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Abstract

In this article, we develop a novel framework to study a new class of convex functions
known as n-polynomial ?-convex functions. The purpose of this article is to establish
a new generalization of Ostrowski-type integral inequalities by using a generalized
k-fractional Hilfer—-Katugampola derivative. We employ this technique by using the
Holder and power-mean integral inequalities. We present analogs of the
Ostrowski-type integrals inequalities connected with the n-polynomial #-convex
function. Some new exceptional cases from the main results are obtained, and some
known results are recaptured. In the end, an application to special means is given as
well. The article seeks to create an exciting combination of a convex function and
special functions in fractional calculus. It is supposed that this investigation will
provide new directions in fractional calculus.
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1 Introduction
In the last few decades, fractional calculus has been viably utilized in models over an enor-
mous assortment of designing and applied science processes and structures. Fractional
calculus in, for example, fluid mechanics, including exothermal compound responses or
autocatalytic responses, characterizes the broad applications for explicit issues. It was cre-
ated as a productive strategy for comprehension and demonstrating different issues in ma-
terial science and applied mathematics. Fragmentary necessary conditions incorporate a
derivative of any unpredictable or real requirement, which will likewise be viewed as differ-
ing conditions of an overall sort. Many explorations are considered having been proposed
to upgrade demonstrating the accuracy while indicating the diffusion process, displaying
various types of viscoelastic damping, unequivocally leading to the reliance on power-law
frequencies, and modeling fragmentary Maxwell liquid streaming (see [3, 5, 20]).
Integral inequalities are among the best-known techniques relevant for numerous prac-
tical points: optimization, design, and innovation. In many fields of science and technol-
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ogy, integral inequalities in fractional strategies are dramatically more common. There has
been a focus on the massive degree of the advantages of integral inequalities in taking a
derivative and doing integration via convexity [13—16].

Presenting the idea of n-polynomial #-convex functions and characterizing the
Ostrowski-type inequalities for n-polynomial & -convex functions are the fundamental
subject of this paper. In the deterministic case, the vast majority of the results introduced
are the refinements in the general writing of the current outcomes for new and classical
convex functions.

This article is organized as follows: in Sect. 2, some basic and essential definitions and
lemmas are recalled. In Sect. 3, for n-polynomial & -convex functions, we proved an in-
equality of the Ostwoski type and related results. In Sect. 4, we give our concluding re-
marks.

2 Preliminaries
Firstly, we include some mandatory definitions and mathematical preliminaries of the frac-
tional operators of calculus, which are further used in this article.

Definition 2.1 (See [9]) Let [a1,a] be a finite or infinite interval on the real axis R =
(—00,00). By M, = (a1, a5), we denote the set of the complex-valued Lebesgue measurable
function ¥ on [ay,a5].

My(ar,az) = {w gl = f/f |V (2)|" dz < +oo}, 1<g<oo.

In the case if g = 1, we have M (a1, a,) = M(a1, a3).

Definition 2.2 (See [4]) Diaz et al. defined the k-Gamma function as
o0 Lk
T(z) = / e x dt. (2.1)
0

Here z,k > 0. We have 'y (z + k) = zI't(z) and T'x(z) = k%_lF(%).

Definition 2.3 (See [17]) Sarikaya et al. presented the left and right generalized k-
fractional integral of order w withm —1<w <m,meN, p >0, k>0, w>0. We have

1-2 g .

(35 v) (@) = k?k(;) /ﬂ1 (z* —yp)rly”’llp(y) dy, z>a, (2.2)
1-¢ ap ®

(35, v)(2) = kfl)“k(;)/z (y”—z”)rly'“"lt/f(y)dy, Z<as. (2.3)

Definition 2.4 (See [2]) Nisar et al. presented the left and right generalized k-fractional
derivative of order w can be written as in terms of the integral defined in definition (2.3),

1D v (2) = <zl-0%> (k" 238m=ey) (@), 2> ay, (2.4)

1 DY Y (2) = <z1""%> (K" 23km=y) (), z<an. (2.5)
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Definition 2.5 (See [10]) Let m -1 <w <m, 0<0 <1, meN, p>0,k>0and ¢ €
M,(a, b), the generalized k-fractional Hilfer—Katugampola derivative (left sided and right

sided) is defined as
d
oz v)e) - (2300 (= pd_z> () ) @), 26)
d m
(DL V) (2) = (2322’(’” @) (z pd_z> (kK {L-ohom=e 1//))(2) (2.7)

where 3 is the integral defined in definition (2.3).

Lemma 2.1 (See [11]) Letm—-1<w<m,0<0 <1,meN, p>0,k>0andy € My(a,b),
then

d m
ii):zul,@l/f(z) _ zszgkm—w) <Z1—pd_z> (km ]lj:flll 0)(km—w W))(Z)

d
]f?zng7w) (zlpd_z> (km Z\N/;:n w=6lkm-o ))WZ)

d
_ Z?ngmfw) (le_> (km l/j\mgl;:n w+0(kmw)}w)>(z)

((okm=)p pefhm=oly) (z) - (by using Eq. (2.4))
= (LD v ()
G312

pF ‘ p_ o\ T -1 () ;
S — z’ - )V d; by using Eq. (2.2)),
o —a) ), &) TV0)dy (by using Bq. (2:2)

where y = w + 0(km — ) and > 0 and V) is the derivative of  defined in (2.4).
So the above defined generalized k-fractional Hilfer—Katugampola derivative can be

written as

1 L z

(D27 ) (2) = m (z” —y”)%_ly"’lllf(”)(y) dy, z>a, (2.8)
pl—VT ay y-w
;D ) (2) = KT ) 0" -20) F Ty o) dy, z<a. (2.9)

Some novel definitions and generalized fractional derivative are presented in this sec-

tion. The Hermite—Hadamard inequality for a convex function ¢ : I — R is

) () )
g(y)<al ; “z) < (a2 —m)_I/ (o) dz < ST S T(E) (2.10)
2 " 2
with Vay,ay € I with a; # a,.
Ostrowski [12] established the integral inequality in 1928 for the integral average (a, —
)t f:lz ¢ (n) dn by the value ¢)(z) at z € [ay, a5).
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For ¢ : [a1,a;] — R a differentiable mapping on (a1,a;) such that e (x)| < M,
Vz € (a1, a,), the inequality

ap _ ai1+az\2
g(y)(Z)—(ﬂz—al)’lf g(y)(n)dn‘ff\/l(az—m)[lJz 2 ) ] (2.11)

4 (ay—a)?
holds for Vz € (a1, a,). Here the constant i is the least possible value.

