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Abstract

In this paper, we deal with a class of nonlinear fractional nonautonomous evolution
equations with delay by using Hilfer fractional derivative, which generalizes the
famous Riemann-Liouville fractional derivative. The definition of mild solutions for the
studied problem was given based on an operator family generated by the operator
pair (A, B) and probability density function. Combining the techniques of fractional
calculus, measure of noncompactness, and fixed point theorem with respect to
k-set-contractive, we obtain a new existence result of mild solutions. The results
obtained improve and extend some related conclusions on this topic. At last, we
present an application that illustrates the abstract results.
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1 Introduction

Fractional differential equations have been successfully applied to various fields, for exam-
ple, physics, engineering, chemistry, aerodynamics, electrodynamics of complex medium,
and polymer rheology, and they have been emerging as an important area of investiga-
tion in the last few decades; see [1-5]. In [6—12], the authors discussed the existence of
solutions for various nonlinear differential equations or partial differential equations by
measures of noncompactness and fixed point theorems, whereas in [13-16], the authors
investigated the existence of solutions for the evolution equations by the monotone itera-
tive method.

On the other hand, Hilfer [7] proposed a generalized Riemann-Liouville fractional
derivative (for short, the Hilfer fractional derivative), which includes the Riemann-
Liouville and Caputo fractional derivatives. Furati et al. [17] considered an initial value
problem for a class of nonlinear fractional differential equations involving the Hilfer frac-
tional derivative. Very recently, Gu and Trujillo [18] investigated a class of evolution equa-
tions involving the Hilfer fractional derivatives by using Mittag-Leffler functions. To the
best of our knowledge, there are no results about nonlinear fractional nonautonomous
evolution equations of Sobolev type with delay.
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Motivated by the above discussion, in this paper, we use the fixed point theorems com-
bined with the theory of propagation family to discuss the existence of mild solutions for
nonlinear fractional nonautonomous evolution equations of Sobolev type with delay of
the form

Dy¥Bu(t) = Au(t) + Bf (t, u(t1(¢)), ..., u(tm(2))), te€], w1

179 By (0) = Buy, '
where Dy is the Hilfer fractional derivative, which will be given in next section, 0 < v <
1,0 < u < 1, the state u(-) takes values in a Banach space E, /] = [0,b] (b > 0), J' = (0,b],
A and B are closed (unbounded) linear operators with domains contained in E, m is a
positive integer number, t; : ] — J are continuous functions such that 0 < 7;(¢) < ¢ for
k=1,2,...,m,f:] x E" — E is a continuous function, and u, € D(B).

Furthermore, we study problem (1.1) without assuming that B has bounded (or com-
pact) inverse and without any assumption on the relation between D(A) and D(B). Our
purpose is to introduce the theory of propagation family {W(¢)},>o (an operator family
generated by the operator pair (4, B); see Definition 2.7) from Jin Liang and Ti-Jun Xiao
[19] and probability density function and then to give a proper definition of mild solutions
for nonlinear fractional nonautonomous evolution equations (1.1), which plays a key role
in our discussion. The existence of a mild solution for problem (1.1) is obtained under cer-
tain assumptions on the nonlinear term f by using the Hilfer fractional derivative, measure
of noncompactness, and fixed point theorem. At last, as an application, we also obtain the

existence of mild solutions for the nonlinear time fractional reaction-diffusion equation

D" u(x, t) — a(t) Aulx, t) = f(t, u(x, 71 (2)), ..., ulx, Tu(2), tej,
u(x,t) =0, x€edQte], (1.2)
u(x,0) = p(x), x€Q,

introduced by Ouyang [20] and Zhu, Liu, and Wu [21], where A is the Laplace operator,
Q2 € R” is a bounded domain with a sufficiently smooth boundary 92, f: ] x R” — Risa
nonlinear function, and ¢ € L2(R).

The rest of this paper is organized as follows: In Section 2, we recall some basic known
results and introduce some notations. In Section 3, we discuss the existence theorems of
mild solutions for problem (1.1). At last, two examples are presented to illustrate the main
results.

2 Preliminaries

In this section, we briefly recall some basic known results. Throughout this work, we set
J =[0,b], where b > 0 is a constant. Let E be a Banach space with the norm || - ||, and let
the pair (A4, B) generate a propagation family { W (£)};>0 (see Definition 2.7). We denote by
B(E) the Banach space of all bounded linear operators from E to E and denote by C(/, E)
the Banach space of all continuous E-valued functions on the interval J with norm |u|| =
maxey ||u(t)]. Let

C"™(J,E) = {u c C(]’,E) : lil’(l)l (17010 4(4) exists and is ﬁnite}
t—0*
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with norm | - ||,,, defined by

llully,e = sup (9701 y(e)).

