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1 Introduction
The differential equations with impulse perturbations lie in a special important position
in the theory of differential equations. Among these theories, integral inequality method
is an important tool to investigate the qualitative characteristics of solutions of different
kinds of equations such as difference equations, differential equations, impulsive differen-
tial equations, and partial differential equations (see [1-11] for details). For some summary
papers, the readers are refereed to [11-18]. In papers [19-24], the authors give qualita-
tive analysis of some integro-differential equations using certain integral inequalities; in
papers [2, 25-28], the authors give some integral inequalities with more than two inde-
pendent variables; papers [24, 29—33] give integral inequalities with weak singular kernels
and some qualitative properties of fractional differential equations; the dynamic integral
inequalities on time scales are given in papers [34, 35], and the inequalities for essentially
bounded functions of one or three variables are investigated by [36, 37].

Phoilakrit Thiramanus and Jessade Tariboon [1] investigated impulsive integral inequal-

ity of one independent variable

o0 =Co [ e dss 3 e+ Y b

to<ti<t to<ti<t =T

ti—o,

" o(s) ds, W

where 0 <ty<t;<-++,¥,0:>0,0<0; <71, <t;—t_;, C>0isaconstant, and the points

t; are of the first discontinuities.
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In 1989, Borysenko [7] investigated impulsive integral inequality of two independent
variables of the form

o(tx) <alt,x) + / / e eEmdedns Y ye(i.0), (2)

(f0,%0)<(t;,x;)< (%)

where ¢(¢,x) is continuous in £2, with the exception of the points t;,x; where there are
finite jumps: @(£7,%7) # (¢, %), Vi=1,2,....

In 2007, Borysenko and Iovane [10] investigated some integral inequalities of Wendorff

type
t X
@(t,x) < alt,x) + / / b, neE,ndédn + Z vie" (7)), ®)
to Jxo (20.%0)<(t;%;)<(tx)
t X
o(t,x) < alt,x) + / / bEme"Emdsdn+ Y e (6,x), @)
to Jxo

(to.x0)<(t;%1)<(tx)

ot <at) rgen) [ [ denemEndedare Y pe"(a), ©)

(0x0)<(32) < (£:x)

o(6:2) < alt,x) + g(t,%) / / b(E (0 (), 0 () de dn

Y e (), 6)

(t0.%0) <)< (£:x)

o(6:2) < alt,x) + g(t,%) / / b, me™ (0(€),0 () dé dy

Y e (), (7)

(0.x0) <)< (£:%)

where a(t,x) > 0is nondecreasing with respect to (¢, x), and g(¢,x) > 1, b(¢,x) > 0, y; > Oare
constants. The delay term o (¢) is continuous and nondecreasing in [£y, +00), lim;_, o 0 (£) <
oo forall £ >ty and o (£) < t.

In this paper, in a similar way to [8—12] for the inequalities of the functions with one
independent variable, we investigate a new Wendorff type inequality for discontinuous
functions with two independent variables and give some integro-sum functional inequal-

ities with delay.

2 Integral inequalities for discontinuous functions with discontinuities of
non-Lipschitz type

For a given function a defined in a domain §2 with two variables, we say & is a nondecreas-

ing function if, for all (p, q), (P, Q) € 2 with p <P, g < Q, one always has a(p,q) < a(P, Q).

Theorem 2.1 Let a nonnegative function ¢(t,x), determined in the domain

Q2= U Q2 = U (%) : t € [tr1, 1), € [xk-1, 3]
kyj=>1 kyj=>1
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be continuous in $2, with the exception of the points (t;, x;) where there are finite jumps

o(t,x7) Zo(t7,%7), Vi=1,2,...,

and satisfy a certain integro-sum inequality in 2

ot zawa)+ [ [oeneendsans Y nen()

(t0.x0)<(ti;)<(tx)

. / / " o) de d, (8)
t,x) ti—o

(t0,x0)< tl )<
where m > 0, to > 0, x9 > 0, y; = const > 0, B; = const > 0, and a(t,x) > 0 is nondecreasing,

b(t,x) > 0 and satisfies b(§,n) = 0. If (§,n) € 2 with i #j, lim;_, o t; = 00, lim;_, o X; = 00,
then the function ¢(t,x) satisfies the following estimates:

tx)<a(tx)1_[A exp|:/ f b(s,n)dgdn], ©)
k-1 Y Xk-1

t; Xi
A; = (1+yd™ (b, 5)) ~eXp[ / b(g,n)dé dn}
i1 Y1

ti—0;  xi—Ai & n
/ / exp |:/ / b(s,t)ds dt] d¢ dn
L1 xi=0; Li-1 VX1

if0<m<1;and

k-1

o(t,x) < alt,x) ]_[Bf”kfi -exp [ / b(&,n)d& dn], (10
i=1 b

-1 Y ¥k-1

Bi= (1+ yia" (6 %) ~exp[m [ " e n)de dn]
tio1 Jxi

ti—o; xi—Xj n
/ / exp < / b(s,t)ds dt) dé dn
-1, xi=0; ti1 Jxi1

ifm>1.

