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1 Introduction
Let V and W be linear spaces. A function f : V' — W is called

« additive if f(x + y) = f(x) + f(y) for all x,y € V;

o Jensen if 2f(5%) = f(x) + f(y) for all x,y € V.

The main motivation for the investigation of the stability of functional equations orig-
inated from a question of Ulam [21] concerning the stability of group homomorphisms.
Hyers [9] gave an affirmative answer to the question of Ulam. The stability and hyper-
stability problems for various functional equations have been investigated by numerous
mathematicians. For more information on this area of research and further references, see
[1,2,4,7,10, 11, 13-15, 20].

Let us state the following theorem that is one of the classical results concerning the
stability problem for the Cauchy functional equation f(x + y) = f(x) + f ().

Theorem 1.1 ([3,5,8,9,18,19]) Lete > 0andf:X — Y, where X is a normed space and
Y is a Banach space. Let p # 1 be a real number and

f @ +9)-f@) -fO)| < e(l=l” + Iy17), %y € X\ {0}

Then, there exists a unique additive function A : X — Y such that

2e
|2 - 27|

If@) - Aw| < lxll?, x X\ {0}.

Rassias [16, 17] considered the case ||f(x +y) — f(x) —f W) < ellx||”||ly]|, where p, g are
real numbers with p + g € [0, 1). Brzdek [6, Theprem 1.3] provided a complement for this
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result in the case p + g < 0. His proof was based on a fixed-point theorem. We provide a
simple and short proof for Brzdek’s result. In addition, some further results on the hyper-
stability of the Cauchy and Jensen functional equations are investigated.

2 Superstability

Denote by N the set of positive integers. A version of the following theorem is introduced
by Brzdek [6, Theorem 1.3] and its proof is based on a fixed-point theorem. A simple and
brief proof is given here.

Theorem 2.1 Let X and Y be normed spaces, and E C X \ {0} be a nonempty set. Take
& > 0 and let p, q be real numbers with p + q < 0. Assume that for each x € E there exists
a positive integer m, such that nx € E for all n € N with n > m,. Then, every function
f: X — Y satisfying the inequality

Ifx+9) —f@x) -fO)| <elxl?lyl? xyeEx+yeE, (2.1)

is additive on E, that is

flx+y)=fx) +f(), xy€eEx+y€ckE.

Proof Without loss of generality, we may assume that g < 0. Let x,y € E with x + y € E. By
assumption, there exists a positive integer m such that nx, ny,n(x + y) € E for all n > m.
Then, (2.1) yields

If ¢ + max) = f(x) = f(nx) || < en?||x]|P*9,
If v+ my) = f &) = f(my)|| < entllyll?*9,
f (x + 5+ nx+) = fx+y) —f(nx + ) | < en?llx+yl*.

Letting n — oo in the above inequalities, we obtain

flx) = nli)nolo[f(x + nx) — f (nx) ],
fO) = lim [f(y+ny) = f(ny)],
flx+y) = nlirgo[f(x +y+nx+y)-f(nx+y)].

Then,

[f G+ 2) @) -0
= tim | [£(0n + 1) +9) ~f (nCe + )]
= [ (4 1)) =f ()] = [f ((n + 1)) = f ()] |
<timsup|[f ((n + 1)x +3)) =f ((n-+ 1)x) = f (0 + 1)

+lim sup“f(n(x + y)) —f(nx) — f(ny) || (by (2.1))

n—0o0
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<limsupe[(n + 1) + 1] || y|? = 0.
n— 00

Hence, f(x + y) = f(x) + f(y) for all x,y € E with x + y € E. This completes the proof. d

Remark 2.2 The assumption p + g < 0 is necessary in Theorem 2.1. For example, the func-
tion f : R — R given by f(x) = x? fulfilling |f(x + y) — f(x) — f(¥)| = 2|x||y| for all x,y € R.
However, f is not additive.

The following theorem states a hyperstability result for the Jensen functional equation
on a restricted domain.

Theorem 2.3 Let X and Y be normed spaces, and E C X \ {0} be a nonempty set. Take
& > 0 and let p, q be real numbers with p + q < 0. Assume that for each x € E there exists
a positive integer my such that %5 € E for all n € N with n > my,. Then, every function
f: X — Y satisfying the mequalzty

Hzf(’“ -7 ) —f®) -f )

is Jensen on E, that is

X +
<elxlPlyle, xy€E, Ty cE, (2.2)

2f(x+y> =f(x) +f(), x,yeE,x% eE.

