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1 Introduction

Let us take the following unconstrained optimization problem:

minf(x), @
where f : R" — R is continuously differentiable. For solving (1), the conjugate gradient
method generates a sequence {xg}: X1 = %% + 2xdi, do = —go, and dy = —gi + Brdi-1, where
the stepsize oy > 0 is obtained by the line search, dj is the search direction, gy = Vf(xx) is
the gradient of f(x) at the point xy, and S is known as the conjugate gradient parameter.
Different parameters correspond to different conjugate gradient methods. A remarkable
survey of conjugate gradient methods is given by Hager and Zhang [1].
Plenty of hybrid conjugate gradient methods were presented in [2—7] after the first hy-
brid conjugate algorithm was proposed by Touati-Ahmed and Storey [8]. In [5], Lu et al.
proposed a new hybrid conjugate gradient method (LY) with the conjugate gradient pa-

rameter B¢,

g @) i1 <y
LY - al @-g)’ lge® ' =H @)
- 2
gl , otherwise,

dl,lgk _)‘d]zlgk—l

A—o

where 0 < u < =

, 0 < A <1. Numerical experiments show that the LY method is effec-
tive.

It is well known that the nonmonotone algorithms are promising methods for solving
highly nonlinear large-scale and possibly ill-conditioned problems. The first nonmono-

tone line search framework was proposed by Grippo et al. in [9] for Newton’s methods.

© 2015 Li and Yang; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-

L]
@ Sprlnger tion License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted use, distribution, and reproduction in any

medium, provided the original work is properly credited.


http://dx.doi.org/10.1186/s13660-015-0644-1
mailto:yangyueting@163.com

Li and Yang Journal of Inequalities and Applications (2015) 2015:124 Page 2 of 13

At each iteration, the current function value is defined as follows:

= _i), 3
Juw Offg%k)f (k1) 3)

where m(0) = 0, 0 < m(k) < min {m(k — 1) + 1, M}, M is some positive integer. Zhang and
Hager [10] proposed another nonmonotone line search technique, they adopted Ci to
replace the current function f, where

_ $k1Qr1Ci1 + fi

¢ 4
‘ & @)

Qo =1, Cy =f(x0), ¢k-1 € [0,1], and
Qx = 6k1Qra + 1. (5)

To obtain the global convergence (see [4, 11-14]) and implement the algorithms, the line
search in the conjugate gradient is usually chosen by a Wolfe line search; the stepsize oy
satisfies the following two inequalities:

Sk + adi) < fxi) + pougi do (6)

gl + audi) " di > ogl d, (7)

where 0 < p < o <1. In particular, a nonmonotone version line search can relax the choice
of the stepsize. Therefore the nonmonotone Wolfe line search requires the stepsize oy to

satisfy

S + axdr) < figy + pong di (8)
and (7), or

fox + axdr) < Cr + pargl di 9)
and (7).

The aim of this paper is to propose a nonmonotone hybrid conjugate gradient method
which combines the nonmonotone line search technique with the LY method. It is based
on the idea that the larger values of the stepsize oy may be accepted by the nonmonotone
algorithmic framework and improve the behavior of the LY method.

The paper is organized as follows. A new nonmonotone hybrid conjugate gradient al-
gorithm is presented and the global convergence of the algorithm is proved in Section 2.
The line convergence rate of the algorithm is shown in Section 3. In Section 4, numerical
results are reported.

2 Nonmonotone hybrid conjugate gradient algorithm and global convergence
Now we present a nonmonotone hybrid conjugate gradient algorithm.

Algorithm 1
Step 1. Given xy € R", € > 0, dg = —go, Co = fo, Qo, Lo, k:= 0.
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Step 2. If ||gx|| < €, then stop. Otherwise, compute oy by (9) and (7), set
Xkal = Xi + oy
Step 3. Compute Bi.1 by (2), set diy1 = —gks1 + Brndi, kK := k +1, and go to Step 2.

Assumption 1 We make the following assumptions:
(i) The level set Q¢ = {x € R": f(x) < f(x0)} is bounded, where xy is the initial point.
(ii) The gradient function g(x) = Vf(x) of the objective function f is Lipschitz
continuous in a neighborhood N of level set €, i.e. there exists a constant L > 0
such that

le@) - g@| < Lllx - xlI,

for any x,x € V.

