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1 Introduction

Nonlinear parabolic variational inequalities and PDEs are useful tools to model the cou-
pled biochemical interactions of microbial cells, which are crucial to numerous applica-
tions, especially in the medical field and food production [16, 19, 21]. We consider here a

nonlinear parabolic system consisting of PDEs and variational inequalities:

(3, A —div(DAVA) - F(A,B))(A- x)=0 inQx (0,T), (1.1a)
3,A —div(D4VA) < F(A,B) inQ x (0,7), (1.1b)
A<y inQx(0,T7), (1.1¢)
3,B—div(DgVB) = G(A,B) in x (0,T), (1.1d)
(4,B)=(0,0) on (3R x (0,7))?, (1.1e)
(A(x,0), B(x,0)) = (Aini, Bini) in (2 x {0})™. (1.1f)

Numerical approximation in parabolic systems of inequalities and generalization of in-
equalities have received considerable attention in the research literature. Wheeler [23] ob-
tains the error estimate of second order in L>(L?) for a linear approximation with respect
to space and time, with a strong regularity on the solutions, such as 3,8 € L2(0, T, L*(2)).
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Johnson [17] analyzes inequality (1.1a), in which F = 0 and Dy is constant. The work in [4]
considers a model without the barrier and provides O(k) order of convergence in L>(L?)-
norm. An L%-error estimate is provided in different studies, such as [5], by using a finite
difference in time. Vuik [22] deals with parabolic variational inequalities with a nonlin-
ear source term and derives the convergence rate of the finite element method in space
with respect to L*°-norm. He also shows that the general finite difference gives O(%) in
L°°(L*)-norm under a strong hypothesis on data. Saker et al. [20] discuss the discrete and
continuous forms of a Carlson-type inequality, and [18] introduces Minkowski’s inequality
by using AB-fractional integral operators.

However, there is a lack of full convergence analyses of numerical schemes for the model
(1.1a)—(1.1f) since the coupled nonlinearity of the system and the constraint (the inequal-
ity) in the model comprise the primary theoretical challenge. It appears that considerable
research is still required, beginning with convergence analysis and testing other varieties
of scheme outside conforming methods. Rather than undertaking individual research for
every numerical scheme, this work utilizes a gradient discretization method (GDM) to
provide a unified and full convergence analysis of numerical methods for (1.1a)—(1.1f) un-
der natural hypotheses on data. The GDM is a generic framework to unify the numerical
analysis for diffusion partial differential equations and their corresponding problems. Due
to the variety of choice of the discrete elements in the GDM, a series of conforming and
nonconforming numerical schemes can be included in the GDM, see [2, 3, 6, 9-13] for
more details.

The outline of this paper is as follows. Section 2 is devoted to writing the model (1.1a)—
(1.1f) in an equivalent weak sense. Section 3 defines the discrete space and functions fol-
lowed by the gradient scheme to our model in the weak sense. Section 4 provides the con-
vergence results, Theorem 4.5, which is proved by following the compactness technique
under classical hypothesis on continuous model data. Finally, as an example, we present
in Sect. 5 the nonconforming PP1 finite element scheme that has not been applied to the
nonlinear model (1.1a)—(1.1f), yet.

2 Continuous setting
Hypothesis 2.1 We assume the following:

(1) Q C R%d > 1) is a bounded connected open set, and T > 0,

(2) Dy,Dp: Q2 — My(R) are measurable functions (where M4(R) consists of d x d
matrices) and there exist dy,dy > 0 such that for a.e.x € Q, Da(x) and Dp(x) are
symmetric with eigenvalues in [dy,d,],

(3) the constraint function x is in H(Q) N C(Q) such that x > 0 on the domain
boundary 92,

(4) F and G are smooth and Lipschitz functions on R? with Lipschitz constants M and
M, respectively, and M = max(M;, M,),

(5) Aini € W*>(Q)NK, where K := {p € H}(Q) : ¢ < x(¢) in Q} and Bin; € W (Q).

With the above Hypothesis 2.1, we consider the time-dependent closed convex set
K:= {ga € LZ(O, T;Hé(Q)) :@(t) e K fora.e. t € (0, T)}.

It is clear that the time-dependent K contains at least the constant in time function ¢
x~ :=min(0, x).
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Definition 2.2 (Weak formulation) Under Hypothesis 2.1, we say that (A4, B) is a weak
solution of (1.1a)—(1.1f) if the following properties and relations hold:

(1) A e KNC[0, TIL*(R),A(0) = Aini, ,A € L*(0, T; LX(R)),

(2) Be C([0, T1;L*(2), B(-,0) = Bini, ;B € L*(0, T; H™1(R)),

(3) forall ¢ € K, and for all ¢ € L?(0, T; Hi(2)),

T
/ /8tA(x,t)(A( ,8) — p(x, 1)) dx de
0 Q

T
+/ /DAVA-V(A—@(x,t)dxdt (2.1a)

// (A,B)(A(x,t) — p(x,0)) dxdt, and

/ (8B, 0), ¥ (%, )1 1 dE + / / Dg(x)VB(x,t) - Vir(x,t) dx dt
(2.1b)

/ / Ax,8), B, 1))y (,t) dx dt,

where (-, ) -1 41 is the duality product between H(2) and H'(2).

