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Abstract

We introduce a new geometric coefficient which is related Garcia-Falset coefficient
and weak star fixed point property. The Garcia-Falset coefficient that was introduced
by Benavides in (Houst. J. Math. 22:835-849, 1996) is calculated in this paper for
Musielak-Orlicz sequence spaces equipped with the Luxemburg norm. Specifically, in
reflexive Banach spaces, the new geometric coefficient and the Garcia-Falset
coefficient are the same.
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1 Introduction and preliminaries
Throughout this paper X is a Banach space which is assumed not to have the Schur prop-
erty, i.e., X has a weakly convergent sequence that is not norm convergent. S(X) and B(X)
denote the unit sphere and the unit ball of X, respectively and /° denotes the set of all real
sequences.

A Banach space X is said to have the fixed point property (FPP, for short) if every non-
expansive mapping 7' : C — C, i.e., the mapping satisfying

1Tx - Tyl < llx=yll, Vx,y€C,

and acting on a nonempty bounded closed and convex subset C of X has a fixed point
in C. A natural generalization of FPP is the weak fixed point property (WEPDP, for short).
A Banach space X is said to have the WFPP whenever it satisfies the above condition from
the definition of FPP with ‘weakly compact’ in place of ‘bounded closed’ In 1965 Kirk [2]
proved that any reflexive Banach space with normal structure has the FPP. In 1989 Prus
[3] introduced a property of a Banach space X, called nearly uniformly smoothness. In
1992 Prus [4] also proved that a weakly nearly uniformly smooth Banach space X with
the weak Opial property has the FPP. To obtain the weak fixed point property in Banach

spaces, Garcia-Falset introduced in [5] the following coefficient:

R(X) = sup{liminf”x,, —x|| : {x,} C B(X), %, — 0,x € B(X)}.
n— 00
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He has proved that a Banach space X with R(X) < 2 has the weak fixed point property, i.e.,
every nonexpansive mapping T from a weakly compact nonempty and convex set A C X
into itself has a fixed point in A (see [6] and [7]).

A Banach space X is said to be NUS provided that for every ¢ > 0 there is 1 > 0 such that
ift € (0,n) and {x,} is a basic sequence in B(X), then there exists k > 1 so that ||x; + fxg|| <
1+ te (see [3]).

A natural generalization of this notion is said to be WNUS. A Banach space X is WNUS
whenever it satisfies the above condition with ‘for some ¢ € (0,1)" in place of ‘for every
& >0 (see [6]).

It is well known that a Banach space X is WNUS if and only if X is reflexive and R(X) < 2
(see [6]).

The coefficient R(X, ) of a Banach space X was defined in 1996 by Benavides [1], as a
generalization of the coefficient R(X), which also plays an important role in the fixed point
theory for nonexpansive mappings. Benavides defined the coefficient R(X, a) for a Banach
space X as follows.

Definition 1.1 For a givena > 0,
R(X, ) = sup{liminfllx,, — &l 3 € BOX), 2, 25 0,D[(x)] < 1, ]| < a},
n— 00
where D[(x,,)] = liminf,_ oo {llx; — %51 : i #j,i,j = n}.

He also defined the following coefficient:

l+a
M(X):SUP{R(X 2 :aZO}.

Moreover, the coefficient R(X, a) remains unaltered if in the definition we replace liminf
by lim sup. He obtained the following: for a given a > 0, if R(X, a) < 1 + a4, then the Banach
space X has the fixed point property; the result means that the condition M(X) > 1 implies
that X has the weak fixed point property for nonexpansive mappings [1].

In this paper, we introduce a new geometric coefficient that is a related Garcia-Falset
coefficient and a weak™ fixed point property, written R*(X*, a). For a given a > 0, let

R*(X*,a) = sup[ lim inf &, — &) : %, € B(X"), %, 2> 0,D[(x,)] <1, llxll < a,x X},
n—00

where D[(x,,)] = lim,, oo inf{|lx; — x;|| : i #, 4,j > n}.

Similarly to [1], we can prove that if R*(X*,a) <1+ a for some a € (0,1] then T:C — C
has a fixed points a € C, if C is a weak*-compact and weak* sequentially complete subset
of X* and T is a nonexpansive mapping. It is clear that R(X,a) = R*(X*, a) if the Banach
space X is reflexive.