0<t<b

Evidently, C**(J, E) is a Banach space.
For completeness, we recall the following definitions from fractional calculus.

Definition 2.1 The Riemann-Liouville fractional integral of order « of a function f :
[0,00) — R is defined as

I5.f(t) = /(t $)*f(s)ds, t>0,a>0,

T(e)

provided that the right-hand side is pointwise defined on (0, c0).

Definition 2.2 The Riemann-Liouville derivative of order a with the lower limit zero for
a function f : [0,00) — R can be written as

1 ar f(s)
DSf(t) = ——— —————ds, t>0,n-1 .
0f(2) F(n—a)dt"/o s s >0,n-l<a<n

Definition 2.3 The Caputo fractional derivative of order « for a function f : [0,00) — R
can be written as

nlk

o f(t) = DS, |:f(t) ij (0)] t>0n-l<a<n,

where 7 = [«] + 1, and [«] denotes the integer part of «.

If u is an abstract function with values in E, then the integrals appearing in Defini-
tions 2.2 and 2.3 are taken in Bochner’s sense.

Definition 2.4 (Hilfer fractional derivative; see [7]) The generalized Riemann-Liouville
fractional derivative of order 0 < v <1 and 0 < u < 1 with lower limit a is defined
as

)4 ja- Da-f (g)

Dyf(0) = 10 I

for functions such that the expression on the right-hand side exists.
Recently (Hilfer et al. [22]), this definition forn—1< u <n,n € N,0 <v <1, was rewrit-

ten in a more general form:

dn
DU’ f(t) Iv(n 2 dt” a+

— I;Ern—/t D/ﬂt:vn—uv]c(t)’

=g ()

[L+VI—[L
Da+

where is the Riemann-Liouville fractional derivative, and 1;5,"_” ) is the Riemann-

Liouville integral.
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Remark 2.1
(i) Whenv =0,0<pu<1,and a = 0, the Hilfer fractional derivative corresponds to the

classical Riemann-Liouville fractional derivative:
f(t) = _IO+Mf(t Dg+f(t)

(i) When v =1,0< u <1, and a = 0, the Hilfer fractional derivative corresponds to the

classical Caputo fractional derivative:

DY) = 15 (0 = DS 0
Now, we recall the basic definitions and properties of the Kuratowski measure of non-

compactness.

Definition 2.5 ([23]) Let E be a Banach space, and let ¢ be the bounded subsets of E.
The Kuratowski measure of noncompactness is the map o : Q¢ — [0, 00) defined by (here
Be QE)

n
a(B) = inf 8>0:B=UBi and diam(B;) <efori=1,...,n¢,
i=1

where diam B; = sup{|x — y| : %,y € B;}.

Lemma 2.1 ([24]) Let S and T be bounded sets of E, and let a be a real number. Then the
noncompactness measure has the following properties:
(1) «(S) =0 ifand only if S is a relatively compact set.
(2) SC T implies that a(S) < a(T).
(3) «(S) = a(S).
(4) a(SUT)=max{a(S),ax(T))}.
(5) a(a$) = |ala(S).
6) a(S+T)<a(S)+a(T).
7) a(coS) = «(S), where coS is the convex closure of S.
8)

—_— o~

| (S) — a(T)| <2dy(S, T), where dy(S, T) denotes the Hausdor{f distance between the
sets S and T, that is,

d(S, T) = max{sup d(x, T),supd(x,S) }

xes xeT

where d(-,-) denotes the distance from an element of E to a set of E.

Lemma 2.2 ([25]) Let E be a Banach space, and let D C E be bounded. Then there exists
a countable set Dy C D such that a(D) < 2a(Dy).

Lemma 2.3 ([26]) Let E be a Banach space, and let 2 C C(J,E) be equicontinuous and
bounded. Then a(S2(¢)) is continuous on J, and a(2) = max,cy o (2(2)).
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Lemma 2.4 ([27]) Let Q = {u,}32, C C(J,E) be a bounded and countable set. Suppose that
there exists a function m € L'(J, R*) such that, for every n € N,

||un(t)|| <m(t), aete].

Then a(S2(t)) is the Lebesgue integral on ], and

a({//un(t)dt:neN}) 52/}@(Q(t))dt.

Definition 2.6 ([28]) Let E be a Banach space, and let S be a nonempty subset of E. A
continuous mapping Q : S — E is said to be k-set contractive if there exists a constant
k € [0,1) such that, for every bounded set D C S,

a(Q(D)) < ka(D).

Lemma 2.5 ([28]) Let E be a Banach space. Assume that D C E is a bounded closed convex
set on E and that the operator Q : D — D is k-set-contractive. Then Q has at least one fixed
point in D.

