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1 Introduction

1.1 Heisenberg group H"

The Heisenberg group H" is a nilpotent Lie group with underlying manifold C* x R. The
group structure (the multiplication law) is given by

(z,8) - (z’, t’) = (z +Z,t+t + 2Im(z . 7)),
where z = (21,22, ...,24), 2 = (2},2),...,2,,) € C", and

o )
z-7:= ) zz.

Jj=1

It can be easily seen that the inverse element of u = (z,£) is ™! = (—z,—£), and the identity
is the origin (0,0). The Lie algebra of left-invariant vector fields on H” is spanned by

) o
Xj =55 *Wigp J=L2...m,

i

=D 9 i
Yi‘ay,- 25, j=L2,...,m,
=2
T=4.
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All non-trivial commutation relations are given by
(X, Y]] = 4T, j=1,2,...,n.

The sub-Laplacian Ap» is defined by

n

Agn = Z()(JZ + YIZ)

j=1

The dilations on H” have the following form:
84(2,t) := (az, azt), a>0.

For given (z,t) € H", the homogeneous norm of (z,t) is given by

|z, 6)] := (Iz]* + t2)1/4.

Observe that |(z,£)7!| = |(z,£)| and

4

184(2,)| = (laz* + (azt)z)l/ =a|(zt)|.

In addition, this norm | - | satisfies the triangle inequality and leads to a left-invariant dis-

1

tance d(u,v) = lu™" - v| for u = (z,t),v = (Z,¢') € H". The ball of radius r centered at u is

denoted by
B(u,r) := {V eH”:d(u,v) < r}.
The Haar measure on H” coincides with the Lebesgue measure on R?" x R. The measure

of any measurable set E C H” is denoted by |E|. For (u,r) € H” x (0, 00), it can be shown

that the volume of B(,r) is

’

’B(u, r)| =r<Q. !B(O, 1)

where Q :=2n + 2 is the homogeneous dimension of H” and |B(0, 1)| is the volume of the

unit ball in H”. A direct calculation shows that

203 I(2)
CESVAINCSY

|B(0,1)| =

Given a ball B = B(u,r) in H” and A > 0, we shall use the notation AB to denote B(u, Ar).

Clearly, we have
|B(u, Ar)| = A2 |B(u, 7). (1.1)

For more information about the harmonic analysis on the Heisenberg groups, we refer the
reader to [12, Chapter XII] and [13].
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Let V : H"” — R be a nonnegative locally integrable function that belongs to the reverse
Holder class RH; for some exponent 1 < s < 00; i.e., there exists a positive constant C > 0
such that the reverse Holder inequality

1 . 1/s 1
(E‘/B\/(w) dw) §C<®/B\/(w)dw>

holds for every ball B in H”". For given V € RH; with s > Q/2, we introduce the critical
radius function p(u) = p(u; V') which is given by

1
ou) = sup{r>0:—2/ V(w)dwfl}, ueH", (1.2)
re- B(u,r)
where B(u, r) denotes the ball in H” centered at # and with radius . It is well known that
this auxiliary function satisfies 0 < p(u) < oo for any u# € H” under the above assumption
on V (see [9]). We need the following well-known result concerning the critical radius

function (1.2).

Lemma 1.1 ([9]) If V € RH; with s > Q/2, then there exist constants Cy > 1 and Ny > 0
such that, for all u and v in H",

1 [v-lu _N°< o(v) [v~lul 1\%
Co (1 T o) ) = pu) = Co(l o) ) ' ()

Lemma 1.1 is due to Lu [9]. In the setting of R”, this result was given by Shen in [10]. As a

straightforward consequence of (1.3), we can see that, for each integer k > 1, the estimate

+£>i<1+L>_£)}91<1+&> (1.4)
p(v) ~ Co p(u) p(u) '

holds for any v € B(u, r) with u € H" and r > 0, Cj is the same as in (1.3).

1.2 Fractional integrals
First we recall the fractional power of the Laplacian operator on R”. For given « € (0, n),

the classical fractional integral operator /2 (also referred to as the Riesz potential) is de-
fined by

L) = (=8)"(),

where A is the Laplacian operator on R”. If f € S(R"), then, by virtue of the Fourier trans-
form, we have

I57(€) = (27 |€]) °F(6), VE € R™

Comparing this to the Fourier transform of |x|™, 0 < @ < n, we are led to redefine the
fractional integral operator I2 by

1 )

A ,:
LS @) y(@) Jrn |x—y|"

dy, (1.5)
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where

w12 ()
y()= D)

with I'(-) being the usual gamma function. It is well known that the Hardy-Littlewood—
Sobolev theorem states that the fractional integral operator I is bounded from L?(R") to
LI(R") for 0<a <n, 1 <p < n/a and 1/q = 1/p — a/n. Also we know that I2 is bounded
from L}(R") to WLI(R") for 0 < o < n and q = n/(n — a) (see [11]).