Proof Due to a(t,x) > 0, we can obtain that

pt,%) _ w(S n) "t ,%7)
= / / pededns Y0y

(to.x0)<(ti;)<(tx)

* /f e a

(t0.%0)< tl 7)<
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Set
L p(&,n)
Wi(t,x) =1 ,
(t:%) +/to / e,
ti—o;
. s [

(to x0)< £i,%)<(t,x)

with W(tg,x0) = 1, p(t,x) <

wensie [ [Caenwendsas 3

+ Z ,Bi/t

(t0.%0)<(t3,x7) < (t.,x) imT

(2020) 2020:171

ti—o; Xi—Aj

Z y’(p”’(t;,xi_)
Calt;,x;)

(to.x0)<(ti;)<(tx)
Lo, n) de dn, (12)
a(&,n)

a(t,x) W (t,x), then

}/iﬂm_l(ti:xi)[W(ti_’xi_)]m

(t0.20)<(t;%;)<(t,%)

W(&,n)dé dn. (13)

We give the proof by induction. Firstly, we consider the domain £2; = {(¢,x) : t €

[t0, t1], % € [x0, 1]}, then

/ / b(Em)

a(t x) -
set

@(&,n)

t X
,X) = b(&, * 1 dE dn,
V(t,%) 1+/t0[x0 (62 ds d

thus

o(t,x) <a(t,x) V(¢ x),

t X
V(ew) <1+ / / bE, )V (E, n) dé dn.
to Jxo

Let
Kt,%) =1+ / / bE, M V(E 1) dé do.
Then

V(t,x) < K(t,x),

K(t,x) = K(t,x0) = 1.

(14)

(15)

(16)

Differentiating K (¢, x) with respect to ¢, the following equation holds:

b(t,m)V (¢, n)dn,

x
I(t(t, x) = /
x0

because b(t,x) and V(¢,x) are continuous in £21;. Besides,

V(t,x) > 0, it means that V(¢,x)

maintains the sign in £2;;. So, on account of generalized mean value theorem of integrals,
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we can get that

Kt(t,x):/ b(t,n)V(t,n)dnS/ b(t,n)dn - K(¢,x),

Ky (t,x) <f b(t, ) dn.
0

K(t,x) — J,

Integrating this inequality from ¢, to ¢ implies

Ki(€,%) /fb e
ngx = [ vemacan

InK(t,%);, = nK(£,x) — In K (to, x) = InK(t, x),

t X
an(t,x)gf / b(&,n)dé dn,
to Jxo
then
Vit3) < K(t,x) < exp[ [/ b, de dn],
to Jxo

so we can get that

o(6%) < alt,%) exp[ / / b, n) de dn]- 17)

This shows that the estimates are true in £2;;. Secondly, suppose that (9) and (10) are true

in the domain §24. If 0 < m < 1, then for (¢,%) € £2k,14+1 the following inequality holds:

Wtx) <1+ v ) [W (6] / o [ WiE, ) d& dy
- ti— xi=0;

Ti

" / ' / b, W E ) d& dy + i b0 ) [W (5 - 0,26 — )]

k—0k

tx—ox Kr—Ak t x
,n)d b(g, ,
+ﬁk/ / W n) Sdn+/tk/xk (& mW(E ) de dn
k-1

Xk

<[]4 exp[ / b(E,n) de dn]

k-1

; ykam-luk,xk){l"[Aiexp[ [ [ e dn} ]

i=1 -1 Y ¥Xk-1

L=k (XK~ /\k k-1 H n
+ ,Bk/ / A,-exp [/ b(t,s)dt ds] d¢ dn
ty =0k o1 tg—1 VY Xk-1

L

. / / bW E s dy
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k-1 PRk
< HAi{ (1 + @™ (£, %)) exp [ / / b(§,n)dé dn]
i=1 L1 v Xk-1

ty—ox Xp—Ak
b(t,s)drds|déd
+,3k/; /xk N exp[/ /xkl (t,s)dt sj| & 17}
; / / b(E, W€, n) dé dy
tre Jxg

k t px
A; b(&,n)dédn |,
5[1[ eXpUtk/xk (&,m)dg n}

so when 0 < m < 1, (9) stands.