3 Discrete setting

We begin with defining the discrete space and operators. These discrete elements are
slightly different from those defined in [2, 3], in particular, xp, Ip, and Jp are introduced
to deal with the nonconstant barrier x and the initial solutions A;,; and Bjy;.

Definition 3.1 (GD for time-dependent obstacle problem) Let €2 be an open domain of
R4 (d > 1) and T > 0. A gradient discretization D is defined by D = (Xp o, [Ip, Vp, xp, Ip,
Jps (£),20,..n), Where:
(1) The discrete set Xp is a finite-dimensional vector space over R, taking into
account the homogenous Dirichlet boundary condition (1.1e).
(2) The linear operator Ip : Xpo — L2(R2) is the reconstruction of the approximate
function.
(3) The linear operator Vp : Xpo — L2(R2)? is the reconstruction of the gradient of the
function, and must be chosen so that || Vp - ||;2(q)e is @ norm on Xp .
(4) xp € L*(RQ) is an approximation of the barrier .
(5) Ip: W>*(Q)NK — Kp :={p € Xpo: [Ipy < xp, in Q} is a linear and continuous
interpolation operator for the initial solution Ajp;.
(6) Jp: W2**(Q) — Xp is a linear and continuous interpolation operator for the
solution Bijy;.
7) tO=0<tWc...ctW =T

Remark 3.2 For a general obstacle x, most of numerical methods fail to approximate the
solution A by elements inside the set Cp. For an example, in the P1 finite element method,
we consider only the values of A at the vertices of the mesh, which only guarantee that
these values satisfy the barrier condition (1.1c) only at these vertices, not necessarily at
any point in Q. We define here the set Kp based on the approximate barrier {p to be
able to construct an interpolant that belongs to KXp. However, there is no need to use an
approximate barrier, if the barrier x is assumed to be constant.
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For any ¢ = (¢™),-,.x € Xg,’[}, we define space—time functions as follows: the re-
constructed function ITpe : Q@ x [0, 7] — R and the reconstructed gradient Vpg : Q x
[0, T] — R¥ are given by:

Mpe(-,0) = Mpe® and Vn=0,...,N - 1,Vt € (¢, V], vx € ©,
Mpe(x, 1) = Tipe""*V(x) and Vpe(x, £) = VooV ().

.....

derivative pgp € L®(0, T; L*(2)) of ¢ € X%}lz is defined by

oed) Mpp™V — Mpe
D T

1 ’

oD Vn=0,...,N—1and ¢ € (£, "]
at n+§

Spe(t) =4

In order to construct a good approximate scheme, we require four properties: coercivity,

consistency, limit-conformity, and compactness. The first three respectively connect to

the Poincaré inequality, the interpolation error, and the Stokes formula. The compactness
property enables us to deal with the nonlinearity caused by the reaction terms F and G.

Definition 3.3 (Coercivity) If D is a gradient discretization, set

Mol 2

Cp= max ——7,
9eXpo\(0} | VDol 12(q)

A sequence (Dy,),en of gradient discretizations is coercive if (Cp,,)men remains bounded.

Definition 3.4 (Consistency) If D is a gradient discretization, let Sp : L — [0, 00) and
Sp : HY(R) — [0,00) be defined by

Ywel, Spw)= wfenlicn (||HD§0 — w2 + IVDe - VW”LZ(Q)d): (3.1)
D

Vwe Hy(@), Sp(w)= min (ITpy - wlize + IVow =V lig). (3.2)
D,0

A sequence (D,,),,en of gradient discretizations is consistent if, as m — 0o,
o forallwe C, Sp,,(w) — 0,
o forall we H}(R), Sp,, (w) — 0,
« forallwe W2>(Q) N K, Mp, Ip,w — w strongly in L*(2),
o forallwe W2>(Q), lp, Jp,,w — w strongly in L*(R2),
(IIVD,, I, Ainill 12(Q)d )men is bounded,

.

. (Stpm — 0.

Definition 3.5 (Limit-conformity) If D is a gradient discretization, let Wp : Hgiy(S2) :=
(¥ € LX(Q)?: divyy € L*(Q2)} — [0, +00) be defined by

Wop) = sup daVDe ¥+ Topdivy)dsl

(3.3)
9eXp\{0) VDol 20

A sequence (D,,)men of gradient discretizations is limit-conforming if for all € Hy;, (Q2),
Wp,,(¥) — 0,as m — oo.
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Definition 3.6 (Compactness) A sequence of gradient discretizations (D,,)cn is com-
pact if, for any sequence (¢)men € Xp,,0 such that (| Vp,,@mll12())men is bounded, the

sequence (ITp,, ¢m)men is relatively compact in L% (Q).