Lemma 2.1 Let the sequence {x;} be generated by Algorithm 1. Then di g < 0 holds for all
k>1.

Proof From Lemma 2 and Lemma 3 in [5], the conclusion holds. O

Lemma 2.2 Let Assumption 1 hold and the sequence {x;} be obtained by Algorithm 1, o
satisfies the nonmonotone Wolfe conditions (9) and (7). Then

o-1 g[dk

ap = ——— .
L ldl?

Proof From (7), we have
(g1 — &) dr = (0 = Dgld
and by (ii) of Assumption 1 it implies that
(g1 — @) " di < L[l el
By combining these two inequalities, we obtain

-1gld
O = 7= & kz
L |ldkll

O

Lemma 2.3 Let the sequence {x} be generated by Algorithm 1 and dl g < 0 hold for all

k>1. Then
Ji = Gk (11)
Proof See Lemma 1.1 in [10]. O

Lemma 2.4 Let Assumption 1 hold, and the sequence {x} be obtained by Algorithm 1,
where dy. satisfies dkTgk <0, ay is obtained by the nonmonotone Wolfe conditions (9) and (7).
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Then

T 2
Z 1 (@) < +00. (12)

2
£ Qe el

Proof By (9) and (10), we have

(d{g)’
<Cr- , 13
S £ Cr—co AL (13)
where ¢y = p(1-0)/L.
From (4), (5), and (13), we have
CotC @l'g)’ oo
oy = S QG fla) _ SACkH G oTqr L a (digd) (14)
' Qk+l - Qk+l - Qk+l ”dk”2

Since f(x) is bounded from below in the level set €2y and by (11) for all k, we know that Cy
is bounded from below. It follows from (14) that (12) holds. O

Theorem 2.1 Suppose that Assumptions 1 hold and the sequence {xi} is generated by the
Algorithm 1. If tmax < 1, then either gi = 0 for some k or

klim inf ||gz|| = 0. (15)

Proof We prove by contradiction and assume that there exists a constant € > 0 such that
”gk”2 =€, k=0,1,2,3,.... (16)

2
By Lemma 4 in [5], we have |B[2Y < %" Then we have [|di|? = (BXY)? x
dk_]gk*)“dk_lgk—l

Idi1l® = 2¢{ dic = llgell> < e e Y 2g; dy — |gk|1*. The rest of the proof
dk_lgk_)‘dk_lgkfl

is similar to Theorem 2 and Theorem 1 in [5], and we also conclude

(gl di)*

k-1 j
1

Qr=1+ Z l_[ Ch-1-i < Tt (17)

j=0 i=0
then
1 Td)? €
(gk k2 2 (1 - é-max)_,
Qisr Nkl k

which indicates

i 1 (gl _
Qe el

i=1

This contradicts (12). Therefore (15) holds. O
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3 Linear convergence rate of algorithm

We analyze the linearly convergence rate of the nonmonotone hybrid conjugate gradient
method under the uniform convex assumption of f(x). The nonmonotone strong Wolfe
line search is adopted in this section, given by (9) and

gk + axdi) " di | < —o gl di. (18)
We suppose that the object function f(x) is twice continuously differentiable and uni-

formly convex on the level set (. Then the point x* denotes a unique solution of the
problem (1); there exists a positive constant t such that

fx) —f(x*) < forallx € R". (19)
The above conclusion (19) can be found in [10].

To analyze the convergence of the nonmonotone line search hybrid conjugate gradient
method, the main difficulty is that the search directions do not usually satisfy the direction

condition:
gl < —cllgell®, (20)

for some constant ¢ > 0 and all k > 1. The following lemma has proven that the direc-
tion generated by Algorithm 1 with the strong Wolfe line search (9) and (18) in this paper
satisfies the direction condition (20) by the observation for ng di_1.

Lemma 3.1 Suppose that the sequence {xx} is generated by Algorithm 1 with the strong
Wolfe line search (9) and (18), 0 < o < m Then there exists some constant ¢ > 0 such that
the direction condition (20) holds.