Proof Without loss of generality, we may assume that g < 0. Let x,y € E with = € E. By
assumption, there exists a positive integer m such that {%, %%, = ’”y } C E for all n>m.
Then, (2.2) yields

=< enf||x[|P",

2f<" . ”’“) — (%)~ f(n2)

Zf(y s ) —f() —f(ny) H < enf|y|?*,

(230 o) (52

Letting n — oo in the above inequalities, we obtain

)= lim [2f(" ) —f(mo}

n—00

x+yl|F™

f) = lim [2f( ”) f(ny)]

() (22) 2]

Then,

| (532)-ro0-10)

(2 22) (252 () ]
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[ (7)o
2f<x +y +:(x+y)) _f(x +2mc) _f(y+2ny>“

+lim sup 2f(”(’”y )) ~ f (1)~ f () H (by (2.2))

< 2limsup

n—00

n— 00 2
r 1 p+q
<limsupe 2(n+ ) +np+q:|||x||p||9’||q=0'
n— o0 L 2
Therefore, 2f(’%) =f(x) +f(y) for all x,y € E with xZﬂ € E. This ends the proof. a

Example 2.4 Let E = [1,+00) and define f : R — R by f(x) = x%. It is easy to see that

_ w2
’2f(¥) -/ —f(y)’ = % <lx’ly?, xyeE.

Then, f satisfies (2.2) with p + g > 0. However, f is not Jensen on E.

In the following, we obtain other hyperstability results for the Cauchy and Jensen func-
tional equations.

Theorem 2.5 Let X' and Y be normed spaces, and E C X \ {0} be a nonempty set. Take
0,e > 0 and let p, q, r be real numbers withp + q+r <0 and p + q + 2r < 0. Assume that
for each x € E there exists a positive integer m, such that nx € E for all n € N with n > m,.
Then, every function f : X — Y satisfying the inequality

If G+ ) —f @) =fO)| < =PIyl (el +y1" +Ollx=yI"), xy€Ex+yeE, (23)
is additive on E.

Proof Put

@6, y) = lxI” Iyl (el + yII" + Ol = y117).

Since p + g + 2r < 0, we may assume that g + r < 0 without loss of generality. Let x,y € E
with x +y € E. By assumption, there exists a positive integer m such that nx, ny, n(x +y) € E
for all n > m. By a similar argument as in the proof of Theorem 2.1, we obtain

fl@)= lim [f(x+ nx) - f (nx)],

f) = lim [£(y + ny) = f(my)],

FGe+3) = lim [F(x+y-+ nes ) = (nx+3))].
Then,

@ +y) —fx) —f )
= nll)noloH [f((n +1)(x + y)) —f(n(x + y))]



Moghimi and Najati Journal of Inequalities and Applications (2022) 2022:97

—[f(n+ D)%) = f(nx)] = [ ((n + 1)y) = f(my)] |

<lim sup“f((n +1)(x+ y)) —f((n + l)x) —f((n+1)y) ”
+limsup |[f (n(x + 7)) = f(nx) = f(ny)|  (by (2.3))

<limsup[(n + DP*T*" + n?* 1 o(x,y) = 0.

n— 00

Hence, f(x + y) = f(x) + f(y) for all x, y € E with x + y € E. This completes the proof. d

Example 2.6 Let E = [1,+00) and f be a function defined by f(x) = 3. It is clear that

If G +9) =f @) = fO)] = Blxllyllx + 31 < Blxllyl (% + 1 + [x=1), xy€eE.
Then, f satisfies (2.3) with p = ¢ = r = 1. However, f is not additive on E.

Theorem 2.7 Let X and Y be normed spaces, and E C X \ {0} be a nonempty set. Take
0,e > 0 and let p, q, r be real numbers withp + q +r <0 and p + q + 2r < 0. Assume that
Jor each x € E there exists a positive integer m, such that 5 € E for all n € N with n > m,.

Suppose that a function f : X — Y satisfies the mequallty

”2f(" -7 ) —f®) -f)

< xIZ Iyl (ellx +y1" + Ollx —y1") (2.4)

Sor all x,y € E with =* € E. Then, f is Jensen on E.