Definition 3.7 (Gradient scheme problem) Find sequences A = (A", 0. N> B =
(B"),z0..n) € Kp x Xpy such that (A9, B©) = (IpAini, JpBini) € Kp x Xp, for all
n=0,...,N-1,forall ¢ € Kp, and for all ¥ € Xp,

/Q 59D A )T p (A" (x) — o)) dx
+ / D, (x)VpA" PV (x) - Vp (A" V(x) - p(x)) dx (3.4a)
Q
< /Q F(MpA"D, TTpB" V) (A" (x) - p(x)) dedt, and

/ 529 Ba) Ty (x) e + / Dy () VBV () - Vo (x) dx
¢ ¢ (3.4b)
_ / G(MpA™Y, TpB™ V) Ty (x) drdr.
Q

4 Main results
Let the time interval [0, T] be divided into ¢, intervals of length «, where k tends to zero as
¢, — oo. Let 1, be the characteristic function of I; = [ix, (i + 1)k), i = 0,...,£{,. We define

a set of piecewise-constant in time functions by

Ui
Le=wex 1) = Z 1,()pix):p € Cg(ﬁ) andp < x inQae.{. (4.1)

i=1

Lemma 4.1 For T >0, let (D), cn be a sequence of gradient discretizations that is consis-

tent. Let w, € L, be a piecewise constant in time function, where L, is the set defined by

,,,,,

meN, and, as m — oo,

p,, W — W, strongly in LZ(Q x (0, T)), (4.2a)

Vp,,Wm — VW, strongly in LZ(Q x (0, T))d. (4.2b)

Proof Write w, (x,¢) = Zfﬁl 1, (t)¢i(x), where ¢; € C§° (Q)N K. Let s € (0, T) and choose
n := n(s) such that s e (t"), D] Let w,, € Xp,o be defined by w, =
Zfﬁl 1, (") Py, ¢;, where

Pp,,(¢) = argmin(||Mp,,® - ¢l 2) + | VD,,@ = Vol 20)a)- (4.3)

welCDm
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Fori=1,...,¢., we define & :(0,T) — R by & (s) = 1,,(t"®*V) for s € (0, T). Using the
relation ab — ¢d = (a — ¢)b + ¢(b — d), we obtain, for all s € (0, T) and a.e. x € 2,

ZK
(M, Wi — W) ®,5) = Y (&},(5) — 1,,(5)) Tp,, Pp,, ()

i=1
Lie

+ Z 1;(s)(Ilp,, Pp,,¢; — ¢:)(x).

i=1

An application of the definition of Sp,, yields

Lie
LD, Wi = Wl 20,y < D NEm () = 1) | 20,1 1T1D, Py bl 20
i=1

L
+ Z |1;,(s) “L2(0,T) Ip,, Pp,, ¢ — dill 12
Z = (4.4)

< Y 1609 = 146)]| 2017 (S (@) + 104l 20)

i=1

el(
+C1 Y Sp,,(#),

i=1

where C; = Zf:l 117111207~ Using consistency, one obtains Sp,, (¢;) — 0 as m — oo, for
any i = 0,...,¢,, which implies that the second term on the right-hand side vanishes. In
the case in which both s, {1 € [; or both s, £+ ¢ [, the quantity &/ (s) — 1;,(s) equals
zero. In the case in which s € I; and t"®9*D ¢ [, or s ¢ I; and £7®*) € [, one can deduce,

writing I; = [a;, b;] and because s is chosen such that |s — t"*D| < 8tp,,,

||E,il(s) —1;(s) H1L72(0,T) < measure([ai —8tp,,,a; + 8tp, | U [b; — 8tp,,, b + 8tDm])

< 45tpm.

This shows that the first term on the right-hand side of (4.4) tends to zero when m —
00. Hence, (4.2a) is concluded. The proof of (4.2b) is obtained by the same reasoning,
replacing w, by Vw, and I1p, w,, by Vp, w,. 0

Lemma 4.2 (Energy estimates) Let Hypothesis 2.1 hold. If D is a gradient discretization

such thatép < ﬁ, Kp isa nonempty set,and (A, B) € Kp x Xp is a solution of the approx-

imate scheme (3.4a)—(3.4b), then there exists a constant C, > 0 only depending on 2, d;,
T, M, Co := max(F(0), G(0)), IMpIpAinill 2y IVDIDVAiill 20> and |T1p)pBinillz2 (o),
such that

18DAll 2@x0,1)) + IVDAl oo (0, 7512(02)9)
(4.5)

+ DBl 0, 1:22(0)) + IVDBl 122 (0,17)d < Ca-
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Proof We start by taking ¢ := A" (it belongs to Cp) and the function v :=§ ¢+ 3) B+
(3.4a)—(3.4b) to get

