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1 Introduction

Let X be a reflexive, strictly convex and smooth Banach space with the dual space X*, A :
X = X* a general maximal monotone operator, and C a closed convex set in X. We denote
by N¢ the normal cone to C. In this work, we study the following variational inequality

problem: find x in a Banach space X such that
0 € A(x) + Nc(x). (1)

Problem (1) is a very important format for certain concrete problems in machine learning,
linear inverse and many nonlinear problems such as convex programming, split feasibility
problem, see [3, 4, 15, 17]. The set of solutions of (1) is supposed to be nonempty and is
denoted by S. In [3], the authors provided a generic framework, the so called backward—

backward splitting method, for solving (1) in a Hilbert space:
Xt = L+ AuPud W) (I + 2uA)™ (1), )

where ¥ is a penalization function and 1, B, are sequences of positive parameters. In [3],
convergence results have been obtained for the backward—backward splitting method (2)

under the key Fenchel conjugate assumption that

Zky,ﬂn |:II/* <1;—*) —oc <1;—*)] <+00, Vp*eR(N¢),
1 n n
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where ¥* is the Fenchel conjugate of ¥, o¢ is the support function of C and R(N¢) de-
notes the range of N¢. This condition somehow relates the growth of the sequence {5,}
to the shape of ¥ around its minimizing set C. The reader is referred to [14] for further
discussion.

When the penalization function ¥ is Gateaux differentiable, it is rather natural to con-
sider the following forward—backward splitting method (FBS):

X1 = + )‘nA)_l (xn - )‘-nﬂnvlp(xn))- (3)

The forward—backward method has the advantage of being easier to compute than the
backward—backward method, which ensures enhanced applicability to real-life problems.
Iterations have lower computational cost and can be computed exactly. A special case of
this method is the projected subgradient algorithm aimed at solving constrained min-
imization problems. There have been many works concerning the problem of finding
zero points of the sum of two monotone operators. For further information on forward—
backward splitting methods and their applications, see [4, 6, 9, 11, 12].

Let X = H be a Hilbert space. If A = 9@ is the subdifferential of a proper, lower-
semicontinuous and convex function @ : H — (—00, +00], the variational inequality prob-
lem (1) becomes the following minimization problem:

x € Argmin{®(z) : z € Argmin ¥ }.

It is convenient to reformulate method (3) as

Xn —Xnsl

Y - BV (x,) € 0D (Xp41)-

This is equivalent to

(1
Kpel = argmm{ 3 190 = Y1I* + 2B VI (), y) + Anqb(y)}.
yeX

In [4], the authors prove that every sequence generated by the forward—backward
splitting method converges weakly to a solution of the minimization problem if either
the penalization function or the objective function is inf-compact. However, this inf-
compactness assumption is not necessary. In [13], the authors prove that every sequence
generated by the forward—backward splitting method converges weakly to a solution with-
out the inf-compactness assumption.

A generalization of this method from Hilbert to Banach space is not immediate. The
main difficulties are due to the fact that the inner product structure of a Hilbert space is
missing in a Banach space. In [18], the authors prove that every sequence generated by
a projection iterative method converges strongly to a common minimum norm solution
of a variational inequality problem for an inverse strongly monotone mapping in Banach
spaces.

In this paper, we extend the forward—backward splitting method (3) to a Banach space,
that is,

X1 = (] + )LnAr1 (C](xn) - )\nﬁnvlp(xn))¢ (4)
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where J is the duality mapping and c is constant. If A = 9@ is the subdifferential of a proper,
lower-semicontinuous and convex function @ : X — (—o00, +00], the forward—backward
splitting method (4) becomes

C](xn) - C](xn+1)

3 _,anlp(xn) € 0D (%y41). (5)

Iterative formula (5) can be rewritten as

Kpsl = argmin{ g W(x,,y) + Anﬁ,,(VlI/(x,,),y) + A, D (y)}
yeX

Throughout this paper, let A : X = X* be a maximal monotone operator and let the
monotone operator T4 ¢ = A + N¢ be also maximal monotone. Let ¥ : X — (—00, +00] be a
proper, lower-semicontinuous and convex function with C = argmin(¥) # ¢ and min(¥) =
0. We assume that ¥ is Gateaux differentiable and V¥ is L-Lipschitz continuous on the
domain of ¥. We also assume that there exists ¢ > 0 such that

W (xy) > lx—yl*, VayeX. ©)

The objective of the present paper is to propose a forward—backward splitting method
to solve problem (1), which is so far limited to Hilbert spaces, in the general framework of
Banach spaces. The paper is organized as follows. In Sect. 2, we provide some preliminary
results. We present the forward—backward splitting method and prove its convergence
in Sect. 3. Section 4 is devoted to an application of our result to convex minimization
problem. Finally, in Sect. 5, we also prove a convergence result without Fenchel conjugate
assumption.

