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1 Introduction
In this paper, we consider the existence of a positive periodic solution for the following
fourth-order p-Laplacian generalized neutral differential equation with singularity:

(0p(u(t) = cO)u(t - 8()))")" +f(u(®) ' () + g(t, u(®)) = k(), (1.1)

where p > 2, ¢,(u) = |ul’~?u for u # 0 and ¢,(0) = 0; f : R — R is a continuous function,
le(t)] #1, forall £ € [0, T], ¢c,§ € C2(R,R) and ¢, § are T-periodic functions for some T > 0,
8'(¢) < 1forall £ € [0, T]; k: R — R is continuous periodic functions with k(¢ + T) = k(¢)
and fOT k(t)dt = 0; g(t,u) = go(u) + g1(t,u), g1 : R x (0,+00) — R is an L2-Carathéodory
function and g1(¢,-) = @1 (t + T,); go : (0, +00) — R is a continuous function. g can come
with a singularity at the origin, i.e.,

lim g(¢,u) = +oo (or lirgl glt,u) = —oo), uniformly in ¢.
u—0*

u—0*
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It is said that (1.1) is of repulsive type (resp. attractive type) if g — +00 (resp. g — —00) as
u— 0",

In recent years, the study of periodic solutions for neutral differential equations has at-
tracted the attention of many researchers; see [2-9, 14, 16—18, 20, 21] and the references
cited therein. For related books, we refer the reader to [1, 12]. Most work concentrated on
the neutral operator (A;u)(f) := u(t) — cu(t—3) (see [6,7, 14, 16, 21]) or the neutral operator
with variable parameter (Ayu)(£) := u(t) — c(t)u(t — ) (see [3, 8]) or the neutral operator
with variable delay (Asu)(¢) := u(t) — cu(t — §(¢)) (see [4, 5]). However, the study of a neu-
tral operator with linear autonomous difference operator (Au)(t) := u(t) — c(t)u(t — 8(¢)) is
relatively rare.

At the same time, some authors began to consider neutral differential equations with
repulsive singularity [11, 13, 23]. Kong et al. [11] in 2015 discussed the following second-
order neutral differential equation with repulsive singularity:

(u(t) = cu(t - 8))// +f (u(t))u (t) + g (¢, u(t — 7)) = e(t), (1.2)

where c is a constant with |c| < 1, g allowed is to be repulsive singular at = 0. By applying
Mawhin’s continuation theorem, the authors have shown that (1.2) had at least one posi-
tive T-periodic solution. The authors employed an interesting technique dealing with the
singularity of g(¢, ) at u = 0. Afterwards, Xin and Cheng [23] in 2017 investigated a kind
of second-order neutral differential equation with repulsive singularity:

(u(t) = cu(t - 8))" +f(t,u/(t)) + g (t,u(t)) = e(?), (1.3)

where |c| # 1 and g had a repulsive singular at z = 0. The authors found that the existence
of positive T-periodic solution for (1.3) by applications of coincidence degree theory.

All the aforementioned results are related to neutral differential equations or neutral dif-
ferential equations with repulsive singularity. Naturally, a new question arises: how does
the neutral differential equation with linear autonomous difference operator work on at-
tractive and repulsive singularities? Besides practical interests, the topic has obvious in-
trinsic theoretical significance. To answer this question, in this paper, we try to establish
the existence of periodic solutions of (1.1) by employing coincidence degree theory. The
techniques used are quite different from that in [11, 13, 23] and our results are more gen-
eral than those in [11, 13, 23] in two aspects. Firstly, we first analyze qualitative properties
of the neutral operator with a linear autonomous difference operator (Au)(¢) in the case
that |c| > 1. Secondly, an attractive singularity is in contradiction with the repulsive singu-
larity. Therefore, the above methods of [11, 13, 23] are no longer applicable to a study of
(1.1) with an attractive singularity. So we need to find a new method.