A Banach space X is called a Kéthe sequence space if it is a subspace of [° and for every
x € I° and y € X satisfying |x(i)| < |y(i)| for all i € N, we have x € X and ||x|| < ||ly|| and if
there is a x = (x(i)) € X with x(i) > 0 for all i € A/ (see [8, 9] and [10]).

Let

X, = {xeX: lim H(0,0,...,O,x(rz+1),x(n+2),...)” =O}.

n— 00
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A Kothe sequence space X is said to have an absolutely continuous norm if X, = X.
A Kothe sequence space X is said to have the semi-Fatou property if for every sequence
{x,} C X and x € X satisfying |x,(i)| 1 |x({)| for all i € N we have |x,| — [x].

A mapping ® : R — R, is said to be an Orlicz function if ® vanishes only at 0, ® is even
and convex on the whole line R. For every Orlicz function ® we define its complementary
function ¥ : R — [0, 00) by the formula

W(v) = sup{ulv| - ®(u)}
us0
for every v e R.
Denote by ® = {®;}2% a sequence Orlicz function. Such a sequence is called a Musielak-
Orlicz function on N x R.
We say that & satisfies the §,-condition (® € §, for short) if there exist k > 0, uy > 0,and
¢; > 0, with )_._, ¢; < 0o such that we have the inequality

i>1
®;(2u) < k®;(u) +¢; (i =1, Pilu) < uy).

We now introduce a new definition, namely §,(k). We say that @ satisfies the §,(k)-
condition (® € 8, (k) for short) if there exist € € (0,1) and i, € A such that

Iy (;) < l%ghb(x)

whenever I4(x) = k and N(x) > i, where N(x) = {i € N : x(i) # 0} and N(x) > i,, which
means that min{i: i € N(x)} > i,.

Proposition 1.2 The following are equivalent (see [11]):
(1) b e 82;
(2) forany e >0, there exist ke >0, u, >0, and ¢; >0 (i > 1), Zizlci < 00 such that

‘E‘(z) <k ®i(w)+c¢; (=1, ®i(u) < u);
)

(3) there exist e € (0,1),ie € M, c; >0 (i>1),Y .., ¢ <00 and v, >0 such that

i>1

1-
‘I"l(%) < Tg‘l’i(‘/) to (i=1, W) <v).

The Musielak-Orlicz sequence space [y is defined to be the set {x € [y : Ip(Ax) =
> @i(Ax(i)) < oo for some A > 0} and its subspace /¢ is defined to be the set {x € [, :
Ip(Ax) = Y7 @;(Ax(i)) < 0o for any A > 0} both equipped with the Luxemburg norm

%]l = inf{k> 0 ;LD(%C) < 1}.

To simplify notations, we put Iy = (lg, || ||o) and /e = (e, || [|o)-

We say that a Musielak-Orlicz function @ satisfies the §,-condition if its complementary
function W satisfies the §,-condition.

The basic information on Musielak-Orlicz spaces can be found in [11-13], and [14].
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2 Results
The idea of Theorem 2.1 is similar to Corollary 8.2 in [15]. In order to keep the consistency

of this paper, we accept it in the following.

Theorem 2.1 Let X be a Kithe sequence space with the Fatou property. If X has no absolute
continuous norm, then R(X,a) =1+ a.

Proof Suppose that X does not have an absolutely continuous norm. Then there exists
g0 >0 and xg € S(X) such that

o0
> xold)ei = o,

i=n+1

lim
n— 00

ith
where e; = (0,0,..., 1,0,...).
Take a sequence of positive numbers {¢,,} such that &, | 0. By lim,_. | > %o (i)e;]l =
&o, there exists #; € N such that

o0

Zxo(i)ei <1+ e1)eo.

i=ny

Notice that

m

i o

Tim | Y xo(iei| = €o,
i=m+1

so there exists 1, > n; such that

n

> xolides

i=ny+1

(I-¢1)eo < <1 +e&1)eo.

In this way, we get by induction a sequence {#;} of natural numbers such that

M1

> xolie;

j=ni+1

1-¢g)g < <(+¢&)gg, i=12,....