2 Preliminaries
Let f be a proper, lower-semicontinuous and convex function on a Banach space X. The
subdifferential of f at x € X is the convex set

I (x) = {x* € X*: (x*,y —x) <f(y) —f(x), ¥y € X}.

It is easy to verify that 0 € 9f (%) if and only if f(X) = min,cx f(x). We denote by f* the
Fenchel conjugate of f:

FH(x*) = sup{(x*,x) - f(%)}.
xeX
Given a nonempty closed convex set C C X, its indicator function is defined as §¢(x) = 0 if
x € C, and +00 otherwise. The support function of C at a point x* is o¢(x*) = sup . (x*, ).
Then the normal cone of C at x € X is N¢(x) = 98¢(x) = {x* € X*|{x*,y —x) <0,Vy € C}.
The duality mapping J: X = X* is defined by

Jx) = {x* € X*|(x*, ) = ||| 2L, %] = 11}, VxeX.

The Hahn-Banach theorem guarantees that J(x) # ¥ for every x € X. It is clear that J(x) =
8(% |- 1*)(x) for all x € X. It is well known that if X is smooth, then J is single-valued and is
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norm-to-weak star continuous. It is also well known that if a Banach space X is reflexive,
strictly convex and smooth, then the duality mapping J* from X* into X is the inverse of
J, that is, J=! = J*. Properties of the duality mapping have been given in [1, 2, 8, 17].

Let X be a smooth Banach space. Alber [1, 2] considered the following Lyapunov dis-

tance function:
W (x,y) = x> = 20(x),5) + IyI*>,  Vax,y € X.
It is obvious from the definition of W that
(lxll = Iyl < Wiz, < (Il + 1), ¥y € X.
We also know that
W(x,y) = W(xz) + W(z,y) +2(/(x) -] (2),2-y), Vx,y,z€X. )

A set-valued mapping A : X = X* is said to be a monotone operator if (x*—y*,x—y) > 0, for
all x* € A(x) and for all y* € A(y). It is maximal monotone if its graph is not properly con-
tained in the graph of any other monotone operator. The subdifferential of a proper, lower-
semicontinuous and convex function is maximal monotone. The inverse A™! : X* = X of
A is defined by x € A" (x*) & x* € A(x). The operator ] + AA is surjective for any maxi-
mal monotone operator A : X = X* and for any A > 0 by Minty’s Theorem. The operator
(J + LA)™! is nonexpansive and everywhere defined. If X is a reflexive, strictly convex and
smooth Banach space and A is a maximal monotone operator, then for each A > 0 and
x € X, there is a unique element X satisfying J(x) € J(x) + LA(x) (see [16]). An operator
A: X = X* is strongly monotone with parameter « > 0 if

=yt x—y) = alle—yl%  Va* e A),y* € A@y).
Observe that the set of zeroes of a maximal monotone operator which is strongly mono-
tone must contain exactly one element.

Let A : X =2 X* be a maximal monotone operator. Suppose the operator T4,c = A + Nc¢ is
maximal monotone and S = (74,¢)"1(0) # ¥. By maximal monotonicity of T4 c, we know
that

zeS§ < (O—w*,z— u) >0, V(u,w*) € Tuc,
that is,

zeS = (0-w"z-u)>0, Vuedom(Tyc)=CNdomA,Vo* € Tscu).
If A = 99 is the subdifferential of a proper, lower-semicontinuous and convex function
@ : X — (—00,+00] and if u € S, then there exists u* € N¢(u) such that —u* € 9P (u).

Hence, by u* € Nc(u) = oc(u*) = (u*, u), one has

D(x) > D(u) + (—u*,x— u) =P (u) +ac(u*) - <u*,x) >®d(u), VxeC.



Guan and Song Journal of Inequalities and Applications (2019) 2019:89 Page 5 of 17

Thus, when A = 9@, the maximal monotonicity of T4 ¢ implies
S= Argmin{q)(x) ix € C}.
The following result will be used subsequently.

Lemma 2.1 ([4]) Let {a,},{b,} and {€,} be real sequences. Assume that {a,} is bounded
from below, {b,} is nonnegative, Zi‘il l€,| < +00 and a, 1 — a, + b, < €,. Then {a,} con-
verges and Y .- b, < +00.

3 The FBS method for variational inequalities
In this section, we firstly extend Baillon-Haddad theorem (see [5]) to Banach space.

Lemma 3.1 Let ¥ : X — (—00,+00] be a proper, lower-semicontinuous and convex func-
tion and let W be Gateaux differentiable on the domain of ¥ . The following are equivalent:
(i) VW is Lipschitz continuous with constant L.
(i) ¥() - ¥(x) — (V¥ (x),y—x) < £lly —x]% Vx,y € dom ¥
(ili) ¥(x) + (V¥ (x),y—x) + %HVII/(x) - V¥ ©)|2 <¥(y),Vx,y € domV.
(iv) V¥ is % cocoercive, that is,

(V&) -V @(),x-y) = % [V (x) -

Vx,y € domy.