The paper is organized as follows: In Sect. 2, we first analyze qualitative properties of the
neutral operator (Au)(¢) in the case that |c| > 1, which will be helpful for further studies of
differential equations with this neutral operator. In Sect. 3, we get existence results of pos-
itive T-periodic solution for (1.1) with repulsive singularity. In Sect. 4, we investigate the
existence of a positive T-periodic solution for (1.1) with attractive singularity. In Sect. 5,
we illustrate our results with a numerical example.

2 Preliminary lemmas
Firstly, we recall the coincidence degree theory.
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Lemma 2.1 (Gaines and Mawhin [10]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let Q@ C X be an open bounded
set and N : Q — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lu # ANu,Vu € dQ2N D(L), » € (0,1);

(2) Nué¢ImL,VucoQNKerL;

(3) deg{JON,Q2NKerL,0} #0, where ] : Im Q — Ker L is an isomorphism.
Then the equation Lu = Nu has a solution in Q N D(L).

On the other hand, we consider the properties of the neutral operator A.

Lemma 2.2 (see [22]) If |c(2)| < 1, then the operator (Au)(t) has a continuous inverse A~
on the space

Cr:={ulu e RR),u(t+T)=u(t),Vt € R},

satisfying

ol

(A = 5

,  forcy := max ’c(t)’ <1VYuecCr.
te[0,T]

Next, we study the properties of the neutral operator A in the case that |c(¢)| > 1. Firstly,
we give the following lemma.

Lemma 2.3 (see [15]) If c(t) € Cr, 8(t) € C}:= {u € C*R,R) : u(t + T) = u(t)} and
8'(t) < 1, then c(u(t)) € C,, here u(t) is the inverse function of t — 5(t).

Lemma 2.4 If|c(t)| > 1 and §'(¢t) < 1, then the operator A has a continuous inverse A~* on
Cr, satisfying

a1 llull
()@ = =

, forco:= min ‘c(t)‘ >1VueCr.
tel0,T]

Proof Lett—4(t) :=s € R. From Lemma 2.3, there exists a continuous function i : R — R
such that w(t — 8(£)) = u(s) = t. Let

V:Cr— Cr, (Vu)):=u(t-5@).

Then there exists an operator V™! : Cr — Cr such that (V1u)(t-8(2)) = (V1 u)(s) = u(t) =

u(iu(s)), ie., (V1u)(8) = u(u(t)).
Let

E:Cr— Cr, (Eu)(t):=u(t)- %u(u(t)),

B:Cr— Cr, (Bu)(t):= %u(u(ﬂ)’

and

Dy=t, Dj:u(,u(u(~~~u(u(t))))), j=1,23,....
j
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By the definition of the linear operator B, we can get

20 - 1 L
B0 =25 Gy ) = oy aopy PP

o o o J 1
Z(B/M)(t) - Z l_[ c(Dj_1) D) = ule) + Z l_[ c(Di-1) “Dj)-

j=0 j=0 i=1 j=1 i=1

Since ||B|| < 1, we can see that the operator E has a continuous inverse E™ : C, — C,,

satisfying

(E7u)(t)= (U -B)'u)() = Y _(Bu)(®).

~.
JIi
(=}

From (Au)(t) = u(t) — c(t)u(t — 5(£)), we have

(Au) () = u(t) - c@)u(t - 5(t))

=—c(t) |:u(t - 8(1.‘)) - %u(t)]

= —c(t)V[u(t) - Ilt)u(u(t))]

= —c(t)(VEu)(®).

Then, from the above analysis, we can see that there exists an operator A1, and

1

0)
1

o)

(A_lu)(t) = (E_1 V’lu)(t)

(E™u) (n()-

Therefore, we have

1

-1 _
’(A u)(t)|_‘ C(t)

(£ (t0)| -

1

)+ 20 0 ‘

< —
C

1 SRR |
- u(u(t)) + Z[[ mM(Dm)
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Next, we rewrite (1.1) in the form

(A1) (£) = us(t),

Uy (t) = g (us3(t)),

uy(t) = ual(t),

uy(t) = f (ur () (t) - g(t, ua (2)) + k(2),

Page 50f 18

where 117 + %1 = 1. Clearly, if u(t) = col(u(£), ua(t), us(t), ua(2)) is periodic solution for (2.1),

then u; () must be a periodic solution for (1.1). Therefore, the problem of finding an 7-

periodic solution for (1.1) reduces to finding one for (2.1).

