Zhao and Cheung Journal of Inequalities and Applications (2015) 2015:153 ® Journal of |nequa|ities and Applications

DOI 10.1186/513660-015-0678-4

a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Reverse Beckenbach-Dresher’s inequality

Chang-Jian Zhao'" and Wing-Sum Cheung?

“Correspondence:
chjzhao@163.com

'Department of Mathematics, China
Jiliang University, Hangzhou,
310018, PR. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

In the paper, we establish an inverse of Beckenbach-Dresher’s integral inequality,
which provides new estimates on inequality of this type.
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1 Introduction

The well-known inequality due to Beckenbach can be stated as follows (see [1], also see
(2], p-27).

Theorem A If1<p <2,andx;,y;>0 fori=1,2,...,n, then

Do i+ i) < Z?:le + Z?:lyf
Yoyt T Z?:le_l Z?:lyf_l'

An integral analogue of Beckenbach’s inequality easily follows.

Theorem B Let1 < p < 2.Iff and g are positive and continuous functions on [a, b}, then

LY@+ geydy _ [fapdy [ el dx

b e = (P ey b oo (1.2)
S @) +g@)r-tdx — [ fptdx [ glxptdx

An extension of Beckenbach’s inequality was obtained by Dresher [3] by an ingenious
method using moment-space theory.

Theorem C Let f and g be positive and continuous functions on [a,b]. If p >1>r >0,
then

( fab(f (%) + g(x))? dx)l/(pr) 3 ( fab 7 (x) dx>1/(pr) . ( fab (%) dx>1/(pr) )
L) +gwyds) T\ [ @ ds Pewde) |

The inequality which we shall call Beckenbach-Dresher’s inequality. In fact, this re-
sult was also established by Danskin [4], who employed a combination of Holder’s and
Minkowski’s inequalities.
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Beckenbach-Dresher’s inequality was studied extensively and numerous variants, gen-
eralizations, and extensions appeared in the literature (see [3—12] and the references cited
therein). Research of reverse Beckenbach-Dresher’s integral inequality is rare (see [13] and
[14]). The aim of this paper is to discuss reverse Beckenbach-Dresher’s integral inequality
and establish the following reversed Beckenbach-Dresher integral inequality by deriving

reverse Holder’s, Minkowski’s and Radon’s integral inequalities.

Theorem Let f and g be continuous functions on [a,b], 0 < my <f(x) <My and 0 < my <
gx) <M. Ifp>1>r=>0, then

.. (f:(ﬂx) +g@)y dx)“@-” N (fff"(x) dx)l“"") . (ffgpm dx)““’"{ L.4)

b
J2F @) + gx) dx [P fre)dx 17 g7 (x)dx
where
Lygs(s, t,S, T 1 1
0= 6 R ] (1.5)
Fa,ﬂ(ml) mQ)Ml’M2) o /3
Lap(5,6,5,T) = (Yo (sT 1, (st57) ™1, S men, (s72ST) ™))™, m>0,  (L6)

s= min{ml(b — )" my (b - a)””}, S= max{Ml(b —a)"? My (b - a)”"},

t= min{ml(b — )", my (b - a)”’}, T = max{Ml(b —a)'", My (b - a)l/’},

M mb
Yo p(my, ma, My, M3) = max{Ca, ( L 2 ),
p TR P\mgb—a) MPb - a)
m M’
Cop( M ) } (17)
’3<Mf‘(b—a) ml (b - a)
Ela+nl/B
Cop(&n) = W, (1.8)
and
Fa,ﬂ(ml) m2;M1’M2)
= max{Yo,p (rm, (my + m2)* ™, My, (My + M)* ),
Yo,p(ma, (my + mp)* ™, Mo, (My + Mp)* )} (1.9)
2 Proof of theorem
Lemma2.1(15] IfO<m <a<M;,0<my <b=<M, -+ % =1and o > 1, then
max{ca,ﬁ(Ml,le), Cop (ml,M2)} -apa'’*b"’ > ap + ba, (2.1)

with equality if and only if either (a,b) = (m1, My) or (a,b) = (M1, my), where Cyg(€,1) is
as in (1.8).

Obviously, by using a way similar to the proof of (2.1), we may find that inequality (2.1)
isreversed if 0 < o < 1 or o < 0. Here, we omit the details.
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Lemma 2.2 Let f and g be positive continuous functions on [a, b), é + % =1, a>1andf*
and gﬁ be integrable on [a,b]. If 0 < my < f(x) < M; and 0 < my < g(x) < My, then

b 1/a b 1/8 b
( / f“(x)dx) ( / gﬁ(xmx) < Yapmymp M M) - [ fe@ds,  (22)

with equality if and only if f* and gP are proportional, where Yo g(m1, ma, My, M) is as in
(1.7).
The inequality is reversed if 0 <o <1 or o < 0.