Proof Put

@@, y) = lxI” Iyl (el + yII" + Ol = y117).

Without loss of generality we may assume that ¢ + r < 0. Let x,y € E with =2 € E. By

assumption, there exists a positive integer m such that {%*, %, "(’”y } C E for all n>m.By

a similar argument as in the proof of Theorem 2.3, we obtain

nx) -f (nx)},

f) = lim [Zf( ”) f(ny)}

() sl2) (%52

Then,

f@)= tim [2f<" .

o (532)-r00-r0)

[ () ()| [ () )
[ (757) oo

Page 5 of 12
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< 2limsup 2f(x +y +:(x +y)) _f(x +2nx) _f(y +2ny) “
+limsup 2f( "; 2 )) ~ fn) - ) H (by (24))
< limsup |:2<nT+1>P+q+' + nl’+q+ri|(p(x,y) =0.

Therefore, 2f (’%) =f(x) +f(y) for all x,y € E with % € E. This completes the proof. [

Example 2.8 Let E = [1,+00) and f be a function defined by f(x) = x2. It is clear that

|2
5(532) - -s0)| - B2 <y (e o), myek
Then, f satisfies (2.4) with p = ¢ =2 and r = 1. However, f is not Jensen on E.

Theorem 2.9 Assume that X is a linear space over the field F, and ) is a normed space
over the field K. Let a,b € IF \ {0} and ¢ : X x X — [0, +00) be a function such that

W}Lm@ go(a_l(m + 1)x, —b_lmx) =0, y}ilIlww(mx, my) =0 (2.5)
forallx,ye X\ {0}. Let A,Be K, CeYandf:X — Y satisfy

|f (ax + by) - Af (x) - Bf (y) - C|| < p(x,) (2.6)
forallx,y e E;={z € X:||z|| > d} for some d > 0. Then, f satisfies

Sflax + by) = Af (x) + Bf (y) + C, (2.7)
forall x,y € X. Moreover,

(A+B)f(0)=Af (x) + Bf(—ab_lx) (2.8)
forallx e X.
Proof Replacing x by a™!(m + 1)x and y by —b~'mx in (2.6), we obtain

|V(x ( (m+1)x ) Bf(—b’lmx) CH < <p( Yom+ 1 —b’lmx), (2.9)

for all x € X \ {0} and positive integers m > n, where a™!(n + 1)x, b™'nx € E;. Letting m —
00 in (2.9) and using (2.5), we obtain

f(x) = lim [Af(a‘l(m + l)x) + Bf(—b_lmx) + C], xe€ X\ {0} (2.10)

m—> 00

Let x € X \ {0}, then (2.5) and (2.10) yield

|4+ B)f(0) - Af (x) - Bf (-ab™'x) |
= W}gnooH (A +B)f(0) —Azf(a_l(m +1)x) - ABf(—b_lmx) -AC
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—ABf(=b""(m + 1)x) — B*f (ab~>mx) — BC||
< |4] lim [£(0) = Af (a™ (m + 1)x) = Bf (<b™"(m + 1)x) - C|

+1B| lim |f(0) - Af (~b"mx) — Bf (ab™mx) - C|
<|A] mli_r)n()o(p(a_l(m + 1), b (m + 1)x) + |B| W}i_)rréow(—b_lmx, ab_zmx) =0.

Hence, we obtain

(A +B)f(0) = Af (x) + Bf (~ab”'x), x€X. (2.11)
If we replace x by bmx and y by —amx in (2.6), we obtain

|[f(0) — Af (bmx) — Bf (—amx) — C|| < ¢(bmx, —amx), (2.12)
for all x € X'\ {0} and positive integers m > n, where anx, bnx € E;. Therefore,

f(0) = mli_)moo[Af(bmx) + Bf (~amx) + C] (2.13)

for all x € X \ {0}. Replacing x by bmx in (2.11) and letting m — 00, we obtain from (2.13)
that

(1-A-B)f(0)=C.