We recall the abstract degenerate Cauchy problem [14]:

2 Bu(t) = Au(t), tej,
Bu(0) = Bug.

(2.1)

Definition 2.7 (See [19], Definition 1.4) A strongly continuous operator family { W (£)};>0
of D(B) to a Banach space E such that {W(t)}:>o is exponentially bounded, which means
that, for any u € D(B), there exist a > 0 and M > 0 such that

|W©u| < Me”|lul, ¢=o0,

is called an exponentially bounded propagation family for (2.1) if for A > a,

(AB—A)"'Bu = / ” e MW (@udt, ueD(B). (2.2)
0

In this case, we also say that (2.1) has an exponentially bounded propagation family

{(W(®)}=0-
Moreover, if (2.2) holds, we also say that the pair (A,B) generates an exponentially
bounded propagation family { W (¢£)};>0.

Lemma 2.6 ([29]) Problem (1.1) is equivalent to the integral equation

Bu(t) = B ena-w
@ —p)+p)

+

F(lu) /Ot(t S [Au + Bf(s, u(‘tl(s)), e u(rm(s)))] ds, te]. (2.3)



Gou and Li Journal of Inequalities and Applications (2017) 2017:252

Lemma 2.7 [fintegral (2.3) holds, then we have

t
u(t) = Sy, (£)ug + / K, (t = 9)f (s, u(t1(9)),..., u(Tin(s))) ds,
0
where
o0
Suu(t) =IYMKL (1), Ku(f)=p / ot (o)W (0 )ug do.
0

Proof Let A > 0. Applying the Laplace transform

U = f e u(t) dt,

0
o0
vh) = / (6 (D), (D)) di
0

to (2.3), we have

Bi(x) = AUV-m-1gy 0y iAﬁ(x) + ti(x)

- 0" Ak '

Then

(B —A)i(r) = 2“7 Bugy + Bu(h),
and thus

7)) = A" (4B = A) ' Bug + (WB - A) " Bv())

00 oo
=0 f W uds + [ e W)
0 0

provided that the integral in (2.5) exists, where [ is the identity operator on E.

We consider the following one-sided stable probability density in [30]:

1 o r 1
w.(0) = — Z(—l)”‘lo‘“"‘l% sin(im ), o € (0,00),

n=1
whose Laplace transform is given by
o0 Iz
/ e‘)‘“zzru(a)da e, uwe(0,1).
0
Then, by s = t* and (2.6) we have
[o¢]
/ e M W (s)ug ds
0

o0
:/ /Lt“"le"(m”W(t“)uo dt
0

o0 o0
= / / e M) it (o) W (¢ )uo do dt
o Jo

Page 6 of 20

(2.5)

(2.6)
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[e9) 9] OH- 1 GH
=u / e‘w—wﬂ o)W( >u0d8da
0 0

[ (oo
[l (& e

/ ” e W (s)v()) ds
0

X W( (-9 )j(s, u(rl(s)), s u(rm(s))) dsdt) do

oM
Y ey P (t—s)rt
_/0 e [M/o./o p @, (o)
X W( (t;:)" )/(S u(11()), ..., u(Tn(s))) dads} dt. (2.8)

Thus, it follows from (2.5), (2.7), and (2.8) that, for £ € J,

(1) = A /ooe“[ﬂ/m t:—lwu(o)W< M)uodo}d
[ [ e

W( (t;,f) )f(s, u(11(5)), ..., u(Tin(s))) dads] dt.

Since the Laplace inverse transform of "% is

tv(l—u)—l

ﬁfl()\v(;kl)) — { C(v(1-up))’

8(t), v=0,

O<v<l,
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where §(¢) is the delta function, we invert the last Laplace transform to obtain

(o] n—-1 L
ult) = (-(Mﬂ-“) (/ - w,Aa)W(%)da)(t))uo

[o¢] 1 _
+u// (-5 S)M H(U)W((tgj)/‘)/(s,u(rl(s)),...,bl(‘fm(s)))dgds

— - n—1 n
_/0 A=) s uot £.(0)W(t"o)uodo

+u// o (t - 9" 18, (0)

x W((£=9)"0)f (s, u(t1(s)),..., u(tm(s))) do ds
= (159_“)I<M(t))u0 + /o K, (t = 9)f (s, u(t1(s)),..., u(tim(s))) ds

t
=Sy (uo + / K, (t- s)f(s, u(rl (s)), e u(rm (S))) ds, (2.9)
0
where &, is the probability density function defined on (0, c0) by
1 1
£.(0)=—0  Trw,(o
wo)=— ul

This completes the proof. O
Based on Lemma 2.7, we give the following definition of a mild solution of problem (1.1).

Definition 2.8 By a mild solution of problem (1.1) we mean a function u € C(J', E) that

satisfies
u(t) =S, (Hug + / K, (t = s)f (s;u(ta(s)),..., u(Tm(s))) ds, te]. (2.10)
0
Remark 2.2

(i) By (2.9) it is easy to see that
DM, () =K, (t), te].

