 6,6,7) = 0.

Using Lemma 1, we obtain
N
I& 1% =20 = 1) Y (161(&]),,1 — (€0 6) = (16) = (0, &) (227)
j=1

The sixth equation:
Finally, substituting (o, §) = (&, —€;) into (2.21a) and (2.21b), it is easy to see by Lemma 1
that

les? = —(ns, &) + (e &) + ((€0)er €1)- (2.28)

Now we have six equations. In what follows we need to find some appropriate coefficients,
and according to (2.25), (2.26), (2.27), and (2.28) we can infer the relationship among ||e,|l,

llegll, lepll, NN, lesll, ll(€w)ell-
By multiplying some constants 19 x (2.25) + 3 x (2.26) + (2.27) + (2.28), we obtain

S 02 o 115112 52 52
llesl” + llelI” + 3lleplI” + 19]leq I

N

-20-1Y (151&])),,,

Jr3
j=1

- 19<e;7’e_u> - 3<e_r’e_q> - (e_sr e;7> + <(e_u)tne_r>
- 19<77q’e_q) - 19<77p’e_u> - 3(’717!@;9) - 3(n e_q>

- (nr) ér) - (ns’e;?) - (773, e_s) + ((nu)tr ér) (229)

Furthermore, by Young’s inequality and Lemma 1, we have

N
(26 - 1)2 &llel);, 5 (260 -1) Z[e,, (29-1)2[5,]}?+%
j=1

j=1
= (%«,62,) + (es,e_r)

= (er€p) + (s, €r) + (11, €p) + (15, €r). (2.30)

Page 11 of 19
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Then, substituting (2.30) into (2.29), we obtain

lEll” + ll€-11” + Bl 1 + 19111
< (6 &)| + (€ &) + 19](6p €} | + 3[(6 )| + [(6s &)
+((€)es &)] + 19](ngs €g) | + 19| (mp, €4} | + 3| (1, )|
+3[(nr &) | + |1 &) + | (06, &) | + | (ms, €6 |

(e &) + [ )| + [ (ns €2 - (2.31)
It follows from the Cauchy—Schwarz inequality and the properties of the projections that

5112 5 112 5112 5112
llesll™ + llexl” + 3llep 1™ + 191l
< lerllllepll + llesllle- Nl + 191yl llewll + 3llexllllegll + lleésllllepll

+ [[@)e|lllell + CHE (el + el + eyl + llegll + léxll). (2.32)
Next, using Young’s inequality, we have

5112 S 2 s 12 5112
llesl” + llelI” + 3lleplI” + 19]leq I

< (ine‘rn2 + ||e;,||2) + (%ne‘sn2 - %nérnZ)
+ (%ne‘rn2 + 18||e‘q||2> + (inésn2 B ||e;,||2)
+ (%6”5,”2 +4||(e;>t||2> + (}Lne;nz + 361||e;||2)
+ CH*2 4 (%ne‘sw - %ne‘rw . %ne‘pn2 + %ne‘qn2 ‘ ||e‘u||2). (2.33)

After a very simple arrangement, we have

1 _, 1 _ > 1 _ . 1 _,
—lles|l” + == ller||” + = llep]|” + <lle
SIEsl? + lE I + Sl + Sl
_ — 2
< CH**2 1 C(lleull® + | €)e])-

Using Young’s inequality for further simplification, we obtain

1 _ _ _ )
@(”es” + &l + el + llégl)

< CH**? 4 C(I61 + @) (2.34)
That is,

- - - - k 1 - -
lesll + llell + lléll + llégll < CH* + C(lleul + || (€

) (2.35)

Page 12 of 19
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where the constant C depends on 0, | u||xss5, and ||| x45, but is independent of /. Next,
adding (2.23) and (2.24) to estimate ||¢,]| + ||(e,): |, we have