Proof If we set successively

ﬁ Xff“ )dx,

B
g Y:] 2P () dx

Q1
II

S
1l

Y

Notice that

my _ MY
<a=

M2 (b —a) me(b—a)’

and

By using Lemma 2.1, we have

My _m m M \| [

maX{C < Yb-a) M- a))’ “ﬂ<Ma(b 2) mﬂ(b_a)>}'X1/ayl/ﬂ
G 1¢°(x)
Ta X B Y

’

with equality if and only if either

_ - M
_,b — 1 2 )
(@?) <M?(b—a> (b —a)
or
- M¢ m
a,b) = L 2 )
@b <m‘f(b—a) M5 (b-a)
Therefore
1 f@e@dx 1 [, Prewydx 1 [7 gP(x)dx
Yo p(mm, m2, My, Ma) - =5 mmmre— = — = ey =1 (23)

From (2.3), inequality (2.2) easily follows.
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In the following, we discuss the equality condition of (2.2). In view of the equality con-
ditions of Lemma 2.1, the equality in (2.3) holds if and only if

( f"’(x) gﬁ(x) ) _ ( m‘l" Mg )
fabfa(x)dx,f:gﬂ(x)dx M?(b—a)’mg(b_a) ’

or

( ) ) )z( M mh )
[Pre@ds’ [Pgpyde)  \mib-a) Mbb-a))

Hence f(x) = ug? (x), where

= im Wl
MMz gl

or
MO[Mﬁ o
o MEMS I
mims gl

is a constant. It follows that the equality in (2.2) holds if and only if f* and g# are propor-
tional.
This proof is completed. d

Lemma 2.3 Let f and g be non-negative continuous functions on [a,b]. If 0 < m; < f(x) <
My, 0<my <g(x) <M, and o > 1, then

b 1/a
( / (F@) + )" dx)

b 1/a b 1/a
zru,ﬂ(ml,mz,Ml,Mz)« / f“(x)dx) +( / g“(x)dx) ) (2.4)

with equality if and only if f and g are proportional, where U, g(my, ma, My, My) is as in
(1.9).
The inequality is reversed if 0 <a <1 or a < 0.

Proof From the hypotheses, we have

[f 60 + g% = [f@[f @) + @] 7|, + e[ @) + @] |- (2.5)

By using Lemma 2.2, we obtain

IfG)[f () +g(96)]0t_1 |, = [Yap (1, (1 + 122)* ™, My, (M + Mz)afl)]_l

< [f@], - [f@ +g@|2", (2.6)

with equality if and only if f*(x) and (f(x) + g(x))* are proportional. It follows that the
equality holds if and only if f(x) and g(x) are proportional.
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|lg@)[f(x) +g(x)]a_1 |, = [Yap (2, (1 + 1m12)*7, M, (M +M2)a71)]_1

x |lg@|, - |f @) +g)]2”, 2.7)

with equality if and only if g*(x) and (f(x) + g(x))* are proportional. It follows that the
equality holds if and only if f(x) and g(x) are proportional. Hence

£ @)+ 8| = Dap Omaymma, My, M) - [ @) + @[ (@], + Jle@],), 28
where Ty 4 (11, 2, My, My) = max{M, N},

M = Yo 5(m, (m + mp)*™, My, (M + M)* ™),
and

N = Yo 5(ma, (my + m)* ™, M, (My + Mp)* ™).
Dividing both sides of (2.8) by [|f(x) + g(x)||*’#, we have

[f )+ g@)]|,, = T O, mma, My, M) - ([f )], + e @)],)- (2.9)

Moreover, in view of the equality conditions of (2.6) and (2.7), it follows that the equality
in (2.4) holds if and only if f(x) and g(x) are proportional.
This proof is completed. d

Lemma 2.4 Let f and g be continuous functions on [a,b], 0 < my < f(x) < M; and 0 <
my < g(x) <M. If m> 0, then

bfm+1 (x)

(f? f (@) doxyr+t
. &%) ’

(f? g(x) dx)”

dx S La,ﬂ(mlx m21M11M2) (210)

where Lq g(my, ma, M1, My) is as in (1.6).