Theorem 2.1 (See [7]) For A, ¥ > 1 with . +© = A%, and g{y) and gz(y) two integrable real-

valued functions defined on [a1, a,] such that |gfy)|)\ and |g§y)|l’ are integrable on [ay, a,],

we have

/ ” | (@6 (2)] dz
< L (["w-alsPfa) ([“@-lsP@ @) e
= — /a1 az—z]g z‘ z / 612—Z z’ z (2.12)
a 1/ pay 1
+ </ (z—a1)|g{’/)(z)|xdz> (/ (Z—d1)|§z(y)(2)|§ dz> ]

Theorem 2.2 (See [8]) For A, 0 > 1 with A+ = A%, and g{y) and gz(y) two integrable real-

valued functions defined on [a,,a,) such that |§1(y) |* and |§2(V)|’9

are integrable on (a1, a;)

/ |26 (2)] dz

1-1/x an ) 1/0
mal([ wslsete) ([fm-sielsors)

(2.13)
a 1-1/a
+ </ (z-a)|cV @[ dZ>

ap o 1/9
x(/ (e-a)|s” @)@ dz) ]

Definition 2.6 (See [21]) For & >0 and 2 C R an interval, Q is said to be #-convex if
with Vai,a, € Q and n € [0,1]

<

(na” + (1 -n)a,”)"” e @ (2.14)

Definition 2.7 (See [21]) For &#
tion ¢ : @ — R is said to be #-convex if the following inequality holds with Va,,a, € Q
and n € [0,1]:

>0and 2 C R a $-convex interval, the real-valued func-

D ([nar” + A =mas”]"") < neP(@) + 1 = )" (ay). (2.15)

Definition 2.8 (See [6]) For Q C R an interval, a real-valued function ¢ : Q — Ris said
to be harmonically convex if the following inequality holds for VYa;,a, € 2 and n € [0, 1]:

aa
g‘”(*) < 15" (@) + (1= n)s " (@). (2.16)
nay + (1 - n)a
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Definition 2.9 (See [19]) For # € N, the non-negative function ¢ : Q@ — [0, 0) is said
to be a n-polynomial convex function if the following inequality holds for Va;,a; € 2 and
n €[0,1]:

n n

s (nay + (1 -n)ay) < % Y [-a-n"c"(a) + % > [a-2")]c"(@). (2.17)

6=1 6=1

Definition 2.10 (See [1]) For # € N, the non-negative function ¢ : Q — [0,00) is said
to be a n-polynomial harmonically convex function if the following inequality holds with
Vay,a, € Q and n € [0,1]:

) < A ar )
nai + (1 -n)ay

L Lo (2.18)
<> [1--0"c"(@)+=> [(1-1")]c"(a).
n 9=1 n =1
For n = 2, we have
) aa; 3n-n* ) 2-n-n’
IS < s az) + ————¢"(a). (2.19)
nay + (1 —n)asy 2 2

Definition 2.11 (See [17]) Let n € N, # > 0 and 2 C R be a #-convex interval. Then
the non-negative real-valued function ¢ : Q — [0,00) is said to be a #-polynomial -
convex function if the following inequality holds with Va,,a; € Q and n € [0, 1]:

< ([nar” + (1 =nas”]"")
L . (2.20)

== d-a-n"]c" @)+ % > 11 -2")]s"(@2).

¥=1 =1

Remark 2.1 From Definition 2.11 we conclude:

(i) If # = -1, then Definition 2.11 becomes Definition 2.5 for an n-polynomial harmon-
ically convex function.

(ii) If # = 1, then Definition 2.11 reduces to Definition (2.4) for an n-polynomial convex
function.

Definition 2.12 The beta function B and Gaussian hypergeometric function ¥ are de-

fined by
F)l(z2) ', i}
B(z1,25) = ﬁ = / 7 1 -2t dn (21,22 >0) (2.21)
0
and
1 1
Filz1,22523,2) = ———— / 72 (1= 0321 - zn) " dn
B(z2, 23 — 22) Jo (2.22)

(z3>22> 0,12 < 1),

respectively, where I'(2) = fooo e """ dn is the Euler Gamma function.
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3 Ostrowski-type inequalities for n-polynomial &-convex function
In this section the Ostrowski inequality is proved for an n-polynomial 4 -convex function
via a generalized k-fractional Hilfer—Katugampola derivative.

Lemma 3.1 (See [18]) For a differentiable function i >0, P € R\ {0} and ™ : Q@ — R
on Q° such that ai,as € Q with ai < ay and YV e M([a1,a)), the following inequality
holds:

(2" — V'Y P(@) + (@ — 2"y (@)

PH(az —ay)
/ - P
DD e o )@+ (0 v 0)

a) —a;
(Z‘? _alj’);ul

Pl (ay —ay)

1
xf C(car” +(1-0)2") 7 WD (O ea® + (1-0)27)| de
0

(dz‘{P _ Zﬂ’);ﬁl

+ —_—
Pli(az - a)

1
x/ " (ta” +(1-¢)7’ )’TW(‘”D('P tar” +(1-0)z")|d.
0

(3.1)

Theorem 3.1 For a differentiable functionn € N, ;0 >0, ay,a, € Q with a; < ay, and w(’”
Q C (0,00) — R on Q° such that "V € M([ay,as)) and |¥**V| a n-polynomial P-
convex function satisfying |V (z)| < @, ¥z € [a1,a,], the following inequality holds for
all z € (a1,a,) and P € (1,00):