(St("+%)/|8g+%)A|2dx+/DAVDA(”“)~VD(A(”“)—A(”))dx
Q Q

L (4.6)
< (St(’”%) / F(HDA(H+1)’ HDB(ml))S(ij)A dx,
Q
and
/(H B (%) - MTpB"™ (x)) 1BV (x) dx
t(n+1
/ / DB|VDB<"+1>(x)]2dxdt 4.7)
Q

_ 51D / G(MpA" (@), BV (1) [1 B (x) .
Q

Applying the fact that (r —s) - r > %lr|2 - %|s|2 to the second term on the left-hand side of
(4.6) and to the first term on the left-hand side of (4.7), it follows that

5t<n+%)/|8(£+%)A|2dx+ %/(WDA("”)P— [VpA"[") dx
Q Q

sat(“%)/F(n A, T B00) 552 4 d,
Q

and

n+1)

/[|1‘I B V()| - |MpB” (@) [] dx+d1/ /|V B V()| dedt

< ¢+ ) / G(MpU"™ (&), BV (x)) [1p B (x) dx.
Q

Summing the above inequalities over n € [0,m — 1], where m = 0,..., N gives

18DA N2 0 00 + (H VDA™ g0 = [ VDA [ 2(0)
- (4.8)
52&(”*%)/ F(TTpA"™), TTpB"* D)% 2 4 dy,
n=0 Q
and
m-1
(||“DB iz = M0 2y + o 35872 [ B 1y
n=0 (4.9)

-1
<Y simd) / G(MpA™™ (x), BV (x)) pB"*V () da.
Q

N

T
IS

Page 7 of 18
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This, together with the Cauchy—Schwarz inequality, implies that

18DAN2: g 0.0y + (||va 2t = VDA [ 2(00)

m
< Z 5t(n+%) HF(I‘IDA(”“), I—IDB(n+1))

n=0

HL2 Qx(0,T)) H8 n+2 A”L2 (2x(0,1))

and
m—-1

(||H B oy = [M10BO [ ag) + 2 Y 8672 | VDB 1y
n=0

m
<38 D G(MpA" Y, B V) | aig 0y [T10B | 12 .-
n=0

Using the Lipschitz condition, we arrive at

||5DA||L2 Qx(0,40m)) (H VpA” ||L2(Q)d = [vpA® ”iZ(Q)d)
- (n+ 1)
Z ”517 ’ AHL2(Q><(O,t))

n=0
< (M TpA™ V] ) + M[TIpB™ 0 + Co),
and
m-1

(”HDB(M ||L2 - ”HDB ||L2 () +d228t g |VDB ||L2
n=0

m
= Z 8¢+ (M| T1pBOY ”iz(sz)
n=0

+M|| MpB"Y ”LZ(Q) I MpB"+Y ”LZ(Q) +Col| MpB™Y ||L2(Q))'

This, together with Young’s inequality, gives, whenever 1 — Z?:l £ >0,

d
1804172 g g my + 5 (1VPA™ [aigya = [ VDA [2g00)

3

& 1
Z D) "SDA "3 ”L2 Qx(0,8)) (4.10)
i=1

M 1
30t (oA g 0B g + 561,

and

m-1

1
2 (“ MpB™ “iz(n)d - ” MpBY ”iz(n)d) +dy Z St(”*%) ” VpB" ”22(9)‘1
n=0
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<3 gD <M(1+ _)||n B

n=0

& &
oA g+ 2

Thanks to Gronwall inequality [15, Lemma 5.1], inequality (4.11) can be rewritten as

m—-1
L B 2 s 350D [V
n=0
Tes , & nel (n+1) 0)
( c zat oA [y * H1T0BO g )

where C; depends on T, M, and &4. Combining this inequality with (4.10) yields

3
di M & C (m) |2
(2— Z z)HapA”LZ Qx Otm>)) (? + 2_81 - Ee 3 H VpAY" ”LZ(Q)d

i=1

1
D) ” HDB(W[)(")HEZ(Q) +(dy - —— ”VDB %, t)HLZ Qx(0,60m))d

T Te e®
()3 Do g 0 S B

Taking the supremum over m € [0,N] and using the real inequality sup,(r, + s,) <

sup,(r,) + sup ,(s,), we obtain the desired estimates.

In the following definition, we introduce a dual norm [8], which is defined on the space

[p(Xpe) C L%(R), to ensure the required compactness results.

Definition 4.3 If D is a gradient discretization, then the dual norm || - ||,p on IIp(Xpyp)

is given by

YU e Ip(Xp,),

IUllp = sup{ / U@ py () dx sy € Xpo, [Vov 2y = 1}.
Q

Lemma 4.4 Under Hypothesis 2.1, let D be a gradient discretization, which is coercive. If
B € Xpy satisfies (3.4b), then there exists a constant Cy depending only on C1, M, 2, T,

and |TpBY| 2, such that

T
/0 [8pB(®)|2 ,dt < Cs.