(ii) When v = 0, the fractional equation (1.1) simplifies to the classical Riemann-

Liouville fractional equation studied by Zhou et al. [31]. In this case,
Sout) =K,(@), te].

(iil) When v = 1, the fractional equation (1.1) simplifies to the classical Caputo fractional

equation studied by Zhou and Jiao [32]. In this case,
Sl,u(t) = Su(t)> t 6])

where S, (¢) is defined in [32].
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Lemma 2.8 Assume that {W (t)};>o is a norm-continuous family for t > 0, || W (¢)|| < M for
any fixed t > 0, {K,,(t)}¢>0, and {S.,,,(t)}t>0 are linear operators, and for any u € E,

-1 Mt(V—l)(M—l)

M
IOl = Ty 15Ol = soam g

Proof Noting that [;°&,(0)do =1, we get

<M.

/OO %'M(O')W(tﬂd) do
0

By [33] direct calculation gives that

00 % 1 1
‘/0 aéu(a)daz‘/o G—Mwﬂ(a)daz p

Hence, we have

1K) <M 1s0
T T () '
For t €)' and u € E, we have

[Sut00] = 156, 0]

+

= ; ‘ _v-p)-1
_HF(V(l—M))/o(t 8)"1 K, (s)u ds

H £-1-p)

! (1-p)-1
- _ -~
) /o 1-ys) K, (s)uds

to-D=0) A1

1
< _ -1 p-1
< T Jy 09

MDD

“Toa-waph

This completes the proof. O

Lemma 2.9 Assume that {W(t)}:>0 is a norm-continuous family for t > 0, | W(2)|| < M,
and {K,,(t)}t-0 and {S,,,,(£)}s-0 are strongly continuous for t > 0.

Proof Forany u € Eand 0 < ; <t < b, we have

1K, (t2)u = K (t1)u|

=

/00 1ot (o)t W (tyo) -4 W (H'o)|udo
0

o0
< [ notutordoles w(ete) - wiee) |+ [ - w (o))
0

1 - — —
= gl W o) - weo) |« |47 47 | W(t'o)] - ful
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Since W (¢) is a norm-continuous family for £ > 0, we have
||Kﬂ(t2)u —K,L(tl)u” —0 asty— 4.
Forue Eand 0 < # <t < b, we get

” Sv,//. (tZ)u - Sv,y.(tl)u ”

1 ) t1
= m‘ /0 (£ — S)v(l—//«)—lK#(S)udS _ /0 (t; - S)v(l—;t)—11<ﬂ(s)u ds
< 1 ‘/‘tz(t )v(l—ﬂ)*ll( (s)ud
T — ) =S s)uds
“Tv@-pw) f 2 Iz

51
/ ((t =)' — (1 = 5)" TN K, (s)uds
0

1
' mu—m)‘
- Mt 1
T LA -p)C(p) v@-pw)

(ts — )" ||

M /tl 1-p)-1 1-p)-1
o (t2 =)' — (ty — )" ) ds| || ).
F(V(l—u))F(M)‘ 0 ( )
Consequently, we have
||Sw(t2)u —SU,,L(tl)u” —0 ast,— 1,
that is, {S,,}:0 is strongly continuous. This completes the proof. O

3 Main results
In this section, we will state and prove our main results. First of all, we introduce the
following assumptions:

(H1) {W(t)}>0 is a norm-continuous family for ¢ > 0 and uniformly bounded, that is, there
exists M > 1 such that || W (¢)|| < M.

(H2) For some r > 0, there exist a constant p > 0 and functions %, € L(J,R*) (p > ﬁ >1)
such that, for any ¢ € J and uy € E satisfying ||ux|| <rfork=1,2,...,m,

If & v, 12, .t | < Be(2), lim_inf ”h’r”Lp =P < +00,

I§h e C(J,RY), and lim {018 b (6) = 0.

t—0+

(H3) There exist positive constant L (k =1,2,...,m) such that, for any bounded equicon-
tinuous and countable sets Dy C E (k=1,2,...,m),

a(f(t,D1,Dy,..., D)) < Y Lea(Dy), te].
k=1

Theorem 3.1 Assume that the nonlinear function f :J x E™ — E is continuous and satis-
fies assumptions (H1)-(H3). Then problem (1.1) has at least one mild solution in C"*(J, E),
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provided that

Mpt-vi-i)

@MH“5<1 (3.1)
(1)

and

Mbr1-v)-p) 7 1
_ L .
'+ u) o 4

Proof We consider the operator Q : C**(J,E) — C"*(J,E) defined by

(Qu)(®) =S, (H)uo + fo K, (t —s)f(s, u(‘rl(s)), e u(rm(s))) ds, te]. (3.2)

By direct calculation we know that the operator Q is well-defined. From Definition 2.8
it is easy to verify that the mild solution of problem (1.1) is equivalent to the fixed point
of the operator Q defined by (3.2). In the following, we will prove that the operator Q:
CY*(J,E) — C""*(],E) has at least one fixed point by applying the fixed point theorem
with respect to a k-set-contractive operator. Our proof will be divided into four steps.