Put x; = Z]n:”;,lﬁl x0(i)e; and vy = Z;fnkﬂ x0()e;. Then:
@) ||lx:]l = &0 as i — oo.

(b) x; = 0 as i — oo. It is well known that for any Kothe space X we have
X*=X'®S,

where S is the space of all singular functionals over X, i.e., functionals which vanish on the
subspace X, = {x € X : x has absolutely continuous norm} and X’ = {y € I° : Y7, x(i)y(i) <
oo for all x € X} (see [11]). This means that every f € X* is uniquely represented in the

form

f=T,+¢,
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where ¢ € S and for y € X’ the function T is defined by

[e¢]

Ty(x) = a(i)y(i)

i=1

forall x € X.
Taking any y € X, we have

Ni+1

hm an(j)y(/) = hm Z x:()y(j) = 0.

} =n;+1

(c) Putz; = and wy = for all i, k € V. It is easy to check D(z;) < 1. Then

HV I

IIx I

liminf ||z; + awk||
1—> 00

. v,

= llmlnf‘ k ‘
i—00 ||xi|| [lvell

= liminf ———— || lvella; + allxi |l vie|
i~oo |l | || k|l

> ————— liminf|| [ viello; + @l | vie|
go(l + &r)eg im0

1
= ————liminf| (||vkll + allx;|)x; + allx:|| (v — x;
oo r e it (lvell + alil); + allil v — )|
(timinf(eo + a(L - epeo) i) — lim sup(Ivil = ll1) ]
go(1 + &x)gg \ imoo i—00
> (hm inf(eo + a(l - &;)e0) (1 — &;)eo — limsup(|[viel| — llx:[1) (L + & )50>
go(l+&x)eo \ imoo i—00

= so(1+ &0)e0 <hir2ci>§f<80 +a(l —&)eo) (1 - &1)eo

—limsup((1 + ex)eo — (1 - si)so)so)

) m((eo +ago)go — ((1+ &x)eo — €0)€0)
ey (o a0 a0
T A+ ((1+ a) - ).

By the arbitrariness of k and limk_, o &x = 0, we get R(X,a) > 1+ a. It is clear that R(X,a) <
1+ a. Therefore R(X,a) =1 + a. O

Corollary 2.2 If® ¢ 8, then R(lp,a) = R*(lg,a) =1+ aforany0<a <1.

Proof Since ® ¢ 85, we see that I has no absolutely continuous norm. So we have

R(lg,a) =1+ a. Since hy is separable and (hy)* = [3, we have R*(lp,a) =1 + a. O



Ma Journal of Inequalities and Applications (2015) 2015:387 Page 6 of 13

For any x € ¢ with ||x|| = 2 and N(x) = {i € N : x(i) # 0} being finite, we define c, by the
formula

1
Cy = hm sup{cxy>0 Iq>( X )+1¢(l) =1l:yele,Ip(y) < —,n§N(y)<oo}.
—00 Cry Cry 2

Theorem 2.3 Suppose that ® € &,. Then for the Musielak-Orlicz sequence space Lo we
have

R'(le,a) = sup{cx :x € Lo with ||x|| = a and N(x) beingﬁnite}.
Proof Let
do = sup{cx :x € Lo with ||x|| = a and N(x) being ﬁnite}.
Then for any ¢ € (0,dg), there exists || x| = a with finite N (x) such that
Cy >dg — €.

By the definition of ¢, there exists n; € N such that

1
sup{cx,y>0:1¢<ci> +1¢(Cl) =1forIp(y) < 5 and N(y) > nl} >de — &,
Xy X,y

whenever 7 > n;. By the definition of the supremum, there exists y; € S(€¢) with N(y1) > m

such that ¢y, > do — ¢, ie., Iq)(d =) + Icp(dd)l ) > 1. Hence there exists 75 > n; such that

Iq)(dqf_a) +y2 o1 i (dy;)(’a) > 1. Since #y > n;, we also have

1
sup{cxy>0 1¢< x ) +I¢<l) =1forIp(y) < = andN(y)znz} >do —&.
Cry Cry 2

There exists y, € £¢ with Ip(y) < l and N(y) > m; such that c,,, > dq> —-&, ie I (