Therefore, (2.7) holds true for x = y = 0, and (2.10) holds for all x € X. To prove (2.7), let
x,y € X with (x,y) #(0,0). Then,

|f(ax + by) - Af @) - Bf ) - C|

= lim [[Af(a"(m + 1)(ax + by)) + Bf (<67 m(ax + by))
— A% (a” (m + 1)x) — ABf (~b"'mx) - AC
~ABf(a™'(m + 1)y) - B*f(-b""my) - BC||

<A mlilnoonf(a*l(m +1)(ax + by)) — Af (a”(m + 1)x) = Bf (™ (m + 1)y) - C||
+1B| lim [[f(=b~'m(ax + by)) - Af (=b™ mx) — Bf (=b™'my) - C|

<A W}Enoogo(a-l(m +1)x,—a"'(m + 1)y) + |B| y’}@mw(—b-lmx, -b"'my) = 0.

Therefore, f satisfies (2.7) for all x,y € X. O

In the following corollaries X and ) are normed spaces.

Corollary 2.10 Leta,b e F\ {0}, A,BeK,CeY andletf:X — Y be a function. Take
0,e > 0and let p, q, r be real numbers. Then, f satisfies

flax + by) = Af(x) + Bf () + C, (A +B)f(0) =Af (x) + Bf(—ab_lx), xy€eX

if one of the following conditions holds:
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(@) p+q+r<0and

|f (ax + by) — Af (x) = Bf ) = C|| < IIxI” Iyl (ellx + y1" + Ollx = y1);

(it) p+r<0,q+r<0and

|f (ax + by) — Af(x) = Bf (y) = C| < (Ilx[I” + [7117) (ellx + ylI" + O llx = yI);
(i) p,q<0and
|f (ax + by) — Af(x) - Bf (5) - C|| < ellxll” + ly[1%
forallx,y € Eq={z € X: |z|| = d} for some d > 0.

Corollary 2.11 Every function f : X — Y satisfies one of the following assertions:
(@) flax+by)=Af(x)+Bf(y)+ C,x,y € X.
(i) M sup,in ey iyi—oo f (@x + by) = Af (x) = Bf (y) = Clllx[I"|lyl|* = +00 for all real num-
bersr, s withr+s>0.

Corollary 2.12 Every function f : X — Y satisfies one of the following assertions:
() flax+by)=Af(x)+Bf(y) + C, x,y € X.
(i) M SUP i ) oo Hlxﬁ‘ljﬁ'y”“x \f(ax + by) — Af (x) — Bf (y) — C|| = +c0 for all real non-
negative numbers r, s.

3 Stability on restricted domains

Jung [12] proved the stability of Jensen’s functional equation on a restricted and un-
bounded domain. In the following theorem, we improve the bound and thus the result
of Jung [12] by obtaining sharper estimates.

Theorem 3.1 Let X be a normed space and Y a Banach space. Take ¢ > 0 and let a func-
tionf: X — Y satisfy the inequality

(7)o

forall x,y € E; = {z € X : ||z|| = d} for some d > 0. Then, there exists a unique additive
function T : X — Y such that

(3.1)

[f@) - T(x) - £(0)] < —e, xedX.

Proof Letting y = —x in (3.1), we obtain

12£(0) = f(x) - f ()| <&, ]l = d. (3.2)

Letting ¥ = =3« in (3.1), we obtain

|2f(=x) = f(x) = f(=35)|| <&, |xll = d. (3.3)
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Now, adding (3.2) and (3.3), we have
If(=3%) = 3f (=x) + 2f (0)| <2e, x| >d.
Then,
[f(3x) - 3f (%) + 2f(0) | <2¢, lx]| = d. (34)

It is easy to see that

f3")  f3"x) S2200)] <A
H 31 3m +2m: 301 ;3”1' llxll > d. (3.5)

This implies that the sequence {f

is Cauchy for all x € X'. Define T: X — Y by

3}’1
Twe=1im 28 e,
n—oo 31

It is clear that 7(0) = 0 and T'(3x) = 3T (x) for all x € X. In view of the definition of T, (3.1)
yields

ZT(x;y) X+ T(), xyeX\ o). (3.6)

Putting y = 3x in (3.6) and using T'(3x) = 3T'(x), we infer that T'(2x) = 27 (x) for all x € X.
Hence, (3.6) implies that T is Jensen (additive) on X. Letting m = 0 and taking the limit as
n — o0 in (3.5), one obtains

|TG) —fx) +£O)] <&, lxll = d. (3.7)

To extend (3.7) to the whole X, let z € X'\ {0} and choose a positive integer # such that
|lnz|| > d. Take x = 2(n + 1)z and y = —2nz. Then, (3.7) yields

fO)-T») -fO] <e and |fx)-T()-fO] <e.
Using these inequalities together with (3.1), we obtain

Hzf(’“ +y ) ST -TO) - 2f(0)H <3

Since T is Jensen and z = =¥, we obtain

@ -1~ < ¢

This inequality is valid for z = 0 because of T(0) = 0. The uniqueness of T follows easily
from the last inequality. O
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Remark 3.2 Since E; x E; C {(x,y) € X x X : ||x|| + ||yl > d}, Theorems 2.9 and 3.1 are
valid when (2.6) and (3.1) hold for all x,y € X with |x| + ||y|| > d.