Set X = Y = {u = col(u1(£), us(£), us(£), ua(t)) € CHR,R*) : u(t + T) = u(t)} with the norm

||| = max{||ee1 ||, || 42|, |43, |44l }. Clearly, X and Y are both Banach spaces. Meanwhile,

define

L:D(L) = {ueCl(R,R4):u(t+ T):u(t),te]R} CX—->Y

(Aup) (2)
uy(t)
uy(t)
u,(t)

(Lu)(2) =

and N: X — Y by

u(z)
@q(u3(1))
uy(t)
~f (w1 () uy (£) — g(t, ur (2)) + k()

(Nu)(t) =

Then (2.1) can be converted to the abstract equation Lu = Nu.

“ (11 6) = e(O)uy (¢ = 8(0))) =0
. =0,
From Yu e KerL, u = Z; € Kerl, ie. ZEZ o we have

Uy ugf(t) =0,

u1(t) — c(®)u1 (t - 6(2)) = ay,
uy(t) = as,
u3(t) = as,

M4(t) = dy,

(2.2)
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where a1, a;, as, as € R are constant. Let ¢(£) # 0 is a solution of u(t) — c(t)u(t - (¢)) = 1,
a14(t),

then KerL = u = ( 2 ) From the definition of L, one can easily see that

as

y1(5)
¥2(5)
¥3(5)

4(5)

T
KerL = R%, ImL = er:/ ds =
0

S O O O

So L is a Fredholm operator with index zero. Let P: X — KerLand Q: Y — ImQ C R* be

defined by
(Au1)(0)
Px = u3(0)
u3(0)
14(0)
y1(5)
L[] yals)
- ds,
@ T/o y | ©
4(s)

thenImP = Ker L, Ker Q =ImL. So, L is a Fredholm operator with index zero. Let K denote

the inverse of L|kerpnp(z), we have
T T
[Ky](t) = 001< f Gy (t,s)y1(s) ds, / Ga(t, s)y2(s) ds,
0 0
T T
f Gs(t,8)ys(s) ds, / Gal(t,5)yals) ds),
0 0

where
70 0=s<t=T;
Gi(t,s) = i=1,2,3,n. (2.3)
0< T;

From (2.2) and (2.3), it is easy to see that QN and K(I — Q)N are continuous, QN () is
bounded and then K(I — Q)N () is compact for any open bounded £ C X, which means

N is L-compact on Q.

3 Periodic solutions for (1.1) with repulsive singularity
In this section, we investigate the existence of positive periodic solution for (1.1) with

repulsive singularity. Firstly, we embed Eq. (2.1) into the following equation family with a
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parameter A € (0, 1]:

(Aup)'(t) = Aua(2),

uy(£) = Ay (u3(£)),

us(t) = Auy(t),

uy(t) = —af (ur () uy (t) — Ag(t, ur(t)) + Ak(2).

Substituting u4(t) = AI‘I’(gop((Aul)”(t)))/ into the last equation of (3.1), we can get

(0p(A))" ()" + 22f (wr ()2t} (8) + Mg (8, u1 (8)) = APK(2).

Lemma 3.1 Suppose the following condition is satisfied:

Page 7 of 18

(3.1)

(3.2)

(H1) There exist two constants 0 < dy < dy such that g(t,u) < 0 for all (¢t,u) € [0,T] x

(0,d1), and g(t,u) > 0 for all (¢t,u) € [0, T] x (dy, +00).
Then there exists a point T € [0, T such that

dy <ui(t) < ds.

