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1 Introduction

In recent years, the split inverse problem (SIP) has received much research attention (see
[1, 11, 12, 20, 24, 50] and the references therein) because of its extensive applications,
for example, in phase retrieval, signal processing, image recovery, intensity-modulated
radiation therapy, data compression, among others (see [13, 14, 42] and the references

therein). The SIP model is presented as follows: Find a point

x € H; that solves IP; (1.1)
such that
y:=Ax € Hy solvesIP,, (1.2)
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where H; and H, are real Hilbert spaces, IP; denotes an inverse problem formulated in
H; and IP;, denotes an inverse problem formulated in H;, and A : H; — H> is a bounded
linear operator.

Censor and Elfving [14] in 1994 introduced the split feasibility problem (SFP), which was
the first instance of the SIP for modeling inverse problems that arise from medical-image
reconstruction. Since then, several authors have studied and developed different iterative
methods for approximating the solution of the SFP. The SFP has wide areas of applications,
for instance, in signal processing, approximation theory, control theory, geophysics, com-
munications, biomedical engineering, etc. [13, 30]. The SFP is formulated as follows:

find a point x € C such that y = Ax € Q, (1.3)

where C and Q are nonempty closed convex subsets of Hilbert spaces H; and H>, respec-
tively, and A : H; — H; is a bounded linear operator.

Moudafi [33] introduced another instance of the SIP known as the split monotone vari-
ational inclusion problem (SMVIP). Let H,, H, be real Hilbert spaces, fi : Hy — Hj,
fo: Hy — Hj, are inverse strongly monotone mappings, A : H; — H, is a bounded linear
operator, B : Hy — 21, By : Hy — 2M2 are multivalued maximal monotone mappings.
The SMVIP is formulated as follows:

find a point x € H; such that 0 € f; (%) + B, (%) (1.4)
and
y=Ax € H, suchthatOe€f()) + Ba(p). (1.5)

We point out that if (1.4) and (1.5) are considered separately, then each of (1.4) and (1.5)
is a monotone variational inclusion problem (MVIP) with solution set (B; + f1)~*(0) and
(By + £2)71(0), respectively. Moudafi in [33] showed that x* € (B; + f;)71(0) if and only if
x* = fl (I = Mf1)(x*), for all A > 0, where ]fl : H; — H; is the resolvent operator associated
with B; and A defined by

J2x) = (I +ABy) "%, x€H,i>0. (1.6)

It is known that the resolvent operator ]fl is single valued, nonexpansive and 1-inverse
strongly monotone (see, e.g., [8]).

Moreover, it was shown in [33] that, if f; is an «-inverse strongly monotone mapping
and B, is a maximal monotone mapping, then ]fl (I = M) is averaged with 0 < A < 2a.
Consequently, ]fl (I - Afy) is nonexpansive. Furthermore, (B; + f1)~1(0) was shown to be
closed and convex.

Moudafi [33], pointed out that the SMVIP (1.4) and (1.5) generalizes the split fixed-point
problem, split feasibility problem, split variational inequality problem, split equilibrium
problem, and split variational inclusion problem, which have been studied extensively by
several researchers (e.g., see [3, 5, 10, 21, 25, 27, 36, 46, 49]). Moreover, it is applied in
solving many real-life problems such as in sensor networks, in computerized tomography
and data compression, modeling of inverse problems arising from phase retrieval [9, 19],
and in modeling intensity-modulated radiation therapy treatment planning [13, 14].
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If fi = 0=/;, then the SMVIP (1.4) and (1.5) reduces to the following split variational
inclusion problem (SVIP):

find a point x € H; such that 0 € By (x) (1.7)
and
y=Ax € H, suchthatOe€ B,()). (1.8)

Moudafi [33], showed that the SVIP (1.7) and (1.8) includes the SFP (1.3) as a special case.
Several authors have studied and proposed different iterative methods for solving SVIP
(1.7) and (1.8), see for instance [22, 27], and the references therein. However, results on
SMVIP (1.4) and (1.5) are relatively scanty in the literature.

Very recently, Yao et al. [48] proposed and studied the convergence of the following iter-
ative method with an inertial extrapolation step for approximating the solution of SMVIP
(1.4) and (1.5) in Hilbert spaces (Algorithm 1), where F; := ]fl (I-2f1) and F, := ]fz (I-2f),

fi:Hy — Hp and f; : Hy — H, are an «; -inverse strongly monotone mapping and an ;-
inverse strongly monotone mapping, respectively, with o = min{oy, 02}, A : H; — Hj is
a bounded linear operator with adjoint A*, By : H; — 21, B, : Hy — 2/ are multival-
ued maximal monotone mappings. The authors were able to prove the weak-convergence
result for the sequence generated by the proposed algorithm under the following condi-
tions:

Algorithm 1
1: Select arbitrary points xo,%; € H; and 0 € [0,1). Set m = 1.

2: Given the iterates x,,_1 and x,, 7 > 1, choose 8, such that 0 < 6, < 6,,, where

. Un .
én _ min{0, [Zn—xn_1 ]2 | if %, # Xu-1, (19)
9, ifxn =Xy-_1-

3: Compute
Wi =% + 0,(% — X41)
and
Xna1 = F1(Wy + vuA*(Fy — DAw,),
where

[(Fa=D)Aw, |2 ;
Ty , if (Fo—DAw, #0,
Yoi= 1 TAED AW (F2 = DAw, # (1.10)

¥ if (F, — I)Aw, = 0,

where 0<t,<1land y >0.
3: Setn < n+ 1 and goto 2.
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(i) The solution set F is nonempty;

(ii) A €(0,2), 0 <liminfy,_ 7, <limsup,_, ., 7, < 1;

(i) {pn)S2; Cly,ie, Yooy I itnl < 00.
Bauschke and Combettes [6] pointed out that in solving optimization problems, the strong
convergence of iterative schemes is more desirable and useful than the weak-convergence
counterparts. Therefore, when solving optimization problems the authors strive to con-
struct algorithms that generate sequences that converge strongly to the solution of the
problem under investigation.

Also, very recently, Chang et al. [16] introduced and studied the following system of
monotone variational inclusion problems in Hilbert spaces: find a point x* € H; such that

0€h(x*) +Bi(x*), i=1,2,...,m; and
¥ =Ax* solves0e€g(y")+D;j(y*), j=12,...,k

(1.11)

where for each i = 1,2,...,m and j = 1,2,...,k, h; and g are ¢;- and ;- inverse strongly
monotone mappings on H; and H,, respectively, where ¢; > 0 and ¥; > 0, B; and D; are
multivalued maximal monotone operators on H; and Hy, respectively, and A : H; — H is

a bounded linear operator. Set

¢ =min{@1, ¥2, ..., 0m 01, %2, ..., Ok}, (1.12)

then all /1; and g; are ¢-inverse strongly monotone mappings. Moreover, the authors pro-
posed the following inertial forward—backward splitting algorithm with the viscosity tech-
nique for approximating the solution of problem (1.11) in Hilbert spaces:

Wy =Xy + en(xn _xn—l):
u, =UI - yA*(I - T)A)w,, (1.13)

Xn+l = anf(wn) + (1 - an)um
where

U:=J2 I = ay) o JP2(1 = Mhg) o .. J27 (1 = Ahy),

T = JPU I = 2g1) o JP2 (I = Aga) 0. T (I - Agh)s (119
foreachi=1,2,...,mandj=1,2,...,k h; g, B, D; are as defined in (1.11), and f : H; —
H; is a contraction with contraction constant p € (%, 1). The authors proved the strong-
convergence theorem for the proposed method under the following conditions:

(i) The solution set I' is nonempty;

(i) {on} € (0,1) with o, —> Oand Yo7, &, = 00;
(iii) 0<y < ﬁ, A € (0,2¢) with ¢ as defined in (1.12);
(iv) Zﬁl Ol — %u-1ll < 00, 6, € [0,1).