If m > 1, then for (¢,x) € 24,1441 the following inequality holds:

k-1

ti—o; Xi—Aj
W(tx) <1+ Zyl Yt ) [W (87, %7) ] / / W (g, n)d& dy
Li—7i xi=6;

173 k
" / f b(E MYWE 1) d dn + yea™ (t1 32 [ Wt — 0,3 — 0)]”

Lk=0k  [Xk—Ak x

+ﬂk/ [ wemdsa +f | semwien e
72 Xp—Ok Xk

kol keic1 T ¥k

HB:" exp|:/ f b(§,n)d§ d’?:|

i=1 te-1 ¥ %k-1

k—i—
+ Vkﬂml(tk:xk){HBlm ' exP[/ / b(&,n)dg dn} }
i=1 b1 VXK1

tr—ox  par—r; k1 i § n
+,Bk/ / [18" 1exp|:/ / b(r,s)drds:| dé dn
Xk—0k b1 v xk-1

i=1

IA

/ bl )W (E,n) dé d
tr Jxg
k-1 . Gk
k—i
B! exp |:m b(&,n)d& d’]]
[T ool ],
+yad”  (tox) | | B ieXP|: & n)dfdn:”
| [ ol [* [

te—ok  pag—ri k1 )
+f3k/ / HB”‘ lexp|:/ / (t,s drds]dédn
ti X—Ok i-1 Xk—1
t X
o [ [ e mwiemdsan
tre Jxp

k-1 %
B (14 ™ (1, 0) [ b(,)dd}
]_[ { + yka™ (b %)) exp /t“/xk_l §,n)dg dn

L=k [xK—hk
+ﬂkf / exp[/ / b(z,s) dtdsi|d“§dn}
tk x—=0k X-1

IA

IA
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. / /x:b@,n)vﬂs,n)dfsdn

k

t x
<[18"" [ b(E,n)d d],
<I1 exp /tk/xk (&,mdédn

i=1

hence when m > 1, (10) stands. Finally, by mathematical induction, we get (9) and (10)
hold on Q. This finishes the proof. g

Theorem 2.2 Suppose that there exists a nonnegative piecewise continuous function ¢(t, x)
determined in the domain S2, with discontinuity of the first kind in the points (tx,xx)
(fo<ti<ty<-,% <X <Xy <-+,limi 00 t; =00, limj, o0 x; = 00), and it satisfies the
inequality

o(t,%) < alty) + / f e e EmdEdn s S e (6)

(to.x0)<(ti%1)<(£:x)

ti-t;  px;=6;
X s [ eendean 18)
)<(t,%) i Xi=hi

(to.x0)<(tj )< i

m >0, m#1, where a, b, y;, B; satisfy the conditions of Theorem 2.1. Then, for (t,x) € £2,
k=1,2,..., the following estimates hold:

k-1 t x ﬁ
o(t,x) <alt,) ] |G- [1 +(1 _m)f b(&, na" (&, n) d& dn} , (19)
i=1 bk—1 ¢ ¥k-1

]
-

-m

Ci= (e ) -[1+ 0=m) [ [ ste e e dean|

1

ti—o;  pxi—A & n T-m
+5i/. [1+(1-m)/ / b(z,8)a"\(z,5) d ds] dé dn,
ti ti-1 Jxi1
1

-7 Jx=5;

Co=1,
if0<m<1; and

k
o(t,x) <alt,0) [ Dy

i=1

k ‘ m-1 p x —ﬁ
: [1 -(m-1) (HW?) / / b(E, ma" (5, 1) d§ dn} o (20)
i=1 Lg-1 Y X1

D; = (1+yia" (&, %:))

i o m-1 4 x;
: [1—(m— 1) (HDK’?) f / b(&, ma™ (€, 1) dé dn}
j=1 ti-1 vxi-1
ti—o; Xi—Aj i - m-1
+,Bi/ / [1—(m—1)(]_[1);f1 )
ti—-7; x;—8; j=1

%‘ n m—1
X / / b(z,s)a"™ (z,s)dr dsj| dédn, Dg=1,
i1 VX1

m_
m-1
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ifm>1withV(t,x) € 2 satisfying

1
k mk=iNg1
(m— 1)(Hi:1 D"y)

t X
/ / bE, ma" (€, m) de dy <
tk—1 Y Xk-1

Proof Because of a(t,x) > 0, we get

y

(t0.20)<(t;%;)<(2,%)

' / / ; aé Zi ds dn.

(tox0)< t,x, <(tx)

Set

) @™t %)

(t0.20)<(t;%;)<(,%)

N /t"”/ _M(/JETI dé dn,
ti—T, x;—8; a(é 77)

(to x0)< £,%)<(t,x)

then W (tg,x) = W(t,x0) = 1, ¢(t,x) < a(t,x) W(t,x), and

Witx) <1+ / b(é,n)am‘l(é,n)[zg’Z;] dé di

N ey

(t0’x0)<(ti’xi)<(t’x)

ft’ 7 /x‘_k‘ p(§, 77)
+
i1 xi=0;

(to.x0)<(t; x1)< £,x)

t X
<1+ f b, n)a™ (&, ) W™ (&,n)dE dn
to

X0
+ Z Vtﬂmil(ti,xi)[W(t[,x[)]m
(t0.x0)<(t;,%)<(t,x)

ti—oj Xj—Aj

oy ,Bi/; W (€, 1) d& dn.