Proof (i) = (ii). By the mean value theorem, we have
1
U(y) - ¥(x) - <V11/(x),y—x) = /0 (Vlll(x) - Vllf(x + t(y—x)),x —y)dt
1
= /0 | V& (x + £y~ 2)) = V¥ @) [l - 7] de

1
s/ Lix—y|2td
0

= ” ”2

—||X .

=9 y

(ll) = (lll) Let us fix X0 € dom ¥. Consider the function

F(y) =¥ (y) - (V¥ (x0), ).

Note that F is a proper, lower-semicontinuous, convex and Gateaux differentiable function
and VF is Lipschitz continuous on the domF = dom¥ with constant L. Therefore, by
(i) = (ii), we have

F(u)-F@) - <VF(V),u - V) < §||u —v|1%, Vu,vedomF. (8)

By the definition of F, we have xy € Argmin,_, F(x). Then, by (8), we have

xeX

= F(y)- i IVE®)|”.

Fs) < E(y- 17 VED) ) < F0) - | (- 1771V F0) ) -

Hence, by VF(y) = V¥ (y) — V¥ (xy), we get (iii).
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(iii) = (iv). For any x,y € dom ¥, by (iii), we have
L 2
W (x) + (V& (x),y —x) + 3 [V @) -vem| <w(y
and
L 2
(y) +(VEG),x-y) + 3 [V @) -Ve@)| <¥x).
Adding the two inequalities, we get
1
(Vo @) - Voo x-y)= 7|V &) - v ()|
(iv) = (i). By Cauchy—Schwartz inequality, we get | V¥ (x) - V& )| < L|lx - y|. O
Iterative Method 3.1 Given xg € X, set
Xne1 = (d] + )\nA)_l (C](xn) - )\nﬂnvlp(xn))x )

where {1,},{B.} are two sequences of positive real numbers with y .-, Ay = +00,> o) A2 <

2c
+00 and yfn < .

For our results, the following Fenchel conjugate assumption will be used subsequently:

Z}\nﬂn[w*<;—*) —oc (1;—)} <+00, Vp*eR(N). (10)
=1 n n

Remark 3.1 Since ¥ (x) < §c(x) for all x € X, we obtain, ¥*(x*) —oc(x*) > 0 for all x* € X*,

Hence, the terms in the sum are nonnegative.

Remark 3.2 If ¥ (x) = 3 dist(x, C)?, then we have ¥*(x*) — o¢c(x*) = 3 [|x*||? for all x* € X*

and so
+00 « « ro
Z)»nﬂn |:W* (P_) —-oc <p—)i| <+00, Vp*eR(Ng) <— Z 2 ¢ yoo.
n=1 ’6” ’Bn n=1 'B"

It is easy to see that, if the sequence {B,} is chosen so that limsup,,_, , ., 1,8, < +00 and
liminf,_, .o 1,8, > 0, then

+00 +00

Zﬁ<+oo = D A<+

n=1 "1 n=1

Proposition 3.1 Let {x,} be a sequence generated by iterative formula (9). Take u € C N
domA and v* € A(u). Then for all t > 0, we have

1 2t
cW (X1, M) - CW(xm u) + CW(xnrerl) - — %, - xn+1”2 + —)\n,BnlI/(xn)
1+t 1+¢
2 2
< Jnb ((1 + O)hnPu — m) IV @) ||” + 200(VF, 1 = 2p11)- (11)
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Proof Since v* € A(u) and ¢/ (x,,) — ¢J (®y41) — AnBu V¥ (x,,) € A,A(x,,1), the monotonicity
of A implies

(T (n) = T Fns1) = AnBu VW (%) = AnV*, X1 — 1) > 0, (12)
and so

(T (tn) = T Gps)s th = K1) < (MnBuVE () + V™, th = K1),
which in turn gives

W (415 18) = W (0, 18) + €W (%0, X111) < 220 B VW () + V5, 18 — K141 ).
Hence, we have that

W (i1, 1) — W (%, 1) + W (% X41)

< 2)\,,<,3,1V'~I/(xn), u- xn) + an(ﬂnvlp(xn),xn - xn+l) + 2)\;1(‘/*7 u-— xn+l)' (13)
On the one hand, since V¥ is Lipschitz continuous, by Lemma 3.1, we have

(V& () = V& (1), 200 — 1) = — | VW (%) — VII/(u)Hz.