Let B, := {u € C""(J,E) : |lu(t)|ly,, <r,t €]} Then B, is a closed and convex subset of
C""(J,E). Observe that, for all u € B,,

tll}%l+tl v)i- M)Su ;L(t)llo

(1) 1-10)

—_ 1i I _ vd-p)-1
_zL0+ e M))/(t 5) - K, (s)ug ds

1
I H - - _ ova-pw)-1
B zl_1>I(I)1+ Civd-pw)) ,/ - Kiu(yuo ds

— - _ v(l- -1
= I Teas u))r(m/ (18" i ds
T -p)+p)
Define t4"0-1(Qu)(t) as follows:
t(l—V)(l—/i)S (t)uo
(EQu) ()= 1+ £V K (= s)f (5, u(m(8), ..., u(Tn(s)) ds, LET,
] t=0.

T(v(l—p)+p)’

Step 1. We show that there exists r > 0 such that QB, C B,. Suppose this is not true. Then
for each r > 0, there exists u,(-) € B, such that ||[(Qu,)(¢)|| > r for some ¢ € J. Combining
Lemma 2.8, assumptions (H1) and (H2), and the Hélder inequality, we get that

r < €00 (Qu ) 0|

< || t(liv)(liﬂ)sv,y, (t)MO H
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+

H1-0)(1-p) /tK,L(t - s)f(s, u(n (s)), o u(rm(s))) ds
0

M|uo| M=)
T LA =)+ p) I'(w)

1 1
MHMOH Mt(liv)(liﬂ) </t ( ,1)/(171) )1_1_’ ( ¢ r
< + (t-s)™ P ds . / K (s) ds)
T —p) + p) (1) 0 0

M|ug || M=)0-m)
= +
C(wd - p) + p) (1)

/t(t — )", (s)ds
0

(L7 |11 ), (33)

p-1 p-1
where lpyll = m) p,

Dividing both sides of (3.3) by r and taking the lower limit as r — +00, by (3.1) we get

Mptd—vi-n)
1< b <,
I'(w)

which is a contradiction. Therefore Q(B,) C B, for some r > 0.
Step 2. Now we show that Q is continuous from B, into B,. To show this, for any u, u, €
B,,n=1,2,...,with lim,_, |lu, — u|l,,, =0, we get

lim u,(t) = u(t)

n—00

for all ¢ € . By the continuous of the nonlinear function f, for any t € J and 0 < 74 <'¢,
k=1,2,...,m, we get that

tim [[f (& un(t1(8)), ..o tn (T (®))) = f (& u(T1(8)), .., u(T(8))) | = O.

n—00

On the one hand, by assumption (H2) we get that, forallt € J,0 <s < ¢,and 0 < 7¢(s) < s,
k=1,2,...,m,

(¢ —s)*! |Lf(s, Uy, (rl (s)), e Uy (rm (s))) —f(s, u(rl(s)), . u(rm(s))) H < 2(¢ - )", (s).

On the other hand, the function s — 2(¢ —s)*"11,(s) is integrable for s € [0,£) and t € J. By
the Lebesgue dominated convergence theorem we have

/o (t—s)H! Hf(s, uy, (tl(s)), oo Uy (tm(s)))

—f(s,u(rl(s)),...,u(rm(s))) “ ds— 0 asn— oo.
For t € ] and u,, u € B,, we have

” 100 Q) (£) — €971 (Qui)(£) ||
MA-v)A-p)
T

./o (¢ —s)*! |Lf(s, u,,(rl(s)),...,u,,(rm(s))) —f(s,u(rl(s)),...,u(rm(s)))H ds

— 0 asn— oo,
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which implies that Qu,, — Qu uniformly on J as n — 00, and so Q : B, — B, is a continu-

ous operator.
Step 3. We will prove that {Qu : u € B,} is an equicontinuous family of functions. For

any u € B, and 0 < <t < b, by (3.2) and assumptions (H1) and (H2) we get that

|70 (Qu(t2) — 14 (Qu(w) |

1-v)(1- 1)~
||t -v) I/«)Svyu(tz)_t; v)( ‘L)SV,;L(tl)” “uO”