Proof According to the choice of the conjugate gradient parameter gf”, the result is dis-

cussed by two cases. In the first case,

‘1 B ngdk—r
ll gl

dr-1
<w iel-p< <l+u, (21)
llgx I

T

then B = M If B > 0, then, by (21) and df g1 < 0,d] g > 0and g7 (gx —di1)
k-1

0. Furthermore, we have, by (18),

« — dr-1)
g[dk=—||gk||2+gk(g “gldiy

dkT 1 (8 — k- 1)
8k ¢ (g — drr) T
< —llgell? -0 k"ol
¢ di (g — g- 1) '
T
8k (gk _dk—l) T
< —llgkll? - o =r——g/ydi-
g _dkT,lgk—l k-1%k-1
= —llgll* + o (Ilgell* — & dk-1)

=—(1-0)lgl® - ogldi
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<-(1-0)llgll® - o1 - w)lgll®
=—(1-opw) gl (22)
If Bx < 0, we have, by (18) and (21),
& @ —dia) 1
8 dk
di_1 (g — gk-1)

Mg
dl (g —g)™!

T
& (@ —dr)
=g, dj_
~ d]?_lgk—l 8r-1%k-1

gldi = —llgl* +

2
=-llgll” +o dy-1

< —lgll*+o
< —llgell* - o (Ilgkll* - gl dk-1)
=—1+0)lgl? +ogldia

= —(L+0)llgell® + o+ w)llgell?

=—1-owlgl?* (23)

In the second case,

Td
‘1 _ gk k-1 1, (24)

llgell?

_ A
then By = P g > 0. By (18), we have
1lgell? T

T 2
di=—lgcll” + 77—
& ¢ dl g —rdl g1

k-1

oulgl® 4
||2 - g, di
(0 — 0)dl g k1

- (1-* 2
(1= Yl 25)

<-llgk

From (23) and (25), we obtain (20), where ¢ = min{l — o 1,1 — %} > 0. The proof is
completed. O

Lemma 3.2 Suppose the assumptions of Lemma 2.2 hold and, for all k,

il < crllgell, (26)
then there exists a constant cy > 0 such that

ax >cy, forallk. (27)

Proof By Lemma 2.2 and Lemma 3.2, we have

_ T _ 2
o-leid  o-ldel®
L ldel L gl

O =

c(1-0)
ol O

where ¢y =
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No. Problem name No. Problem name
1 Helical valley function 21 Separable cubic function
2 BIGGS6 22 Nearly separable function
3 Gaussian function 23 Allgower function
4 POWELLBS 24 Schittkowski function 302
5 BOX3 25 Discrete integral equation function
6 BEALE 26 BDQRTIC
7 WOODS 27 ARGLINB
8 FREUROTH 28 ARWHEAD
9 Osborne 1 function 29 NONDIA

10 Osborne 2 function 30 NONDQUAR

11 Powell singular function 31 DQDRTIC

12 Meyer function 32 EG2

13 Bard function 33 CURLY20

14 PENALTY2 34 LIARWHD

15 VARDIM 35 ENGVALI1

16 PENALTY1 36 CRAGGLVY

17 EXTROSNB 37 the Edensch function

18 Extended Powell singular function 38 the Explin 1 function

19 CHEBYQAD 39 the Argling function

20 BROYDN3D 40 NONSCOMP

Theorem 3.1 Let x* be the unique solution of problem (1) and the sequence {x} be gen-
erated by Algorithm 1 with the nonmonotone Wolfe conditions (9) and (18), 0 < o < ﬁ If
o < v and Cmax < 1, then there exists a constant O € (0,1) such that

fi=f () <0 (fo —f(x")).

(28)

Proof The proof is similar to that Theorem 3.1 given in [10]. By (9), (20), and (27), we have

Sir1 < Cic+ pongl dic < Cic — ceapllgell*.

(29)

By (ii) in Assumption 1, x,; = x% + axdy and (27), we have

lgstll < llgksr — &icll + 1Igkll < axLlldill + llgill < A + crvL)llgell- (30)

In the first case, ||gi[|> > B(Ck —f(x*)), where
B = 1/(002,0 +7(1+ cle)z).