Remark 1.1 Observe that the problem (1.11) solved by Algorithm (1.13) is more general
than the problem SMVIP (1.4) and (1.5) solved by Algorithm 1. The SMVIP (1.4) and (1.5)
is a special case of the problem (1.11) when i = j = 1. We also point out that the term
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0,(x, —x,-1) in Algorithm 1 and Algorithm (1.13) above is referred to as the inertial term.
It is employed in algorithm design to accelerate the rate of convergence. However, we note
that condition (iii) of Algorithm 1 and condition (iv) of Algorithm (1.13) imposed to incor-
porate the inertial term are too restrictive. These might affect the implementation of the
proposed methods. Some other drawbacks with Algorithm (1.13) are that the contraction
constant p of the contraction f is restricted to the interval (3, 1). Moreover, the imple-
mentation of the proposed algorithm requires knowledge of the operator norm, which is
often very difficult to calculate or even estimate. On the other hand, while Algorithm 1
does not require knowledge of the operator norm for its implementation the authors were
only able to obtain the weak-convergence result for the proposed algorithm.

From the above discourse, it is natural to ask the following question

Can we develop a new inertial iterative method with the viscosity technique that does
not require knowledge of the operator norm for approximating the solution of system
of monotone variational inclusion problems (1.11), such that condition (iii) of Algo-
rithm 1 and condition (iv) of Algorithm (1.13) are dispensed with and obtain a strong-
convergence result? Can the contraction constant p of the contraction mapping f of
Algorithm (1.13) be selected from a larger interval than (%, 1)?

Some of our aims in this paper are to provide affirmative answers to the above questions.

Another problem we consider in this paper is the fixed-point problem (FPP). Let C be a
nonempty closed convex subset of a real Hilbert space H and let S: C — C be a nonlinear
mapping. A point x € C is called a fixed point of S if Sx = x. We denote by F(S), the set of
all fixed points of S, i.e.,

F(S)={xeC:Sx=x}. (1.15)

In recent years, the study of fixed-point theory for nonlinear mappings has flourished
owing to its extensive applications in various fields like economics, compressed sensing,
and other applied sciences (see [4, 17, 38] and the references therein).

Recently, optimization problems dealing with finding a common solution of the set of
fixed points of nonlinear mappings and the set of solutions of SMVIP (see, for instance,
[3, 22]) were considered. One of the motivations for studying such a common solution
problem is in its potential application to mathematical models whose constraints can be
expressed as FPPs and SMVIP. An instance of this is found in practical problems such
as signal processing, network-resource allocation, and image recovery. One scenario is in
the network bandwidth-allocation problem for two services in a heterogeneous wireless
access networks where the bandwidth of the services are mathematically related (see, for
instance, [26, 31] and the references therein).

Motivated by the above results and the current research interest in this direction, in this
paper, we study the problem of finding the solution of the system of monotone variational
inclusion problems (1.11) with the constraint of a fixed-point set of quasipseudocontrac-
tions. Precisely, we consider the following problem: find a point x* € F(S) such that

0¢€h(x*)+Bi(x*), i=1,2,...,m and
y*=Ax* solves 0eg(y*)+D;(y"), j=12,...,k

(1.16)
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where S : Hy — H; is a quasipseudocontractive mapping, for each i = 1,2,...,m and
j=12,...,k h; and g; are ¢;- and ¥;- inverse strongly monotone mappings on H; and
H,, respectively, where ¢; > 0 and ¥; > 0, B; and D; are multivalued maximal monotone
operators on H; and H», respectively, and A : H; — H is a bounded linear operator.

Moreover, we introduce a new inertial iterative method that employs the viscosity tech-
nique to approximate the solution of the problem in the framework of Hilbert spaces.
Furthermore, under mild conditions we prove that the sequence generated by the pro-
posed method converges strongly to a solution of the problem. We point out that the im-
plementation of our algorithm does not require knowledge of the operator norm and the
contraction constant of the contraction mapping employed in the viscosity technique can
be selected in the interval (0, 1); a larger interval than the restriction to interval (%, 1) in
Algorithm (1.13). In addition, we obtained a strong-convergence result dispensing with
condition (iii) of Algorithm 1 and condition (iv) of Algorithm (1.13). We further apply our
results to study other optimization problems and we provide some numerical experiments
with graphical illustrations to demonstrate the implementability and efficiency of the pro-
posed method in comparison with some methods in the current literature. Our results in
this study improve and extend the recent ones announced by Yao et al. [48], Chang et al.
[16], and many other results in the literature.

The paper is organized as follows: In Sect. 2, we recall basic definitions and lemmas
employed in the convergence analysis. Section 3 presents the proposed algorithm and
highlights some of its features, while in Sect. 4 we analyze the convergence of the proposed
method. Section 5 presents applications of our results to some optimization problems. In
Sect. 6, we provide some numerical examples with graphical illustrations and compare the
performance of our proposed method with some of the existing methods in the literature.

Finally, we give some concluding remarks in Sect. 7.

2 Preliminaries
In this section, we present some definitions and results, which will be needed in the fol-
lowing.

In what follows, we denote the weak and strong convergence of a sequence {x,} to a
point x € H by x, — x and x,, — x, respectively, and w,,(x,) denotes the set of weak limits
of {x,}, that is,

Wy (%) 1= {x €EH:xy —x for some subsequence {xnl,} of {xn}},
where H is a real Hilbert space. For a nonempty closed and convex subset C of H, the
metric projection [37] Pc : H — Cis defined, for each x € H, as the unique element Pcx € C
such that

[l — Pcx|| = inf{lx - z|| : z € C}.

The operator Pc is nonexpansive and has the following properties [34, 44]:
1. it is firmly nonexpansive, that is,

|Pcx — Pcyl|® < (Pcx — Pcy,x —y) forallx,y e C;
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2. foranyx € H and z € C, z = Pcx if and only if
(x—z,z—y)y>0 foralyeC; (2.1)
3. foranyx € Handy e C,
IPcx = yII> + [l = Pex])* < [l = yI1*.
Definition 2.1 Let T : H — H be a nonlinear mapping and / be the identity mapping
on H. The mapping I — T is said to be demiclosed at zero, if for any sequence {x,} C H
that converges weakly to x and |x, — Tx,|| — 0, then x € F(T).
Definition 2.2 Let C be a nonempty closed convex subset of a real Hilbert space H.

A mapping T': C — C is said to be:
(1) L-Lipschitz continuous, if there exists a constant L > 0 such that

1Tx - Tyl < Lllx-yll, Vx,yeC;

if L €[0,1), then T is called a contraction.
(2) nonexpansive if T is 1-Lipschitz continuous;
(3) averaged if it can be written as

T=01-a)+as,

where « € (0,1), S: C — C is nonexpansive and I is the identity mapping on C;

(4) firmly nonexpansive if

2
1T - Tyl> < llx =y - [(I - T)x = U= T)y|,

Vx,y € C;
(5) quasinonexpansive if F(T) # @ and

ITx-pll < lx—pll, Vxe€C,andp € F(T);
(6) firmly quasinonexpansive if F(T) # () and

2
1T pl* < llx—pl* - | - T)x

, VxeC,andp e F(T);
(7) «-strictly pseudocontractive if there exists « € [0,1) such that
2
ITx - Tyl> < llx = yI? + x| (I - T)x = (I - T)y|", VxyeC;

(8) directed if F(T) #@ and (Tx — p, Tx —x) < 0,Vx € C,and p € F(T);
(9) demicontractive if F(T) # @ and there exists « € [0, 1) such that

I T - pl® < |k - pl|® + k| Tx — %[>, Vxe Candpe F(T);

Page 7 of 30
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(10) monotone if
(Ix—Ty,x—y) >0, Vx,yeC;

(11) L-inverse strongly monotone (L-ism), if there exits L > 0, such that
(Tx — Ty,x—y) > L| Tx — Ty||>, Vx,yeC.