Io(F
thermore, there exists n3 > 1, such that Ip (5=

d¢ 8)+

7 )>1 Fur-

Z;’jn2+l oF (d® 8) > 1. In such a way,

) > 1. Hence there exists 7, > n; such that o (5=

d@ —-& i= ”1+1 dd> —&

e
we can prove by induction that there exist a sequence ey C Lo with Io(yi) < % for

any natural k and a sequence of natural numbers n; < 1, < 13 < - -+ such that Ig( T x ) +

Z?:k;,iu Dy( é’k( ) > 1 for all k € NV. It is clear that yj is weakly star convergent to 0. Since
the supports of y; are pairwise disjoint, we have Io(y; — y;) = Io(y;) + Io(y:) < 2 + 5 =1 for
i,j € N with i #j. Therefore, D[(yx)] <1

For any k > iy, we have

-x\ s () x(i)
Lb(dq;—é?)_,z q)l(d¢—8)+1q)<dq>—8) >1,

i=np+l

i.e, ||lyk — x| > de — €. Therefore, R*({,a) > dg — ¢ and by the arbitrariness of ¢ > 0, we
have R*({¢,a) > do.
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Now, we will prove that R*(£¢,a) < d¢. By the definition of dg¢, we always have

lim sup{cx,y >0 :I¢<i> +I¢<L> =1forye S(£g) and N(y) > n} <de

n—00 Cy Cxy

for any ||x|| = a with finite N (x).
First of all, we want to prove that for any weak star null sequence {x,} C Iy and € > 0
there exists a subsequence {x,,} C {x,} such that /5 (x,,) < % + ¢ for each i € N. Otherwise

there exists g9 > 0. Without loss of generality, we may assume that I (x,,) > % + g for all

280
2.
Using ® € 8,again, there exists a 8, > 0 such that /p(x) < 8, whenever |lx|| < %. Set 8, =

neN. By ® € §; there exists a §; > 0 such that ||x|| > 1 + 55; whenever Ip(x) > 1 +
min{81, 82}.

Put #; = 1. Then there exists a i; > 1 such that || Zfi”l X, (D)e;]] < 8o < 8,. Since the

sequence {x,} is a weakly null sequence, there exists n, > n; such that

<89 <6, whenever n> n,.

i
Z xn(i)e;
i=1

Using ® € §, again, we see that there exists a i > i; such that || Z?:izﬁ Xy (D)€ || < 8o < 8.
Hence

i o0
Ip (;xnz(i)el) < %O and [q;( Z xnz(i)ei) < %0.

i=ip+1

Therefore I“’(Z;iml Xy (D)e;) > % +2,

In such a way, we get a subsequence {wn} C {%n) such that

Iy <2xnj(i)ei> < %0, Iy ( Z x,,z(i)e,») < %0

i=1 i=ij+1
and
i 1
, €o
Iy Z Xy (D)e; | > =+ —
£ 2 3
i=ij_1+1
forallj e N.
So
ix-1 ix 00
It =l = | D dmDei+ Y iy (ei+ > 2 (e
i=1 i=ip_+1 i=ig+1
ij-1 ij [e'e)
=Y xglei— Y xp(ei— Y xyli)e:
i=1 i=ij_1+1 i=ij+1
ik ij

>

> xpei— Y xylie

izig_q+1 i=ijg+1

—46.
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By

ik ij
Iq>< PEROCE xn,(i)ei>

i=ip_1+1 i=ij_1+1

ik ij
:Lb( > xnk(z‘)ei) +1¢( > xn,.(i)ei>
i=ip_1+1 i=ij_1+1
& 2
+ 2 =14 ﬂ,
3 3

&o
+ — +
3

N

=

N =

we have

Hence

>1+58 >1+56.

i i
( Z X (D)e; — Z xn,»(i)ei>

i=ig_1+1 i=ij_1+1

ik ij

> xnei— Y xy (e

izig_q+1 i=ijg+1

1%, — 21l = —489 > 1+ 8.