3 el s g @« (o-3) jil[eplz v+ (0-3) }il @
=A+B. (2.36)
Here
A= (ng &) — (N5, €g) — (Mps &) + (12 6p) — (s €) — (M) et (€0)e) (2.37)
and
B =((ng)es (&)e) = (1)1 (€q)e) = ((mp)es (€)e) + (1)1 (€):) (2.38)

denote the right-hand sides of (2.23) and (2.24), respectively. For A, by using the Cauchy-

Schwarz and Young’s inequalities, we obtain
A < CH Y (lle ) + épl + Nesl + Nl + el + [ (€e])-
Then, combining the above inequality with (2.35), we arrive at

A< CH*2 4 CH Y16 + [ (6

), (2.39)

where C depends on 0, ||u| k45, l|#4¢]lx+5, and ||z ||x+5, but is independent of /.

In order to estimate B, we need to handle the four integrations in B, respectively. In
fact, the processing technique for each integration is similar, so we take the first term
((ng)e (&5);) as an example. First, we integrate ((n,);, (&);) with respect to time between 0
and ¢, then exchange integral sequence and get the integration by parts

/O t /1 (ng)e(é)e dxdt = /1 /0 (@ did
- /1 [(n)e8s = ((n):€5) (-, 0)] dx — / / (1) dx . 2.40)

Similarly, doing the same calculations for each integration of B and integrating B with
respect to £, we obtain

/otht ) /z[mq)tés = (10)::) (., 0)] e - /ot /I(nq)ne’s dxdt

- /1 (1) — ((06,)( 0] dx — /0 /1 (1)t dcdt
- ‘/IA[(np)te_r - ((np)te_r)(" 0)] dx —/ /(np)ttér dx dt

. / (016 — ((1):6) (- 0)] e = f /(mﬂepdxdt. (2.41)

I
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By using the Cauchy—Schwarz inequality, Young’s inequality, and the properties of projec-

tions from Lemma 4, we have
t
/ Bt < CH (lléll + g1l + &1l + 116, 1) + Ch?*+?
0
t
+ CH / (sl + liegll + 11 + NiéIl) die. (242)
0

Furthermore, it follows from (2.35) and Young’s inequality that

t t
/BdtSCh2k+2+Chk+1/ (1wl + || (€)e]))
0 0

1
+ (e + | @) (2.43)

Now, integrating both sides of equality (2.36) with respect to ¢, and combining inequalities
(2.39) and (2.43), we obtain

1||e‘||2+l||(e‘)||2+ (o-1 ﬁ:[e‘]2 dt
9 u ) ult A 2 = I’]'Jr%
N

t 1 )
+/0 (9 - 5) ]Zﬂ:[(ep)t]}i% dt

<O (1l + @)
+ CH! /0 t(||e_,4|| + [ (€0)e]) at. (2.44)
Thus, we have
(leall + [ €e]))” < Cr*? + Ci /0 t(||e'u|| + [ @) dr. (2.45)
We denote

A@) = lleall + (€

’

t
E(t) = Ch2+2 4 Chk“f (€l + || €. |) .
0
By (2.37) we have

A(t) <VE@). (2.46)
Note that

%E(t) = CHY A(r) < CHYE(r) (2.47)
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and

%E(t) = 2\/E(t)%‘/E(t). (2.48)

Combining (2.39) with (2.48), we have

d
= E(¢) < CH**1. (2.49)

Integrating inequality (2.41) with respect to ¢, we have

VE®) < VE©) + CH*'e < CH (¢ + 1). (2.50)
Combining (2.50) with (2.46), we get

lewll + [[ @) ]| < CH* (e +1). (2.51)
Therefore, from (2.35) and (2.51) we have

el + el + lepl + llegl + €l + || (€ | < CH (e +2), (2.52)

where C depends on 6, ||u||x,5, ||#4¢]|x+5, and ||yl x+5, but is independent of 4. Finally, com-
bining inequality (2.44), Lemma 2, and the triangle inequality, we conclude that

llewll + llegll + llepll + eIl + llesl + || (ew): | < CH (e +3), (2.53)
and we prove the theorem. d

3 Numerical experiments

In this subsection, we present some numerical experiments to validate the error estimates
of the LDG method based on generalized numerical fluxes. We adopt P* elements on the
nonuniform mesh, which is 10% random perturbation coordinates of the uniform mesh,
with N = 10, 20,40.