Proof Integration of both sides of (3.2) from 0 to T, we have

T
/ g(tui(t)) de =0.
0
From (3.4), there exists a point t € [0, 7] such that
g(ti,m (1)) =0.

From (H;), we can see that (3.3) is satisfied.

(3.3)

(3.4)

O

Lemma 3.2 Assume that ¢y, < 1 and (Hy) hold. Suppose the following conditions are sat-

isfied:
(Hy) There exist positive constants o, B such that

gt,u) <auP + B, forall (t,u) € [0, T] x (0,+00).
(Hs) There exist two positive constants a, b such that
[f(u(t))| <alulP?+b, Vuek.

(Hy) We have

T(aT +2a)
2

0<
(1= coo = (Lo + 2Ty +2Te181 + Teoods + o083 + 2C0081))P7!

<1,

where §; = maXe(o,] |89 (£)], ¢; = maxeow [c?(2)], i = 1,2.

(3.5)
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Then there exist positive constants My, My, M3, My such that
ui () < My, luall < Mo, llusll < Ms, luall < Ma. (3.6)
Proof Firstly, we will consider (Au;)”(¢). Since (Au)(£) = uq(¢) — c(t)u1 (¢ — §(¢)), we have

(Aw) (@) = (1 () — ey (£ - 8(2)))
= (£) — ¢ (Our (£ = 8(2)) — c()uy (¢ - 8(2)) + c()uy (£ - 8(2))8'(2) (3.7)

and

(Au)"(8) = () () = ¢ (Our (£ = 8(2)) — c(O)uy (£ = 8(2)) + c(O)uy (£ - S(t))s/(t))’
=u(t) - [¢"@)ur (£ - 8(2)) + ¢ (@)u (£ 8(2)) (1 - 8'(2)) + ¢ (D) (£ - 8(2))
+c(Ouy (6= 8(0)(1-68(0)
= (Ouy (t-8(0))8'(t) — c(O)uf (£ - 8(2)) (1 - 8'(1))8'(2)
—c()uy (t - 8(2))8"(1)]
= u(t) — c@)uy (t - 8()) — [ (Dur (£ - 8(2)) + (2¢'(2) — 2¢' (1) (2)
—c(8)8"(2))u (£ - 8(1))
+ (c(8'®)” - 2¢(0)8' (1))t} (£ - 8(2))].

Hence, we can get

(Aul) () = (Au))"(8) + " (O)ur (£ = 8(2)) + (2 (2) — 2 ()8 (2) — c(2)8" (1))t (2 - 8(2))

+ (c(8'®)* - 2¢(2)8' (1))t} (£ - 8(2)).
By applying Lemma 2.2 and ¢, < 1, we have

||u || = n%ax]|A YAu! (t)|
t
_ Maxeejo,r |Au; (£))]

1-cs

@q(lusll) + collur |l + (2¢1 + 2¢181 + Coo82) 1] || + (€087 + 2€0081) |4

’

1-cy

where ¢; = max;c(o,7] | (£)| and §; = max;c(o,7] [§?(¢)], i = 1,2. From (3.3) and the Wirtinger

inequality (see [19], Lemma 2.4), we have

T
u(t) < ds +f |y (2)| dt
0

1
1 T 2 2
<dys T (/ 14,0) dt)
0
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1
T (" 2
<dy+ T%—(f |u'1’(t)|2dt)
2r 0

sdy+ o~ ||u |- (3.8)
From u;(0) = u1(T), there exists a point £, € [0, T] such that | (¢,) = 0, then we have
il =0+ [ uo]de = 71, 39
0

Therefore, we have

1"
1]

wq(llusll) +calday + 5 IIu )+ T(2¢1 +2¢181 + Cood2) 4] | + (€087 + 2¢0081) |1}

1-cy

goq(llu3||) + ( cz + 2Ty + 27181 + TeooSz + €087 + 20001) 1] || + czdz

1-cx
Since 1 — ¢ — (ZT—;cz +2Tcy +2T¢18; + TeooS + COQSf + 2¢s0681) > 0, we have

<Pq(||M3||) + Cody

1-cCoo— (502 +2Tey +2T¢181 + Teoo82 + €007 + 20081)

ui < (3.10)