(t0.,%0) <) <(%) it i

//b(f, )dgd __— y%

(21)

(22)

(23)

By mathematical induction, we consider the function in the domain §2; = {(¢,x) : ¢ €

[to, t1],x € [0, x1]} firstly. We get

W(t,x) <1+ / blE, nb(E, ma" (€, )W (€, ) dé di,

set

K(tx)=1+ f f bE, mb(E, D) &, )W (€, m) d& dn,

(24)

(25)
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then
o(t,x) < alt,x)K(t,x), K(to,x)=1,K(t,x0)=1.

Differentiating K (¢, x) with respect to ¢, the following equation holds:
X
Kt = [ biema™ 6w dn,
X0

Since b(t,x) and W (¢,x) are continuous in §2;1, besides W (¢,x) > 0, it means that W (¢, x)
maintains the same sign in £21;. So, on account of the generalized first mean value theorem
of integrals, we can get that

Kito) = / bty m)a" (6, m) W™ (6, m) dn < / bt, m)a" (€, ) dy - K (1, %),

K, (¢, x
ltx) / bt ma" (¢ n) .

Km™(t,x) 0
Ifo<m<1,
I(t(trx) /x -1
1- <(1- b(t,n)a™ (¢, n)dn,
( m)KW'(t,x)_( m) s tma™"(t,n)dn
then

L gm0 < (1 - m) / b,y (t,n) dn.
dt .

Integrating this inequality from £, to ¢, we get
t X
K76 <Kt + (- [ [ b e dedn
to Jxo
t X
~tem) [ b man e mde dn
to Jxo
then
¢ opx o
W(tx) < K(tx) < [1 r-m [ [ s mamien e dn} .
to Jxo
For the case of m > 1,

(1-m)

K;(t,x) x o
Kmig) = ™) /xo b(t,m)a™" (¢, ) dn,

thus

L gm0 > (1 - m) f b, )™ (t,n) dn.
dt ,
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Integrating this inequality from ¢, to ¢, we get

K (t,2) = K" (1o, ) — (m = 1) / t / " be, ) (€, m) de dn
to Jxo

1= (m-1) / / bE, )™\ (&, ) d& dn,

then V(¢,x) € £21; satisfying

t X 1
/ bE, m)a” (&, n)d& dip < ——,
to

E) m-—1

we get

W (t,x) < K(t,x) < [1 ~(m-1) / / b(E, n)a" "L (&, n) dé dn]_m_l.

Now, we firstly consider the case of 0 < m < 1. Suppose that (19) is justified in the domain

$2kk, then for (£,x) € £2k11,k+1 the following inequality holds:

W (¢, x)
k-1 k-1 ti—0; XA
<1+ Yy )W ()] 3 W(E,n) dé dy
i=1 =1 Yt Jwid

17 X
" / ' f bE " (€, )W (& n) dE dn + yea™ (12 [ Wt — 0,2 — 0)]”
to X0

tk—0k  LXKk—Ak t px
+ B / Wi, n)de dn + / / b(E " (&, )W, ) di dn

KTk X0k
1

k-1 tr Xk T-m
<[« exp[l c-m) [ [ b ma i ds dn]
i=1 ’f

k-1 ¢ Xk-1
k-1 m tx X ﬁ
+ yd™ " (b, %) (l—[ Ci) [1 +(1-m) / b(&,ma""(€,n)d§ dn]
i=1 ti-1 Y X1

tg—ox Xp—hk k-1 H n ﬁ
+ ,Bk/ 1_[ Ci[l +(1- m)/ b(t,s)a™ (z,s)dr ds] dé dn
17 th—1 Y Xk—1

St LT S S
t px
o [ [ semar i mwr mds dy
tp J x|

k-1 ti Xk ﬁ
<[]¢ eXp[l +(1-m) / b(g, ma™""(§,n) dg dn}
i=1 Fk-1

lg-1

k=1 % T
v o x0) [ | Ci[l +(1-m) / b(g, ma""'(§,n) d§ dﬂ]
i=1 Fhe-1

li-1
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t-ok  [EK— )ka 1 =
+,3k/ / [1 +(1-m / / (r,8)a™ (z, s)drds] dé dn
ti X=0k =1 tg—1 Jxp-1

=1

t X
+ / bE, m)a" (&, )W (E, ) d dy
tre Jxg

k-1 T
< ]_[ { (1 + ya™ (trr %)) [1 +(1-m) b(E, na""'(&,n)d& dn}

te—1 Jxp-1
1
1-m

+ Bk |:1 +(1-m) /n b(z,s)a" (z,s)dr ds:| d& dn}
tk-1 Y Xk-1

+ / bE, ma" (&, m) W™ (£, ) d&

< nc [ [ e matemwriemds an

b Jxk

The right-hand side of this inequality is defined as V/(¢,x), then V(t,x) = V(t, %) =
]_[f=1 C; and W(¢,x) < V(t,x). Differentiating V(¢,x) with respect to ¢, and on account of
the generalized first mean value theorem of integrals, we can get that

Vi(t,x) = f b(t, D)™ (6, )W (£, ) dn

Xk

X
< / b, )™ (6, ) dn V™ (t, ),
xk

Vt(t x) m—1
T )fka bt ™ ¢ ) dn.