Next we are going to discuss the fractional integrals on the Heisenberg group. For given
a € (0, Q) with Q = 2n + 2, the fractional integral operator I,, (also referred to as the Riesz
potential) is defined by (see [14])

L(f) = (~Am) (), (1.6)

where Appr is the sub-Laplacian on H” defined above. Let f and g be integrable functions
defined on H". Define the convolution f * g by

(f *@)u) = /H FW)g(vu)dv.
We denote by H,(u) the convolution kernel of heat semigroup {7 = eS8 25> 0}, Namely,
e fu) = / H,(v''u)f (v) dv.
H}‘l

For any u = (z,t) € H”, it was proved in [14, Theorem 4.2] that I, can be expressed by the
following formula:

lof () = F(a/Z)/o e fla)s ds
_ 1 00 o/2-1
- o /0 (H, ) ()s* d. (17)

Let V € RH, for s > Q/2. For such a potential V, we consider the time independent
Schrodinger operator on H” (see [8]),

L:= —AHn + V,

and its associated semigroup
T/ =5 = [ Pl O)ds, [ eL()5>0
H}’l

where Py(u,v) denotes the kernel of the operator e=“,s > 0. For any u = (z,t) € H”, it is
well known that the heat kernel H;(u) has the explicit expression

n 2
H.(z,t) = (27) \(477)™" /R (Sin'hA"MS) exp{-'“f'

coth [A|s — ikt} dx,
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and hence it satisfies the following estimate (see [5] for instance):

2
0<H,(u) <C- s exp(—'Z—'), (1.8)
s

where the constants C, A > 0 are independent of s and u € H". Since V > 0, by the Trotter
product formula and (1.8), one has

12
0 <Py(u,v) <H,(v''u) <C-s exp(— |VAM| >, s>0. (1.9)
s

Moreover, this estimate (1.9) can be improved when V belongs to the reverse Holder class

RHj for some s > Q/2. The auxiliary function p(u) arises naturally in this context.

Lemma 1.2 Let V € RH; with s > Q/2, and let p(u) be the auxiliary function determined
by V. For every positive integer N > 1, there exists a positive constant Cy > 0 such that, for

all u and v in H",

~1..12 -N
OEPS(M,V)ECN~S_Q/26XP(—M)<1+£+£) , s>0.

As p(u)  p(v)

This estimate of Py(u,v) is better than (1.9), which was given by Lin and Liu in [8,
Lemma 7].

Inspired by (1.6) and (1.7), for given « € (0, Q), the L-fractional integral operator or L-
Riesz potential on the Heisenberg group is defined by (see [6] and [7])

Loa(F)w) = L7Pf (w)

_ 1 * —sL «/2-1
_—F(a/2)/0 e~ f(u)s ds.

Recall that in the setting of R”, this integral operator was first introduced by Dziubanski
et al. [3]. In this article we shall be interested in the behavior of the fractional integral
operator Z, associated to Schrodinger operator on H”. For 1 < p < oo, the Lebesgue space
LP(H") is defined to be the set of all measurable functions f on H” such that

1/p
f ey = (/};ﬂn If w)[” du) < 0.

The weak Lebesgue space WL?(H") consists of all measurable functions f on H” such that
/
I llwzp e = sup - [{u € H" : |f ()| > )»Hlp < 00,
A>0

Now we are going to establish strong-type and weak-type estimates of the L-fractional

integral operator Z, on the Lebesgue spaces. We first claim that the estimate

1
[v-1ly| Q-

Zfw)] < C /H [f v dv=C(|f]* 1) (w) (1.10)
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holds for all # € H". Let us verify (1.10). To do so, denote by K, (1, v) the kernel of the
fractional integral operator Z,. Then we have

/ Ko, V) (v) dv = Tof () = L7%f (u)
HYI

1
I'(a/2)

) i # o/2-1
_/0 |:F(Oé/2) /]H[VI PS(”’V)f(V)dV]s ds

= ; - a/2-1
= /]I‘ﬂn |: p(a/z) '/0‘ Ps(u, V)S dsi|'/(v) dV.

/ e—s[,f(u)sa/Z—l ds
0

Hence,

1

Kewv) =502

o0
/ Py(u, v)s¥* L ds.
0

Moreover, by using (1.9), we can deduce that

c > v u)? @/2-Q/2-1
|/Co,(u,v)| < m/; exp(—A—S)s ds

c 1 /oo —t (Q/2-at/2)-1
< . et dt
T L(@/2) |vlul@®® J,

rQ/2-al2) 1
I'(a/2) [v-1y|Q-’

=C

where in the second step we have used a change of variables. Thus (1.10) holds. According
to Theorems 4.4 and 4.5 in [14], we get the Hardy-Littlewood—Sobolev theorem on the

Heisenberg group.

Theorem 1.3 LetO<a <Qand 1 <p< Qla. Define 1 < q < oo by the relation 1/q =1/p —
a/Q. Then the following statements are valid:

(1) ifp>1, then 1, is bounded from L (H") to L1(H");

(2) if p =1, then I, is bounded from L*(H") to WLI(H").