Example 3.1 In this example, consider the fifth order equation

Up + Uxyxxx = 0,

u(x,0) = up(x) = sinx.

The exact solution of the equation is u(x,t) = sin(x — £). The L? error estimates and the
corresponding convergence rates are listed in the following tables. To reduce time errors,
we use the third order implicit Runge—Kutta method, taking At = 0.142% at k = 0,1 and
At =0.014% at k = 2, computing until 7 =1 and T = 2.

From Tables 1 and 2 we observe that the errors achieve the desired (k + 1) order ac-
curacy for different 0 when T' =1 and T = 2, which demonstrates the sharpness of error
estimates in Theorem 1. Moreover, since the iterative matrix of fifth order equation has
strong rigidity, which will cost too much computing time, so we will focus on studying a
more appropriate implicit Runge—Kutta LDG method in the future work.
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k=0 6=08 0=1 0=12 6=15

error order error order error order error order
N=10 1.63E-01 - 1.54E-01 - 1.50E-01 - 1.89E-01 -
N=20 7.27E-02 116 7.20E-02 110 7.19E-02 106 7.7E-02 129
N=40 3.38E-02 1.10 345E-02 1.06 3.57E-02 1.01 3.86E-02 1.00
N=280 1.62E-02 1.06 1.69E-02 1.03 1.78E-02 1.00 1.97E-02 0.97
k=1 6=08 6=1 0=12 =15

error order error order error order error order
N=10 6.42E-02 - 7.28E-02 - 4.76E-02 - 9.59E-02 -
N=20 1.65E-02 1.96 1.69E-02 2.1 1.38E-02 1.80 240E-02 2.00
N=40 4.08E-03 202 4.19E-03 2.01 3.29E-03 207 6.30E-03 1.93
N=280 1.05E-03 1.96 1.20E-03 1.80 9.1E-04 1.85 1.89E-03 1.74
k=2 6=08 6=1 60=12 =15

error order error order error order error order
N=10 1.73E-03 - 237E-03 - 2.84E-03 - 6.49E-03 -
N=20 2.58E-04 2.75 291E-04 303 3.82E-04 2.89 8.09E-04 3.00
N=40 347E-05 2.89 3.51E-05 3.05 5.16E-05 2.88 9.09E-05 3.15
Table 2 The L2-norm error estimates at T = 2
k=0 6=08 6=1 6=12 =15

error order error order error order error order
N=10 2.09E-01 - 1.98E-01 - 2.08E-01 - 3.29E-01 -
N=20 2.88E-02 123 9.16E-02 1.06 9.94E-02 1.07 1.28E-01 1.36
N=40 3.95E-02 1.17 435E-02 1.07 492E-02 1.01 6.11E-02 1.07
N=280 1.84E-02 1.10 2.11E-02 1.04 2A45E-02 1.01 3.08E-02 0.99
k=1 6=08 6=1 6=12 6=15

error order error order error order error order
N=10 1.62E-02 - 541E-02 - 8.83E-02 - 4.58E-02 -
N=20 433E-03 1.90 121E-02 216 251E-02 181 1.34E-02 177
N=40 1.18E-03 1.88 2.81E-03 2.1 7.32E-03 1.78 4.17E-03 1.70
N=280 3.03E-04 1.96 7.03E-04 2.00 1.93E-03 1.92 1.36E-03 161
k=2 6=08 6=1 =12 6=15

error order error order error order error order
N=10 3.57E-03 - 4.90E-03 - 5.25E-03 - 6.70E-03 -
N=20 4.76E-04 291 6.12E-04 3.00 6.97E-04 291 8.34E-04 3.01
N=40 6.57E-05 2.86 7.96E-05 3.01 9.30E-05 2.90 8.96E-05 322

Example 3.2 In this example, consider the fifth order nonlinear equation

u(x,0) = up(x) = sinx.