Page 9 of 18
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Proof Putting ¥ = ¢ in (3.4b), together with the Cauchy—Schwarz inequality and the co-
ercivity property, implies

/ 59D B(x) [T p b ) e
Q

< do|[ VDBV 1o g 01y | VDRl 22 0,0
+ (M TDB" Y| aio.my + MITIDA | 20 0.1y + Co) 1T 1200
< IVl 2 da], VpB"Y ||L2(Q><(0,T))d

+Cp (M” MpB"*! y T M“ MpA®Y ||L2(Q><(O,T)) + CO)]-

)
||L2(Q><(0,T)

Taking the supremum over ¢ € Xpo with [|Vpe|l;2ge = 1, multiplying by 8t sum-

ming over # € [0, N — 1], and using (4.5) yield the desired estimate. O

Theorem 4.5 Under Hypothesis (2.1), let (D) men be a sequence of gradient discretiza-
tions, that is coercive, limit-conforming, consistent, compact, and such that Kp,, is a
nonempty set for any m € N. For m € N, let (A,,;,B,,) € IC%'::'I X Xg’;fol be solutions to
the scheme (3.4a)—(3.4b) with D = D,,. Then there exists a solution (A, B) for the discrete
problem (2.1a)—(2.1b), and a subsequence of gradient discretizations, indexed by (D,,) men,
such that, as m — 0o,

(1) Mp,, A, — A and Tp, B,, — B strongly in L=(0, T; L*(2)),

(2) Vp, Ay — VA and Vp, B,, — VB strongly in L*(Q x (0, T)),

(3) 8p,,Am converges weakly to 3,A in L2(2 x (0,T)).

Proof The proof is divided into four stages and its idea is inspired by [1].
Step 1: Existence of approximate solutions. At (n+ 1), we see that (3.4a) and (3.4b) respec-

n+l

tively express a system of nonlinear elliptic variational inequality on A”*! and nonlinear

equations on BV, For w = (w1, ws) € Kp x Xp, we see that (4, B) € Kp x Xp satisfies

a(A("“),A("*” - <p) < L(A("“) - <p), Vo € Kp, and (4.14a)

B(n+1) _ pln)
/ Mp————@)py () + / DsVpB" (%) - Vo (x) dx
Q seir+2) Q (4.14b)

=/G(HDW1,HDW2)HD¢(x)dx, Vi € Xp,o,
Q

where o := ( L and the bilinear and linear forms are defined by

5tn+7)

a(qb,z):a/HD¢HDzdx+DA/VD¢-VDzdx, V¢,z€ Kp and
Q Q

L(Z):/F(HDWI,HDWQ)HDde+Ol/ NpA®Tpzdx, VzeKp.
Q Q

Stampacchia’s theorem implies that there exists A € KCp satisfying inequality (4.14a).
The second equation (4.14b) describes a linear square system. Taking ¢ = B"*V in

Page 10 of 18
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(4.14b), using the similar reasoning as in the proof of Lemma 4.2, and setting G = 0
yield || VpBYD|| 2@ = 0. This shows that the matrix corresponding to the linear sys-
tem is invertible. Consider the continuous mapping T : Kp x Xpo — Kp X Xp o, where
T(w) = (A, B) with (A, B) being the solution to (4.14a)—(4.14b). The existence of a solution
(A, Bi+1)y to the nonlinear system is a consequence of Brouwer’s fixed point theorem.

Step 2: Strong convergence of Tlp,, A, and Np,, B, in L>°(0, T; L*(2)) and the weak con-
vergence of 8p,, A in L*(2 x (0,T)). Applying estimate (4.5) to the sequence of solu-
tions ((A ) men, (Bm)men) of the scheme (3.42)—(3.4b) shows that both || Vp,, A [l 12 (0,194
and || Vp,,Bull;2@x o, are bounded. Using [8, Lemma 4.8], there exists a sequence,
still denoted by (DI),,cn, and A4, B € L*(0, T; HA(2)) such that, as m — oo, [Tp,,A,, con-
verges weakly to A in L*(Q x (0, T)), Vp,,Am converges weakly to VA in L% x (0, T))4,
Ip,,B,, converges weakly to B in L2(Q x (0, T)), and Vp,,B,, converges weakly to VB in
L*(22 x (0,T))". Since A,, € Kp,,, passing to the limit in TTp, A4, < x in Q shows that
A < x in Q. Thanks to [8, Theorem 4.31], estimate (4.5) shows that A € C([0, T]; L%(2)),
Ip,, A, converges strongly to A in L0, T; L*(R2)), and 8p,,Am converges weakly to 9,A
in L2(0, T; L2()).