On the other hand, from u3(0) = u3(7'), there exists a point ¢4 € [0, T] such that u4(4) = 0,

we have

T
|u4(t)| =< <M4(t4) +/ iué(t)| dt)
0

T
o [0 gl ) + K0 e
T T r
5/0 V(”l(t))||”1(t)|dt+/0 |g(t»u1(t))|dt+/0 |k(t)| dt. (3.11)

From (H,) and (3.4), we have

/ lg(t, u1(2)) | dt = / a(t, ul(t))dt—/ g(tui (1)) dt
gt ()=0 gt (£)=0

=2 f (b ui(2)) dt
g(t,uy (8))=
<2 / (auffl(t) +B)dt
g(tu1(£)=0

T
< 2a/ @) dt + 28T, (3.12)
0
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where g* (¢, u1) := max{0, g(¢, u1)}. Substituting (3.8), (3.9) and (3.12) into (3.11), and from
(H3), we have

T T
|u4(t)|§a/ |u1(t)|”‘2|u;(t)|dt+b/ |, (1) dt
0 0
r 1
+2a/ lur (@) dt +2BT + |k T
0
<aT|lm 1P|y | + 6T |y | + 2T allur P + (28 + |KII) T

T2 p-2
<ar(ao 2l o721
T2 . p-1
+2Ta(d2 + E”ul ”) + (2B + k)T

2JTd2 p=2 p-1 27‘[612 p-1 p-1
SaTz L+ 2114, ||u,1/| +2Ta| 1+ D14, ||M/1/|
T |luyl T2 ||uyl

+0T?||uf| + (2B + IkI) T

2ndy(p—2) 2dy(p — 1) -
<ar?(1+ T D a1 20D gy

+bT?|uf|| (28 + k)T

= (@ + 2Ta) | [ + (2amdyp - 2) + %)H (i

+bT?||uf| + (28 + IkII) T (3.13)

since (1+u)" <1+ (1+Dufor u € [0, 1], i is a constant. Substituting (3.10) into (3.13), we
have

|u4(t)| < (aT2 + 2Toz)
(0q(lusl) + coda)?™
(1-coo— ( C2 +2Tc1 +2T¢181 + Teoo2 + Cood7 + 2C0081))P 1

drrady(p —1)
T

) (g(lusll) + cody)P2
(1= coo = (Z2cy + 2Tt1 + 2T181 + Teoods + CooB? + 2508172

+ (Zdﬂdg(p -2)+

qu(||”3||) +Cody

1—Coo— (zT—jcz +2Tc1 +2T¢181 + Teooda + €007 + 2€001)

+ bT?

+ (28 + KT (3.14)

Since fOT @q(u3(t))dt = OT uy(£) dt = 0, then there exists a point £3 € [0, 7] such that
us(t3) = 0. From the Wirtinger inequality and (3.14), we can easily get

T
||M3||§/ |ua(t)| dt
0

=< Tllual
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< T[(aT2 +2Ta)

' (@q(lusll) + coda)P™t
(1-coo— (gcz + 27Ty + 27181 + TeooSz + €087 + 20001))P L

drady(p - 1)
=)

_ (g(lusll) + cady)P?
(1-co — (g—;cz +2Tcy +2T¢18;1 + Teoodo + coo(Sf + 2C5081))P2

+ (2and2(p -2)+

@q(llusll) + cods
2

1—coo = (Ecy + 2Ty +2Te181 + Teoo8s + €087 + 2C0081)

+bT?

+ (28 + ||k||)T:|.
Therefore, we get

llus|l < T|:(aT2 +2Ta)

. lusll + (p — Dllusl|* Ycads + - -+ + (c2d = 2)P7!
(1= oo = (Z2cy + 2Tty +2T181 + TeosSs + Cood? + 2€0081))P71
47T(Xd2(p - 1)
T
s>~ + - -+ + (coda )P~

(1-coo — (g—;cz +2Tc1 +2T¢181 + Teoo82 + Cood7 + 2C0081) P2

+ (2a7rd2(p -2)+

@q(llusll) + cods
2

1—coo = (Ecy + 2Ty +2Te181 + Teoo8s + €087 + 2C0081)

+bT?