U + (uz)xx + Unzxx = 0,

For this nonlinear equation, we choose the generalized local Lax—Friedrichs (GLLF) flux

f(zz, b) = (% + 9>f(a) + (% - 0)/(19) —da(b—a),a= urél[%]lf/(uﬂ.

(3.1)

The time step is taken as At = 5 x 1077 k*. Table 3 lists the L™ errors and orders for

Example 3.2, from which we observe that the error estimates achieve the expected (k +1)th
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k=0 A=0.25 A=05 A=05 A=05
6=0 6=025 6 =-025 6=0
error order error order error order error order
N=10 6.03E-04 - 1.30E-03 - 1.02E-03 - 9.64E-04 -
N=20 2.60E-04 1.21 6.98E-04 0.90 5.37E-04 0.93 4.78E-04 1.01
N=40 1.21E-04 1.10 3.52E-04 0.99 2.73E-04 0.98 2.36E-04 1.02
k=1 A=025 A=05 A=05 A=05
6=0 6 =025 6 =-025 6=0
error order error order error order error order
N=10 1.67E-02 - 1.68E-02 - 1.68E-02 - 1.68E-02 -
N=20 4.15E-03 2.01 4.15E-03 211 4.15E-03 2.01 4.15E-03 2.01
N=40 1.03E-03 2.01 1.03E-03 2.01 1.03E-03 2.01 1.03E-03 2.01
k=2 A=025 A=05 A=05 A=05
6=0 6 =025 6 =-0.25 6=0
error order error order error order error order
N=10 9.72E-04 - 9.65E-04 - 9.72E-04 - 9.68E-04 -
N=20 1.27E-04 293 1.27E-04 293 1.27E-04 293 1.27E-04 293
N=40 1.61E-05 298 1.61E-05 2.98 1.61E-05 298 1.61E-05 298
Table 4 The L*° error estimates when T=0.001 and & =1
k=0 A=05 A=05
6=0 6 =025
error order error order
N=10 1.66E-03 - 1.94E-03 -
N=20 6.00E-04 146 9.50E-04 1.03
N=40 2.20E-04 144 4.71E-04 1.01
k=1 A=05 A=05
60=0 60 =025
error order error order
N=10 1.68E-02 - 1.69E-02 -
N=20 4.17E-03 2.01 4.20E-03 2.01
N=40 1.03E-03 2.01 1.04E-03 2.02
k=2 A=05 A=05
6=0 6=025
error order error order
N=10 1.12E-03 - 1.12E-03 -
N=20 1.37E-04 3.03 1.37E-04 3.03
N=40 1.69E-05 3.02 1.69E-05 302

order of accuracy for different 6 and A when T = 0.001. In addition, (k + %) convergence

orders are also observed for the L2 norm, which are omitted to save space. For different

parameters 6 and A, Fig. 1(a) shows the time growth of Z2-norm errors when N = 10.

Example 3.3 In this example, consider the fifth order nonlinear equation

g + €(Usx) 2y =

u(x,0) = ug(x) = sinx.

0,
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(a) Time history of the L* error of the nu- (b) Time history of the L*° error of the nu-
merical solution in Example 3.2 merical solution in Example 3.3

Figure 1 Time history of the L error of the numerical solution

For this nonlinear equation, we still use the generalized local Lax—Friedrichs (GLLF)
flux in (3.1). The time step is also taken as At = 5 x 1077 /*, Table 4 lists the L™ errors
and orders for Example 3.3, from which we again observe the (k + 1)th order of accuracy
for different & and A when T = 0.001 and ¢ = 1. In addition, we also observe that the L2
errors can reach (k + %) order for the nonlinear problem, which are omitted to save space.
Figure 1(b) shows the time growth with different ¢, when N = 10, » = 0.5, and 6 = 0.25.
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