S~ =

Hence, by V¥ (1) = 0, we obtain

(VW (), 1 = %) < —%”Vlll(x,,) I”. (14)
Since ¥ (u) = 0, by ¥ (u) > ¥ (x,) + (V¥ (x,), u — x,), we have

(VW (%), 18— %) < =W (). (15)
For any ¢ > 0, by taking a convex combination of inequalities (14) and (15), we have

2hn BV (60), 1 — %) < =

2 2 2t
L(l + t) AnBn ”le(x”‘)” - m)‘nﬁnlp(xn)' (16)

On the other hand, for the remaining term 21,8, (V¥ (x,), X, — %4.1), we have

Z)Lnﬁn(vw(xn)rxn - xn+1)

= 2<xnﬁ,,«/1 + VW (x,), (n — xn+1)>

1
V1+t
<2||AnBavV1 +EVE (%,

1
)” H ﬁ(xn — Xui1)

= (L 0n B[ Ve )|+ ﬁnxn I (17)

Page 7 of 17
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Inequalities (13), (16) and (17) together give

1 2t
CW(anrl: u) - CW(xn: M) + CW(xnranrl) 1+¢ ”xn xn+1" +— 1+¢ nﬁnw(xn)

2

< AuBnu <(1 + AP — m

)”Vlll(x,,)”2 +2An(v*,u—xn+1>. N

Proposition 3.2 Let {x,} be a sequence generated by iterative formula (9). Then, there exist
a>0and b >0, such that for any u € C NdomA and any v* € A(u), we have

W (i1, u) = W (xy, u) + a(”xn —Xn+l ||2 + AnBn¥ (xXu) + AnBu ”le(xn)Hz)
< bkﬁ ||v* ”2 + 2)»,,(1/*, u-— x,,). (18)

Proof Using the fact that (p*,p) < $||p*||* + 5 l|p||* for any p* € X*, p € X and any s > 0
yields

2)¥n<V*, u-— xn+1>
= ZAH(V*,x,, - xml) + 2An<v*,u —xn>

(1+t)

1% — %1 1> + )»2” H +2X1 (v u-— x,,)

t
<
~2(1+¢)

Then, we get from (11) that

CW(erl: M) - CW(?C,,, u) + CW(xmerl)

1 2t
- 1—+t”xn _xn+l||2 + 1—”)\;4/3;1 (%) + nﬁn ”le xn)“
2 t 2
< XuBu ((1 + )P — L(1—+t) + m) HVlI/(x,,)”
2(1 + 1)
+ m (1%, —x,,+1||2 = )2 H H + 2A (v u-— x,,>

Hence, by ¢W (%, %41) > ||%, — %,41]1%, we have

t 2t
W (i1, 1) — W (%, 1) + —— 1%, — xn+1|| + ——Au BV (%)
242t 1+t

t
+ b Ve @)

2(1+

2
E)Lnﬁn<(1+t))tn,3n_m lj-t)va( n)” t))ui“‘/* ||2
+ 2)»,4(1/*, u— xn).

Since 1,8, < L , we have

lim a8, (1+ 2 2 LN i —2) <0
tgl(l) nﬂn( + nﬁn—m‘*l—”)— n,Bn( n,Bn_Z>< .
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Therefore, it suffices to take £y > 0 small enough, then set

to 2(1 + t())
a= s h=———"
2(1 + lf()) to
to obtain (18). a

Proposition 3.3 Let {x,} be a sequence generated by iterative formula (9) and let u € CN
domA. Take w* € Ty c(u),v* € A(u) and p* € Nc(u), such that v* = o* — p*. The following

inequality holds:
2 A’nﬂn 2
W1, u) = Wy, u) + al [ = xns1 ||I° + 5 W (%) + AnBu ”le(xn)H
2l 12 . arnB (. (4P B 4p*
<DV + 2hn(00", 1w — ) + 5 (w (aﬁn) Gc(aﬁn))' (19)

Proof First observe that

ﬂ)\‘ﬂﬁ}’l

ZAK(V*,u—xn)— W (%)

ahn B
2

)‘n n 4 * 4 *
=2An(w*,u—xn)+ a 2ﬂ (<aﬂn‘n ,xn>— lI/(xn)—<a—anl9 ,M>)

vt ) )
2 aBu aBu

Since % € N¢(u), the support function satisfies

4p* B 4p*
oc apy - ﬂﬁn,u,

whence

= 200", 1 — %) + 200 (D", %) — W (x,) — 20a(p*, 1)

2A,,<v*,u —xn)
=S s SR (v (G5) -oeGg))

Hence by (18) and (20), we obtain (19). O

Theorem 3.1 Let {x,} be a sequence generated by iterative formula (9). Then, we have the
following:
(i) Foreach u € S,1im,,_, ,oc W(x,, u) exists.
(i) The series 3% 10 — st 1% Y055 Auu® () and 315 | V0 (5,) 1> are
convergent.
In particular, lim,_, , |x, — %41ll = 0. If, moreover, liminf,_ oo AyB, > 0, then

limy,—s 0o ¥ (%) = lim,, o0 [| VW (x,,)|| = O and every weak cluster point of {x,} lies in C.
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Proof Since u € S one can take w* = 0 in (19). By hypothesis the right-hand side is
summable, and all the conclusions follow using Lemma 2.1. O

Theorem 3.2 Let {x,} be a sequence generated by iterative formula (9), and let {z;} be the
sequence of weighted averages

k k
1
Zk = — anxn, where yy = an.
Vk n=1 n=1

Then every weak cluster of {zi} lies in S.