Theorem 3.3 Let X be a normed space and Y a Banach space. Take ¢ > 0 and let a func-
tion f: X — Y satisfy the inequality (3.1) for all x,y € X with ||x + y|| > d for some d > 0.
Then, there exists a unique additive function T : X — Y such that

3
Hf(x) - T(x) —f(O)H < 58, xeX.
Proof Letting y = 0 in (3.1), we obtain

(2) 010

It is easy to see that

<& xl=d.

-1

Z o Ielzd. (3.8)

i=m

f(2"x) f(2mx) L £(0)
” on Z 2i+1

Then, the sequence (£ (§:x)

is Cauchy for all x € X'. Define T: X — ) by

T(x) = lim . (izx), xeX.

n—00

It is clear that 7(0) = 0 and T'(2x) = 2T (x) for all x € X. In view of the definition of T, (3.1)
yields

2T(’“;y> “T) +T(), x+y70. (3.9)
Let T, and T, be the even part and the odd part of T. Then, T, and 7, satisfy (3.9) for all

x,y € X withx +y #0. Since T, is odd, (3.9) yields that T, is additive on X' It follows from
(3.9) that 2T (%) = T'(x) for all x # 0, and then

Te(x—y):2Te<x%y> Te(x) + To(y) = 2T<x;y> To(x+y), xty#O0.
Putting y = 3x and using T,(2x) = 27T,(x), we infer that T,(x) = 0 for all x € X. Hence, (3.9)
implies that T is Jensen (additive) on X. Letting m = 0 and taking the limit as # — oo in
(3.8), one obtains

|T@) —fx)+f(0)]| <&, lxll > d. (3.10)

To extend (3.7) to the whole &, let z € X'\ {0} and choose a positive integer n such that
|lnz|| > d. Take x = 2(n + 1)z and y = —2nz. Then, (3.7) yields

f)-TG») -fO)] <& and |fx)-T(x)-fO)] <e.



Moghimi and Najati Journal of Inequalities and Applications (2022) 2022:97 Page 11 of 12

Using these inequalities together with (3.1), we obtain

< 3e.

”2f(’%) T = T() - 2(0)

Since T is Jensen and z = =, we obtain

1) - T(2) - FO)] < ge.

This inequality is valid for z = 0 because of T(0) = 0. The uniqueness of T follows easily
from the last inequality. O

Corollary 3.4 Let X and Y be linear normed spaces. For a function f : X — Y the follow-
ing conditions are equivalent:
(@) Nimyepy oo [2F () —f(x) = f ()] = 0
(i) 1My gy o0 [2F (52) = f (%) = f ()] = 0;
(i) Timingel, y1)— o0 [2F (57) = f (6) = f ()] = O;
(@) Timmax(a 1)~ [2 (57) = f () = f ()] = 0;
) 2f(52) =f () +f(9), %,y € X.

Proof The implications (v) = (ii) = (iii) and (v) = (iv) = (i) are obvious. It is enough to
prove the implications (i) = (v) and (iif) = (v).

To prove (i) = (v), let € > 0 be an arbitrary real number. By (i) there exists d, > 0 such
that

<eg, [l + yll > de.

”2f(’%) 1@ -10)

Let 37 be the completion of ). In view of Theorem 3.3 there exists a unique additive func-
tion A, : X — 37 such that

[ - A 1@ = 5o, xe .

Then,

”2f(’“ ;)1 —f(y)'

2

< 2f<¥> —ZAS(’%) - 2f(0)H
+ |f (@) = Ac®) = fO)]| + [f () = Ac(9) - £ (0)
<6g, xyedl.

Since ¢ is arbitrary, we obtain that f satisfies (v). Using a similar argument, the implication
(éi) = (v) is obtained by Theorem 3.1. Hence, the proof is complete. a
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