Remark 2.3 As pointed out by Bauschke and Combettes [6], T : C — C is directed if and
only if

ITx - pl* < lx = pI> = I Tx - xI>, Vxe C,andp e F(T).

In other words, the class of directed mappings coincides with the class of firmly quasinon-
expansive mappings.

Remark 2.4 From the definitions above, we observe that the class of demicontractive map-
pings includes several other classes of nonlinear mappings such as the directed mappings,
the quasinonexpansive mappings, and the strictly pseudocontractive mappings with fixed
points as special cases. Also, it is well known that every L-ism mapping is %—Lipschitz con-
tinuous and monotone, and every Lipschitz continuous operator is uniformly continuous
but the converse of these statements are not always true (see, for example [41]).

Definition 2.5 A nonlinear operator T : C — C is called pseudocontractive if
(Tx - Ty, x—y) < lx—yl> VxyeC.

The interest of pseudocontractive mappings lies in their connection with monotone
mappings, that is, T is a pseudocontraction if and only if / — T is a monotone mapping. It
is well known that T is pseudocontractive if and only if

1T — Tyl1% < llx =yl + | (1 - T)x— (T = Ty,

Vx,y € C.

Definition 2.6 An operator T : C — C is said to be quasipseudocontractive if F(T) # )
and

ITx - pl* < llx - plI* + I Tx - %%, VxeC,peF(T).

It is obvious that the class of quasipseudocontractive mappings includes the class of demi-
contractive mappings and the class of pseudocontractive mappings with a nonempty
fixed-point set.

We have the following result on L-Lipschitz quasipseudocontractive mappings.

Lemma 2.7 ([15]) Let H be a real Hilbert space and T : H — H be an L-Lipschitzian
mapping with L > 1. Denote

G=QA-YI+yT(1-nI+nT).
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Ifo<y<n< ﬁ, then the following conclusions hold:
(1) F(T)=F(T(I -n) +nT)) = F(G).
(2) IfI-T isdemiclosed at 0, then I — G is also demiclosed at 0.
(3) Inaddition, if T : H — H is quasipseudocontractive, then the mapping G is
quasinonexpansive.

Lemma 2.8 ([49]) (Demiclosedness Principle). Let T be a nonexpansive mapping on a
closed convex subset C of a real Hilbert space H. Then, I — T is demiclosed at any point
y € H, that is, if x, —~ x and x, — Tx, > y € H, then x — Tx = y.

Lemma 2.9 ([18]) Let H be a real Hilbert space. Then, the following results hold for all
x,y€Hand s e R:
@ N+ y12 < llxll? + 20y, +9);
(i) floc +y11> = llcll + 2(x, ) + Iyl1%
(iii) [18xc + (1= 8)ylI* = 8llxl* + (1 = &)lIy* = 8(1 = 8) e — yII*.

Lemma 2.10 ([40]) Let {a,} be a sequence of nonnegative real numbers, {o,,} be a sequence
in (0,1) with Zfﬁl a, = 00, and {b,} be a sequence of real numbers. Assume that

ap <A -ay)a, +a,b,, foralln>1,

iflimsup;_, o, by, < 0foreverysubsequence {a,,} of {a,} satisfyingliminfy_, oo (@y, | —an,) >
0, then lim,_, o a, = 0.

Lemma 2.11 ([32]) Let {a,},{c,} C Ry, {0,} C (0,1), and {b,} C R be sequences such that
an1 <1 -oy)a,+b,+c, foralln=>D0.

Assume Y - |cu| < 00. Then, the following results hold:
(i) Ifb, < Boy, for some B > 0, then {a,} is a bounded sequence.
(i) If we have

> b
Zon =00 and limsup—" <0,

n—oo Oy
n=0
then hmnﬁoo a, = O.

Lemma 2.12 ([7, 47]) Let H be a real Hilbert space and let A,S, T,V : H — H be given
operators.
(i) If T=01-a)S+aV for somea € (0,1), where S : H — H is S-averaged and
V' :H — H is nonexpansive, then T is o + (1 — o) B-averaged.
(ii) The composite of finitely many averaged mappings is averaged. In particular, if T; is
a;-averaged, where a; € (0,1) for i = 1,2, then the composite Ty o T, is a-averaged,
where o = o1 + ay — g
(ili) If the mappings {T:}Y, are averaged and have a common fixed point, then

N
ﬂF(Ti) =F(TyoTyo---0Ty).
i=1
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(iv) IfAis B-ismand y € (0, 8], then T := 1 — y A is firmly nonexpansive.
(v) T is nonexpansive if and only if its complement I — T is %-ism.
(vi) If T is B-ism, then for y >0, y T is g-ism.
(vil) T is averaged if and only if its complement I — T is B-ism for some B > % Indeed,
. . . L1
fora € (0,1), T is a-averaged if and only if I - T is 5 -ism.
(viii) T is firmly nonexpansive if and only if its complement I — T is firmly nonexpansive.

Lemma 2.13 ([45]) Let H, and H, be real Hilbert spaces. Let A : Hy — H, be a nonzero
bounded linear operator with adjoint A* and let T : Hy — H, be a nonexpansive mapping.
* . 1
Then, A*(I - T)A is Az s
Lemma 2.14 ([44]) Let H be a real Hilbert space, r >0, f : H — H be a p-ism mapping
and B: H — 2! be a maximal monotone mapping. Then,
(D) the following conclusions are equivalent:
(i) x* € H such that 0 € f(x*) + B(x*);
(i) x* € FUPU ~1rf)).
(1) Ifr e (0,2w), then JB(I - rf) is averaged.

3 Proposed method
In this section, we present our proposed algorithm and highlight some of its important
features. We assume that:

(1) Hy and H, are real Hilbert spaces;

(2) Foreachi=1,2,...,mandj=1,2,...,k, h; and g are ¢;- and ;- inverse strongly
monotone mappings on H; and H), respectively, where ¢; > 0 and ¥ > 0, B; and D;
are multivalued maximal monotone operators on H; and H, respectively. Let
¢ =min{@1, 92, ..., Q3 D1, V2, ..., 0}, then all &; and g; are ¢-inverse strongly
monotone mappings;

(3) A:H; — H, is a bounded linear operator with adjoint A* and f : H; — H; is a
contraction with contraction constant p € (0, 1);

(4) S:H, — H; is a K-Lipschitz continuous quasipseudocontractive mapping such that
I - S is demiclosed at zero and with K > 1;

(5) The solution set 2 = I" N F(S) is nonempty, where

m k
Mi={xeH xe( |((h+B)7(0)N (A-l <ﬂ(gj ¥ Dj)-1(0)>> } (3.1)

i=1 j=1

(6) We denote

U = JP (I = ) o JP2( = M) o .. Jo" (I = Ahyy),

T:=JP (I = A1) o J2(I = Agy) o ... T K (I — Agy). 32
It was shown in [16] that the operators U and T defined above are averaged mappings.
We establish the strong-convergence result for the proposed algorithm under the fol-
lowing conditions on the control parameters:
(C1) {an} C (0,1) such that lim,_, s o, =0 and > - oty = 00;
(C2) {Bu}:{0n}, {54} C (0,1) such that 0<a < B, 6, §n <b < 1;
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Algorithm 2
Step 0. Let x9,x; € Hy be two arbitrary initial points and set n = 1.
Step 1. Given the (n—1)th and nth iterates, choose 8, such that 0 < 6, < 6, with 8, being

defined by
én _ min{6, M}; if x,, %1, .
o, otherwise.