Proof Letu € CNdomA. Take o* € Ty c(u), v* € A(u) and p* € Nc(u), so that v* = w* — p*.
By Proposition 3.3, we have

W (K, ) — W (x,, 1)

< D2V |2 + 2”1 — ) + ‘”;ﬂ" (“’(Z; >‘(’C<:}; ))
n n

Hence, we obtain

W(xl)u)
_67
2¥k
k k 2B * *
_ L BV + Y R G - oc(G) 2 (0 Rntt = D)
- 2¥k 2¥k
k k 2B k *
St DALV + 2, () - o) . Y
- + o u— Sl o)
2¥k Yk

Then by (10), (21) and using that yx — +00 as k — +00, we obtain

lim inf(a)*, u-— zk> > 0.

k—+00

Finally, if z is any weak sequential cluster point of the sequence {z;}, then (w*,u — z) > 0.
Since w* € Ty c(u) and T4 ¢ is maximal monotone, we obtain thatz € S. O

Theorem 3.3 Let {x,} be a sequence generated by iterative formula (9) and let A be a max-
imal monotone and strongly monotone operator. Then the sequence {x,} converges strongly
asn— +oo toapointin S.

Proof Take u € S C C NdomA, v* € A(u), w* € Tyc(u) and p* € Nc(u), so that v* =
w* - p*. Since v* € A(u) and ¢J (%) — ¢/ (Xn41) — A VW (x) € AyA(X441), the strong mono-
tonicity of A implies

(C](xn) = J Xns1) = AuBu V¥ (X0) = AV X1 — u) > hnl |1 — u”2

We follow the arguments in the proof of Proposition 3.3 to obtain successively

2)\na||xn+1 - MHZ + CW(er—h M) - CW(xnr u)
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A 2
+ ﬂ<||xn —Xn+l ”2 + n2 . W (x4) + AnBu ” V¥ (x,) ” )
A 4p* 4p*
< b2 | + 2l = ) + PP (e () oo (20, (22)
2 aBy apBn
Since u € S, one can take @* = 0 in (22). By a(||x, — %1 ||> + %W(xn) +AuBull VY (x,) %) =
0, we have

250 || %41 — u||2 + WK1, u) — cW(xp, 1)

Ao 4p* 4p*
<ol =5 (0 (G ) o< (35:))

Summation gives

+00
2
20 Z )‘-n ||xn+1 - M”
n=1

<t 03B+ 3 P (v () o (2)),

n=1 n=1

Since Z;Z‘{ Ay = +00, there exists subsequence {x, x} C {x,}, such that lim_, , o ||[%, 1 —u|l =
0. Then, limg_, ;00 W (%1 1) = 0. Since lim,,, ;oo W (%, u) exists by Theorem 3.1(i), we must
have lim,,_, , oo W(x,,, ) = 0. Hence, by ¢ W (x,,, u) > ||x,, — u||, we have lim,,_, o ||, — u|| =
0. a

4 The FBS method for the minimization
In this section, we consider the forward—backward splitting method in the special case
where A = 9@ is the subdifferential of a proper, lower-semicontinuous and convex func-

tion @ : X — (—00, +00]. The solution set S is equal to

(8@ + N¢)~1(0) = Argmin @.
e

Iterative Method 4.1 Given xg € X, set

Xp+l = (C] + )"na(p)71 (C]xn - Anﬁnvlp(xn))1 (23)

where {1,},{Bu} are two sequences of positive real numbers with y .- A, = +00, Y o) A2

+00, Bus1 = Bu <K, K>0, 0<C < Anfy < 2.

<

We also shall make the following Fenchel conjugate assumption:

Z)‘nﬂn [W*(IZ—*) —UC<1;_*):| <+00, Vp* e R(Ne).
=1 n n

The analysis relies on the study of the sequence {H,(x,)}, where H, is the penalized func-
tion given by H,, = @ + B,¥ for n > 1.
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Proposition 4.1 Let {x,} be a sequence generated by iterative formula (23). Then the se-
quence {H,(x,)} converges as n — +00.