+ (2B + ||k||oo)T}.

T(aT?+2Ta)
2
l—coo—(2T—7rcz+2Tcl+2T0161+Tcoo62+coo6%+200051))1”
stant M3 (independent of A) such that

Since p > 2 and (

1

[z ]| < M3.

Substituting (3.15) into (3.10), we get

@q(llusll) + cady
1= oo = (Zcy + 2T + 27181 + TeooBs + Coo8? + 2¢0081)

Z
]

IA

q-1
M3 + Czdz

1-cCoo— (gcz +2Tc1 +2T¢181 + Teoods + Coo07 + 2€0081) a

IA

Thus, we have

T, T?
w0 =dye il <dy s Do oo,

= M;.

Page 11 of 18

< 1, there exists a positive con-

(3.15)

(3.16)
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and from (3.9), we have

||| < T|uy| < TG = M. (3.17)
Therefore, from (3.7), (3.16) and (3.17), we have

lluall < My + i M + M7 (1 + 81) := M. (3.18)

On the other hand, from (3.11) and (3.12), we can get

ll24] < max

T T
fo u;(t)dt'gkfo |=f (1 () (8) — g (t, ur (1)) + k(8)| dt

T T T
gk(/(; (1 (0) [ 0)| it + /0 lo(t11(0) | it + /0 |k(t)|dt>

< 2o IMT + 20 TMY ™ + 28T + T|K|) = Ma, (3.19)

where [|fy, | = maXo,, <ar, |f (1(2))]. O

Lemma 3.3 Assume that cy > 1 and (H;)—(Hs) hold. Suppose the following conditions are
satisfied:
(Hs) We have

T(aT + 2a)
0< <1.

(co—1—(Ley+ 2T +2Te181 + Teoods + Cood? + 2c0081) P71

Then there exist positive constants My, My, My, ..., M, such that
() <My, Nl =My, lusl| <Mz, Jlua] < My, (3:20)

Proof We follow the same strategy and notation as in the proof of Lemma 3.2. From ¢ > 1
and Lemma 2.4, we have

” u ” max ’A’lAu/{(t)}

te[0,T]

_ MaXeefo,7] |[Auf(2)]
Co — 1

- @q(luzll) + callun |l + (2c1 + 2¢181 + Cood2) |11} || + (o087 + 2¢0081) 124 ||

C()—l

2
_ oq(llusll) + (2T—”cz + 2Ty + 27181 + Teoo82 + Coo07 + 200081) U] || + caddn

Co — 1
Since ¢g— 1 — (502 +27Ty +2T¢181 + Teoo82 + €007 + 2¢581) > 0, we have

§0q(||u3||) + Cody

”
il < — = :
Co — 1- (ECZ + TC1 + TC181 + 4&3052 + Coo(s% + 2C0051)

Similarly, we can get |lus|| < Mj. |
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Lemma 3.4 Assume that co, < 1 and (Hy)—(Hy) hold. Furthermore, suppose the following
repulsive condition is satisfied:
(Hs) lim,o+ [, go(s)ds = —oc.