Step 2. Compute
Wi =Xp + 0,(% — Xu_1).
Step 3. Compute
U, = U(wn + Y ANT —I)Aw,,),
where

I(T-DAw, |12 .
U A (T=DAwn 2’ if Awy # TAw, (3.4)

y, otherwise (y being any nonnegative real number).

Step 4. Compute
Vi = Bawn + (1 = Bn) Ve,
where
V=>0-n)+ nS((l — )l + ,u,S).
Step 5. Compute
Xpi1 = Qf (Wn) + Sty + EnVip.

Set n:=n+ 1 and return to Step 1.

(C3) {e,} is a positive sequence such that lim,,_, o ;_Z =0;
1
(C4) 6>0,1€(0,2¢),0<n<pu< el and 0< 11 <1, <Tp <1
Now, our main algorithm is presented in Algorithm 2.

Remark 3.1
« We point out that the step size of the proposed method defined in (3.4) does not
depend on the norm of the bounded linear operator. This makes our algorithm easy to
implement, unlike the methods proposed in [16, 22, 33, 50], which require knowledge

of the operator norm for their implementation.
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« Step 1 of the algorithm can be implemented since the value of ||x,, — x,,_1 || is known
prior to choosing 6,. Also, observe that in incorporating the inertial term our method
does not require stringent conditions, like we have in condition (iii) of Algorithm 1
and condition (iv) of Algorithm (1.13).

+ We note that unlike in Algorithm (1.13), the viscosity technique employed in Step 5 of
our algorithm accommodates a larger class of contraction mappings since the
contraction constant p € (0,1).

Remark 3.2 By conditions (C1) and (C3), it follows from (3.3) that
. A
lim 0,]|x, —x,-1l =0 and lim —|x, —x,_1]| =0. (3.5)
n— 00 n—00 (o,

Remark 3.3 We note that in (3.4), the choice of the step size y,, is independent of the
operator norm ||A||. Also, the value of y has no effect on the proposed algorithm but was
introduced for clarity. Now, we show that the step size of the algorithm in (3.4) is well
defined.

Lemma 3.4 The step sizes {y,} of the Algorithm 2 defined by (3.4) are well defined.

Proof Let p € Q. Then, by Lemma 2.14(I) we have that p € (", ((k; + B;)~(0)) and Ap €
ﬂjlle((gj +D;)71(0)). From Lemma 2.12(iii) we have p € F(U) and Ap € F(T). Applying the
fact that T is averaged together with Lemma 2.12(vii), we have

|A*(I = T)Aw, || llwy — pll = (A*(I = T)Aw,, wy, — p)

= ((1 - T)Aw, — (I - T)Ap, Aw, —Ap)

2

’

> BT - T)Aw,

for some 8 > % This shows that ||A*(I — T)Aw, || > 0 when ||(/ — T)Aw,|| #0. Thus, {y,} is
well defined. O

4 Convergence analysis
First, we establish some lemmas before proving the strong-convergence theorem for the
proposed algorithm.

Lemma 4.1 Let {x,} be a sequence generated by Algorithm 2. Then, {x,} is bounded.

Proof Observe that the mapping Pg of is a contraction. Then, by the Banach Contraction
Principle there exists an element p € H such that p = Pgof (p). It follows thatp € 2, Sp = p,
Up = p, and TAp = Ap. By applying Lemma 2.9(ii) and the nonexpansiveness of U, we
obtain
2
= p11* = [ U (wa + yuA™(T = DAW,) - p|
2
< [ wu + yuA*(T = DA, - p| (4.1)

= Iy —plI* + V2 |AX(T = DAw,||* + 2y,(w,, — p, A*(T = DAw,). (4.2)
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Again, applying Lemma 2.9(ii) and the nonexpansiveness of T', we have

(Wn = p, A(T = DAw,,)

= (Aw, — Ap, (T - D) Aw,,)

TAw, — Ap — (T = )Aw,,, (T — ) Aw,,)

<
<TAW,, Ap, (T - I)Awy,> ((T—I)Aw,,,(T—I)Aw,,)
=

TAw, — Ap, (T - DAw,) - | (T - DAw,?

1
E[HTAWV, Ap|® + |(T = DAw,||* - | TAw, — Ap - (T = D)Aw, |°]
- |1 = nAw, |’
1
E[HTAW,, Apl* + |(T - 1Aw,,|| ||Aw,,—Ap||2]—||(T—1)Aw,,H2
1
E[HTAWM Ap|)* - ||AWn_AP||2_H(T_I)Awn”2]
1
< §[||Awn — Ap|* ~ l|Aw, — Apl* — |(T - DAw,|*]
= H (T - DAw, |*. (4.3)

Applying (4.3) into (4.2) and using the definition of y, together with the condition on 7,

we have

ity = pII? < W = plI? + V2 |A*(T = DAW,||* =y, |(T = DAw, |
= Iy — 1% = v (T = DAW, | = ., | A*(T = DAw, |*]
= [ = pII> = yu(1 = 1) | (T = DAw, | (4.4)

< lIwa - pII*. (4.5)
Next, using the triangle inequality, we obtain from Step 2
1w =21l = [ + 6 (60 = 201) =
<% = Pl + OullXn — X0l

0
= |, - pll + ana—"nxn ~ %l (4.6)

n

Since, by Remark 3.2, lim,,_, 2_2 I — %,1]| = O, then there exists a constant M; > 0 such

that g—: [l — x4-1]| < M, for all m > 1. Consequently, from (4.6) we obtain
lwn = pll < ll%n = pll + cnM;. (4.7)

By the conditions on 1 and u, and by Lemma 2.7, we know that V is quasinonexpansive.

Consequently, by applying the triangle inequality, and using (4.5) and (4.7), from Step 4

Page 13 of 30
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we have

Ve = pll = | Buwn + (1= BuVu,) - p|
< Bullwu —pll + (1= B[ Vus, - p|
< Bullwn —pll + (1= Bu)llun — pll
< Bullwu —pll + (1= By)llwa —pll
= lw, - pll

< Iy = pll + @M. (4.8)

Now, by applying (4.5) and (4.8), from Step 5 it follows that

%1 =PIl = [ W) + 8uth + §nvs = p
= e (fwn) £ (®)) + an(fP) = P) + 8n(ttn — p) + £a(v = D)
< aupllwn = pll + aul[f ) = pll + Sulltty = pll + &ullva — pl
< oup (%0 — pll + €udr) + 0 ||[f (0) = | + 84 (%4 — Il + udMy)
+ &y (I|xn — pll + €M)
= (anp + (1 =) [1%n = pl| + l[f ©) = Pl + (@np + (1 - @) uy

= (1= (1= p)) s —pll + €1 —p){ Ifp) = pll, 1 =anl= )M }
1-p 1-p

= (1 —au(1l- p))”xn - pll +a,(1 - p)M*,

where M* := sup, Ilf(lp_)/—)pll + (l_a”gl_;p))Ml 1. Set a, = ||x, — pll; by := (1 = p)M*; ¢, := 0,
and 0, := a,(1 - p). By invoking Lemma 2.11(i) together with the assumptions on the con-
trol parameters, we have that {||x,, — p||} is bounded and this implies that {x,} is bounded.
Consequently, {w,}, {#,}, and {v,} are all bounded. O

Lemma 4.2 Let {x,} be a sequence generated by Algorithm 2 and p € Q2. Then, under con-
ditions (C1)—(C4) the following inequality holds for all n € N:

2a,(1 - p)
%01 — P> < <1 -2 )% - plI?