(z” —m”)“w"”(m) + (ay” —Z?)“W(“)(ﬂz)
PH(ay —ay)
_ Talu + k)
a) —a;
- 6111_‘?@ |:(ng’ _ ﬂlf)u+1 + (612‘? _Z?)M+1i|

Plen (a2 —a1)

(¥ 02 ¥)@ + (7 Dis-v) ()]

(3.2)

1 n+20+1
- -B(u-1,0-1) |,
n;[(u+1)u+9+1) u-10-D)

and the following inequality holds with Vz € (ay,a,) and P € (—00,0) U (0, 1):

2" — a1 )Py (a) + (ay” — 27) W (ay)
PH(ay —ay)
r K)o A
D B D+ ¥)@ + (Dl v) (@]
a; —a

- 6121_‘?@ |:(ng’ _ ﬂlf)u+1 + (612‘? _Z?)M+1:|

Preu (a2 —a1)

(3.3)

1 n+20+1
;92[(;1+1),u+9+1) ]B(M_Lg_l)}

Page 6 of 23
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Proof We use Lemma 3.1 to prove the inequality (3.2) for the n-polynomial & -convexity
of || to yield

" — a1 )W (ay) + (ar” - 27) W (ay)
P (ay — ay)

~ M[(g’@; V)@ + ({ Dpp-v) (2)]

a; —d

P P
J _ﬂlJ );4+1 1 _p

thea” + (1-0)") T YD ea T+ (1= 0)7)| dg

(z
T P (ay-a1) Jo
(612‘7) _ZP)/J,+1

Pl(ar - ar)

/ (€ar” + (1= 0)2") 7 |07 Vea? + (1-0)27)|dt (3.4)

(3’ a );ul 1

= Play—ay) Jo

« [i S [1- =0y ay)+ 5 31 —ge]wwzﬂ &

=1 0=1

._.
9

N

" (ea” +(1-0)2")

-P

1
[ ¢(ea” +(1-0)") 7
0

(ﬂz‘(P _ Zﬂ’);ﬁl

Pli(ay —ay)

x[%2[1-<1-¢>9]|w+1><a2>| -y qd;.

6=1 0=1

As P € (1,00), we can infer that
(ca” +(1-0)2") 7 = (car” +(1-0)") T a7, (3.5)

We proceed by simplifying

6=1 =1

/01 ¢ [% 2":[1 -1-¢)]+ %Xn:[l —g(’]} de
(3.6)

n+20+1
- — — —Bu-1,0-1)|.
Z[,u+1 Y +6+1) (w )]

The first inequality of Theorem 3.1 is proved. Now for the second part, we let » €
(—00,0) U (0, 1) to yield

\0
]

(tar” +(1-0) )J” <(¢a” +(1-¢) )"Tsazl“”. (3.7)

The above inequality completes the proof of the second part of Theorem 3.1. O

Theorem 3.2 For a differentiable function n € N, 1,0 > 1 with A1 + 971 =1, a1,a, € Q
With ay < ay, and Y™ : Q C (0,00) — R on Q° such that " € M([ay, as]) and |y #D|?

an n-polynomial convex function satisfying | **V(z2)| < @, Vz € [ay, ay), the following in-
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equality holds for all z € (a1, a,) and P € (1, 00):

(7 @ ") YW @) + (@7 2"y @)

Ph(ay - ar)
Cr(u + k) P
- W[(% D V)@ + ( D) (2)] (3.8)
» > " /9
- a'~7Q 7 ="+ (a” =271 1 20
T PR+ Ap)lr (ar —a1) n = 0+1 ’
and the following inequality holds with Vz € (a1,a,) and P € (—00,0) U (0, 1):
(" — a1y Y (@) + (a2” = 27)" " (ay)
Ph(ay - ar)
Cr(u + k) P [
- H[(% Dy ) (@) + (L Dl ) (2)] (3.9)

_ a7 Q (27 —ar”) 4 (ay” -2 (1 S 20
= Pl + Ap)t (a3 —aq) —~0+1 ’

Proof We use Lemma 3.1, (3.5) and the Holder inequality to prove the first inequality of
Theorem 3.3,

(Z‘{P - 611‘?)“1#(”)(611) + (ﬂz’? —Z'{P)“W(M)(ﬂz)

PH(ay —ay)

Ci(p + k)
&

P _ o P\n+l 1 -P
<E i [ i ea” + - 02") T [y (Vea + (1= 0027) | de

Pli(ay —ar) Jo
(azfi’ _Z,‘P)p,+1

Pli(ay — ay)

1 _p -
x/o " (gar” +(1-0)2") 7 [y W (P Vcar” + (1-¢)2”)|de

a 1- ,‘P(Z&’ _ P)uﬂ

DL v)@)+ ({DL-v)@)]

Pli(ay — ar)

1

x [ ¢"(car” +(1-9¢)z )IPJDWI(/HD( Vea” + (1-¢)z7)|dg (3.10)

0
1 P (a _ZP);HI

c‘P“”(ﬂz —ay)

< [ e (-02) T e (¢ a0

1—?(2? _ alf)uﬂ

Way - ay)

!(Pl
1 1/ 1
([ ([T
0 0

1/9

Page 8 of 23
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61217‘7)(612'7) _ ZJ’);HI

Pli(ay —ar)

1 1/x 1
x(f c“‘d;) (/ W“*”(?\/caz?+(1—¢>zf’)|1’dc>
0 0

1/9

As [y #* D17 is n-polynomial #-convex and |y “*V(z)| < QVz € [a1,a,], we have

1
[ 1@ Ve =02 dc
0

1 n
<) [% >l-a-o e+ 23 —ce]wmmlﬁ} dc

6=1 0-1
(3.11)

n

@19 1
= 2-(1-¢)-¢%d
sn;fo[ 1-¢)-¢%)ds

Q" & 20

< —

T n 0+1
0=1

and

1 »
/ [ Vea 4 (=007 de < S 3 2 (3.12)
0

n 9:19+1

Since fol cMde = /\u% We get the first inequality of Theorem 3.3 by combining all above
inequalities. Continuing in the same way the second inequality of Theorem 3.3 can be

proved. O

Theorem 3.3 For a differentiable function n € N, A, > 1 with AL + 971 =1, aj,a; € Q
with ay < ay, and ¥ : Q € (0,00) — R on Q° such that *“*V e M([a1, as]) and | “D|?
an n-polynomial P-convex function satisfying | "V (z)| < @, Vz € [ay, as), the following
inequality holds for all z € (a1, a,) and P € (1,00):