Proof Recall that %ﬁj(x”“) - B V¥ (x,) € 0P (x,,1). The subdifferential inequality for
P gives

C](xn) - C](xn+l)

D(x,) = D (1) + < o

=BV (%), %, — xn+1>,

and so

! (CW(er—l: xn) + CW(xn: xn+1)) = ,Bn<vqj(xn)vxn _xn+1>~ (24')

@ n+ - n
(i) = @) + 5=

Then, by Lemma 3.1(ii), we have

L
"I/(xrﬁl) = l,[/(xn) + (le(xn)rxnﬂ _xn) + 5 ||xn+1 _xnllzr (25)
whence

ﬁn+1 'Il(xrnl) - ,Bnlll(xn)
LB,
= ﬁn(vlp(xn)rxnﬂ - xn) + % %41 —anZ + (Bus1 = Bu)¥ (X41). (26)
Adding (24) and (26), we obtain

LB,

Hiypy1(%41) — Hy(x,) + m (CW(erl»xn) + CW(xmanrl)) Ty [1%241 _xn”Z
n
< (Bus1 = Bn)W (Xni1). (27)
Since A, B, < % and cW(x,y) > |lx — |2, Vx,y € X, we have
1 LB,
2N (CW(erlrxn) + CW(xnrx;Hl)) - % ||xn+1 _xn”Z = 0. (28)

Since B,41 — By < K, by (27) and (28),
Hy(%001) — Hy(%) < KW (%041).

By Theorem 3.1(i), we deduce that {x,} is bounded and {® («,,)} is therefore bounded from
below. Hence, the sequence {H,(x,)} is also bounded from below. The right-hand side is
summable by Theorem 3.1(ii), whence Lemma 2.1 implies that lim,,_, , o H,(x,) exists. [J

Proposition 4.2 Let {x,} be a sequence generated by iterative formula (23). For each u € C,
we have Y2 Ay(Hys1 (%411) — @ (1)) < +00.

Proof First observe that

Hn+1(xn+1) - Q(M)



Guan and Song Journal of Inequalities and Applications (2019) 2019:89

= @ (xp11) + Bu¥ (xn) — P (1) + (Bus1 — Bu)¥ (Xns1) + Bu (w(xnﬂ) - l,[/(xn))

< D(xp41) + BuW (xn) — P () + KW (%41) + By (lp(xrﬁl) - lIj(xn)) (29)

Using (25), we obtain

B (lp(xwrl) - lIl(xn)) = ,Bn<vl1/(xn)’xn+l _xn> + l% %41 —xn”2

L
< Bu| V¥ @) | 121 =l + % (B

i L+1)B,
< 2w+ 2 s - &0

Inequalities (29) and (30) give

)"n (Hn+1(xn+1) - ®(u))
<A (d’(xwrl) + BuW (%) — (p(u))

)\’Vlﬂn

2
2 ”xn+1 _xn” .

+ )Ln1<l1’(xn+1) + ”le(xn)”Z +

L+ DAnBu
2

Since the sequence {A,} is bounded and 0 < ¢ < },,8, < %, Theorem 3.1 implies

+00

Z(Anl<l1/(xn+1) + A”Zﬁ” VW ()| +

L+ 1Dr,B, 2
#lem —xq7 ) < +00.

n

On the other hand, the subdifferential inequality for @ at points u and x,,,1 gives

C]xn - C]xn+l

D (1) > D (Xpi1) +< ™

—ﬂnV'J’(xn),u—xm>. (31)
Since ¥ (1) = 0, the subdifferential inequality for ¥ at points # and x, gives

0>W(x,) + <VII/(xn), u-— xn) =Y(x,) + (Vllf(x,,),u —xml) + <VlI/(x,,),xn+1 —x,,). (32)
Combining (31) and (32), we obtain

200 (D@ (Hne1) + BnW (%) — P () < 2(cJn — Potns1s Kot — 1) + 220 B V¥ (1), Xy — Xa1).
However,

2(cfxn — cJni, xni1 — 1) = W (1) — W (i1, ) — W (0, X))
and

DBl VW (), 2 — 1) < % [V Gn)]|” + 6 = a1
Hence,

2hn ((D (Xns1) + BuW (%) — ®(M))

Page 13 of 17
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4 2
< cWixy,u) = cW(xni1, ) — cW (%, Xn1) + 7 ” VY (x,) ” + 1% — %1 ”2

4

< W (1) = W (1) + 75 [ V0 () [
We conclude that
m 4 m
Z 2Xy, ((p(xwrl) + ,Bnlp(xn) - Lp(u)) < cWx,u) — cW (X1, u) + 17 X:HVW(?CM)”2
n=1 n=1

for m > 1. In view of Theorem 3.1, this show
+00
an((p(xrwl) + Bu¥ (%) — @(M)) < +00,
n=1

and completes the proof. d

The duality mapping J is said to be weakly continuous on a smooth Banach space if
x, — x implies J(x,) — J(x). This happens, for example, if X is a Hilbert space, or finite-
dimensional and smooth, or /#,1 < p < +oo. This property of Banach spaces was intro-
duced by Browder [7]. More information can be found in [10].