(1-aup)
20,(1 - p) { 47 + 3M2((1_an)2 +anp)9_n”x — %l
(1—anp) | 20-p) 2(1-p) a,

1
+ m(f(l?) — P Xns1 —19)}

En(l —O[,,)(l _ﬂn) 2
h w{y”(l - T”)”(T_I)Awn” + Bullwy _Vun”}

Proof Let p € Q. Then, by applying the Cauchy—Schwartz inequality together with
Lemma 2.9(ii), we obtain

Wy —P||2 = “xn + 0, (X0 —%-1) —P||2

Page 14 of 30
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2 2 2

= ey =PI+ 0, 1% — X1 |7 + 260, (%0 — Py X0 — Xn-1)
2 2 2

< |lxn = pI° + ;1160 — -1 17 + 26, %, — X1 [l |26 = Pl
2

= oy = pI" + Oullxn — xu1l (Qn”xn —xp-1ll + 2%, —P||)

2
< %, = plI* + 3M26,||%, — %41l

%)
= llxn = plI* + 3Mzana—” Nl — %1 1l, (4.9)

where M := sup,,exe{[l%s — pll, Oullxn — %11} > 0.
Also, by applying Lemma 2.9(iii), (4.4) and (4.9), we have
Ve = P12 = | Bawn + (1 = B)Vatn - p|*

= Bullwu = plI> + (1 = BVt = plI* = Bu(1 = B W — Vaty |

< Bullwu =PI + (1= B)lltw = pII* = Bu(1 = B Wy — Vi |

< Bullwa = pI* + (1= B){ W =PI = v (1 = ) | (T = DAw, |*}
= Ba(1 = Ba)lWn = Vi |

= W = pI* = (1 = By — 1) [ (T = DA, |*
= Bu(1 = Ba) Wi = Vit | (4.10)

< llwa - pl*. (4.11)

Next, invoking Lemma 2.9(i), and applying (4.5), (4.9) and (4.10) we obtain

s =PI = [etnf W) + St + Env — |’

< |84 (s = p) + 6 = P)||* + 200a{f (W) = P, X1 — )

< 87l — plI* + &1V = pII* + 28Eull1tw — pll v - Pl
+ 200 {f (Wn) = f () X1 — D)
+20u(f () = P Xni1 — D)

< 8201t = pII + E21vs — pII + 88| N1t — pI* + Vs - pII*}
+ 20,001 Wy = pll %001 — P
+ 20,{f () = Py %ne1 — D)

< 8u(8n + En) |t — pII* + £n(En + 80)lve — P
+ &np{I1Wn = pI* + 16001 — pII%}
+ 20u{f () = Py %ns1 — D)

< 8u(1 — o) 1wy — pI* + £x(1 — ) { Wy — pI1?
~ (1= Bya - T)| (T = DAw, |
— BuL = B W = Vit |} + cup{I1Wn =PI + 121 — pI1*)
+ 200u{f () = Py %ne1 — D)
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= ((1 = an)? + anp)llw, —pl?
—&,(1 - @) (1 = B yu(1 = 1) (T = DAW,|)* + Bullwy — Vis, ||}

+ &Pl — pII* + 200(f (B) = Pr%ns1 — )

0,
< (1= 0n)* + anp) { [l = plI* + 3Macty,— |2, — %1 | }

Oy

2
+ Olnp”xrnl —P”

+ 20[71(}(([)) —PrXn+1 —P) —&(1—a,)(1 - ﬂn){yn(l - Tn)H(T ~1)Aw, ”

+ ﬂn”wn _Vun||}~
Consequently, we obtain

(1-2a, + o2 +ayp)

%001 = plI* < 1 —a,0) %, — pII?
—Wn

(I-an)*+aup) 6

+3M, oo ana—’;nxn—xmll
20,

TTa P

B -

+ Bullwy _Vun”}

(1-2a, +a,p) 5 o? )
=" " x, - pl* + —— %, —
1—a,p) llx. - pll 1—ap) . - pll

(a _an)z +a,p) 0

T e,
20y
* (1_;.;”/))41”(17)—19,% -p)
£,(1 - a,)(1 - B ,
T ey =T =DAw, |

+ ,Bn”Wn _Vun”}

(1 20‘”(1"’))||xn—p||2

IA

C (1-aup)
20,(1 - p) { 07 + 31\42((1_05;'1)2 +anp)9_n”x — Xl
(1-ap) [201-p) 2(1-p) @,

1
a- p)<f(p) —Pr¥n+1 —]9>}

Ei(1—a,)(1-By) 2
T iy A= =DAw " Bullws =Vl

+

where M := sup{||x, — p||* : n € N}. Hence, we have the required inequality.
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Lemma 4.3 Suppose {x,} is a sequence generated by Algorithm 2 such that conditions
(C1)—(C4) are satisfied. Then, the following inequality holds for allp € Q and n € N:

2 9,,
[1%6241 _P”2 <A —an)lx, —P||2 + an{ Hf(wn) _P” +3M>(1 - an)a_ % — %41 ”}
—8&ullu, — Vn”z'
Proof Let p € Q. By applying Lemma 2.9(iii) together with (4.5), (4.9) and (4.11) we have

(1961 —P||2 = ”Olr(f(wn) + 8ylhy + EnVy _p”z
< au|[f W) = p| + 8l = pI® + Exllv,s — pII* = 8&,ll14 — v, |1

2
< au|[fwa) = p||” + 8w = pI? + Eullwn = pII* = 8841l = vall®

2
= aulf W) = | + (1= @)Wy = pII* = 88ullut = vall?
2 Qn
=ay “f(wn) _p” +(1 —Ot,,,){ [l —P||2 + 3M2(Xna_ ll: _xn—lll}
—5§n||un—Vn||2
2 2 071
=1 =an)llxn —pllI” + oy Hf(Wn)—P” +3M2(1_05n)a_”xn_xn—1”
—SEnIIun—VnIIZ,

which is the required inequality. O

Now, we are in a position to state and prove the strong-convergence theorem for the

proposed algorithm.

Theorem 4.4 Let H, and H, be two real Hilbert spaces and let f : Hi — H, be a con-
traction with coefficient p € (0,1). Suppose {x,} is a sequence generated by Algorithm 2
such that conditions (C1)—(C4) hold. Then, the sequence {x,} converges strongly to a point
X € Q, where x = Pg o f(%).