The organization of this paper is as follows. In Sect. 2, we will give the definitions of
Morrey space and weak Morrey space and state our main results: Theorems 2.3, 2.4, and
2.5. Section 3 is devoted to proving the boundedness of the fractional integral operator in
the context of Morrey spaces. We will study certain extreme cases in Sect. 4. Throughout
this paper, C represents a positive constant that is independent of the main parameters,
but may be different from line to line, and a subscript is added when we wish to make
clear its dependence on the parameter in the subscript. We also use a & b to denote the
equivalence of a and b; that is, there exist two positive constants C;, C;, independent of a,
b such that Cia < b < Cya.

2 Main results
In this section, we introduce some types of Morrey spaces related to the nonnegative po-
tential V on H”, and then give our main results.
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Definition 2.1 Let p be the auxiliary function determined by V' € RH; with s > Q/2. Let
1<p<ooand0 <« <1.For given 0 < 0 < 0o, the Morrey space L’;’)’; (H") is defined to be
the set of all p-locally integrable functions f on H" such that

1/p 2
4
(|B|K / o) d”) =C (“ p(uo)> 2D

for every ball B = B(uo,r) in H". A norm for f € L (H"), denoted by ”f”Lf)'f;(H")’ is given
by the infimum of the constants in (2.1), or equivalently,

1l 2 o, = SUp (1 ) ( / ”du> < 00,
Vil e Buon \  o(tho) |B* @

where the supremum is taken over all balls B = B(uo, ) in H”, 4, and r denote the center

and radius of B, respectively. Define

L (B7) = (27 (B).

6>0

For any given f € Lo (H"), let
0% :=inf{6 > 0:f € LV (H")}.
Now define
e = Wizt o o= U s ey

It is easy to check that || - ||, satisfies the axioms of a norm; i.e., that for f,g € Lb/5 (H") and
A € R we have

s =0

¢ Iflk=0%f=0;

o IAf I = A Ml

o I+ gl < Wl + lIgllse

Definition 2.2 Let p be the auxiliary function determined by V' € RH, with s > Q/2. Let
1 <p<ooand0 <k < 1.For given 0 < 6 < oo, the weak Morrey space WLIZ’,'; (H") is defined
to be the set of all measurable functions f on H” such that

1 . 1/p r o
B stipk HueB. [f(u)| >k}| <C- (1 + p(uo)>

for every ball B = B(uy, r) in H”, or equivalently,

r | wp
'V”WL”“H"V:BZZPA( p(uo>) g Suph [ e Belfw]> 2} <oo.

Correspondingly, we define

WLES (H") := | Wb (H).

6>0
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For any given f € WLL o (H"), let
0 :=inf{6 > 0:f € WLY; (H")}.
Similarly, we define

”f”u = ”f”\X/L%',';O(H”) = |V||WL£"';**(H”)'

By definition, we can easily show that || - ||, satisfies the axioms of a (quasi)norm, and
WL (H") is a (quasi)normed linear space. Obviously, if we take @ = 0 or V = 0, then this
Morrey space (or weak Morrey space) is just the Morrey space L”*(H") (or WLP*(H")),
which was defined by Guliyev et al. [4]. Moreover, according to the above definitions, one
has

LPe(E") © Ly, (B") © L, (HY);

WLP<(H") € WLY, (H") € WLbG (H"),
for 0 < 6) < 6 < 0co. Hence LP*(H") C LYo (H") and WLP*(H") C WILLS(H") for (p,«) €
[1,00) x [0,1). The space L’:,"'; (H™") (or WL’;’,';(H”)) could be viewed as an extension of
Lebesgue (or weak Lebesgue) space on H” (when « = 0 = 0). In this article we will extend
the Hardy-Littlewood—Sobolev theorem on H" to the Morrey spaces. We now present

our main results.

Theorem 2.3 Let0<a<Q,1<p<Qlaand 1/qg=1/p—a/Q.If V € RH; with s > Q/2
and 0 < k < plq, then the L-fractional integral operator T, is bounded from L1 (H") into
L%g(OLI)/P(Hn)'

Theorem 2.4 LetO<a<Q,p=1landq=Q/(Q-«a). IfV € RH; withs> Q/2and 0 <k <
1/q, then the L-fractional integral operator I, is bounded from L};)’go(H”) into WL:I,’,((;(O’I)(H”).

Before stating our next theorem, we need to introduce a new space BMO,, . (H") defined
by

BMO,, o (H") := |_JBMO, ,(H"),

>0

where for 0 < 6 < oo the space BMO, 4 (H") is defined to be the set of all locally integrable

functions f satisfying

1 r 0
1B(uo, )| /B o) If () = fotuo,n)| du < C - (1 + p(u0)> , (2.2)

for all uy € H" and r > 0, fp(4,,» denotes the mean value of f on B(uy, r), that is,

1

|B(u0, )| Vg

fB(uo,r) : f(V) dv.
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A norm for f € BMO,4(H"), denoted by ||f[lzmo,,, is given by the infimum of the con-
stants satisfying (2.2), or equivalently,

-0 1
Ifllemo, 4 := sup (1+ ’ ) <|B( lf(u)_fB(uo,r)’du)’

B(ug,r) p(MO) Uo, V)| B(uo,r)
where the supremum is taken over all balls B(uy, ) with 1o € H” and r > 0. Recall that in
the setting of R”, the space BMO,, 4(R") was first introduced by Bongioanni et al. [2] (see
also [1]).