Vdbd) _ () f bt e, d,
Xk

T

thus

1v1"”(t, x) <(1-m) / b(t, n)a™ (¢, n) dn.
dt xk

Integrating the above inequality from # to ¢, we get

V(1 %) < VI (1, 2) + (1 - m) f / b(E, n)a" (&, n) d& di
tr Jx1

k x
"+ (1-m) b, ma™ " (5, 1) dg dn,
(H) + M//xkéna §,m)dédn

i=1

then we can get that

k t px ﬁ
v<t,x)s[1‘[c}m+(1—m) [/ b(s,n>am1(s,n)dsdn]
i=1 be V%K
k k ﬁ
SHQ[1+(1—M)< )C’” 1/ b(g,ma" &, n)dédn}
i=1 b %k

i=1
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k t px ﬁ
s]‘[cl-[u(l—m) [ b(é,n)a’“(&n)dédn} ,
i=1 b %

so when 0 < m < 1, (19) stands.
Next, we prove the case of m > 1. Assume that (20) is fulfilled in the domain £24, then

for (t,x) € £2k11,k+1 the following inequality holds:

W (¢, x)
k-1 k-1 ti—0; XA
<1+ Yy e[ ()] 3 W(E,n) dé d
i=1 i-1 ti-7  Jxi=6;

17 X
" / ' / bE " (&, )W (& n) dE dn + yea™ (12 [ Wt — 0,2 — 0)]”
to

+ B / o f " W m de dn + / / :b(s,n)aml(s,n)wm(s,n)ds dn

=0k

IA

k . k " Ml —T
[1o7 exp[l—(m—l)(]‘[D?il ) f f bE, ma" (&, m) dé dn}
i=1 i=1 b1 Y xk-1
k o m
+ yea™ (b, %) (HD% )
i=1
K ki "o T
x [1—(m—1)<l_[Df”1 ) / b(&, ma""'(5,n)d§ dn}
i=1 L1 Y X1
tk=0k  [Xk—hk
+,3k/
te=tk X0k

k ) £ n m—
X |:1 —-(m-1) (H D?‘];l> /; b(t,s)a™ (z,s)dr ds:| dé dn
i=1 k-1 ¥ Xk-1

t X
m-1 m
. f / bE, m)a" (&, ) W(€, ) d dy

i=1

__1
I

< l_[D i { (1+ ya™ " (tx, %))

k 4
x 1—(m—1)< D:”k‘) b(E, Ma" (€, n)dédn}
oeofn) [
=0k LXK—Ak k i m-l
+ B / / [1—(m— 1)(]‘[fo{’>
173 Xi—0k i=1
£ T
x/ / b(z,s)a” N(z,s)dr dsi| d¢ dn}
L1 ¥ Xk-1

t X
m-1 m
. /tk /Xk bE, )" (&, n) W™ (&, ) d dn

m

m-1
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t px
HD Jk—i+1 Dk+/ / b(E’n)amfl(%-’n)Wm(E)n)dE d’l
te Jxk

k+1

HD k=it] / /x b(g, n)a™ (&, n) W™ (&, n) d& dn.
L Jxp

The right-hand side of the last inequality is defined as U(t,x), then U(tk,x) = U(t, xx) =
]_[k+1 D”‘k " and W (¢,x) < U(¢,x). Differentiating U (t, x) with respect to £, and on account

of the generalized first mean value theorem of integrals, we can get that

Uit,) = / bty m)a™ (&, m) W™ (¢, n) dn
*k

< / b(t, m)a" (&, n) dnll” (¢, ),

Xk

Ut(trx) [x -1
<[ b(t,n)a™ " (t,n)dn,
e ), (&;ma™ (&) dn

Ut(t,x)

¥ m-1
(1= m) 5 < (1 m) / e e

thus

d X
L) < (1—m) / bty )¢, ) di.
dt .