+ /(; ? télf'))(k“)l(u(tg =) (s, u(t1(5)), ..., u(Tim(s))) ds

- /tl til_”)(l_“)K#(tl —)f (s, u(1(5)), ..., u(Tim(s))) ds

0
< (|08, (8) — 6870 Ms, L (#) |

+ 70, (1) - 8700, L ) ) ol

+

/ ’ t(zl_v)(l_”)Ku(tz = 9)f (s u(1(5)), ..., u(Tm(s))) ds

i

+

/ 1 57K (8 - ) (5, u(1a(5), - ., u(T(5)) ) s

0

- /tl tilf")(lf")l(u(tz = 9)f (s u(1(5)), ..., u(Tm(s))) ds

0

/tl til_”)a_“)KH(tz = 9)f (s, u(11(5)),..., u(Tm(s))) ds

0

+

_ /tl til_”)(l_”)Kﬂ(tl =) (s, u(t1(5))s ..., u(Tim(s)) ) ds

0

211 +12 +13 +I4+15,

where

(”t 1-v)1- M)SV,;L(tZ) _ t;l_\))(l_u)sv,u(tl) “) lluoll,

]2 = (” g M \),[l.(tl) - til_V)(l_M)Sv,u.(tl)”)”MO”,

I = ftl ztél_v)(l_”)KM(tz—s)f(s,u(rl(s)),...,u(tm(s)))ds :

L= /0 5K (b = ) (s, u(ni(9)), - o u(T(s))) ds
_ /0 ! £ K (8 - ) (5, (1), - u(T(9))) ds |,

Is - / K, (1, 5406 1 (5) s

- /tl til_v)(l_“)l(u(tl =) (s, u(1()), ..., u(Tm(s))) ds
0
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Here we calculate
5
|67 Qu() - 1 Quyw) | < Y I (3.4)
i=1
Therefore we have to check that ||;|| tendto 0 as t, — 1,i=1,2,...,5.
For I;, by Lemma 2.9 we get
(1-v)(1-p) (1-v)(1-p)
L= (”t Sv,u(tZ) -1 Sv,u(tl) ”) lluoll

< || tzl_v) 1-4) (Sv,u (t2) - Sv,u(tl)) ” ||Lt0 ” —-0 as lh— 4.
For I, by Lemma 2.8 we get

(H (1-v)(1- l/- VM tl) 1 U)(liﬂ)sv,u(tl)”)”lloll

Mbp-D-1) e
< ) 0 asty 1
Pl —p) + )

For I3, by Lemma 2.8 and (H2) we have

I = ftz t;l_v)(l_”)Kﬂ(tz =) (s, u(71()),..., u(Tm(s))) ds

f

(1-v)(1-p)  pt

Mt, / 2 1

< — (t, — )" " h.(s)ds
) Jo

= MEVE B(ty) —> 0 ast — 1.

For I, by Lemma 2.9 and (H2) we have

I =

/ (0= g w(ta = 8)f (s, u(11(5)),..., u(Tm(s))) ds
0

—/ l tfl_”)(l_“)l(ﬂ(tz =) (s, u(1(5))s ..., u(Tim(s)) ) ds

0

2M

5]
(1-1)(1-p) o1 (-0)(-p) |
< 12 (L =)' —t (tr = )" |he(s)ds,
() 2 ! P

and f 1 A=W _ §)i-1} (s) ds exists. Then by the Lebesgue dominated convergence
theorem we have

51
/ [télfv)u*“)(tg —g) - tilfv)(k“)(tl -8)* " (s)ds— 0 ast; —> t.
0

For I5, by Lemma 2.9 and (H2) we have

/tl
0

- /tl til_v)(l_“)KM(tl =) (s, u(t1(5)), ..., u(Tim(s))) ds

0

Is = t{l_”)(l_”)l(u(tz =) (s, u(t1(5)) ..., u(Tim(s))) ds




Gou and Li Journal of Inequalities and Applications (2017) 2017:252 Page 15 of 20

=

/ ! £7K L (8 - 5) = Kt = ) [f (5, (01(5), -, u(Tm()) ) s

0

< ||Ky.(t2 = 5) = K. (t1 — 5) Hf o ’”f(s,u(tl(s)),...,u(rm(s))) ds

—0 ast — 4.

In conclusion,

|6 (Qu ) - M (Qu() | — 0

as ty — 1, which means that the operator Q : B, — B, is equicontinuous.

Let H = coQ(B,). Then itis easy to verify that Q maps H into itselfand H C B, is equicon-
tinuous.

Step 4. Now, we prove that Q: H — H is a condensing operator. For any D C H, by
Lemma 2.2 there exists a countable set Dy = {u,,} C D such that

a(Q(D)) < 2a(Q(Dy)).