Moreover, given any g € [0, 1], we introduce the space of Hoélder continuous functions
on H”, with exponent 8.

)=k, (m),

6>0

where for 0 < 6 < oo the space Cﬁe(H”) is defined to be the set of all locally integrable
functions f satisfying

1 r o
_ (1)  frunr dqu-<1+ ) , (23)
|B(uo, )| 1+A/1Q B(uo,r)lf Sotwor| p(uo)

for all uy € H” and r € (0,00). The smallest bound C for which (2.3) is satisfied is then
taken to be the norm of f in this space and is denoted by ”f”cﬂ When 6 =0 or V =0,
BMO,, 4 (H") and c? Q(H”) will be s1mply written as BMO(H") and CP(H"), respectively.
Note that when 8 = 0 this space C p‘g(H”) reduces to the space BMO,, »(H") mentioned
above.

For the case k > p/q of Theorem 2.3, we will prove the following result.

Theorem 2.5 Let 0<a < Q,1<p<Qlaand l/q=1/p-a/Q.If V € RH; with s > Q/2
and plq < « < 1, then the L-fractional integral operator I, is bounded from LYo (H") into
Cfioo(H") with 8/Q = k/p — 1/q and B sufficiently small. To be more precise, 8 <8 < 1 and
6 is given as in Lemma 4.2.

In particular, for the limiting case x = p/q (or 8 = 0), we obtain the following result on
BMO-type estimate of Z,,.

Corollary 2.6 Let0<a < Q,1<p<Qlaand 1/q=1/p —a/Q. If V € RH; with s > Q/2
and « = plq, then the L-fractional integral operator I, is bounded from L5 (H") into
BMO,, . (H").

3 Proofs of Theorems 2.3 and 2.4
In this section, we will prove the conclusions of Theorems 2.3 and 2.4. Let us recall that
the L-fractional integral operator of order « € (0, Q) can be written as

Tof () = L77f (u) f Ko (, v)f (v) dv,
where

— # * o/2-1
Ko, v) = F(a/Z)/O Py(u,v)s ds. (3.1)
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The following lemma gives the estimate of the kernel I, (1, v) related to the Schrodinger
operator £, which plays a key role in the proof of our main theorems.

Lemma 3.1 Let V € RH; with s > Q/2 and 0 < o < Q. For every positive integer N > 1,
there exists a positive constant Cy o > 0 such that, for all u and v in H",

-1 -N
1
Kalit)] < Gy 14122 . (3.2)
» v T

Proof By Lemma 1.2 and (3.1), we have

1 o0
, Ps , a/2-1
| Ko (1t V)|§—F(o[/2)/(; |Py(u,v)[s*>" ds
1 * Cy lv-lul? N /2-1
- =N _ 1+ V7 a/2-1 4
5r(o:/z)/o san P ( as U 0w o) T ®

1 00 -1,,12 -N
5—/ ﬁ-exp —|V “ 1+£ sl g,
I(a/2) Jo s? As o(u)

We consider two cases s > |[v"u|? and 0 < s < |v1u|?, respectively. Thus, |, (&, v)| < I+11,

where

1 ®  Cy lvtu? NN
1= — - 1+ —— vt d
F(a/2) [vlulz Q2 GXp< As + p(u) S S

and

1 v lu? CN |V_1M|2 \/E -N
InH=—" —_ - 1+ —— @/2-1 .
T(@r2) /0 so? exp( As )( " p(u)) e
When s > |[v'u|?, then /s > |[v"'ul, and hence
1 ~ -1,12 1,0\ N
I< —f - - exp v 1+ v ul s 1 ds
I'(a/2) Jj1,2 s? As o(u)

-1 -N o0
< a1+ 24 / s/ s
' p(u) [v-1y?

plu\™N 1
ECN,DI 1

+ )
p(u) [v-1u|Q«

where the last integral converges because 0 < & < Q. On the other hand,

v lu® V12 ~(Q2+N72) T\ N
USCN,a/ -(' | ) (1+ Vs ) 21 g
0

s\ s p(w)

v NV
=C N . 1+ Y2 a/2—1d )
v /0 [vtu|? (|V1M|> ( +p(u)> ’ ’

It is easy to see that, when 0 < s < [v"1u|?,

Vs _ s+ pw)

lvul = vlul + p(u)
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Hence,

lvul? N -N
I < CN,a/ 1 ( \/E+,O(Lt) ) (\/‘;-"p(u)) Sa/Z—IdS
0

vl \[vlul + p(u) p(u)

— ~1.12
_ CN,D/ (1 + |V_1Ll|) N/V “ sot/2—1 ds
lv—ul? p(u) 0

oo (1 plu\™N 1
= + .
e pw) ) |vlulQe

Combining the estimates of I and II yields the desired estimate (3.2) for « € (0, Q). This
concludes the proof of the lemma. d

We are now ready to show our main theorems.