Then there exists a positive constant M* such that
u(t) >M*, forallte|0,T]. (3.21)
Proof From g(t,u) = go(u) + g1(¢, u), (3.2) is rewritten in the form
(0o (A1) ()" + 22f (u1.(8)) 1t (£) + AP (go (u1(8)) + gu (&, w1 (8)) = APK(2). (3.22)

Let 7 € [0, T] be as in (3.3), for any t < ¢ < T. Multiplying both sides of (3.22) by #/(¢) and

integrate on [7, ¢], we have

uy(t) t
A”/ )go(u)duzkpf go(u1(s)) et (s) ds

1z

} ‘/ (¢p(An)"(s)) "t (s) ds = 3 / F(029) [ 6)[* ds

— M\ /tgl (s, u1(5)) 'y (s) ds + AP /tk(s)u/l(s) ds. (3.23)

By (3.2), (3.12), (3.16) and (3.17), we have

/(‘Pp(Aul)N(S))Nu’l(s)ds

5/ | (0p(Aur)(5))"| | (5)] ds
T
= “u/lH/O |(‘pp(A”1)”(S))//|ds

T T T
§APM1‘</O Lf(ul(s))||u/l(s)|ds+/o |g(s,u1(s))|ds+/0 |e(s)|ds>

< MM ([fan, IMT + 2c TMY ™' + 2T + T||kll). (3.24)

Moreover, we have

T
<t [ 0) s = W 7T,

f F(wa(s)) |, 5)| dis

T
< |luy f g1t u(®)| dt < MNT g, |12 (3.25)
0

/ a (s, uy(s))uy(s)ds

/ k(s)u'y(s)| dt

< MIT|k,
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where gy, == maxo<y, <a, 1g1(¢,41)| € L*(0, T) is as in (H3). Substituting (3.24) and (3.25)
into (3.23), we have

uy(t)
/ go(u)du
u ()

1T

< M; (21, IMFT + 2c TMY ™ +2TB + VTllgun, |12 + 2T ||kl)

=M.
From the repulsive condition (Hp), it is clear that there exists a constant M* > 0 such that
u(t) >M*, Vtelr,T]. (3.26)
The case ¢ € [0, 7] can be treated similarly. O

Lemma 3.5 Assume that co > 1 and (H,)—(Hs), (Hs), (Hg) hold. Then there exists a positive
constant M' such that

u(t)>M', forallte[0,T). (3.27)
Proof We follow the same strategy and notation as in the proof of Lemma 3.4. g

By Lemma 2.1, 3.1, 3.2, 3.4, we get the following main result.

Theorem 3.6 Assume that co, < 1 and (Hy)—(Hy), (Hg) hold. Then (1.1) has at least one

positive periodic solution.

Proof From Lemma 3.1, 3.2, 3.4, we have

Q= {u = col(uy, uy, uz, us) : E* < uy(t) < Ey, || < En, llusl| < Es, ||uall < Ea,

vee[0,T1},

where 0 < E* < min(M*, d1), E; > max(M,d,), Ey > M», E3 > M3, E4 > M,.
Q={u:ued;NKerlL}then Vu € 92 NKerlL,

us(2)
1T Gals(0)

—f (u1(£))uy () — g(t, us (1)) + k(2)
If QNu =0, then u; = E1, up =0, uz =0, uy = 0. But if 11 (¢) = E;, we know
T
/ g(t,El)dt=O.
0

From assumption (H;), we have u;(t) < dy < E;, which yields a contradiction. We also
have QNu #0, i.e., Vu € 9Q NKerL, u ¢ Im L, so conditions (1) and (2) of Lemma 2.1 are
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both satisfied. Next, we consider (3) of Lemma 2.1 to be also satisfied. In fact, from (H;),
we have

g(t,E1) <0 and g(¢ Ey) > 0.

So condition (3) of Lemma 2.1 is satisfied. By application of Lemma 2.1, (1.1) has a positive
T-periodic solution. d

Similarly, by Lemma 2.1, 3.1, 3.3, 3.5, we have the following theorem.

Theorem 3.7 Assume that ¢y > 1 and (Hy)—(H3), (Hs), (Hg) hold. Then (1.1) has at least
one positive periodic solution.

Remark 3.8 If (1.1) satisfies attractive singularity, i.e., lim,_, o+ ful g(s) ds = +00. Obviously,
the attractive condition and (H), (H;) are in contradiction. Therefore, the above method
is no long applicable to the proof of the existence of a periodic solution for (1.1) with
attractive singularity. We have to find another way.