By (4) and (29), we have

_ S Qu(Ch = f (™)) + (frnn —f (7))

Chor ~f (") 1+ 4Qx

- & Qui(Ci = f (&%) + (Cr —f (%)) — ccap llgiclI*

1+ & Qx

o cc2pllgell?
G g

Since Q1 < Hﬁ by (17), we have

Ca1 —f () < Ck —f(x*) = ccap(L = Cmax) g I

(32)
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Table 2 Numerical comparisons of LY, NMLY1, and NMLY2
No. Dim LY NMLY2 NMLY1
it nf ng t it nf ng it nf ng
1 3 36 69 48 00156 59 137 92 0.0156 40 84 60 0.0156
2 6 147 243 200 0.0468 413 853 697 0.1404 146 270 213 0.0468
3 3 2 5 4 0 4 10 8 0 3 9 8 0
4 2 9 26 13 0 I 48 28 0 13 38 17 0.0312
5 3 15 28 19 0 29 75 68 0.0312 14 35 28 0
6 2 37 61 46 0.0156 28 64 45 0 20 60 30 0.0156
7 4 74 130 100 00156 313 623 458 00936 62 119 90 0.0156
8 2 44 82 61 0.0156 37 98 70 0 5 25 9 0.0156
9 5 128 233 184 0.0936 181 383 278 0.1404 104 199 153 0.078
10 Nl 3 42 3 0.0156 4 29 4 0 3 13 3 0.0312
1 4 6 49 7 0 169 348 254 0.0468 59 121 77 0.0312
12 3 9 45 14 0 170 456 328 0.1248 13 80 34 0.0156
13 3 25 49 33 00156 64 135 101 0.0468 39 75 52 0.0312
14 500 14 70 28 0.0156 10 82 40 0.0156 3 46 10 0.0156
15 500 13 68 14 0 13118 48 0.0312 17 187 122 0.0156
1,000 16 70 16 0 13 87 35 0.0156 19 301 211 0.0312
2,000 14 58 14 0.0156 15 116 50 0.0156 26 362 237 0.0624
16 500 " 35 22 0.0156 40 147 101 0.0156 34 103 87 0.0156
1,000 16 40 23 0 49 141 99 0.0312 21 82 62 0.0156
2,000 20 51 28 0.0312 34 122 73 0.0312 57 156 108 0.0624
1,000 22 75 30 0.078 28 96 67 0.1248 31 134 70 0.156
17 500 42 87 58 00156 133 294 213 0.078 3 18 3 0
1,000 64 120 87 00312 187 406 299 0.0936 3 19 3 0
2,000 53 105 72 00312 134 304 221 0.0936 3 19 3 0.0156
1,000 56 113 79 02028 184 393 292 0.624 3 19 3 0.0312
18 500 220 364 295 0.1092 184 353 253 0.1092 110 197 160 0.0624
1,000 180 288 238 0.1404 163 322 235 0.1404 104 191 150 0.078
2,000 181 308 248 02184 181 361 262 0249 112 205 164 0.156
1,000 217 361 293 12792 320 625 458 21372 133 244 197 0.8892
19 500 68 105 86 5.694 103 210 146 10.9201 70 112 95 6.1308
1,000 99 143 125 32.7602 88 185 133 38.891 113 201 144 40.0923
2000 72 110 95 905742 190 387 287 3062456 78 141 104 110.3239
1,000 121 197 142 983.8203 35 156 80 708.6189 24 67 45 322.8129
20 500 51 74 60 00468 55 114 73 0.0156 53 83 68 0.0312
1,000 54 78 62 0.0312 55 117 73 0.0312 93 143 115 0.0468
2,000 44 74 58 00312 58 130 87 0.0624 33 61 39 0.0156
1,000 43 69 57 0.1872 52 115 71 0.1872 42 75 59 0.1248
21 500 4 9 8 0.0468 10 20 19 0.1092 8 18 17 0.1092
1,000 5 M 10 0.234 10 20 19 0.468 9 20 19 0.468
2,000 5 M 10 0.9204 10 20 19 1.8408 9 20 19 1.8252
1,000 5 M 10 6.63 I 23 22 15.3973 10 21 20 13.8997
22 500 50 91 68 11076 86 207 133 22308 36 92 65 1.0764
1,000 33 96 52 3.3852 52 146 100 6.552 43 104 71 4602
2,000 27 113 48 12.1681 43 147 91 23.6186 52 167 83 229477
1,000 102 222 142 2465128 76 196 140 2442664 42 123 71 124.442
23 500 4 32 8 0.1092 13 69 30 04368 3 36 6 0.078
1,000 6 69 9 0.4836 17 230 61 34944 3 57 5 0.234
2,000 5 61 8 1.794 16 165 41 10.3585 3 37 3 0.5304
1,000 5 62 11 16.1617 12125 20 30.6074 3 56 5 6.1932
24 500 59 137 88 00156 62 232 133 0.0312 34 192 121 0.0156
1,000 26 91 34 0.0156 34 174 98 0.0312 56 292 204 0.0624
2,000 17 68 26 0.0156 16 112 35 00312 22 272 172 0.0624
1,000 37 89 42 0.1092 34 164 59 0.156 25 266 146 0.2496