Proof of Theorem 2.3 By definition, we only need to show that, for any given ball B =
B(ug, r) of H”, there is some ©% > 0 such that

1 g 1/q r D
(|B|W /B|I“f(”)| d”) =C (1 i p(uo)> (33)

holds for given f € L} (H") with (p, k) € (1, Q/a) x (0, p/q). Suppose that f € L7 (H") for
some 6 > 0. We decompose the function f as

F=fi+f € L5
N=f" X
fo=f " Xese

where 2B is the ball centered at 1, of radius 2r > 0, x»p is the characteristic function of 2B
and (2B)¢ = H"\(2B). Then, by the linearity of Z,, we write

1 lq 1 1/q

1 1/q
+ (g |ttt au)

= 11 + 12.

In what follows, we consider each part separately. By Theorem 1.3 (1), we have

1 1/q
1= (s [ ol an)
1/p

([sora)

H}‘l

1/p

(/ V(u)|p du)

2B

<C 2B (), 2
< “f"LI;’,’;(H”).w—K/P' +,o(uo) '

1
<
- |B|K/p

=C-

1
[BI<P
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Also observe that, for any fixed 6 > 0,

1<(1+ 2r )0<29<1+ 4 )e. (3.4)
- plug)) — p(uo)

This in turn implies that

hs@ﬂm@mmo+aiﬂé
Next we estimate the other term L. Notice that, for any u € B(uo, r) and v € (2B)°, one has
vt = | (v o) - (gt u) | < vt uo] + i
and
vt = | (v o) - (gt w) | = vt uo| = 1t ]
Thus,
%|v‘1uo| < |vu| < §|v—1uo|,

ie., [vlu| & |[v-lug)|. It then follows from Lemma 3.1 that, for any u € B(ug, r) and any

positive integer N,
T = [ Peutu] -0 dv
(2B)¢

|v‘1u|>_N 1
<C ,a/ (1 + IfW) | dv
N (2B p(u) [v-1u| Qe ol

vl \ ™ 1
< Cran 1+ |f )| dv
(2B)¢

o(u) [v-1uy| R
- - -N
v~ uo 1
= Cnp, f ( + o)l v
o,n ; 2kp<|y-lyg|<2k+1y p(u) |V71M0|Q*a lf |
3 -N
! 2kp

=° L+ —— v|dv. (35
= N,a,ng |B(uo,2k+lr)|1—(a/Q) [/_1u0<2k+1,< p(u)> lf( )’ (3.5)

In view of (1.4) and (3.4), we can further obtain

1
[Blutg, 21|70

Nﬂ k -N
r No+T 2%r
X 1+ 1+ )| dv
/v1u0<2k+1r( IO(MO)) ( p(”O)) Lf |

Zfw)| <CY
k=1
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> 1
=C L (e
N'% 2/(+1 -N
x/ (1+ r > ’ (1+ r) [f(v)|dv. (3.6)
Blug,2k+17) p(u0) p (o)

We consider each term in the sum of (3.6) separately. By using Holder’s inequality, we find

that, for each integer k > 1,

1
v)| dv
|B(u0; 2k+1r)|1—(a/Q) /I.;(uo,Zk*lr) lf( )|

1 1/p 1/p
< () pdv) (/ 1 dv)
|B(u0; 2k+1r)|1—(01/Q) (/B:(uo,Zk*'lr) lf ‘ B(ug,2%+1r)

|B(Mo,2k+1r)|'(/p ok+1, 0
+ .
| B(uo, 2k+1r) |1V p(uo)

< Cllf"Li:g(H”) :

This allows us to obtain

|B(uo, r)|Y9 = |B(uo, 2K+ 1r) [P
|B(uo, )|/ 4= | B(uo, 2+1r) |12

<1 , >N% (1 2k+1r>—N+9
x 1+ +
p(uo) p(uo)

r Nxpir & |B(ug, r)|Ya~Ip okl ~N+0
= Clf I 2w gy | 1+ Z Tt maep \ Lt ’
o p(uo) i 1Blug, 2+t [Valp X = p(uo)

L < CHfllL%(Hﬂ) .