This contradicts with the inequality D[(x,)] < 1.
For convenience, we may assume that Io(x,) < % + ¢ for all € N. Hence

forallm e N.
Let us take an element x € [y with |x| = a. By ® € §,, for any ¢ > 0 there exists iy > 0
. P AONRE () w* .
oo . _ i=ig+
such that || Zi:ioﬂ x(ie;]| < €. Putxg = A= el AR Since x,, — 0, there is a ny € N such
that || Y"1, x,(i)e;|| < € when n > ny.
Hence
io o)
s =20l < | > (2a@) —x@))ei + Y (%) — ()€
i=1 i=ig+1
io 00
< Zx(i)ei + Z x,(D)e; | + 2¢.
i=1 i=ig+1
We next estimate the || Y0, x(i)e; + > s Xn(Dei]l. Put z, = - imio 11 %n(i)e; for n > ny.
We have
Y10, x(i)e; _ .
Lol e s x (e

a : . X
, —in+1 VN
152 x(el) Lo =it
Iy
de +¢&

B (xo +1( Zy
T de +¢€ ® de +¢
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whence

io R [e%s)
2o x(i)e; 1-¢
H > <> ; 3 wlie
I Z (D)ei X i=ig+1

<dg +¢

for n > ny. Therefore, we obtain the inequalities

Z xa(i)e;

i=ip+1
||Z el 1-8 o 26 .
< E xn(i)e; — —— xn(i)e;
a T 1l+e ~ l+e¢,
i=ig+1 i=ig+1

<a (”Zzlx ie;ll 1>+H Ziolx(i)ei —z,,H+2—8
a 130, x(@e

a(d+8 _1) ) H“ >0 x(i)e; , H . 2e

i=ig+1

< : =
a 1222, x(@eil l+e
2 2+(1 1
§d8+d¢.+8+—8=d¢+ w e.
l+e l+e

Therefore, we have ||x, —xo| < do + (%Lm))e +2¢. By the arbitrariness of ¢ > 0, we get
the inequality R({o) < dg.
Summing up, we see that the equality R(€¢) = d¢ holds. O

For any x € £¢ with |x|| =1 and N(x) = {i € N : x(i) # 0} being finite we define ¢, as
follows:

n—0o0

Cx = lim sup{cxy>0 Iq>( X )+1¢(L) =1forye {e with Ip(y) <1,
Cxy Cxy
an(y)<oo}.

Corollary 2.4 If ® € 8, then R(lp) = sup{cy : x € Lo with ||x|| =1 and N(x) being finite}.
Proof The proof is similar to the proof of Theorem 2.3. d
Corollary 2.5 If® € 8, and ® € &, then R(lo,a) = R*(lp, a) for any 0 <a < 1.

Theorem 2.6 R*({¢,1) <2 ifand only if £y € 85 and ® € 85(1).

Proof Necessity. We only need to prove the necessity of ® € 5,(1). Suppose that ® ¢ §,(1).
Then for any natural number k there exists xx € S(£¢) with N(xx) > k such that

I xk 1_%1()
) 2 > D) o\Xk).
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For any fixed k € N and for any ¢ > 0, there exists i € N such that Zi’;k D;(xe())) >1—¢.
Z;‘Iikxk(i)ei
1K el

— ix .
X o Xi\)e; X
1¢(ﬁ> +1¢(—’k) :1¢<—li£‘ k(),’ >+1¢<—‘k>
2 2 201 Yok x (e 2
i . o) Ne.
* cxx(i)e; x; Dici 1 Xk(De;
Sy g 7 S A I S A IO S el S I
= <1>< ) >+ <1>< ) t 1o B €
1 1-1
Xk Kig 1_k i
I )l ) e —K ¢
“’(2) ‘D(z) -2 T2

=1---g¢,

k

Put x; = Then

which shows that ||xg +x;, || > 2(1- % —¢). Hence oy, = 2(1- % —¢). By the arbitrariness
of ¢ >0 and k € N, we see that R({g) = 2.
Sufficiency. Since ® € §,(1), there exist &y € (0,1) and i, € N such that

X 1—80
Ip| =) < I S
¢(2) <0

whenever Ig(x) = 1 and N(x) > i.. For any x € S({¢) with finite N(x) and y € S(£¢) with
N(y) > n, we may assume without loss of generality that max{i:i € N(x)} < n and n > i,.
Hence

I x I y <1 l-¢ 2-¢
— |+ = —+—=—.
*\2)"\2)=27 2 2

Since ® € §,, there exists 0 < « < 1 such that

2—¢
7

Izl <a whenever Ip(z) <

Therefore || ’% | <a,ie, |lx+yll <20 Note that ¢, = [|x + y||. Hence R({s) <2a <2. O

Theorem 2.7 R*(£g,a) <1+ afor0<a<1ifandonlyif ® € é,.