" — a1 )y W (ay) + (ar” - 27) 9 (ay)

PH(ay — ar)

_ Fk(ﬂ + k) [(

(D5 ¥) @) + (7 Dli-v) (@]

ay) —a;
5 2,7 @ —a,®) ! + (ay” — 27 ) (3.13)
T PR+ )t (a2 —a1)
Q" & S +20 + 1 v
"
— -B@O +1,v 1
X ( " ;[(uﬁ+1)(uﬁ+9+1) O+ Lou+ )])
and the following inequality holds for all z € (a1, a,) and P € (—00,0) U (0, 1):
" —a” )y (@) + (@” - 27)" Y (ap)
P(ay —ar)
Celpe +K) ¢ o »
-2 D)@ + (T D) (@)] (3.14)

a) —dy

Page 9 of 23
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- a21”7’(,‘2 (Z‘(P _dlﬂ’);ul + (azf _Zﬂ’);ul
)I/A

TP+ A (a2 —a1)
Q’ < D +260 +1 .
+20 +
X —Z * -BO+1,%u+1) .
n ‘= (u? +1)(u +6 +1)

Proof We use the Lemma 3.1, to prove Theorem 3.3 and the power-mean inequality to

yield

" —a1” )y (ar) + (ar” - 27) W (ay)
PH(ay —ay)

DD e o )+ (08 v 0)]

ax—d

_ Pyu+l 1 -9
(" —a1”) e (ear” + (1 -0)2") 7 WD ea® + (1-0)2”)|de

T Pl ay - ar) Jo

P _ P \u+l
a2 e (- 02) T (e 5 (L 002) e

27’““(612 - ﬂl) (3 15)

1-2(,P _ Pyu+1 1
< ay (z a”) / é,,u_‘w(;ul)(ﬂ’ §a1f+(1_§)zy>)’d§
0

Pli(ay —a)

P

1

-P P _ P \n+l 1
+6l2 (112 z )/}' / €M|1ﬂ(#+1)(:j’ §ﬂ2?+(1_§-)z?)|d§

Pli(ay — ap)

-7 +1 v
(" —a” )" (/ |y D (7 Ca1°?+(1—€“)z‘?)|ﬁd§)

JP““ (ar - a1)

1-P +1 1/9
i Z)M (/ ¢y (P ear + (1-)2”)|” d;) :

erpl-*—;t 6l2

As [y"|? is n-polynomial #-convex and |y “*V(z)| < @, Vz € [a1,a,], we obtain

1
/ My (7 Vea” + (1= 0)2”)| dg
0
1 . n
< ‘/0 §191L|:% Z[l —(1- E)@]|w(lt+l)(a1)|0 + %Z[l _ §0]|w(u+1)(z)|0:| d

0=1 0=1

(3.16)
Q" &t
= / [2¢"7 — ¢ (=) + ¢ (1-¢7)]de
g=1"0
Q< P +20+1
SingLMﬁ+nmﬂ+9+n_BW+L0“+U]
Similarly,
1 9
/ (T ear” + (- 0)2”)[ de
0 (3.17)

Q° "[ O +20+1
<
2|

= -BO +1,0 1) .
T on = u +1)(ud +6 +1) 6+ mr )]

Page 10 of 23
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We arrive at the first inequality of Theorem 3.3 by combining all above inequalities. For
the second part continuing in the same fashion, we find the required result. g

Theorem 3.4 For a differentiable function n € N, 1,9 > 1 with A1 + 971 =1, a1,a, € Q
With ai < ay, and YW : Q € (0,00) — R on Q° such that "V e M([ay, as]) and |y #D|?
be an n-polynomial P-convex function satisfying |y *“+*V(z)| < @, Vz € a1, a,], the follow-
ing inequality holds for all z € (a1, a3) and P € (1,00):

(7 ~a ") YW @) + (@7 2"y @)

PH(ay —ay)

Tr(u + k)
~ e U

LD+ (T Dh-v)(2)] (3.18)

9
- (Z‘{P _dly’);ul + (azﬂ’ _Z?)ml (alk(l—?)) 1/{a@ n 20
+—| =
) ?\ n

Pl (ay —aq A +1) ~0+1

and the following inequality holds for all z € (a1, a,) and P € (—00,0) U (0, 1):

(" —a”y Y (@) + (@ - 27)* Y (ay)

PH(ay —ay)

Cr(u + k)
U

5
- (Z‘{P _aly’);ul + (az.ﬂ’ _Zﬂ’)ml (azk(l—?)) 1/a@ n 20
+—|— E .
- Pl(ay —ay) Aapn+1) o\ n 0+1

=1

L) @)+ (T Dh-v)(2)] (3.19)

Proof The Young inequality is cd < +c* + 3d*, ¢,d > 0, 1,9 > 1, A”' + 97! = 1. We use
Lemma 3.1 to prove the first part of Theorem 3.3, and using the z-polynomial $-convexity
of [+ V|? we find

" —ar”) YW (@) + (@ - 2") W (ay)

PH(ay —ay)

Dt D e o )@+ (0w @)
a) —a
= PU(a; —ar)

11 o ol 12 1 > — =
x/ (Xw(w +(1=02")7 [+ S [y (P Vea)? +(1—¢)zd)!”)d§
0

2
(asz’ _Z,‘P);Hl
+ e —
Pli(ay — ay)