Thus, by choosing N large enough so that N > 6, and the last series is convergent, then we

have

N oo (/gq-x/p)
r No+T Z |B(uo,7)] er
k=1

p(uo) |B(uo, 25+ 1r
I r N'%
< C|If ||« n<1+—) ,
Lo ® p(uo)

where the last inequality follows from the fact that 1/q — x/p > 0. Summing up the above
estimates for I; and I, and letting ¢ = max{f,N - %}, we obtain the desired inequality
(3.3). This completes the proof of Theorem 2.3. d

Proof of Theorem 2.4 To prove Theorem 2.4, by definition, it suffices to prove that, for
each given ball B = B(uy, r) of H”, there is some ¥ > 0 such that

1 9
BIF il:gk- |{u €B: |Iaf(u)| > )L}|1/q <C- (1 + p(;o)) (3.7)
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holds for given f € L})',’;O(H”) with 0 < k < 1/q and q = Q/(Q — ). Now suppose that f €

L;’Y';(H”) for some 6 > 0. We decompose the function f as

f=fi+f el H;
fl =f'X23;
fo=f" XeBy.

Then, for any given A > 0, by the linearity of Z,, we can write

ﬁ» (e B: |Tuf )] > 1}

1/q

A |{ueB:|Tofi(w)| > 12}

»o|{ueB: |Tpw)] > 12}

We first give the estimate for the term /;. By Theorem 1.3 (2), we get

ho|{u € B: | Tufiw)] > 12} |V

(o)
BT ( s d”)

c |2B|* 2r 1\’
= CWligsom e \M* o)) -

N |B|K

Therefore, in view of (3.4),

0
r
= W (14 55)

As for the second term /5, by using the pointwise inequality (3.6) and Chebyshev’s inequal-

ity, we can deduce that

Jo = |B|Kx [{u € B:|Tfow)] > 12}
<2 (/!Ial’z(u)lqdu>”q
1B \Js
—c. |B|1/q o 1

= IBIC & 1Bluo, 25 [/

r N'% 2k+1r -N
dv.
" /B(”O'zk”f) <1 ' P(”o)> (1 i P(Mo)) o) dv

(3.8)
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We consider each term in the sum of (3.8) separately. For each integer k > 1, we compute

’ / v,
| B(” 2k+ r)| (a/Q) B(uo,2k+1 ) V |

|B(Lt0,2k+17')|K ) 2k+17' 0
+ .
| B(ug, 2%+1r) |14 p (o)

< P m
= Cllf”L/l)’ﬁ(H )
Consequently,

| B(uo, 1) |1 i |B(ug, 28417 |
|B(uo, 7) | |B(ug, 25+1r)| Ve

<C € ey
]2 = ”f”L,la’,e(H ) pa

(1 . )N'Nif‘h (1 2k+1r)-N+"
x 1+ +
p(uo) p(uo)

No
NNyt ZOO B g« o+l ~N+6
= CIIf Il 1 gy | 1+ r o |B(uo,7)| L2 |
o0 ") o(ug) py |B(ug, 2k+17)|VVa—« 0 (it0)

Therefore, by selecting N large enough so that N > 6, we thus have

N (1/q—x)
r No+T |B(u10,7)| 1
<C s | 1+ _
S = Wl )< p(Mo)) ;(IB(uolk“r)l

.N_O
C 1 + ot
= LYK (Hn ’
= ”f“ ,01',9 (H") ,O(Ll())

where the last step is due to the fact that 0 < ¥ < 1/g. Let ¢ = max{6,N - NI(\)ZEI }. Here N is

an appropriate constant. Summing up the above estimates for /; and J,, and then taking

the supremum over all A > 0, we obtain the desired inequality (3.7). This finishes the proof
of Theorem 2.4. 0

4 Proof of Theorem 2.5
We need the following lemma which establishes the Lipschitz regularity of the kernel
Pg(u,v). See Lemma 11 and Remark 4 in [8].

Lemma 4.1 ([8]) Let V € RH; with s > Q/2. For every positive integer N > 1, there exists
a positive constant Cy > 0 such that, for all u and v in H", and for some fixed 0 < § <1,

h ) 1.2 -N
-t <6 () ool )1 )

whenever |1 < |v'ul|/2.

Based on the above lemma, we are able to prove the following result, which plays a key

role in the proof of our main theorem.

Lemma 4.2 Let V € RH; with s > Q/2 and 0 < o < Q. For every positive integer N > 1,
there exists a positive constant Cy o > 0 such that, for all u, v and w in H", and for some
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fixed0<38 <1,

-1 -N —-1,,18
’KA%MO—KA%WHSCWa<LFM m> v u

p(u) lwLy|Q-e+d’

whenever |[v-u| < |wu|/2.
Proof In view of Lemma 4.1 and (3.1), we have

| Ko (11, W) = Ko (v, w)|

1 o0 o0

= @) /(; Py(u, w)s** L ds — ./o Py(v, w)s*?> 1 ds
1 [o¢]

< @ ) !PS (- (u‘lv), w) - Py(u, w)|s°’/2_1 ds

- 1 /OOC (lu_1V|)SSQ/2
“re2 ) N\

—1..12 -N
xexp(—'w u )(1+£+£) s*1271 ds

As o) pw)
1 % I \° o lwul® N AT
< —F(a/2) /0 Cy - <—ﬁ ) s exp(— e )(1 + m) s ds.