Theorem 4.1 Let {x,} be a sequence generated by iterative formula (23). Then every weak
cluster point of {x,} lies in S. If the duality mapping ] is weakly continuous, then {x,} con-
vergence weakly as n — +00 to a point in S.

Proof Since Y ] A, = +00, Propositions 4.1 and 4.2 imply lim,,_, ;o H,(x,,) < @ (1) when-
ever u € C. Suppose that a subsequence {x,} of {x,} converges weakly to some % as

k — +oo. Then & € C by Theorem 3.1. The weak lower-semicontinuity of @ and @ =
H, - B,¥ < H, then gives

@ (x) <liminf @ (x,x) < liminfH, i (x,x) = lim H,(x,) < ®(u).
k—+00 k—+00 n—>+00
Therefore, ¥ minimizes @ on C,andsox € S.
Clearly, the sequence {x,} is bounded (see Theorem 3.1(i)). The space being reflexive, it
suffices to prove that {x,} has only one weak cluster point as # — +00. Suppose otherwise
that x,,; — ¥ and x,,x — X. Since
2(](96,,),9_6 _52) = W(xm;c) - W(xn"?_c) - ”56”2 + ”9-6”27

we deduce the existence of lim,,_, .o, 2{/(x,),* — X). Hence,
li ,x—x)— i ,x—x)=0.
l _113100(] (), % — X) A llfloo(] (), % — &)

Since the duality mapping J is weakly continuous, we have
@ - J(3),% - ) =0.

Since X is strictly convex, we have that x = x. O
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If @ : X — (—o00, +00] is also a strongly convex function, that is, there exists A > 0, for any
0<t<1,anyx,y € dom @ such that t®(x) + (1 =)D (y) > D (tx+ (1 —2)y) + At(1—8)[x—y]%,
then d¥ is strong monotone. Hence, the following theorem follows immediately from
Theorem 3.3.

Theorem 4.2 Let {x,} be a sequence generated by iterative formula (23) and let @ be a
proper, lower semicontinuous and strongly convex function. Then the sequence {x,} con-
verges strongly as n — +00 to a point in S.

5 Additional result
The purpose of this section is to prove a convergence result without Fenchel conjugate

assumption.

Iterative Method 5.1 Given xy € X, set

Xn+l = (C] + )"nA)_l (C]xn - )anw(xn))r (33)

4
where {\,} is a sequence of positive real numbers with Y .21 Ay = +00, Y o1 A < +00.

1k
“ 2n-1 An¥n, Where y; =

Z§=l An. The following gives the weak ergodic convergence of the sequence {x,} given
by (33).

Keeping the notations of the preceding section, set z; =

Proposition 5.1 Let {x,} be a sequence generated by iterative formula (33). Assume that
1

the sequence {1} VW (x,)} is bounded. Then every weak cluster of {z;} lies in S.

Proof Take u € CNdomA, v* € A(u) such that v* = v* + 0 € A(u) + N¢(u) = Ta,c(u). Since
v* € A(u) and ¢/ (x,,) — ¢J (Xy41) — A V& (x,,) € 1, A(%441), the monotonicity of A implies

(@) = I 1) = 1n V() = gV, 201 — 1) = 0,
and so

(T Xn) = T Fpr1)s 14 = Ha1) < (A VW () + AV, 1 = X1 ).
Then, we get from (7) that

W (i1, ) — W (s, 18) + W (X, %0401) < ZAH(VW(xn) +vu— x,,+1>.
By developing the right-hand side, we deduce the following inequality:

2An<VlP(xn) +v*, %, — u) + 2An<VlI/(xn) + V5, %1 —xn>

< CW(xm bt) - CW(er—h M) - CW(xn;x;Hl)' (34')
Now, combing the facts that

2)\n<vlp(xn) + V*)xVH-I _xn> = _”xn+1 _anZ - )\i ”le(xn) + v “2
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and
(VlI/(x,,) +v*,x, — u) = (Vllf(xn),xn - u) + <V*,x,, - u),
we derive from (34) that

2)\,,<Vkll(xn),x,, - u) + 2A,,<v*,x,, - u) - Afl || VY (x,) + v* ||2

< W (s 18) = W (1, 1) = CW (s Xr001) + 61 = 20]|. (35)
Since u € CNdomA and C = argmin(¥), we have V¥ (i) = 0. Hence,
(VW (%), %0 — 1) = (V& (%) = V¥ (), %, — 1) > 0. (36)
Since cW (%1, %,11) > [[%441 — %42, then by (35) and (36) we have
2An<v*,xn - u) - Afl || VY (x,) +v* ||2 <cW(xy, 1) —cW (41, ).