Proof Let x = Pg o f(x). From Lemma 4.2, we obtain

. 20,(1-p) .
(B (1 el | P [

(1 _anlo)
20,(1 = p) { oy . BMo((1 - n)® + ap) b 1 — x|
(1-aup) |2(1-p) 2(1-p) a,
1 . .
+ (1_p)<f(x)—x,x,,+1 —x)}. (4.12)

Next, we claim that the sequence {||x,, — %||} converges to zero. In order to establish this,
by Lemma 2.10, it suffices to show that limsup,_, {f(X) — %,%,,+1 — %) < O for every sub-

sequence {|lx,, — x|} of {||lx, — %[} satisfying

tim inf( e = 21 = 0, - 1) = 0.
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Suppose that {||x,, — X} is a subsequence of {||x, — %} such that
tim nf(, .1 = 1 = 2, — 1) = 0. (4.13)

Again, from Lemma 4.2 we obtain

%-nk(l - O{nk)(l - /Bnk)

Y (L= 1) (T = DAw,, ||*

(1 _ankp)
20(;1 (1_:0) 20‘}1 (1_:0) o7
E (1 - k—) ||xnk —19”2 - ”xnk+l —P||2 + : .
(l—ankp) (1_ankp) 2(1_10)
3M2((1 _Ol}'lk)2 + Olnkp) an ”x _x ”
2(1-p) oy T
() )
+ —Pr Xy - .
1-p) Dy Xn+1 =P

By applying (4.13) together with condition (C2) and the fact that lim;_, o a;, = 0, we have
Vi = T ) | (T = DAw,, |* — 0,k — oo.
By the definition of y,,, we obtain

T - DAw,, ||*
T = DAwn ™0 o

n, 1 —tn A N 4 0 b
o= ) T = DA P

Consequently, we have

I(T = DAWy, |I?

———— =0, k — oo.
AT = D) Awy ||

Since ||A*(T — I)Awy, || is bounded, it follows that
(T - DAw,, | = 0, k— oo. (4.14)
Consequently, we obtain

|4°(T = Daw,, | = |47 [T~ D, |

= |AI|(T - DAw,, | > 0, k — oo. (4.15)
Following a similar argument, from Lemma 4.2 we obtain
B lWn, —Vuy, || — 0, k— oo.
By condition (C2), it follows that

Wn, — Vi | -0, k— oo. (4.16)
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Next, from Lemma 4.3 we obtain
2 A2 a2 A2
8 Nty = Vi I” < (1 = et 10, — RN = %y 01 = Xl +ank{|Lf(wnk)—xH

0
+3M(1 - ank)aﬂ 1%, = X1 }

03

By (4.13), Remark 3.2, and the fact that limy_, , @, = 0, we obtain

88, | thny — Vi I* — 0,  k — oo0. (4.17)
Consequently, we have

e, = Vil = 0,k — oo0. (4.18)
By Remark 3.2, we have

Wi, — % |l = O 1y, — Xnp—1l = 0,  k — o0, (4.19)
By applying (4.16), from Step 4 we have

Vi = Wi | < By Wi, = Wi I+ (1 = B I Vit = Wi | > 0,k — o0. (4.20)
Next, by applying (4.16), (4.18), (4.19) and (4.20) we obtain

”Wnk - unk” g 0» k_> Q5
1% = Vi, || — O, k — o0; (4.21)

”xnk - Vnk” - 0} k — 00,
and

%y, — thn Il = 0, k— 00;
(4.22)
ey, — Vi, | =0, k— oo.

Now, applying (4.21) and (4.22) together with the fact that limy_, o &t;, =0, we obtain

”xnk+1 — Xny, Il = ||an;¢f(wnk) + 6nkunk + ‘i:nkvnk — Xny, ”
= Oy, Hf(wnk) — Xy ” + Snk ”unk — Xy I

+ & Vi =% | = 0,k — oo (4.23)

To complete the proof, we need to show that w,(x,) C Q. Since {x,} is bounded, then
W, (%) is nonempty. Let x* € w,,(x,) be an arbitrary element. Then, there exists a subse-
quence {x,, } of {x,} such that x,, — x* as k — 0c. From (4.22), we have that u,, — x* as
k — o0. Since I -V is demiclosed at zero, then it follows from (4.22) and Lemma 2.7 that
x* € F(V) = F(S). That is, w,,(x,) C F(S).
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Next, we show that w,,(x,) C I". From Step 3 and by applying (4.21), we have
lim | U(1 + yuAS(T = DA) Wy = Wy | = lim [|st,, = wy, || = 0. (4.24)
k— o0 k— o0

Since the operators U and I + y,A*(T — I)A are averaged, it follows from Lemma 2.12(ii)
that the composition U(I + y,A*(T - I)A) is also average and consequently nonexpansive.
By the Demiclosedness Principle for nonexpansive mappings, and by applying (4.19) and
(4.24) we obtain U(I + y,A*(T — I)A)x* = x*. Since Q # ¢, then by Lemma 2.12(iii) we
have Ux* = x* and (I + y,,A*(T — )A)x* = x*. It then follows from Lemma 2.12(iii) and
Lemma 2.14(I) that

0\ + By, (4.25)
i=1

Sine T is nonexpansive, then by the Demiclosedness Principle for nonexpansive mappings,
and by applying (4.14) and (4.19) we have TAx* = Ax*. It then follows from Lemma 2.12(iii)
and Lemma 2.14(I) that

k
0e( @ +DAx". (4.26)
j=1

From (4.25) and (4.26), we obtain w,,(x,) C I'. Consequently, we have that w,,(x,) C .
Next, from (4.21) we have that w,{v,, } = w,{x, }. By the boundedness of {x,, }, there

exists a subsequence {x,, } of {x,, } such that x,, — x" and
J 7
lim (f (%) - &, %, — %) = limsup(f (&) — &, x,,, — X)
Jj—>00 J k—00

=lim sup{f(fc) =&V — 5c)

k— o0

Since ¥ = Pg o f(%), it follows that

lim sup(f(fc) — X%y — 56) = lim (f(fc) - X, Ky, 56)
j—o00

k— o0

=(f(®) -&,x" %) <0. (4.27)
Now, from (4.23) and (4.27), we obtain
limsup(f (&) — &, %41 — &) = limsup(f (&) — &, %41 — %, )

k— 00 k—o00

+ lim sup(f (%) - &, %,, — &)

k—o00

~(fR) ~ &' —#) <. (4.28)

Applying Lemma 2.10 to (4.12), and using (4.28) together with the fact thatlim,,, o 2—Z (1%, —

x,-1]l = 0 and lim,,_, o @, = 0, we deduce that lim,,_, , ||x, — %| = 0 as required. O
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Remark 4.5 The results of this paper improve the results of Yao et al. [48] and Chang et

al. [16] in the following ways:

(i)

(i)

(iii)

(iv)

)

Our result extends the result of Yao et al. [48] and the result of Chang et al. [16]
from SMVIP (1.4) and (1.5) and a system of monotone variational inclusion
problems (1.11), respectively, to the problem of finding a common solution of the
system of monotone variational inclusion problems (1.11) and the fixed-point
problem of quasipseudocontractions.

While Yao et al. [48] were only able to prove a weak-convergence result, in this
paper we established a strong-convergence result for our proposed algorithm.
The proposed method of Chang et al. [16] requires knowledge of the operator
norm for its implementation, while our proposed method is independent of the
operator norm.

Our method employs a very efficient inertial technique that does not require
stringent conditions, like one has in condition (iii) of Algorithm 1 of Yao et al. [48]
and condition (iv) of Algorithm (1.13) of Chang et al. [16].

The viscosity technique we employed accommodates a larger class of contractions
than the one employed by Chang et al. [16].

Remark 4.6 Since the class of quasipseudocontractions contains several other classes of

nonlinear mappings such as the pseudocontractions, the demicontractive operators, the

quasinonexpansive operators, the directed operators, and the strictly pseudocontractive

mappings with fixed points as special cases, our results present a unified framework for

studying these classes of operators.

5 Applications

In this section we consider some applications of our results to approximating solutions of

related optimization problems in the framework of Hilbert spaces.