Arguing as in the proof of Lemma 3.1, consider two cases as below: s > |[w™u|? and 0 <

s < |[wlu|?. Then the right-hand side of the above expression can be written as III + IV,
where

1 00 -1 s -1,.12 -N
Mot Cn (lu V|> eXp(_|W ul 1+ A /21 g
I (/2) Jp12 592 /s As o(u)

and

IV = 1 lw*lu‘z ﬂ |M_1V| BCX |W_114|2 1+ \/E _Nsct/2—1 dS
CI(@/2) Jo sQ2 A5 P As p () '

When s > |wlu|?, then /s > [wlu|, and hence

00 -1 3 -1,,(2 1 -N
I < —1 / ﬁ . vl exp _Iw “ 1+ W™ ul 221 ds
T(a/2) Jp-up s22 \|wlyl As o(u)

wlu \N/ u v \® [
<Cpna 1+| | ! = | / §42-Q2-1 g
,0(14) |W ul [w—1y2

wlu\™N iy
ZCN_O, 1+

o (u) |wLa|Q-+d”




Wang Journal of Inequalities and Applications (2019) 2019:232

where the last equality holds since |#~!v| = [v"1u| and 0 < « < Q. On the other hand,

—1u|2

|w 1 |lxl_1V| § |W_11/l|2 —(Q/2+N/2+68/2) \/g -N vl
IV < Cyngq —_ 1+ —— s ds
“Jo sQ2 s s p(u)

C /|W1u2 |t v)® Vs v 1 Vs N al2-1 4
= +—— s.
N fo w124 @\ w1y p(u)

It is easy to check that when 0 <s < [wu|?,

Vs o stp)

wlul ~ lwlul + p(u)’

This in turn implies that

—1u|2

luly|® ( s+ pu) )N(x/g+,0(u)>Nsa/2-1ds

lw=tu| 40\ [wtul + p(u) p(u)

- —-1,12
A O s A N R
=Cnp - PRI 1+ S s
] pw) ) Jo

|w‘1u|)_N [v-1y)?

p(u) |wlu| Qs

|w
1V < CN,a f
0

= CN,Ot (1 +

where the last step holds because |u~'v| = |[v"'u|. Combining the estimates of /I and
1V produces the desired inequality (4.1) for « € (0, Q). This concludes the proof of the

lemma. O
We are now in a position to give the proof of Theorem 2.5.

Proof of Theorem 2.5 Fix a ball B = B(uy, r) with uy € H" and r € (0, 00), it suffices to prove
that the inequality

1 % ?
e TS0 - @l du=c (140 @)

holds for given f € IS (H") with 1 < p < g < 00 and p/q < k < 1, where 0 < @ < Q and
(Zof ) denotes the average of Z,f over B. Suppose that f € L’;’fg(H") for some 6 > 0. De-
compose the function f as f = fi + f2, where fi = f - xag, fo =f - X@B)c, 4B = B(ug,4r) and
(4B)¢ = H"\ (4B). By the linearity of the L-fractional integral operator Z,, the left-hand side

of (4.2) can be written as

1
BIAR _@Iocf(u) ~ (Zof )| du

! 1
< W/B|Iaﬁ(u)—(fqﬁ)3|du+ W./BUDJZ(M)_(I‘&)BMM

= I(l + I(z
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Let us consider the first term Kj. Applying the strong-type (p, q) estimate of Z, (see The-
orem 1.3) and Holder’s inequality, we obtain

2

9 . 1/q 1/
= B (A'I“fl(”)’ d”) (/Bld”)

¢ p w 1q
- - q
= B (ABV(”” d”) 151

[Bluo 4r) (4 ¢
+ .
|B(uo, r)|a+AIQ p(uo)

< WKy
= C”f”Ll/’)ﬂ(H )

Using the inequalities (1.1) and (3.4), and noting the fact that 8/Q = «x/p — 1/¢q, we derive
K < G,lf |l <1 A )9
n DKy +
' Lop 8 p(uo)

0
r

<C s\ 1+ 2o ) -

< n,9|[f||L';,9(H)< p(uo))

Let us now turn to the estimate of the second term Kj. For any u € B(uo, r),

T ) - (L] - ‘i [z - p0)
|B| Jg

1
) ‘ﬁ [B{ (4B)° [}Ca(u, w) = Ko (v, W)lf(w) dW} dv
< {/ Koty w) = Ko (v, w)]| - |[f (w))| dw} dv.
~ Bl Jp | J sy

By using the same arguments as for Theorem 2.3, we find that

|V’1u| < |w’1u|/2 and |w’1u| o~ |w’1u0

’

whenever u,v € B and w € (4B)°. This fact along with Lemma 4.2 yields
| Zefo ) = (Zofo)s]
Ca { / ( |w1u|>‘” v-uf? }
< 1+ Af(w)| dwt dv
|Bl Je /gy p(u) |w1y| Qe lf |
<C / (1 + |w‘1u0|>_N r Lf(w)| dw
= e (4B o(u) [w1ag| Qo+

ad lwlug |\ N 7
= Crnvan Y f + 0 ) - |fw)| aw
k=2 V2

kr§W1M0<2k+lr< ,O(u) |1/V_1M0|Q_OH'(S

oo

< Cnan Y = 1 / 12 _le( )| d (4.3)
. + — w w. .
= CUNan £ 9%k3 |B(uto, 2k+1r)|1—(0t/Q) Blug,2k+17) o(u)
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Furthermore, by using Holder’s inequality and (1.4), we deduce that, for any u € B(uy, r),

| Zofo () = (Zofo)s]