Let us show the strong convergence of Ip,, B,, to B in L®(0, T; L*(2)). Indeed, Ip, B,,
converges strongly to B in L*(Q x (0, T)), thanks to estimate (4.13), consistency, limit-
conformity, and compactness, as well as [8, Theorem 4.14]. We can apply the domi-
nated convergence theorem to show that G(I1p,, A, [1p,, Bim) — G(A,B)in L2(2 x (0, T)),
thanks to the assumptions on G given in Hypothesis 2.1.

Let £y € [0, T] and define the sequence ¢, € [0, T] such that £, — &, as m — oco. Con-
sider k(m) € [0,N,, — 1] such that k,, € (£, ¢s0m+1], Following the technique used in

Lemma 4.2, one can obtain

1

2
E/Q(npms(x,tm)) dx

1 £(s0m))
=5 / (Mp,, I, Bini(%))” dx — / / Dy(Vp, B, 1) dreds (4.15)
Q 0 Q
£ls(m)
< / / G(Mp, A, 1), p,, B, 1)) [p,, B, ) dxdt.
0 Q

Using the characteristic function, it is obvious that, as m — oo,
p,,Bn — B strongly in Lz(Q x (0, T)) and
I[O,L(S(m))]VB — I[O,IO]VB strongly in L? (Q x (0, T))d.
These convergence results imply that
to
/0 /Q D3(VB(x, 1))’ dx dt

s(m))

£
/ / 114D (VB(x, 1))’ dx dt
0 Q

T
lim / / l[o,t(SW))]DBVB(xr t)- Vp, Bn(x, t)dxdt
0 Q

m—> 00
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= 1jnfgiol<13f(|| 1[o,t(s(m>)] VB||L2(Q><(0,T))d -l 1[0,;<s(m>>] DgVp,, B ||L2(Q><(o,T))d)
= || l[O,t()] VB”LZ(QX(O,T))d . lilfnn—lgollf || 1[0,[(5(W‘))]DBV'DW,BWI ”LZ(QX(O,T))d .

Dividing this inequality by [|1(0,,) VBl L2(@x(0,T))d 8lves

#(s(m))

to _
/ / D3(VB(x,2))” dxdt < liminf / / D3(Vop, Bu(x 1)’ drde. (4.16)
0o Ja m=o0 Jo Q

Passing to the limit superior in (4.15), we arrive at

limsup%/(HDmBm(x,tm))de
m—>00 Q
g rae [° Bx. )
=3 /Q Bini(x)* dx /0 /Q Dg(VB(x,t))” dxdt (4.17)
+/Oto/QG(A(x,t),B(x,t))B(x,t)dxdt.

Letting ¢ = Bl[o,to](t) in (3.4b) and integrating by parts, we obtain

1 [ - ‘0 .
5 /Q (B, t0))” dx + /0 /Q Dy(VB(x, 1)’ dxde

o (4.18)
1 - _ _
= —/Bim(x)zdx+/ /G(A(x,t),B(x,t))B(x,t)dxdt.
2 Ja 0o Ja
From (4.17) and (4.18), we obtain
limsup / (T, By, 1,,))” dx < / Bx, t)* dx. (4.19)
m—oo JQ Q

Estimates (4.5) and (4.13), together with [8, Theorem 4.19], imply the weak convergence of
(Ip,, Bm)men to Bin L*(R); it is indeed uniform in [0, T]. This yields the weak convergence
of Tp,, B,u(-8m) to B(-, ty) in L*(£2). As a consequence of estimate (4.19), this convergence
of Mp,,By(:,s,) holds in the strong sense in L2(£2). With the continuity of B:[0,T] —
L?(R2), we can apply [8, Lemma C.13] to conclude the strong convergence of I1p,,B,, in
L>®(0, T; L2(2)).

Step 3: Convergence towards the solution of the continuous model. Recall that AD -
IDmAinj, therefore the consistency shows that HDmAﬁg) converges strongly to Aj,; in L% (),
as m — oo. Hence, A € C([0, T]; L*(2)) N K and A satisfies all the conditions except for
the integral inequality imposed on the exact solution of problem (2.1a). Let us now show
that this integral relation holds. With Hypothesis 2.1, the dominated convergence theo-
rem leads to F(Ilp,, A, Ip,, Bim) — F(A,B) in L*( x (0, T)). The L>-weak convergence
of Vp, A, yields

m—> 00

T T
/ / D, VA - VAdxdt < liminf / / D4Vop, Ay - Vp, A, dxdt. (4.20)
0 Q 0 Q

Fix« > 0and let w, € L, where L, is defined by (4.1). Thanks to Lemma 4.1, there exists
a sequence (Wy,);en such that wy, € IC%’;”, and Ip,,w,, — W, strongly in L2($ x (0, T))
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and Vp,, w,, = Vw, strongly in L2(2 x (0, T))“. Setting ¢ := w,, as a generic function in
(3.4a), inequality (4.20) implies that

T
/ /DAVA-vAdxdt
0 Q

T
< 11m1nf|:/ / F(HDmAm, anBm)HDm (A, —wy,) dxdt
0 Q

m— 00

T T
+ / / DAVDmAm -V, Wi dxdt — / / aDmAman (A —wp) dxdt]
0 Q 0 Q

With the weak—strong convergences, we pass to the limit in this relation to obtain, for all

we €L, andall« >0,

T T
/ /at;l(x,t)(u—w,()(x,t)dxdt+/ /DAVA-V(A—WK)(x,t)dxdt
0 Q 0 Q

! A = -
= /0 /QF(A(x’ 1), B(x,1))(A - w,)(x,t) dx dt.