By the equicontinuity of H we know that Dy C D is also equicontinuous.
For ¢ € ], by the definition of Q and (H3) we have

a(Q(Do)(®))

({ lulu U}J,t)u()

(1-)a- “)K (t - s)f(s, u,,(rl(s)),...,u,,(tm(s)))ds})

\

< —t(l V(- “)/t( —s)“_loz({f(s, u,,(rl(s)),...,un(rm(s)))})ds
0

~ I'(a)

< %t(l"’)(l”‘) /Ot(t =) Lia(Do(11(s))) + -+ + Lne (Do (Tim(s))) ] ds

_Mm 1)) t_u—ID d
< F ke [ (¢=ora(oo) s

2MpH 100
<— ZL/(O[
I'1+uw)

Since Q(Dy) C H is bounded and equicontinuous, we know from Lemma 2.3 that
&(QUDy)) = maxa(QUD)().

Therefore we have

A MpH -0 1-p)

Ty ZLkOl D) < a(D).

a(QD) =
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Thus, Q: B, — B, is a k-set-contractive operator. It follows from Lemma 2.5 that Q has
at least one fixed point u € B, which is just a mild solution of problem (1.1) on the inter-
val J. O

We further present two special cases.
Casel. When B = I, then D(B) = E. We assume that A-generate a norm-continuous semi-
group {W(t)}:>0 of uniformly bounded linear operators on E. Then from the proof of The-

orem 3.1 we have the following theorem.

Theorem 3.2 Assume that the nonlinear function f : ] x E™ — E is continuous and the
assumptions (H1)-(H3) are satisfied, then the problem

Dyt u(t) = Au(t) +f (&, u(ti (), ..., u(tn(), tej,
I(()I_F_V)(I_M)M(O) = up,

has at least one mild solution in C**(J,E).

Case 2. When B=1and v =1, D(B) = E. We assume that A-generate a norm-continuous
semigroup {W(t)};>o of uniformly bounded linear operators on E. Then from the proof of

Theorem 3.1 we have the following theorem.

Theorem 3.3 Assume that the nonlinear function f : ] x E™ — E is continuous and the
assumptions (H1)-(H3) are satisfied. Then the problem

DY u(t) = Au(t) + f(t, u(n1(2)), ..., u(t,(?), tej,

u(0) = uo, (3:5)

has at least one mild solution in C(J,E).

Remark 3.1 For problem (3.5), see [34] for more detail.

4 Applications
In this section, we present two examples, which illustrate the applicability of our main

results.

Example 4.1 We consider the following fractional diffusion equations of Sobolev type

with delay:

2
Dy (u(t, ) - 537)
a2 ~
= Sult,x) + f6, w(t1(0),%), .., u(tn(£), %), xE€QLE],
u(t,x) =0, x€0Q,tec],
— — 2 ~
197707 (0, %) — 2 u(0,)) = (), xeQ,

(4.1)

where D" is the Hilfer fractional derivative, 0 <v <1,0 < u <1, 7, : / — ] are continu-
ous functions such that 0 < 7;(¢) < t,k =1,2,...,m, @ C R™ is a bounded domain with a

sufficiently smooth boundary 92, andf :J] x R — R is continuous.
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Let E = L?(R2) be the Banach space with the L2-norm || - ||5. We define

2 82
DA)=D(B) = HXQ), Au="2  Bu-u- a_Z
X

where H?(Q2) is the completion of the space C?(2) with respect to the norm

el 2y = (/S; Z |D“u(x)|2dx> 2,

[ul=2

C?(R) is the set of all continuous functions on R that have continuous partial derivatives
of order less than or equal to 2. In view of [19], it is easy to see that the pair (A, B) generates
a propagation family W (¢) of uniformly bounded operators, and similarly to the proof of
(2.15), (2.16), and (2.17) in [19], we can see that { W (¢)};>0 is norm-continuous for ¢ > 0 and
IW(t)| <1, that is, assumption (H1) is satisfied.

Let

f(t, u(rl(t),x), oo u(rm(t),x)) = B_?(t, u(tl(t),x), s u(tm(t),x)),

¢(-) =uo =B'@(.).

Then equation (4.1) can be rewritten in the abstract form as (1.1).

To study this problem, we assume the following conditions:

(i) There exists a essential bounded function 4, (t) such that, for any ¢ € [0, )], x € ©, and
u € L*(R) satisfying ([, |u(x)?| dx)? < r for some r > 0, we have

</QV(t,M(Tl(t);x),...,M(‘L'm(t)’x))|2dx)2 <k o)

(ii) The function jNC(t, u(ty(£),%),...,u(t,(t),x)) is Lipschitz with respect to variables
u(t1(),%), ..., u(tm(t),x) with positive constants /; foranyx € Q and k=1,2,...,m.