[e.¢]

No
1 1 r N‘W( 2k+1r>N
<C)» —- 1+ 1+ ——
,gz: 268 | B(ug, 2k+1r)|1-@/Q ( P(Mo)) p(u0)
1/p 1y
X (f [f(w)\p dw) </ ldw)
B(u0,2k+lr‘) B(uo,Zk*lr)

00 N.& kel _N
1 r No+1 2y
< C\If ;2 ggn E _.(1.,._) <1+ >
4 Ly @) — 2Kk8 p(uo) p(u0)

|B(I/l(), 2k+1r)|/(/p ) ok+1,, 0
+
|B(uo, 28+1r) |V p (o)

. No_ _
- C”f” !”‘ i |B(u0 2k+1r)|ﬂ/Q 1+ r N Np+1 L. 2k+1r N+6 (4 4)
L, (™) k=2 p(uo) ,O(I/lo) ’ K

where the last equality is due to the assumption 8/Q = «/p — 1/q. From the pointwise
estimate (4.4) and (1.1), it readily follows that

o= |B|1*5/Q_/|I"‘f2(”) (Zaf2)s| du

N
< CIfll e ii . (M)’S’Q(l L )N'No‘h(“ 2k+1,>N+9
< 0 (Em) e 2k |B(uo, 1) (o) poN

No
o0 N--No_
1 r No+1
<Ol Y g (1450 )
k=2

p(ugp)

where N > 0 is a sufficiently large number so that N > 6. Also observe that 8 <§ <1, and
hence the last series is convergent. Therefore,

f r ‘No+T
Ky < Cllf Il o gn (1 + ) .
Lo ™) p(uo)

Fix this N and set ¢ = max{6,N - N o
K5, the inequality (4.2) is proved and then the proof of Theorem 2.5 is finished. d

}. Finally, combining the above estimates for K; and

In the end of this article, we discuss the corresponding estimates of the fractional in-
tegral operator I, = (~Agr)~*? (under 0 < o < Q). We denote by K*(u,v) the kernel of
I, = (~Agn)™2. In (1.10), we have already shown that

1

|K;(M, V)| <Cupn- W

(4.5)

Using the same methods and steps as we deal with (4.1) in Lemma 4.2, we can also show

that, for some fixed 0 < § <1 and 0 < & < Q, there exists a positive constant C,, > 0 such
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that, for all %, v and w in H"”,

vl

|K;(u, w) - K (v, W)| <Cupn- W,

(4.6)

whenever |[v-u| < |[w™lu|/2. Following along the lines of the proof of Theorems 2.3-2.5
and using the inequalities (4.5) and (4.6), we can obtain the following estimates of I, with

o €(0,Q).

Theorem 4.3 Let 0 <o < Q, 1 <p < Qla and 1/q=1/p — «/Q. If 0 < k < plq, then the
fractional integral operator I, is bounded from LP* (H") into LT<D'P (H"),

Theorem 4.4 Let O <o < Q,p=1and q=Q/(Q-a).If0 <« < 1/q, then the fractional
integral operator I, is bounded from LV (H") into WLT9 (H").

Here, we remark that Theorems 4.3 and 4.4 have been proved by Guliyev et al. [4].

Theorem 4.5 Let 0<a < Q, 1 <p< Qla and 1/q =1/p — «/Q. If p/lq < k < 1, then the
fractional integral operator I, is bounded from LP*(H") into CP(H") with B/Q =« /p —1/q
and B <8 <1, where § is given as in (4.6).

As an immediate consequence we have the following corollary.

Corollary4.6 LetO<a<Q,1<p<Qlaandl/q=1/p-al/Q.Ifk = plq, then the fractional
integral operator I, is bounded from LP*(H") into BMO(H").

Upon taking @ = 1 in Theorem 4.5, we get Morrey’s lemma on the Heisenberg group.

Corollary 4.7 Leta =1,1<p<Qand 1/q=1/p-1/Q. If p/q < k < 1, then the fractional
integral operator I, is bounded from LP*(H") into CP(H") with B/Q = k/p — 1/q and B <
8 <1, where § is given as in (4.6). From this, it follows that, for any given f € C:(H"), i.e., f
is Ct-smooth with compact support in H",

fllcs@m < Cll Vanf |l o« @n),
where0<x <1,p>(1-«)Q, B=1-(1-«)Q/p and the gradient Vyn is defined by

VH” = (le...,Xn, Yl,..., YVI)'
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