4 Periodic solutions for (1.1) with attractive singularity
In this section, we investigate the existence of positive periodic solution for (1.1) with
attractive singularity.

Theorem 4.1 Assume that co < 1 and (Hs), (Ha) hold. Furthermore, suppose the following
conditions hold:
(H7) There exist constants 0 < d3 < dy such that g(t,u) > 0 for (t,u) € [0, T] x (0,d3) and
g(t,u) <0 for (t,u) € [0, T] X (da, +00).
(Hg) There exist positive constants « and B such that

—g(t,u) <au?™ + B, forall (t,u) € [0,T] x (0, +00). (4.1)

(Ho) (Attractive singularity) lim,_, o+ ful go(s) ds = +oo.
Then (1.1) has at least one positive periodic solution.

Proof We follow the same strategy and notation as in the proof of Theorem 3.6. From
Lemma 3.1, we know that there exists a point & € (0, T') such that

d3 <u1(§) < ds.

From (3.12) and (Hs), we have

T
/ |g(t,u1(t))|dt:/ g2t ui (1)) dt—/ g(tui (1)) dt
0 g(tu1 ()=0

&(t,u1(£))=<0

-2 f g (tLui(t))dt
g(tu(1)=0
<2 / (™ () + B) dt
g(tu1 (£)=<0

T
< 2a/ @) dt + 28T, (4.2)
0
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where g~ (¢, u1) := min{g(¢, u1),0}. The remaining part of the proof is the same as Theo-
rem 3.6. O

Theorem 4.2 Assume that ¢y > 1 and (H3), (Hs), (H7)—(Hs) hold. Then (1.1) has at least

one positive periodic solution.

5 Example

We illustrate our results with one numerical example.

Example 5.1 Consider the following fourth-order neutral nonlinear differential equation

with repulsive singularity:

<gop (u(t) - 6i4 sin(4t)u<t - % cos 4t>> ) + 251 5 u(t)u'(t)

+ cosdt + 1)u?(t) - = 4sin4t, 5.1

10071( Ju”(¢) =0 (5.1)

where « > 1 and p = 2. It is clear that T = 7, c(t) = ésinélt 8(t) = icos4t r(t) =
cos4t, k(t) = sin4t, ¢; = maxee(o,1) |16 cosdt| = 6, 02 = MmaX;e|o, T]| —sm4t| , 81 =

Max;e[o, 7] |—% sin4t| = é, 8 = maxee(o,7] |—§ cos4t| 5 g(t,u(t) = 50]1 (cos4t + l)uz(t)
u%(t), o= %, B=1f(u®)= ﬁu(t), here a = 25 ——, b =0. It is obvious that (H;)—(H3),

(Hs) hold. Now we consider the assumption condition (Hy),

T(aT +2a)
(1= oo = (L + 2Te1 + 2T181 + Teosds + CooB? + 20081271
4
_ 7 (557 + 50
1 1
20— g -G+ E+E+ e+ X t35 X5

~ 04703 < 1.
So, by Theorem 3.6, (5.1) has at least one 7 -periodic solution.

6 Conclusions

In this article we introduce the existence of periodic solution for a fourth-order gener-
alized neutral differential equation with attractive and repulsive singularities. The tech-
niques used are quite different from that in [11, 13, 23] and our results are more general
than those in [11, 13, 23] in two aspects. Firstly, we first analyze qualitative properties of
the neutral operator with linear autonomous difference operator (Au)(£) in the case that
lc| > 1. Secondly, an attractive singularity is in contradiction with the repulsive singularity.
Therefore, the methods of [11, 13, 23] are no long applicable to a study of (1.1) with attrac-
tive singularity. So we need to find a new method. In this paper, we discuss the existence of
a periodic solution for Eq. (1.1) with attractive and repulsive singularities by applications
of the coincidence degree theory. Moreover, in view of the mathematical points, the re-
sults satisfying conditions attractive and repulsive singularities are valuable to understand

the periodic solution for fourth-order general neutral singular differential equations.
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