P

/1 » oy 22 1 » = >
x/ (Xk“(wf +1=0) 7 [ S (Vea? +(1—¢)zd)!”)d§
0

(3.20)
(z‘?—m‘?)‘”l C-A;L » » 1%7, N
fm(ﬂ@“l +1-07) 7
11 ¢ 1<
+o |- == ] )|+ - Y[ wW“)(znr’) dg
6=1 6=1
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(612?—2‘?)’”1 1 C}\}L » » %j, N
Pritay—an) Jo \ 7 |6% +1-0) T

S - ) 3 (1]

6=1 0=1

P Pyusl P Pyusl 2(1-P) n v
- " —ar ")+ (ay” - 27) (a1 ) . 1(@ Z 20
- Pli(ay — ay) Arpn+1) O\ n 0+1 '

6=1

W“’(z)ﬂ") dg

Continuing in the same fashion, we can prove the second part. d

Theorem 3.5 For a differentiable function n e N, 1,90 > 1 with AL + 971 =1, aj,a, € Q
with a, < a, and ¥ : Q € (0,00) — R on Q° such that v *“*V e M([a1, as]) and | #D|?
a n-polynomial P-convex function satisfying |V (z)| < Q, Vz € [ay,a,), the following
inequality holds for all z € (ay,a) and P € (1,00):

" — a1 )y W (ay) + (ar” - 27)P W (a,)

Ph(ay —ay)
T +K) o , o
-———[({ D4 ¥) @) + ({ Dy-v) (2] (3.21)
a) —a;
P _ o P\n+l P _ P \u+l A 1-2 5Q n 20
S(Z a;”) + (ay z”) ai +_Z
Pli(ay —ay) (n+1) n = 0+1
and the following inequality holds for all z € (a1, a,) and P € (—00,0) U (0,1),
(" - alf’)“w“‘)(m) +(a)” - Z‘?)MW(“)(@)
PH(az —ay)
Fk(ﬂ + k) P L P
-————[[{ D5 ¥)@ + ( D) (2)] (3.22)
as —dy
P _ o P\ntl P _ P \u+l 1-2 n
<(z a1” W+ (ary” —-27) Ay +%Z 20 .
- Pl (ay —ay) (w+1l) =n —~0+1
Proof Use the weighted AM — §M inequality
Ad’ <ic+9d, c¢d>0,A0>0,1+0=1. (3.23)

Using Lemma 3.1 and by using the #-polynomial £ -convexity of [y “*V|? we find

" —ar” )y () + (ay” - 27 )y W (ay)

Ph(a —ay)
r k)¢ p P
DD e o )+ (0 ) @)
a) — ay
(" —a, 7y

T Pli(ay - ay)

1 -P
< o e 1-0) TP Vear +-0w)] de
0
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(612‘7) _ Z,'P);Hl

Pli(ay — a)

1 -p
x/o ¢M(gar” + (1-027) T P[P (PVea” + (1-0)27)[] de

P _ Pyu+l
(" —a1”)

Pli(ay — ay)

1 1-2
x [/ A (can” + 1 =-0)2") 7 | dg

0

1
+/ 19{1#”*1)(’?\/{6115’+(1—§)z=7’)|d§i|
0

(612‘7) _ Z!P);ul

Pli(ay —ay)

1 -9
x U A (ga” +(1-0)2") 7 |de

0

1
+/ 19|1//(“*1)(‘7)\/§u1=7’+(1—§)z?)|d§}
0

P
J_al

IA

(3.24)

(z
Pli(ay — aq)

J’);L+1

IA

n

=N [1-a-0°]v*V(a)|

1 ~ 1y
X /all"/kg"d§+f ¥
0 0 n
n

d;}
=N [1-1-0]v*"V(a)|

1 1 1
X /all_‘?)@”d§+/ s

0 0 ne
d;}

27—yt (ay” - 20| et 9@ 26
<( 1) (a2 ) L Z

n

l _ 0 (n+1)
23N

0=1
(ﬂz‘? _ Z{P);Hl

Pli(ay - ay)

n

F oS- )

6=1

- Pli(ay —ay) (u+1)  n
Continuing in the same fashion, we can prove the second part. d

Theorem 3.6 For a differentiable function n e N, 1,0 > 1 with A1 + 971 =1, aj,a, € Q
With a1 < an, and Y™ : Q € (0,00) — R on Q° such that " € M([ay, as]) and |y #D|?
a n-polynomial P-convex function satisfying | "V (z)| < @, Vz € [ay, a3], the following
inequality holds for all z € (a1, a;) and P € (1,00):

" —ar” )y P (ay) + (a2” - 27 (ay)
Pi(a —ay)

_ Fk(/”' +k) [(

a) —ay

7D @)+ ([ Dh-v) ()] (3.25)
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Pli(ay — ay) n

179
727 — g, 7)1 @? n 0
< & —a" )" (Al(ozl,z;!/’))m hadll
—o0+1

[ Q7 S~ 6% +20-1 "
+ (Ax(ar, 2 2)) (7;m) }

and the following inequality holds for all z € (ay,a,) and P

€ (—00,0) U (0,1):

@ —ar”) Py (ar) + (@r” - 27) W (ay)
PH(ay — ar)
Fk(/l/ + k) P )
- ot z2)+ (L D* )z
SO0 )@ + (Dl
P » 1/9 )
(ﬂz’j _ 77 )u+1 "’ Q? n 2] ’ (3 26)
<@ N ) (Y
— P (ay —ay) n 0+1
1/9
» N 2
1/x Q 6-+260 -1
+ (Aglan, z; P — _— .
(A5 ) ( n ;(9+2)(9+1)
Here
LFL(AA=1/P) A+ au+3,1—(a1/2)7)] P~ (_
Al(ﬂl,Z' f/)) _ ZA(,T’—I)()LMJJ)()LHJFZ) R ) L e ( OO’O) U (01 1);
’ [LF1 (M1=1/P), A+ u+3,1-(z/a1)”)] P € (1,00)
alMP-D(p+1)(Ap+2) ’ ’ ’
LF(Q-1/P )/\u+2)\u+31 @lid”) o o (_
N Lo e , P e(-00,0)U(0,1), .
2(111,2,J) P ( . )
[0 F1(A(1-1/P) A pu+2, A u+3,1-(z/a1)” )] Pe (1 OO)
aMP-D(Au+2) ’ ’ ’
LFL(AA=1/P) A+ Au+3,1-(az/2)” ] P~ (_
As(ay,z; P) = P Dopus)Gpr2) 7 P eleo U0,
’ [ F1 (M1=1/P),Au+1, 2 u+3,1-(z/az)” ] P € (1,00)
az)‘('?’l)(A;LJrl)(MLJrZ) ’ ’ ’
and
LFIAA-1/P)Au+2iu1+31-(a2/2”)] o
P ) S e (—O0,0) ) (O, 1)1
Aglazz P) = 27D 0u+2) (3.28)