Theorem 4.1 If assumptions (i)-(iii) are satisfied, then problem (4.1) has at least one mild
solution, provided that

Mptga-v)i-p) 7 1
—_— ZLk <—. (4.2)
M1+ pw) — 4

Proof By assumptions (i)-(ii) we can easily verify that conditions (H2)-(H3) are satisfied
with Ly = I (k =1,2,...,m). Furthermore, also from assumptions (i)-(ii), combined with
assumption (4.2), we know that (3.1) are satisfied. Therefore, Theorem 3.1 follows. a

Example 4.2 We consider the initial boundary value problem to the following nonlinear

time fractional reaction-diffusion equation with delay introduced in [31, 32]:

Dy (u(x, t) — a(t) Aulx, t) — a(t) Aulx, t)

=1t u(r1(0), %), ..., u(T(£), %)), xeQ,te],
u(t,x) =0, x€dQ,te],
770790, x) — a(0) Au(0,%)) = §lx),  x € Q.

(4.3)
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where D" is the Hilfer fractional derivative, 0 <v <1,0 < u <1, ] = [0,b], m is a posi-
tive integer number, the diffusion coefficient a(t) is continuous on J and |a(t;) — a(t;)] <
Clt, — 11,0 <y <1,4,t €], C is a positive constant independent of #; and £, A is the
Laplace operator, t; : / — J are continuous function such that 0 < 7 () < £,k =1,2,...,m,
Q C R is a bounded domain with a sufficiently smooth boundary 9, f : / x R” — R is

continuous, and ¢ € L2(R).

Let E = L2(R2) be the Banach space with the L2-norm || - ||o. We define
D(A) = D(B) = H*() N Hy(2), Au = a(t)Au, Bu=u—a(t)Au,

where H?(Q) is the completion of the space C2(R2) with respect to the norm

3
el 2y = </Q Z |D“u(x)|2dx) .

[ul<2

(C%(R) is the set of all continuous functions on €2 that have continuous partial derivatives
of order less than or equal to 2.) H}(2) is the completion of C(Q2) with respect to the
norm ||| ;1(q), and Cy(RQ) is the set of all functions u € C'(Q2) with compact supports on
the domain €. In view of [19], it is easy to see that the pair (4, B) generates a propagation
family W(¢) of uniformly bounded, and similarly to the proof of (2.15), (2.16), and (2.17)
in [19], we can see that {W(¢)};>0 is norm-continuous for ¢ > 0 and ||W(¢)| <1, that is,
assumption (H1) is satisfied.
Let

F&u(@m®), ... u(wn®))0) = gt u( 1), ... u( T(8)))
= B_rf(t, u(T(6), %), ..., u(Tm(t), %)),
@(-) = ug — a(0) Aug = B3(-).

Then the initial boundary value problem of the nonlinear time fractional reaction-
diffusion equation with delay (4.3) can be transformed into the abstract form of prob-
lem (1.1).

Theorem 4.2 Suppose that the following assumptions are satisfied:

(i) There exists an essentially bounded function h,(t) such that, for any t € [0,b],x € ,
and u € L*(Q) satisfying ([, |u(x)?| dx)? < r for some r >0,

( /Q [Tf(t,u(n(t),x),...,u(rm(t),x))|2dx>E < h(8);

(ii) Thefunctionf(t, u(t(£),%), ..., u(ty,(£),x)) is Lipschitz in variables
u(t1(£), %), ..., u(t,(t), x) with positive constants ly forany x € Q and k=1,2,...,m.
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Then problem (4.2) has at least one mild solution, provided that

MptgA-v)i-p) 7 1
_ ZL/( < —. (4.4)
M1+ pw) P 4

Proof By assumptions (i)-(ii) we can easily verify that conditions (H2)-(H3) are satisfied
with Ly = Iy (k =1,2,...,m). Furthermore, also from assumptions (i)-(ii) combined with
assumption (4.2) we know that (3.1) are satisfied. Therefore, our Theorem 3.1 follows. [J

5 Conclusions

In this paper, we deal with a class of nonlinear fractional nonautonomous evolution equa-
tions with delay by using the Hilfer fractional derivative, which generalizes the famous
Riemann-Liouville fractional derivative. The definition of mild solutions for the studied
problem was given based on an operator family generated by the operator pair (4, B) and
probability density function. Combining the techniques of fractional calculus, measure
of noncompactness, and fixed point theorem with respect to a k-set-contractive opera-
tor, we obtain a new result on the existence of mild solutions with the assumption that
the nonlinear term satisfies some growth condition and noncompactness measure con-
dition. The results obtained improve and extend some related conclusions on this topic.
When v = 1, the fractional equation (1.1) simplifies to a classical Caputo fractional differ-
ential equation of Sobolev type with nonlocal conditions studied by Li et al. [35]. When
B =1, D(B) = E. We assume that A-generate a norm-continuous semigroup {W(t)};>o of
uniformly bounded linear operators on E. Then the fractional equation (1.1) simplifies to
evolution equation with Hilfer fractional derivative studied by Gu et al. [18].
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