Integrating this inequality from ¢ to ¢, we have
0,) 2 U (t,2) — O~ 1)[ [ e matisnds an

k+1 -m t px
o) —m-1) b, n)a" "\ (&, 1) dg dn,
(n ) men [, e ndsay

Then we can get that V(¢,%) € 2¢.1,4+1 satisfying that

1
— ([T Dy

[(ﬁDk> (m — lf/ (&) "“én)dsdn]ﬁ

k+1 k+1
<1—[Dk1+1|: m 1(1—[DkL+I)

t X
/ b6, dn <
tr Jxg

t X 7ﬁ
x / b(g,m)a" ' (&,n) d& dn} :
tg J x|

So when m > 1, (20) stands. By mathematical induction, this completes the proof. d
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Theorem 2.3 Suppose that there exists a nonnegative piecewise continuous function ¢(t, x)
determined in the domain $2, with discontinuity of the first kind in the points (ty,xx)
(fo<ti<fy<--,% <X <Xy <-+,limio0t; =00, lim;, o0 x; = 00), and it satisfies the

inequality

o(6,%) < alt,x) + g(t,x) / / b(E, )™ (&, ) d dy

Y ve(Ga)

(t0.%0)<(t;%;)<(t,x)

ti-ti px;i—0;
. f f o(&,m)d& di, (26)
t,x) li—o,

(f0,%0)< tl 7)<

m >0, m#1, where a, b, y;, B; satisfy the conditions of Theorem 2.1. Then, for (t,x) € §2,
k=1,2,..., the following estimates hold:

k-1
o(t,%) < alt,x)gt,x) [ [ C:

i=1
-[1+(1—m) f / b(s,n)a'"-l<s,n>g’"(s,n)dsdn]“", 27)
L1 Y Xk-1

Ci=(1+ya" " (tiyx:))g" (b %1)

b, " g (6, ) de dn]

Li-1 Yxi1

ti—o; [xX—A; 3 n ﬁ
/ / |:1 +(1- m)/ / b(t,s)a™ (t,s)g" (t,s)dr dsi| dé dn,
ti-t;  Jxi=d; tio1 Y %1

~|:1+(1—m)

Co=1,

if0<m<1;and

k-1

o(t,x) < a(t, x)g(t, x) Z[ (1+vig(tx) eXp[ / i b(&,mg(&,n)d§ dn]

ti-1

ti—o; xXi=Ai & n
/ f exp|:/ / b(z,s)g(z,s)dr ds:| d¢ dn:|, (28)
ti—T; xi=0; ti-1 VX1

ifm=1;and

i=1

k k m-1
o(t,x) < alt, gt [ Dy [1 —(m-1) (]‘[ D;ﬁﬁ")
i=1

x / / a6 ) dn] o (29)
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Di=(1+ )’i(ﬂ(ti,xi)g(tht))m_l

4 AN "=
~ {1 ~(m-1) <1"[D7f’£’> f f b, ma" (€, n)g" (€, 1) dé dn]
j=1 ti-1 Yxi-1

tj—oj Xi—hi i i m-1
/ | {i-en-n([T2z
ti— xi—8; j=1

1
£ “m-T
X / b(t,s)a™*(t,s)g" (t,s)dr ds:| d& dn,
t

i-1 Y ¥i-1

if m>1with Dy =1 and (¢,x) € §2 satisfying

t X 1
b(E, ma" (&, n)g" (€, n) & dn < ,
/tk_1 /x e n n)dé dn < T D
Proof Since a(t,x) > 0, g(t,x) > 0, we get
o(t,%) @™ (&) @" (8, %7)
alty) =5 )[“/,O/xob(s’ agn Eh D woe ey

(t0.%0)<(ti%;)<(t,x)

N /tl—a, /x,—)», (P i|
£x) ti—7; x;—8; ﬂ(%‘ 77)

(tox0)< t, )<

Set

W(t,x)=1+/ b(g,n)*"a(g’;)dgdm 3 y )

ty Jxo (toxo)<(tix;)<(tx) a(t )

]t' 7 f’”‘” p(§, n)
+ n,
ti—1; x;—8;

(to.x0)<(t; x1)< £,x)

W (to,x) = W(t,x0) = 1, o(t,x) < a(t, x)g(t,x) W (t,x), then

L m—1 m w(&,n) "
Wi(t,x) <1+ /to s b(&,m)a"" (&,m)g (S,n)[a@,n)] d¢ dndédn
+ Z Vi“m_l(ti:xi)gm(tirxi)[wét: x:)j|

(t0.%0)<(t;%1)<(t,%)

ft’ 7 /x‘_k‘ p(§, 77)
+
L7 xi=0;

(to.x0)<(t; x1)< £,x)

t X
<1+ f bE, ma" (& mg" (€, m) W™ (5, n) d& dn
to

*0

+ Z yvia" 7 (8, x0)g" (t x) [ W (6, %7) ™

(to.x0)<(t;%1)<(£:x)

ti—o;
+ / /5 gE,mW(&,n)dé dn.
L1 Xi—

(to xo)< £5,%)<(t,x)

m_
1

(30)

(31)

(32)