LFL((1- 1/?)Au+2ku+31 (zlaz)

)

, P e(l,00).

arMP-D(Au+2)

Proof We use Lemma 3.1 to prove the first part of the inequality and we use the Holder—

Iscan inequality to find

@ = ar” Y YW (ar) + (ay” - 27) ) (ay)
P (ay —ai)
Ce(p + k) P I P i
_ 4{12 — [( @al+'l/f)(z) + (k ;DLZ
(Z‘? _ 611‘?)’“1 1 .
_m/ *ear” +(1-0)z
(az,/"’ _Z,‘/")u,+1 1

Pli(ay —ar) Jo

(2" —ay

P ;L+1
Al
Sm[(/ (1 - C)({fll

2" 1'[/) (Z)]

-P

") T (P Vea” + (1-6)2”) | dg

1-P

" (ga” + (1= 0)2") 7 [y D (" Vear” + (1-0)2”) | dg

,/, 1/A
+(1-0)2")" >d¢>
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1 5 1/v
x(ﬂ(1—¢MwW“Kf¢cmf+wl—ckfﬂak)

1 7, 1/a
+ (/ M ea” + (1= 027 dc)
0

1 o 1/9
< ([ elwrrevearya=oe) a) |

. s /2
+M[</ A=) (ca” + (1-¢)z )(T)dz> (3.29)

fPh'“ (ﬂz - ﬂl

1 1/9
x (/ L=V ("Vear” + (1—c)z5’)\”dc>
g> 1/n
- c*““ (cay” +(1-0)2") 7 dc)

1/v
x( ¢[pr( wazh(l—z)zf’)l"dc) ]

e

- 01+"(612 —ay)

1/x ! 9 e
X |:(A1(al,z;f/°)) (/(; (1—{)‘#/‘“*1)(‘7’\/011? +(l—§)zj’)| d§>
il 1 ) 10
+(Az(ar,z ) (/ ¢y (PVear” + (1-0)27)| d() }
0

(az,/"’ _ Z,‘/");Hl

Pli(ay — ay)

1
y [(As(ﬂz,Z;f/’))m</0 (1—4)\1#"‘*”('7’Jm)|7’ dg“)

1/9

U 1 1/v
+(A4(az,z;{/"))/ (/0 {!W’”l)(" (ar” +(1-¢)z )| d;) :|

As | "] is n-polynomial £ -convex and | “*V(z)| < @, Yz € [a,, a5], we find
1 [2d 19
f (L= D" Vea” + 1-¢)27)|" dg
0
1 1 n
S/(; (1—§)|:ZZ[1—(1 O |y (a | +ZZ[1 e ]|¢‘“1(z| i|
0=1

6=1
«—Z/ﬂlwncwlulm

QX 6
7 9— (3.30)

1

/ch“)(w 74 (1-0)27)|" de
</1§ Ly [1-@-or v )’ +—Z[1 0@ | dg
“Jo ne n

=1 6=1
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A n

1
=72/ [2¢ -¢(1-0)" - "] ds
9=1"0
Q" G~ 024201

n O+ +1)

=

Similarly, we obtain

n

! » Q’ 6
[ a= ol (Ve 0w =03

n o~ o+1’
(3.31)
1 o 2
Q 0°+20 -1
WP Jeay” +(1-0)27) | de < — Y ———
/0 ¢ (TVea” + (- 027)[ de = — §(9+2)(9+1)
We have the result
1 A P P X(%)
Alan,zP):= | A -0)(ca” +(1-0)2")" 7 det
0
LFA-1P)hutlip+31-@ /"] o - (3.32)
_ AMP-D(p+1)(Ap+2) o E( 0, 0) (0 1)
LFIAA-1/P)Au+liu+3l-(a)”] o
aMP-D (p+1)(Ap+2) » P E (1’ OO),
! A+l P P\
Ay(ar,z P):= | N ea” +(1-¢)2")" 7 de
0
LFL(A-1/P)Ap +2,)L;L+3,1—(d 12)%)] (3.33)
) 271 2 Dpr2) 1 , P e(-00,00U(0,1),
LFLOA-1/P)Au+2,u+3,1-(z/a1)”)]
= aMP-D(ap+2) . » Pe (1,00),
1 »
P P\ s
As(as, % P) ::/ A=) (a” + (1-0)7) 7 dg
0
LFRA-1/P)utLiut31-(a2/2”] o - (3.34)
_ 2P (1) (hp+2) » FE ( OO’O) u (0’ 1)’
LFIAA-1/P)Au+liu+3l-(la)”] o
asMP=D (ap+1)(Ap+2) » S E (1’ OO),
! A+l P P\
Aglar,z P):= | " (car” +(1-0)2")" 7 dt
0
LFG(1-1/P ),xu+2)\u+31 (a2/2)")] (3.35)
) 271 2 Dpr2) 2 , P e(-00,00U(0,1)
LF1L(AA=1/P)Au+2, u+3,1=(zlar)”)]
asMP-D(Ap+2) » PE (1,00) D

Theorem 3.7 For a differentiable function n e N, 1,9 > 1 with A1 + 971 =1, aj,a, € Q
With ai < an, and YW : Q € (0,00) — R on Q° such that "V € M([ay, as]) and |y |?
an n-polynomial P -convex function satisfying |¥“*V(z)| < @, Vz € [a1,a], the following
inequality holds for all z € (a1, a;) and P € (1,00):