5.1 System of equilibrium problems with fixed-point constraint
Let C be a nonempty closed convex subset of a real Hilbert space H,andlet F: C x C — R

be a bifunction. The equilibrium problem (EP) for the bifunction F on C is to find a point
x* € C such that

F(x*y)>0, VyeC. (5.1)

We denote the solution of the EP (5.1) by EP(F). The EP serves as a unifying framework
for several mathematical problems, such as variational inequality problems, minimization

problems, complementarity problems, saddle-point problems, mathematical program-

ming problems, Nash-equilibrium problems in noncooperative games, and others; see

[2, 23, 28, 29, 35] and the references therein. Several problems in economics, physics, and

optimization can be formulated as finding a solution of EP (5.1).

In solving the EP (5.1), we assume that the bifunction F : C x C — R satisfies the fol-
lowing conditions:

(Al) F(x,x)=0forallx € C;

(A2) F is monotone, thatis, F(x,y) + F(y,x) <0 for all x,y € C;

(A3) F is upper hemicontinuous, that is, for all x,y,z € C,

lim, o F(tz + (1 - £)x,y) < F(x,);
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(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous.

The following theorem is required in establishing our next result.

Theorem 5.1 ([43]) Let C be a nonempty closed convex subset of a real Hilbert space H
and F : C x C — R be a bifunction satisfying (A1)—(A4). Define a multivalued mapping
Ap:H — 21 by

{yeH:F(x,2) > (z—x,y),Yze€ C}, ifxeC,
@, ifx ¢ C.

Afp(x) =

Then, the following hold.:
(i) Af is maximal monotone;
(ii) EP(F) = A5'(0);
(ili) TF = (I +rAf)™! for r >0, where TF is the resolvent of Ap and is given by

1
TF(x) = {ye C:F(y,2)+ —(z—y,y—x) ZO,VZGC}.
r

Here, we consider the following system of equilibrium problems (SEPs) with fixed-point
constraint:

Find x* € F(S) such that F;(x*,x) >0, VxeC,i=1,2,...,m; and
y*=Ax* solves G;(y*,y)>0, VyeQ,j=12,...,k

(5.2)

where C and Q are nonempty closed convex subsets of real Hilbert spaces H; and Hj,
respectively, S : Hy — H; is a quasipseudocontractive mapping, for each i = 1,2,...,m
and j = 1,2,...,k, F; and G; are bifunctions satisfying conditions (A1)-(A4) above, and
A :H, — H, is abounded linear operator. We denote the solution set of problem (5.2) by
Tsep = (V7 EP(F) N AT (), (EP(G))).

Now, taking B; = Ap,,i=1,2,...,mand D; = HGi,j =1,2,...,k and setting s; = g; = 0 in
Theorem 4.4, we obtain the following result for approximating solutions of problem (5.2)

in Hilbert spaces.

Theorem 5.2 Let C and Q be nonempty closed convex subsets of real Hilbert spaces H;
and H,, respectively, A : Hy — Hj be a bounded linear operator with adjoint A*, and for
eachi=1,2,....mandj=1,2,...,klet F;: C x C — Rand G;: Q x Q— R be bifunctions
satisfying conditions (A1)—(A4). Let S : Hy — H; be a K-Lipschitz continuous quasipseu-
docontractive mapping, which is demiclosed at zero and with K > 1, and f : H, — H; be
a contraction with coefficient p € (0,1). Suppose that the solution set Q = I'sgp N F(S) # 0,
and conditions (C1)—(C4) are satisfied. Then, the sequence {x,} generated by the following
algorithm converges strongly to a point x € Q, where x = Pg o f(%).

5.2 System of convex minimization problems with fixed-point constraint
Suppose that F : H — R is a convex and differentiable function, and M : H — (-00, +00] is

a proper convex and lower semicontinuous function. It is known that if VF is %L—Lipschitz
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Algorithm 3
Step 0. Let x9,x; € Hy be two arbitrary initial points and set n = 1.

Step 1. Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 8,

defined by

€n

min{6, m}; if %y # 2,1, (5.3)
0, otherwise.
Step 2. Compute

Wi =Xp + 0,(% — Xu_1).

Step 3. Compute

U, = If[(wn + ynA*(f"—I)Awn),

where

T>o...T"
(5.4)

and

IT-DAws > 7
Y= | IASE=DAw, P if Aw,, 7 TAw,, (5.5)
y, otherwise (y being any nonnegative real number).

Step 4. Compute
Vi = BuWn + (1 = B) Vit
where
V=Q0-mI+nS(-wI+us).
Step 5. Compute
Xni1 = Onf (Wn) + 8thn + EnVin.

Set n:=n+ 1 and return to Step 1.

continuous, then it is p-inverse strongly monotone, where VF is the gradient of F. Also,

it is known that the subdifferential 3M of M is maximal monotone (see [39]). Moreover,

F(x*) +M(x*) = min{F(x) +M(x)} — O0¢ VF(x*) + aM(x*)

xeH
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We consider the following system of convex minimization problems (SCMP) with fixed-
point constraint: Find

x* € F(S) such that F,-(x*) +Mi(x*) = IT?(I;){F;-(X) +M,-(x)}, i=12,....m, (5.6)
XE

and such that y* = Ax* € H,, solves
Gj(x*) + Nj(x*) = m}i;l{G,(x) +N@®} j=12...k (5.7)
x€Hy

where S: H; — H, is a quasipseudocontractive mapping, for each i = 1,2,...,m and j =
1,2,...,k, F;: Hy — R and G; : H, — R are convex and differentiable functions, and M, :
H; — (—00,+00] and N; : Hy — (-00, +00] are proper convex and lower semicontinuous
functions. We denote the solution set of problem (5.6) and (5.7) by I'scmp-

Now, for each i = 1,2,...,m and j = 1,2,...,k, set B; = 0M;, D; = ON;, h; = VF; and g; =
VGjin Theorem 4.4, we obtain the following result for approximating solutions of problem
(5.6) and (5.7) in Hilbert spaces.

Theorem 5.3 Let H, and H, be real Hilbert spaces, A : Hy — Hj be a bounded linear oper-
ator with adjoint A*. Foreachi=1,2,...,mandj=1,2,...,k, let M; : HA — (—00,+00] and
Nj: Hy — (—00,+00] be proper convex and lower semicontinuous functions, F; : Hy — R,
Gj : Hy — R be convex and differentiable functions such that VF;, VG; are i—Lipschitz
continuous. Let S : Hy — H; be a K-Lipschitz continuous quasipseudocontractive map-
ping, which is demiclosed at zero and with K > 1, and f : H — H; be a contraction with
coefficient p € (0,1). Suppose that the solution set Q = I'scyp N F(S) # @, and conditions
(C1)-(C4) are satisfied. Then, the sequence {x,} generated by the following algorithm con-
verges strongly to a point x € Q, where X = Pq o f(%).

6 Numerical examples

Here, we present some numerical experiments both in finite-dimensional and infinite-
dimensional Hilbert spaces to illustrate the performance of our proposed method Algo-
rithm 2 in comparison with Algorithm (1.13). Moreover, we experiment on the depen-
dency of the key parameters on the performance of our method. All numerical computa-
tions were carried out using Matlab version R2019(b).

In our computations, we choose for each n € N ¢, = ﬁ, €, = m, 8,=6&,= ﬁ,
Bu = 3}322, A=0.5.Let f(x) = %x, then p = é is the Lipschitz constant for f. It can easily be

verified that the conditions of Theorem 4.4 are satisfied. We take 6, = # and y =0.05 in
Algorithm (1.13).