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Table 2 (Continued)
No. Dim LY NMLY2 NMLY1
it nf ng t it nf ng t it nf ng t
25 500 7 67 43 12.8545 13 85 53 15.9589 13 80 26 104521
1,000 7 59 28 267698 8 78 51 419019 47 229 130 115.8931
2,000 22 14 90 2755914 7 55 28 96.081 7 68 28 107.2507
1,000 7 63 36 7164346 16 175 117 21489606 11 115 63 12656829
26 500 54 105 77 1.6224 55 127 88 1.7628 46 97 68 1.3728
1,000 53 101 75 54132 92 195 140 104053 46 94 69 5.0856
2,000 42 89 62 15.1945 71162 113 275654 40 92 65 16.0213
1,000 29 68 43 444603 58 150 105 1100275 44 97 68 69.7168
27 500 3 52 4 0.2184 1178 91 1.9968 9 152 12 0.6708
1,000 13 193 99 8.7049 5 68 13 1.5756 7 106 27 29484
2,000 5 101 46 16.3645 714 40 16.5205 7141 48 18.7045
1,000 9 112 32 99279 8 140 33 1125859 13 224 48 1726151
28 500 8 23 10 0 22 60 38 0.0468 19 45 27 0.0156
1,000 9 25 13 0.0156 7 45 31 00156 11 59 43 0.0312
2,000 16 60 26 0.0312 13 78 42 0.0624 16 72 36 0.0468
1,000 5 22 7 00312 10 53 30 0249 11 60 40 0.2808
29 500 28 65 41 0.0468 13 69 52 0.0312 13 50 27 0.0312
1,000 4 17 5 0 22 8 53 00468 11 56 34 0.0156
2,000 7 23 8 0 10 49 26 0.0468 13 66 35 0.0468
1,000 7 26 9 0.0624 4 40 28 0.156 12124 101 0.7332
30 500 287 452 387 146017 365 691 649 210913 249 380 334 10.1089
1,000 292 456 407 445071 343 646 593 69.3736 257 404 359 40.8411
2,000 343 524 477 1543786 376 721 655 2139242 271 457 376 1221176
1,000 310 474 424 6402749 376 729 663 10062533 236 412 337 5129157
31 500 70 110 87 0.3276 73 158 113 039 58 115 90 0.2964
1,000 49 88 66 0468 50 131 93 0.624 30 68 45 0312
2,000 38 69 49 0.7644 64 142 103 13416 34 75 49 0.6396
1,000 27 52 32 20904 53 128 90 61152 34 85 60 4.0248
32 500 6 50 9 0.0156 53 144 89 0.0624 4 60 6 0
1,000 30 8 44 00468 18 211 35 0.0468 6 93 7 0.0156
2,000 3 23 6 0.0156 10 107 16 0.0468 4 45 5 0.0156
1,000 5 39 10 0.0936 8 80 17 0.1872 4 55 8 0.0936
33 500 320 442 406 76596 427 822 614 11.8405 4 24 7 0.1248
1,000 268 381 342 206233 338 652 483 29.1566 4 25 7 039
2,000 195 269 248 471435 235 461 342 66.7996 4 25 7 1.2792
1,000 145 198 182 1374681 223 434 326 247.1524 4 25 7 4539
34 500 105 187 146 0.1404 101 234 162 0.156 98 191 143 0.1404
1,000 33 76 49 0.1248 73 197 136 0.2496 97 203 156 0.2028
2000 123 226 172 039 173 416 306 0.6708 89 196 141 0312
1,000 175 311 243 26676 236 537 395 46176 151 319 239 2.6676
35 500 12 25 14 00468 13 35 23 0.078 5 18 5 0.0156
1,000 12 25 14 0.078 1 30 19 0.1248 5 18 5 0.0312
2000 M 23 13 01716 11 34 23 0.2808 5 18 5 0.0624
1,000 10 23 14 0.9984 10 31 22 1.56 5 18 5 0.2808
36 500 37 228 122 06864 10 78 17 0.1404 9 34 16 0.078
1,000 17 75 25 0.2652 M 78 20 0.234 9 51 13 0.156
2,000 37 137 57 1.1076 11101 21 05148 15 90 34 0.6864
1,000 16 82 23 2496 10 82 18 2.1684 15 76 21 2.106
37 500 25 16 00156 10 33 19 0 3 17 6 0
1,000 12 26 15 0.0156 I 29 19 0.0156 3 17 6 0
2000 10 22 12 00312 10 27 18 0.0312 3 18 6 0.0156
5,000 8 18 10 0.0936 10 27 18 0.156 3 18 6 0.0624
38 500 6 75 50 00156 10 123 72 0.0624 8 105 51 0.0312
1,000 4 63 22 0.0156 7 107 43 0.0468 4 56 24 0.0156
2,000 7 121 65 00624 13 211 130 0.1248 8 132 68 0.078
5,000 5 95 49 0.2184 5 84 34 0.156 6 115 51 0.2496
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Table 2 (Continued)