@ —ar” Y YW (ay) + (ay” - 27) ) (ay)

PH(ay —ay)

Fk(“f + k) [(y)
- k

ax; —d

1/0
(" — a7y I/A
= P (ay — ay) (Al(“l' z ZTI ay,z; P

D)@+ ({ D) (2)] (3.36)
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1/9
l/A
+ (AZ(ﬂlx zZ; < ZTZ(al’Zx ) :|

and the following inequality holds for all z € (a;,a3) and P € (—00,0) U (0,1):

" —ar”) W (ar) + (ar” - 27) W (ay)
PH(ay —ay)

i + k)
e

DL v)@)+ ({DL-v)@)]

P _ P 1/ (3.37)
(ay” —z")+! % 1//\
= J)l+u(a2 _dl) (A3(a2’Z; ZTS(QZ)Z, P )

1/9
+ (Af(az,z P m( ZT4 a,z; P ) i|

Here
Z(J"’l—l)[mz‘?’l(l l/J ,bL+1 [/L+3 ].—(ﬂl/z) )
B+ 1,0+2),F1(1-1/P,u+1,0+u+31-(a1/27)]
Bl +0+1,2)F(1-1/P,u+0+1,0 + u+3,1—(ar1/2)%)],
P € (-00,0) U (0,1),
Ti(az P) = .
m[mf’l(l 1/P M+1 /L+3 1—(Z/ﬂ1)J)
—B(u+1,0+2),F(1-1/P,u+1,0+u+3,1-(z/a)”)]
“B(u+60+1,2,F1-1/P,u+6+1,0+p+3,1-(z/ar)”)],
P € (1,00),
Tl A -1P,n+2,1+3,1-(a1/2)7)
B +2,0+2)F1(1-1/P,u+2,0+u+3,1-(a1/2)7)]
- ﬁﬂfl(l 1P, u+60+2,0+u+31—(a1/27)],
P € (-00,0)U(0,1),
Tylaz; P) = .
m[ ) 371(1—1/J w+2,u+3,1-(zlay)”)
“B(u+2,0 + 2, F1(1-1/P, 10 +2,0 + u+ 3,1 - (z/a1)”)]
u+0+22T1(1 1P, u+0+2,0+u+31-(z/a))”)],
P € (1,00),
mf’l((l 1/J)M+1 [,L+3 1—(611/2) )
G (_OO:O)U(O’ 1);
A,z P) = . (3.38)
P
mzjﬁ((l -1/P),u+1,pu+3,1-(z/a)”),

€ (1,00),
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z?'l(u+2) [2?’1((1 - ]_/[/7‘), n+ 2! ap + 37 1- (al/z)j))]r
P € (-00,0) U (0,1),
oy kP = 1P) e+ 2,ap+ 3,1 - (2/ar)”)),

P e (1,00),

A;(alrz; =7)) =

mfl(( ~1UP),pn+1u+3,1-(ax/2)”),
P e (-00,0)U(0,1),

Ai(a,zP) = .

o2 P 1P) e+ 1, 1+ 3,1 - (2az)”),

a2 7L (1) (pe+2)

P e (1,00),
and
71 FUA 1)+ 2,ap+ 3,1 - (a2/2)7)),
i - °e(—ooO)U(01)
Aj(as,z P) = . . (3.39)
,”2 LF(A-1/P),u+2,au +3,1~(z/a2)”)],
€ (1,00).

Proof By using Lemma 3.1 and the improved power-mean inequality

" — ) Yy P (ay) + (ar” - 279 (ay)

P (ay —ay)
DO e o )+ (0 v @)

ay —di

P _ o Pyl 1 _p
< el [ erea” s 1-002) T O Ve + (- 0a7) de

Pli(ay —ay)

(ﬂz‘? _ Z{P);Hl

+ e —
Pli(ay - ay)

/z“(;az +(1-0)") 7 BRI +(1-¢)2”)|d¢

P +1 s 1-1/2
E(Z“—MKf{ (1-0)(car” +(1-0)z )T)d;“)

e(/jh'“(ﬂz - 6{1

( -0 (ca” +(1-0)2") )
1/9
x |y (7 ear? +(1—§)z<7’)|§d§)
1 L 1-1/x
+ ( f ¢ em” + (1 —;)zf’)(T’d;)
0
1 5 Q o 1/
0
!P_ ;L+1 l 1-1/x
+(“27[(/ "1-0)(¢ar” + (1-¢)2 )lf’)d¢>

Ol+/l.(a — ﬂl)
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1 -9
x ( f (1= 0)(car” + (1-)2") 7
0
1/9
x [y (7 ear” + (1= 0)27)|” dc) (3.40)
1 1P 1-1/a
+ (/ e (ca” + (1 —c)z”)””’)dg)

_P 1/9
X(/ ¢ (ga” + (1-0)2") ””)W“)(W—mzf+<1-¢>zf’>|”d¢) ]
P

(" —m )’”1

Plh(ay —ay)
1 -2
x (/ 1= gm” + (1-0)2") 7
0
1/9
x |y (P car” +(1—§)Z‘7’)|§d§>
+ (A;(al,z;?))kUA

! L 1/9
x(/ ¢ (ear” + (1-0)27) T [y (P ea v (1-0)27)|” dc) }
0

(azﬁ’ _ Z,'P);Hl

Pli(ay — a)

1 -2
x ( f "(1-¢)(ca” + (1-¢)2") 7
0

I/\

I:(AT((,ZI,Z; <7))) 1-1/x

I:(A;(ﬂz,z; e‘P))l—l/}»

1/9
x [y * (P Vea” + (1-0)27)| dc)
1-1/A

+(Aj(a2, 2 P))