By the density of the set C3°(€2) N K in K proved in [14], every ¢ € K can be approxi-
mated by a piecewise constant function in time w, € L, such that w, — ¢ strongly in
L*(0, T; H}(S2)) as k — 0 (note that w, < x in  x (0, T)). Hence, (2.1a) is verified.

Let us verify the integral equality (2.1b). Let ¥ be a generic function in the space
L2(0, T; L2(R2)) which satisfies 3, € L*(2 x (0, T)) and y(T,-) = 0. Using the technique

.....

1
in L2(0, T; L*()) and 8p,, W,, — 9; strongly in L2(2 x (0, T)). Take ¢ = 8t5,7+2)w5:,’) as a

generic function in (3.4b) and sum over # € [0,N,, — 1] to get

Ny-1
> / [Mp,,BY x) — Mp,, B™ (x) | Mp,, w' (x) dx
n=0 7%

T
" / / Dy(x)V, By, 8) - Voo, Wy, ) dx dt (4.21)
0 Q
T

= / / G(Mp,, A, 1), Ip,, B, 1)) p,, W (%, t) dx de.

0 Q
Applying [8, Eq. (D.15)] to the right-hand side yields, thanks to w) = 0,
T
- / / Mp,,Bu(%,t)5p,, W (%, t) dx dt — / Mp,, B (x)p,, w9 (x) dx
0 Q Q

T
+ / / D)V, Bin(®,£) - Vi, Wi, £) dac dt
0 Q

T
= / / G(Mp, A, 1), p,, B, 1)) p,, w,(%,t) dx dt.
0 Q
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Using the consistency, we see that anBLS) =Ip, Jp,,Bini = Bini in L*(Q2). This, when
passing to the limit m — oo, implies, for all ¥ in L2(0, T; H!(R)),

—/OT/Qatl//(x,t)B(x,t)dxdt+/OT/QDBVB~Vlﬁ(x,t)dxdt
_ / ' / G(A, By (x, 1) da .
0 Q

Since C®([0, T]; H'(R)) is dense in L2(0, T; H(R2)), integrating by parts shows that the
above equality can be expressed in the sense of distributions, which is equivalent to (2.1b).

Step 4: Proof of the strong convergence of Vp, A, and Vp, B,,. From the weak—strong
convergences, we have, for all w, € L,

T
lim sup/ / DuVop, Am - VD, Andxdt
0 Jo

m— 00

S/OT/QF(A,B)(A—Vvk)dxdt

T T
+/ /DAVA.VV'V,(dxdt—/ /atA(A—ﬁ/K)dxdt.
0 Q 0 Q

Thanks to the density results, for any ¢ € K, we can find (w,),o that converges to ¢ in
L%(0, T; HY(R2)), as k — 0. Therefore, we infer, for all ¢ € K,

T
limsup/ /DAVDmAm -Vp, A dxdt
0 Ja

m— 00

E/OT/QF(A,B)(A—w)dxdt

T T
+/ /DAVA-wdxdt—/ /atzzl(;l—go)dxdt.
0 Q 0 Q

Taking ¢ = A, the above relation yields

T T
lim sup/ / DuVp, Ay - Vp,Andxdt < / / D,VA -VAdxdt.
o Ja o Ja

m— 00

Together with (4.20), we obtain

T T
lim / / DaVp,,Ap - Vp, Ay dxdt = / / D,VA - VAdxdt,
0 Q 0 Q

m— 00

which implies

T
Ofdllimsup/ /|VA—VDmAm|2dxdt
o Ja

m—> 00

T T
< 1imsup|:/ /DAVA-VA+/ /DAVDmAm-VDmAmdxdt
m—00 0 Q 0 Q

T
—2/ /DAVA~VDmAmdxdt:|:O,
0 Q
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showing that Vip, A,, — VA strongly in L*(2 x (0, T))?. To show the strong convergence
of Vp,,B,,, we begin by writing

T
/ / (V0 Bl ) = VB, ) - (Vi Bl ) — VB, 1) e dt
0 Q

T
=/ /VDmBm(x,t)~VDmBm(x,t)dxdt
0 Je (4.22)