Summing up these inequalities over # from 1 to &, and dividing by y gives

k *
)< cW(x1, 1) . Yo MV () +v II2' (37)
Yk Yk

2<V*,zk —-u

1 1
Since {A;V¥(x,)} is bounded, due to Y o, A; < +oo and {A|V¥(x,)|?} =
4 2
(AZA2 IV (x,))%), we have

+00 +00 +o
Z)Lfl ||Vlll(xn) +v* H2 < 2<Z)Lfl ||Vlll(acn)||2 + Zki ||v* ||2) < +00.
n=1 n=1

n=1

Finally, since yx — +00 as k — +00, we conclude that

n=1"n

i Sne ARV ) v
k—+00 Vi ’

Consequently, if z is any weak sequential cluster point of the sequence {z;}, letting kK —
+00 on both side of (37) yields

(v*,z - u) <0.

Then by maximal monotonicity of A + N¢, we conclude that 0 € (A + N¢)(z), that is,
zeS. O

6 Concluding remarks

In this paper, we considered a class of forward—backward splitting methods based on Lya-
punov distance for variational inequalities and convex minimization problem in a reflex-
ive, strictly convex and smooth Banach space. Weak and strong convergence results have
been obtained for the forward—backward splitting method under the key Fenchel conju-
gate assumption. Finally, we have also obtained a weak convergence result without Fenchel
conjugate assumption.



Guan and Song Journal of Inequalities and Applications (2019) 2019:89 Page 17 of 17

Funding
The work was supported by PhD research startup foundation of Harbin Normal University (No. XKB201804) and the
National Natural Sciences Grant (No. 11871182).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors equally contributed to this work. All authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 2 November 2018 Accepted: 21 March 2019 Published online: 02 April 2019

References
1. Albert, Y. Iterative regularization in Banach spaces. Sov. Math. 30, 1-8 (1986)
2. Albert, Y.: Decomposition theorem in Banach spaces. Fields Inst. Commun. 25, 77-93 (2000)
3. Attouch, H,, Czarnecki, M.O,, Peypouquet, J.: Prox-penalization and splitting methods for constrained variational
problems. SIAM J. Optim. 21(1), 149-173 (2011)
4. Attouch, H., Czarnecki, M.O,, Peypouquet, J.: Coupling forward—backward with penalty schemes and parallel splitting
for constrained variational inequalities. SIAM J. Optim. 21(4), 1251-1274 (2011)
5. Baillon, J.B, Haddad, G.: Quelques propriétés des opérateurs angle-bornés et n-cycliguement monotones. Israel J.
Math. 26, 137-150 (1977)
6. Bredies, K:: A forward-backward splitting algorithm for the minimization of nonsmooth convex functionals in Banach
space. Inverse Probl. 25, 015005 (2008)
7. Browder, FE. Fixed point therems for nonlinear semicontractive mappings in Banach spaces. Arch. Ration. Mech.
Anal. 21, 259-269 (1965)
8. Cioranescu, |.: Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems. Kluwer Academic Publishers,
Dordrecht (1990)
9. Combettes, PL, Wajs, V.R.: Signal recovery by proximal forward-backward splitting. Multiscale Model. Simul. 4,
1168-1200 (2005)
10. Gossez, J.P, Dozo, E.L.: Some geometric properties related to the fixed point theory for nonexpansive mappings.
Pacific J. Math. 40, 565-573 (1972)
11. Guan, W.B, Song, W.: The generalized forward-backward splitting method for the minimization of the sum of two
functions in Banach spaces. Numer. Funct. Anal. Optim. 36, 867-886 (2015)
12. Moudafi, A.: On the convergence of the forward—backward algorithm for null-point problems. J. Nonlinear Var. Anal.
2,263-268 (2018)
13. Noun, N,, Peypouquet, J.: Forward-backward penalty scheme for constrained convex minimization without
inf-compactness. J. Optim. Theory Appl. 158, 787-795 (2013)
14. Peypouquet, J.: Coupling the gradient method with a general exterior penalization scheme for convex minimization.
J.Optim. Theory Appl. 153(1), 123-138 (2012)
15. Yao, Y, Postolache, M., Yao, J.C.: An iterative algorithm for solving the generalized variational inequalities and fixed
points problems. Mathematics 7, Article ID 61 (2019)
16. Yao, Y, Shahzad, N.: Strong convergence of a proximal point algorithm with general errors. Optim. Lett. 6, 621-628
(2012)
17. Yuan, H.: A splitting algorithm in a uniformly convex and 2-uniformly smooth Banach space. J. Nonlinear Funct. Anal.
2018, Article ID 26 (2018)
18. Zegeye, H,, Shahzad, N., Yao, Y.H.: Minimum-norm solution of variational inequality and fixed point problem in
Banach spaces. Optimization 64, 453-471 (2015)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	The forward-backward splitting methods for variational inequalities and minimization problems in Banach spaces
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	The FBS method for variational inequalities
	The FBS method for the minimization
	Additional result
	Concluding remarks
	Funding
	Competing interests
	Authors' contributions
	Publisher's Note
	References