Example 6.1 Let H; = H = R with the inner product defined by (x,y) = xy, forallx,y € R,
and the induced usual norm | - |. Fori =j = 1,2,...,5, we define the mappings /;, g : R — R
by h;(x) = ix+6 Vx € Hy and gj(y) = 2jx—1Vy € Hy, thenwetake A = 0.18.Let B;,D; : R — R
be defined by B;(x) = 3ix — 2 Vx € Hi, D;(y) = 3jy Vy € Hy, and we define A : H; — H, by
Ax) = —%x for all x € Hy, then A*(y) = —%y for all y € Hy. Define S: R — R by S(x) = —2x.
Then, S is 2-Lipschitzian quasipseudocontractive. We choose 1 = 0.23 and u = 0.28.
Using MATLAB 2019(b), we compare the performance of Algorithm 2 with Algorithm
(1.13). The stopping criterion used for our computation is |x,,; — x,| < 1073, We plot the
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Algorithm 4
Step 0. Let x9,x; € Hy be two arbitrary initial points and set n = 1.
Step 1. Given the (n — 1)th and nth iterates, choose 6, such that 0 < 6, < 6, with 8,

defined by
0, = min{6, o=y h i F 2, .
o, otherwise.

Step 2. Compute
Wi =Xp + 0,(% — Xu_1).
Step 3. Compute
U, = If[(wn + y,,A*(T —I)Aw,,),
where

U ="M (1= 2VE) o )M = AVFy) o... ]2 (I - AVE,,), (5.9)
7= N - A Gy) o JN (1= 29 Gy) 0. JN (I - AV Gy) '
and

I(T—DAwy |1? ; 7
T, if Aw, £ T Aw,,
Y= 4 IART =D AW 2 n? " (5.10)

y, otherwise (y being any nonnegative real number).

Step 4. Compute
V= BuWn + (1 = B) Vit
where
V=Q0-mI+nS(-wI+us).
Step 5. Compute
Xni1 = Onf (Wn) + 8thn + EnVin.

Set n:=n+ 1 and return to Step 1.

graphs of errors against the number of iterations in each case. The numerical results are

reported in Fig. 1 and Table 1.

Example 6.2 Let Hy = (£2(R), || - |l2) = Ha, where £5(R) := {x = (x1,%2,...,%4,...), % € R:
> %1% < oo}, Ilxll2 = (036 |xj|2)% for all x € £5(R). Fori =j = 1,2,...,5, we define the
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Figure 1 Top left: Case [; Top right: Case II; Bottom left: Case Ill; Bottom right: Case IV

Table 1 Numerical results for Example 6.1 (Experiment 1)

Cases Alg. (1.13) Alg. 2 Alg. 2 Alg. 2 Alg.2 Alg. 2 Alg. 2
=15 6=30 6=45 6=60 6=75 6=90
CPU time (s) 0.0101 0.0075 0.0134 0.0096 0.0108 0.0119 0.0111
No. of Iter. 20 5 5 5 5 5 5
Il CPU time (s) 00114 0.0059 0.0040 0.0039 0.0077 0.0065 0.0056
No. of Iter. 20 4 4 4 4 4 4
Il CPU time (s) 0.0104 0.0046 0.0133 0.0081 0.0039 0.0038 0.0065
No. of Iter. 20 4 4 4 4 4 4
\% CPU time (s) 0.0097 0.0050 0.0075 0.0077 0.0046 0.0050 0.0044
No. of Iter. 20 4 4 4 4 4 4

mappings /;, g : £2(R) — £2(R) by /1;(x) = 2ix—1Vx € Hy andgj(y) =jx+2Vy € Hy, then we
take A = 0.15. Let B;, D; : £5(R) — £5(IR) be defined by B;(x) = x Vx € Hy, Di(y) = Sijy €
Hj, and we define A : H; — H, by A(x) = 3x for all x € Hj, then A*(y) = 3y forall y € H,.
Define S: £5(R) — £,(R) by S(x) = —%x. Then, S is %—Lipschitzian quasipseudocontractive.
We choose 1 =0.29 and p = 0.34 and A = 0.01 in Algorithm (1.13).

Using MATLAB 2019(b), we compare the performance of Algorithm 2 with Algorithm
(1.13). The stopping criterion used for our computation is ||x,;1 — x,|| < 10~2. We plot the
graphs of errors against the number of iterations in each case. The numerical results are

reported in Fig. 2 and Table 2.

We test Examples 6.1 and 6.2 under the following experiments:
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Figure 2 Top left: Case [; Top right: Case II; Bottom left: Case IlI; Bottom right: Case IV

Table 2 Numerical results for Example 6.2 (Experiment 2)

Cases Alg.(1.13)  Alg.2 Alg. 2 Alg. 2 Alg. 2 Alg.2 Alg. 2
_ _ _ 2 _ 3 _ 4 _ 2
T ma UTm WTmn WTma D ms T mn
CPUtime(s)  0.0200 0.0165 0.0176 0.0187 0.0167 0.0181 0.0184
No. of Iter. 31 17 17 17 17 17 17
Il CPU time (s) 0.0844 0.0593 0.0343 0.0346 0.0312 0.0324 0.0465
No. of Iter. 36 17 17 17 17 17 17
11l CPUtime(s)  0.0209 0.0162 0.0196 0.0185 0.0177 0.0203 0.0240
No. of Iter. 36 17 17 17 17 17 17
% CPU time (s) 0.0162 0.0180 0.0194 0.0201 0.0184 0.0199 0.0177
No. of Iter. 34 17 17 17 17 17 17

Experiment 1 In this experiment, we check the behavior of our method by fixing the
other parameters and varying 6. We do this to check the effect of the parameter 6 on our
method.
For Example 6.1, we choose different initial values as follows:
CaseI: x9=-10,x, =23;
CaseIl: xg = ;g, x1 = -32;
Case III: x9 =29, x; = -100.23;
CaseIV: xp =29, x; = -100.23;
Also, we consider 0 € {1.5,3.0,4.5,6.0,7.5,9.0}, which satisfies Assumption (C4). We use
Algorithm (1.13) and Algorithm 2 for the experiment and report the numerical results in
Table 1 and Fig. 1.
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Experiment 2 In this experiment, we check the behavior of our method by fixing the
other parameters and varying t,,. We do this to check the effect of the parameter t,, on our
method.
For Example 6.2, we choose different initial values as follows:
CaseI: xg = (-3, 1,—%,...), x1 = (1, %, %,...);
CaseIl: %o =(1,2,%,...), % =(0.1,0.01,0.001,...);

’ 7; Ey .
4 8 11
CaseIIl: %0 =(2,%,5¢,--), %1 = (L, =5, 3¢,--.);
CaseIV: xg = (-2,3,-%,...), 41 = (5,-0.5,0.05,...).
. n n 2n 3n 4n 2n : : :
Also, we consider 7, € {575, 5775 5,137 11’ 51 53 » Which satisfies Assumption (C4).

We use Algorithm (1.13) and Algorithm 2 for the experiment and report the numerical
results in Table 2 and Fig. 2.

7 Conclusion

We studied the problem of finding the solution of a system of monotone variational in-
clusion problems with the constraint of a fixed-point set of quasipseudocontractive map-
pings. We proposed a new iterative method that employs an inertial technique with a self-
adaptive step size for approximating the solution of the problem in Hilbert spaces and
proved a strong-convergence result for the proposed method under some mild conditions.
We further applied our results to study related optimization problems and presented some
numerical experiments with graphical illustration to demonstrate the efficiency and ap-
plicability of our proposed method. In Examples 6.1 and 6.2, we checked the dependency
of key parameters for each starting point in order to determine if their choices affect the
performance of our method. We can see from the tables and graphs that the number of
iterations and CPU times for our proposed method remain consistent and well behaved
for different choices of these key parameters and that our method is more efficient and

outperforms a related method.
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