Page 15 of 22
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Using the procedure for W(¢,x) in Theorem 2.2, it is possible to obtain for W(t,x) the

following estimates:

k-1 . " ﬁ
<[]G- |:1+(l—m)/ / b(E, m)a™ ), )" (€, ) dE dn] )
i=1 -1 Y %k-1
Ci= (1 + Vi“m_l(ti,xi))gm(t,-,xi)

b, a6, ) d dn]

Lio1 YXi1

ti-oj
+ B; / / g(t,s)
ti—T; x;—8;

& n
X [1 +(1- m)/ / b(t,s)a™(z,s)g" (z,s)dt ds:| dédn, Co=1,
i1 Jxi1

~|:1+(1—m)

]
—_

if0<m<1;

Wit x) < [(1+mg(tl,xl eXp[ / / b(&,n)g(&,n) d& dn]

(toxo)<(tix;)<(t,x)

ti—oj xi—\j & n
/ / g(z,s) exp|:/ / b(z,s)g(z,s)dr ds:| d¢ dn], (34)
ti—7; x;—8; ti-1 X1

ifm=1;

X k m-1
wie,x) <[]0 {1 ~(m-1) (]_[Di»”kl)
i=1

i=1

t x _ﬁ
. / f bE, m)a" (&, )g" (&) de dn} , (35)
L1 Y Xk-1

m-1

D; = (1 + yi(a(ti, x)g(ti, %))

m-1 t; x; ~ T
[ ~(m - 1)(HD"’”) f b<s,n>am-1(s,n>g*"<s,n>dsdn]

i-1 Y ¥i-1

ti—o; Xi—Aj i i m-1
/ f g(r,8)|1-(m-1) HDj'fll
L-T; xi=8; j=1

-1
m=1

/ / b(t,s)a™*(t,s)g"(€,n)dt ds:| dé dn,

if m>1with Dy =1 and V(¢,x) € £2:

t x 1
b(E, ™€, m)g" (€, n) d& d < I
/tkl *-1 e e ! ! (m — 1)(1_[?(:1D:fk1 ym=1

From (33)—(35) estimates (28)—(29) for the function ¢ will follow. O
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3 Inequalities with retardation
Let us define a class of functions in the J-class of continuous functions o (£) as retardation,
and for o (¢) the following estimates hold:

(a1) o(t) <t,VteR,, R, :=[0,+00);

(a2) limy_ 00 0 (£) = +00;

(as) o(¢) is nondecreasing.

Theorem 3.1 Let o € I and ¢(t,x) satisfy certain inequality

ot <at) veen) [ [ bene@om)dsdns Y ue(ew)

(t0.x0)<(£j%;)<(tx)

ti—1; x;—8;
. f f (&) d dn, (36)
ti—o;

(to,x0)< t, xi)<(tx) i

with m > 0, and the functions ¢, a, g, b satisfy the conditions of Theorem 2.3, y;, ; = const >
0. Then, for k =1,2,..., ¢(t,x), the following estimates are valid:

o(t,x) < a(t,0)g(t, x)Hs exp[ / / o (€),0(n)) dé dn} (37)

[ Flo@rom) ]

] xi=6;
/ / g(t,8) exp[ / F(o(r),0(s))dr dsi| dédn, Sp=1,
ti—o, Xi—Aj ti-1 Jxi1

S; :(1+y, m- (t,,x,)g (t,,x, exp[

ifo<m<1;

o () o () d dn} (38)

(L, x) <alt,x)g(t, x)l_[ T exp|:/ f

-1 ¥ %k-1

7= (e ) G exolm [ [ Flo@),00m) dean]

-7 x=8; & n
/ / g(1,5) exp|:/ / F(o(r),0(s))dr dsi| dedy, To=1,
ti—o; Jxi-k; ti1 Jxi1

if m > 1. Here, the function F (o (§),0(n)) is defined by

b(&,n)a(o(£),0(n))glo(&),0(n))
a(§,n) '

F(o®),om) =

Proof Because of a(t,x) > 0, we get

et x p(0(§),0(n)) Y "t ;)
<gtx)|:1+//b($ ) L2529 e dedp+ Y e

al(t,x
( (to.x0)<(t;%1)<(£:x)

ti—o; pX—A; (p(%.,n) :|
dédn|.
' £,%) /t, T /xi—ﬁi a(&,n) 5 dn (39)

(t0.%0)< tl 7)<

Page 17 of 22
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Set

§0(U(5) a(n)) " (t7,%7)
tx-1+/t‘o‘/;0 TaEn dédn + Z Vim

[EWNCEAR )]

' / N /: oG n) dn, (40)

(to x0)< £,%)<(t,x)

W (to,x) = W(t,x0) = 1, p(t,x) < al(t,x)g(t,x) W(¢,x), then

W) <1 +/ / b(&, n)a( U(E)a(;U;; 2(0(§),0(n) W(o(©),0 () dé

+ Z yvid™ (s x)g" (b ) [W (87, %7) ™

(to,x0)<(t;%1)<(£x)

ti—o; Xi—hi
+ /Z /Ml_ g, n)W(&,n)dé dn. @)