Proof We only need to prove the sufficiency. For any 0 < ¢ < %, by ® € §,, there exists a
do > 0 such that ||x|| <1 - d whenever Iy (x) < % +¢&. Hence ||x,|| <1-d if n large enough
for any weakly star null sequence {x,,} C B(lp) with D[(x,)] < 1. Hence

liminf||x, —x|| <1-d+a<1+a,
n— 00
that is, R*(l¢,a) <1 + a. O

where a, = %, b, = _n%' Then ®,, is an Orlicz

apu+by i

<1
Example 2.8 Let ®,,(u) = {”2 1?1;’;’
function for each n € N.
Ifu< % and 2u > %,then i <u< %.Hence
2 1 4 1 3

1
®,Qu) = ~2u-— < — - — = — <12-— <12u* =120, ().
n(21) n n " n: n?2 n?2T 4n? (@)
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fOo<u=<s;, then ©,(2u) = 4D, (u). If ;, L <y <1then ®,(2u) < 2®,(u). If we put K = 24
and ug =1, then

®,(2u) < K®,(u) forallmeN,

that is, ® € §,.

If0<a<1then R*(lp,a) <1 +a.
th
r—i‘ﬁ

Let us take x,, = (0,0,...,0,% + ﬁ,o,...) for any n € N. Then Ip(x,) =1 and

I Xn 2(nm 1 1 1 1
=—|l-4+—)-—==—-—,
N2) u\aTan) 2 2 22

whence lim,,, oo Io (%) = % Therefore ® ¢ §5(1), which implies that R*(lp,1) = 2

Let {pi}72, be a sequence of real increasing numbers with 1 < p; and lim,,_, .op,, = p < 0.
Then we have the following.

Theorem 2.9 Let [?) be a Nakano sequence space equipped with the Luxemburg norm.
1 1
Then R(I¥)) = 27 and R(lp,a) = (% +af)P,0<a<1.

Proof Sincel < inf{p;} < sup{p;} = p < 00, the Nakano space equipped with the Luxemburg
norm is reflexive. For any x,y € S(I??) with N(x), N(y) being finite. We now consider the
following equation:

()

that is,

Y X

i=1 i=1

4

Then

[ee]

DO

i=1

2
+—Z|xn z)|p’=g
i=1

ie,c< 21%. This shows the inequality R(I?),1) < 21%. Take the classical basic sequence

{e,} C S(I®)). 1f Cnm 1s a solution of the equation

o) f)

and assuming without loss of generality that we may take # > m, we have the inequality

2
—>1.
cPn
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Hence R([?)) > 211”. Together with the opposite inequality proved already, we have
R(IP)) =27,

If 0 < a <1, for x € B({%)) with finite N(x) and I (x) = % and y € B(I%?) with finite N (y)
and ||x|| = a, we consider the following equation:

o2 l2)
Cx,y Cx,y

that is, the equation

L SRS FIU
> o £ e
=11 %Y i=1 Y

Hence
1 &  gPmax(iieN)) X2 i) [P 1 aPmaxliieN())
I e B R
Cfg’y i=1 Cg P 26‘5’3’ C’p"y

1
where ci,y < % + aPmax(iieNO)} | Therefore R(lg,a) < (% +aP)r.

1 h
Taking x, = (0,...,0,(})?4,0,...) and x,, = ©,...,0,"",0,...), we get Ip(x,) = & and
Io(*2) = 1, which implies the equality [|x,,|| = a.
For any n #m, if ¢ > 0 is such that

1¢(xn+xm> -1,
c

then

1
1 max{pn.pm}
—+afm <c
2

1 1
Letting n, m — oo, we get R(lp,a) < (% +aP)p, thatis, R(lg,a) = (% +af)r. (|
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