T —_
- / / Vb, B(%,t) - VB(x, ) dx dt
0 Q
T —_ -
- / / VB, 1) - (Vp,,Bu(x, t) — VB(x,t)) dx dt.
0 Q

Setting v := B,, in (3.4b) and ¥ = B in (2.1b), and taking D3(x) = Id, when passing to the

limit superior, yields

T
lim sup/ / Vo, Bn*,t) - Vp, Bu(x,t) dxdt
0o Ja

m— 00

_ /0 ! /Q G(A, B)B(x, £) dx dt - /0 ' /Q 3B, 0)Blx, ) dx dt
_ / ! / VB, £) - VB, £) dr dt.
0 Q

Passing to the limit in (4.22) and using the above inequality, we reach the desired conver-

gence result. d

5 An example of schemes covered by the analysis
Many numerical schemes fit into the analysis provided in this work. We construct here the
nonconforming P1 finite element scheme for our model. Let 7 = (M, &) be the polytopal
mesh of 2 defined in [8, Definition 7.2], in which M and £ consist of cells K and edges o,
respectively. The elements of gradient discretization D associated with the nonconform-
ing IP1 finite element scheme are:

o Xpo={w=Ws)see:Ws € Rand w, =0 for all 0 € ey}

o Forallwe Xpgand forall K € M, forae.x €K,

Mpw() = Y wee(®),

el

where ef, is a basis function.
o Forallwe Xpgand all K € M, fora.e.x € K,

(Vow)ik = V[(Mlpw) k] = Y weVeg.

UEEK

+ The approximate obstacle xp is defined by

- :=][ax(x)dx.

Page 15 0f 18
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+ For all w € W**(Q), we can construct the interpolants Ipw = Jpw = (z4)sce With
Zo = W(Xy).

Substituting these elements into scheme (3.4a)—(3.4b) yields the nonconforming P1 fi-
nite element scheme for problem (2.1a)—(2.1b) and its convergence is therefore obtained
from Theorem 4.5. Droniou et al. [7] show that D given here satisfies the three prop-
erties, namely coercivity, limit-conformity, and compactness. Let us discuss the consis-
tency property in the sense of Definition 3.4. It is shown in [7] that gpm(w) — 0, for all
¥ € H} (), which verifies the second item. Similarly, we can prove that Sp,, () — 0 for all
@ € CH(Q) N K. For any ¢, let w = (w, )sce € Xp,o be the interpolant such that w, = ¢(%,),
forall o € £. We clearly deduce ITpg < xp in Q2. By the density results established in [14],
we see that the first item is fulfilled.

Let ¢, = (W5 )oes,, € Kp,, and ¥, = Wy )oeg,, € Xp,, 0 be the interpolants such that ¢, =
Ip,,Aini and ¥, = Jp,, Bini. Now [8, (B.11) in Lemma B.7] with p = 2 shows that there exist
Cs, Cs > 0 not depending on m such that

I Aini = Ml Ainill72 ) < C3H, | VAmill72q,  and

”Bini - HD]DmBini”iZ(Q) =< Céhz m ||VBini||%2(Q)‘

Passing to the limit, we see the right-hand sides tend to 0 (thanks to the classical regu-
larity hypothesis on Aiy and Biy;), and therefore the third and fourth items of the consis-
tency property are verified. Finally, it is established in [8, proof of Theorem 12.12] that,
for ¢ € W#(Q2), we can construct a function w,, = (ws)sce,, € Kp,, and find a C; > 0 not

depending on m such that

VD, 0mll @y < CrIVOll p (e

Applying this estimate (with p = 2) to ¢ = Ay and w,, = Ip,,Aini, we deduce that
VD, Ip,, Ainill 20 is bounded.

The nonconforming P1 finite element method for problem (1.1a)—(1.1f) is such that, for
alln=0,...,N -1, the following holds:

ol (n+1 ) 1 (n+1 1
(W(AUVH—) n Z |0,|An+ Ny, — |I(|F(An+)Bn+ )

UESK

X (Af,’”l) - Xa) =0, forall K e M andforallo €&,

o
'( |1)(A(”+1) —AP)+ > 1olAV Ung, > [o|F(AL,BYY)  forallo €&,
8t }’l+§

o
GESK

Ag”*l) > x, forallo €g&,
o]
Stn+3)

( (n+1 B(n) Z |O,|Bn+1 NKo |O'|G( (n+1) B(n+1)),

0'681(

for all K € M and for all o € &k,
Af:”l) = Bg’”l) =0 forallo €&y,

(A9, B9) = (Aiyi(x5,0), Bini(x5,0)) forallo e £.
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6 Conclusion

We developed a gradient discretization for nonlinear system of parabolic variational in-
equalities. We established the existence of a continuous solution and convergence results
without nonphysical hypothesis on the model data. We designed a nonconforming P1
finite element method for the system of a parabolic obstacle problem and showed its con-

vergence.
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