Proof Let « =m +1, B = (m + 1)/m and replacing f(x) and g(x) by u(x) and v(x) in (2.2),
respectively, we have

b 1/(m+1) b m/(m+1)
(/ u(x)m+1 dx> </ l/(x)(m+l)/m dx)

b
< Yo s, 1y M, M) / u(x)v(x) dx. (2.11)

Taking for

1/(m+1)
u(x) = (‘%) s V(x) =fm/(”’+1)(x)g1/(’”+l)(x)

in (2.11), and in view of

1 1
m m+1 M m+1
(—1) <ux) < (—1>
M2 my
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om_ 1 om_ 1
mlm+l m2m+1 S V(x) SMlmHMZmH’
we obtain
AV T Ape A pa pg [
Yo p (V") ™ ™ g (Myy ') 70, M M) | f () e
a
b 1/(m+1) b m/(m+1)
X
> (/ &dx> (/ f(x)gl/m(x)dx) .
« &) a
Hence
b
X
f@
« &)
NS - 1yl T Ty b
< [Ta,ﬁ((mlel)m“;n’ll lmz 1:(M1m21)m+11M1 le 1)faf(x)dx]m+l (2 12)

(f7 £ (x)gm (x) dx)™

On the other hand, in (2.12), replacing f(x) and g(x) by u(x) and v(x), respectively, and
letting u(x) = £ (x) and v(x) = (£3)", and in view of

my < u(x) <M

and
m m
<m—> <v(x) < <Aﬁ> ,
M1 mi
we have
b rm+l
/ 7 dx
« 8"(x)
- [Ta,ﬂ(mlM;m:(m1m2M1_1)%;M1m;m;(ml_lMlMZ)mA*l)fabf(x) dx]"™+!
(/) glx) daxy
Lo (my, ma, My, M) ([ f () )™
(/) () daxy
This proof is completed. O

Let f(x) and g(x) reduce to positive real sequences a; and b; (i = 1,...,n), respectively,
and with appropriate changes in the proof of (2.10), we have the following.

Lemma 2.5 Let a; and b; be positive real sequences and 0 < my <a; <M, 0 <my < b; <
My, i=1,...,n.Ifm>0, then

n m+l n ym+l
Z a; Qi @) (2.13)

< Ly g(my, my, My, M) 25—,
i=1 b:'ﬁ P (Z;'il bi)"

where Lq g(my, ma, M1, My) is as in Lemma 2.4.

Page 6 of 8
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This is just an inverse of the following well-known Radon’s inequality [16], p.61

n
a:ml - (Z:I:I ai)mﬂ

i=1 b:” B (Z?:lbi)m’

wherem>0,a;>0and b; >0,i=1,2,...,n.

Proof of Theorem Let

b 1/p b 1/r
a1=( / f”(x)dx) , /31=( / f’(x)dx> ,
b 1/p b 1/r
ay = < / g’”(x)dx> , Ba = < / g ) dx> ,

then

0<m(b-a)’? <a; < M(b-a)'?,
0 <my(b—a)’? < ay < My(b-a)'?,

0<mb-a)" <p <Mi(b-a),
and

0 <my(b—a)'" < pr < My(b-a)".
Let

s= min{ml(b —a)"?, my(b - a)l/p}, S= max{Ml(b —a)"?, My(b - a)l/p}
and

t= min{ml(b —a)V", my(b - a)”’}, T = max{Ml(b —a)V", My(b - a)”’}.

From reverse Radon’s inequality (2.13) in Lemma 2.5, we have, for m > 0,

ot agt (o + )™+
BT + BT < Leplst,S, T)W' (2.14)
If m= p%r, then
(f ) dx)”"”’ . (f &) dx)”“”)
[frx)dx [ g (x) dx
< Lp5,65,T) (/7 (x) dx)"P + ([ g (x) dx)"/P1P/P~") (2.15)

[(f fr(x) dx)Vr + ([ g (x) dx)r]/e-n

We have assumed p > r > 0, since m = Iﬁ > 0.
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On the other hand, by using the Minkowski inequality (2.4) and its reverse form, with
p >1and 0 <r <1, respectively,

1/p 1Upp
Fa,ﬁ(ml,mz,Ml,Mz)p[(/fp(x) dx) + </gp(x) dx) ]

< /(f(x) +g(x))p dx, (2.16)

with equality if and only if f and g are proportional, and

1/r 1/rqr
Fa,ﬂ(ml:mz:erMZ)r[(/fr(x) dx> + (/g’(x) dx) ]

> / (fx) + g(x)) (%) dx, (2.17)

with equality if and only if f and g are proportional.
From (2.15), (2.16) and (2.17), (1.4) follows. This proof is completed. O
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