(t0.x0)<(t; x,)< £,x) t

Using the result of Theorem 2.1 for (41), k = 1,2,..., we could obtain certain estimates:

W (t exp|:/t‘k 1 /xk 1 )d“g‘ dr]:| (42)

Si= 1+ via™ (6 x:)g" (£ %:)) exP[ / f(o(é),o(n))dé‘dn]

ti—7; x;=0;
/ / g(t,s exp[/ / d‘L’ ds:| dédn, Sp=1,
ti—o; tio1 Jxi

if0<m<1;

k-1 i1 t x
Wex) < [[1m" exp[ / / F(o®),om)ds dn} (43)
i=1 b1 Y Xk-1

T; = (1 +yia" Nt %) g™ t,,x, exp[ / / &),0(n) )dé dn]
tio1 Y1

ti-t; pxi—0;
/ / g(t,s) exp|:/ / Flo(r),0(s))dr ds:| dedn, To=1,
ti=o; Xi—hi ti-1 Jxi-1

if m > 1. From (42)—(43) and the inequality ¢(¢,x) < a(t, x)g(t,x) W (¢, x), the result of The-
orem 3.1 follows. O

Theorem 3.2 Let us suppose that all the conditions of Theorem 3.1 are fulfilled and the

function ¢(t, x) satisfies a certain inequality

o(6%) < alt,x) + g(t,%) f f b(E )" (o), 0 () de dy
+ Z yigo”’(ti’,xi_)

(t0.%0)<(t;,x;)<(t,%)
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/tl Tl/_kllw(é,n)dé dn, (44)

(tox0)< tl 7)<

with m > 0.
Then V(t,x) € §2, the following estimates hold:

k-1

(L, x) <alt,x)g(t, x)l_[X [1 +(1-m) / IC(O’(%'),(F(?’})) d¢ dn], (45)
Kje—

te-1

X, - (1+y,-am-l(t,-,xi>gm<n,xi))-[1+(1—m) / i / ©K(o(E) o) ds dn] .

/tl m/xﬂlg(é 1ea- ””f / 7ol d’dsﬁdsd"’

Xo =
ifo<m<1;
k-1
@(t,x) < alt,x)g(t,x) ]_[{(1 + vig(ti, %1))
i=1
x exp[ [ [ semeoenom 2 g dn}
ti—o; Xi— n
/ / exp|:/ b(z,5)g(o (1), 0(s))
X % dr ds] dé dn }, (46)
ifm=1;

k ‘ k m-1
so(t,x)sa(t,x)g(t,x)]"[n’"kl[ —(m- 1)(1"[ f’)

i=1

x / ) /xk_l’c("@)’“(”))dg dn} , (47)

Yi= (1+ya" " (i x:)g" " (8, %1))

i mel — T
A1—m-n(TTr"” K(o(€),0(n) dé dn
(Tl [ [ xeoemaa ]

ti—o; m-1
[ s (T)

1

3 m-1
X / /'7 IC(U(‘L'),G(S)) dr ds:| dédn, Yp=1,
ti-1 Jxi1
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ifm>1,V(t,x) € 2:

1
k k=i 1’
(m-1D)( 1., D)

/ / blE, K (0(€),0(n) ds dn <
b1 v xk-1

Here, the function K(o (€),0(n)) is defined by

b(&,n)a"(0(§),0(n))g"(0(§),0(n)
a(&,n) ’

K(o(),0m) =

Proof Due to g(t,x) > 1, the following inequality is valid:

¢(t,x) ¢"(0(§),0(n) ¢t x7)
TR A / T R S A DI (s

ti—o; Xi—Aj
(to,x0)< t,xl <(£,%) ti-t;  Jxi=8; ﬂ(s, 77)
Set
"o (&), 0 e
Wz, x)—1+/ / b, ) g) )(Tl)) dedn+ Z yi%
& (t0x0)< (i) <(tx) i
/t, 0j /xl—xl
’ d77, (49)
(o x0)< £;,%;)<(t,x) Li=Ti xi=0j a(é T)
thus

o(t,x) < a(t, x)g(t, x) W (¢, %), (50)

and W (t,x) = W(t,x0) = 1, then

dé dn

W(t’x)f1+/‘/xb(s’n)a’”(G(S),U(n))g”’(G;Z),:)(n))W”’(G(E),G(n))

yid™ " (b, %0)g" (6 %) W (£, %7)

(t0.20)<(t;,%:)<(t,x)

ti—o; pxi—Aj
+ / / &M WE, ) de dn. (51)

(to xo)< tx)<(tx) v i=di

Using the result of Theorem 2.3 for inequality (51) and taking into account estimate (50),
we obtain estimates (45)—(47). a
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