1 _p 1/0
x (/ " eay” +(1—;)z"”)“lJT)|w<’“”(‘7’¢;azf’ +(1—;)zf’)|"d§> ]
0

As || is n-polynomial #-convex and |y #*D(z)| < @, Vz € [ay, a3], we have

1 -P
f A=) (ca” + 1=0)2") T [y B (P ea” + (1-0)27)| de
0

1 -p
5/ t1-0)(eam” + (1-0)e”) )
0

1 id : 1 " P
x |:ZZ[1—(1—§)9]|W“+”(411) " 4 ;Z[l—ce]h/ﬂwn(z)ﬁ} 34

0=1 =1
Z / car” +(1-0)27) 200 (1 - 0) = £h(1 - 0" — 170 (1 - )] de

(:z” -
T (alz, ),

=1
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where

1 P2
Tl(alz;f/’) = / (C(ll + (1 C)Z ) T)
0

x [2¢H(1-¢) - ¢ -¢)" ! =" (1 -¢)]de (342)

ﬁ[mzfl(l VP, u+1,1u+31=(ai/2)”)
“B(u+1,0 +2),F(1-1/P,u+1,0 +u+3,1-(a1/2)")]
—B(u+60+1,2,Fi(1-1/P,nu+60+1,0+u+3,1-(a1/2)7)],
P € (-00,0) U (0,1),

ﬁ[mﬂ(l VP, u+1,u+3,1-(z/la)”)
—B(u+1,0+2)F1(1-1/P,u+1,0+u+3,1-(z/a))”)]
—B(u+6+1,2,F(1-1/P,u+6+1,0 +u+3,1-(z/a))”))],

€ (1,00).

Similarly, we obtain

1 -P
/ ¢ (ean” + (1-0)27) T [y (P ra® v (1-0)27) | de
0
1 -
5/ ¢ (ca” + (1-0)e) )
0
e [1—(1—;)9]|w“‘+“(a)|l’+1i[1—;9]|w““”(z)|” d¢
n ! n (3.43)

=1 =1

' < ! -p
- Z/ (Calf + (1 - {)Z?)(T)[zé-ml _ é-u-+1(1 _ 5)9 _ §;4+9+1]d;_
g=1"0
9 "
-4 ZTz(ﬂlz;?),
n
=1
where

Ty(a1z; P) :

1
/((al +(1-1¢)7 )7[24“+1 ¢ -0 - g de
0

Z(%[ Wz)ﬁfl(l 1P, u+2,1+3,1-(a1/2)”)

“B(u+2,0 +2)2F1(1-1/P,u+2,0 +u+3,1-(a1/2)”)]
M+9+22J~1(1 —1/P,u+60+2,0+u+3,1-(a1/2)”)], .

P € (-00,0) U (0,1),

oy Pl - UP, u+2,u+3,1-(z/ar)”)

—B(u+2,0 +2), F1(1-1/P, 0 +2,0 + u + 3,1 —(z/lar)”)]

- 2P = 1P, +0+2,0 + 1 +3,1 - (z/a1)”)],
€ (1,00).
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We obtain Ts(ay,z; $) and Ta(ay,z; P) by replacing a; into a, in the above results and
using the facts

P

Alar, %P c"(l Oca” +(1-0)2") 7 de
1 T P
mh((l—l/?%lﬁ- Lu+3,1-(a1/2)”), (3.5)
~ P € (-00,0)U (0,1),
7J 1(u+1) D) CJFI @ -1/P), w+ 1,0+ 3,1 = (z/a1)”),
P € (1,00),
A(anz P f (I (ea” + (1-0)2") 7 dg
7oy 2P = 1/P), e+ 2ap + 3,1 = (@ /2) ),
oo (3.46)
] 2 e(-0,00U0,1),
i1 kF(A - VP) o+ 2,ap + 3,1~ (z/a1)”)],
P € (1,00),
A3z P / - 0w + (1-0)27) P g
1 P
Ty T (A= 1P), w+ 1,1 +3,1-(a/2)”), (3.47)
] 2 e(-00,00U0,1),
mzﬂ((l —UP)u+1,u+3,1-(zla)”),
P € (1,00),
and
1 =<
Marz2)= [ o (ea” +(1-0") T dg
0
Ty RFUA-1/P) 1+ 2,ap+ 3,1 ~ (a2/2)7)],
a (3.48)
P € (~00,0) U (0,1),
m[ Fi((Q-1/P), u+2,ap + 3,1 - (z/az)”)],
P € (1,00),
which completes the proof. d

4 Special bi-variate means
Let A1, Ay, Wi, wo > 0. Then the arithmetic mean A(A1, A,), harmonic mean H(A;, A») and

weighted arithmetic mean B(Aq, Ap; wi; wy) are defined by A(Ay,45) = M , H(A, Ao) =
i?ﬁz and B(Aq, Ay wi;ws) = % The given propositions can be obtamed by making

some proper substitutions in Theorem 3.1.
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Proposition 4.1 The inequality

(B - 1) - (B VA - 1)

3(A2 — A1)

- [2B(/1,v/32) - B, 1)

holds for all &5 > 11 > 0.

Proposition 4.2 The inequality

(281, )™

(m+1)(hy —11)

— (28(VA1,v22) = 22)" ] = [2B(/21, VA2) — B, 22)]”"

< 20220 (8,7 '), BOS057Y)

holds for all Xy > A1 >0 and m € N with m > 2.

Proposition 4.3 The inequality

18- )™

(m+1)(Ay —

— 2B(/A,VA2) = 2) "] = 2B/, V) = B, 12)]”

3m(hy — A mel el
< 22T (0,707 ), BOS57Y)

holds for all Xy > A1 >0 and m € N with m > 2.

5 Concluding remarks

In this article, we establish novel Ostrowski-type inequalities for #-polynomial 4 -convex
functions. To the best of our knowledge, these results are new in the literature. Since con-
vex functions have immense applications in many mathematical areas, we hope that our
new developments can be applied to special functions, and in convex analysis, quantum
analysis, post-quantum analysis, related optimization theory, mathematical inequalities
and that they may stimulate further research in various areas of pure and applied sciences.

In the end, we have given some applications.
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