No. Dim LY NMLY2 NMLY1
it nf ng t it nf ng t it nf ng t
39 500 8 127 51 2.7924 10 168 76 3.7596 9 127 62 3.042
1,000 7 107 40 8.5021 11 188 85 15.7405 9 144 61 11.9341
2,000 10 142 67 46.7691 16 248 104 812453 113 573 189 182.7708
5,000 9 165 72 698.6037 12 162 78 675.7495 13 181 83 756.8077
40 500 170 257 218 0.1092 305 578 430 01716 105 171 140 0.1404
1,000 153 231 196 0.0624 265 505 367 0.1404 114 208 155 0.0624
2,000 147 222 190 0.0936 272 522 390 0.1872 117 188 155 0.078
5000 144 233 184 03588 305 579 425 08424 125 205 172 0.3276
By llgkll* = B(Cx — f(x*)), we have
Crn —f (%) < O(Ck —f (7)), (33)
where ¢ =1 - cc308(1 — Zmax) € (0,1).
In the second case, ||gi||> < B(Cr —f(x*)). By (19) and (30), we have
Sen =f (") <T@+ cvl)®|lgell* < TBA + civl)*(Cr — f (x%)).
By combining the equality, the first equation of (32), and Q41 < ﬁ’ Zmax < 1 and (31),
we obtain
0k Qi(Cr = f (%)) + TB(L + c1vL)*(Cr — f (x¥))
Gt ~f (") < / f
1+ 8k Qx
1-18(1 +civl)?
- (1 ) (G- 1)
Qk+l
= (1- (1= B+ cvl)?) (1= tma) (Ci —f (x7))
= (1 - CCZIOﬂ(l - Cmax)) (Ck _f(x*))
< 9(Ce—f (). (34)
By (11), (33), and (34), we have
fi=f (&) < Ce—~f (") < 0(Cha = f (")) <+ < 0*(Co —f ("))
The proof is completed. O

4 Numerical experiments

In this section, we report numerical results to illustrate the performance of hybrid con-
jugate gradient (LY) in [5], Algorithm 1 (NHLYCG1) and Algorithm 2 (NGLYCG2), in
which (8) replaces only (9) in Step 2 of Algorithm 1. All codes are written with Matlab
R2012a and are implemented on a PC with CPU 2.40 GHz and 2.00GB RAM. We select
12 small-scale and 28 large-scale unconstrained optimization test functions from [15] and
the CUTEr collection [16, 17] (see Table 1). All algorithms implement the stronger version
of the Wolfe condition with p = 0.45 and ¢ = 0.39, and . = 0.5, A = 0.6, Cy = f5, Qo =1,
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Figure 1 Performance profile comparing the number of iterations.
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Figure 2 Performance profile comparing the CPU time.

Skt 8k-1

L0 =0.08, 4 =0.04, &gy = 5

, and the terminated condition

lgell2 <107 or |fir1 —fil <107° max{1.0,|fi]}.

Table 2 lists all the numerical results, which include the order numbers and dimensions

of the tested problems, the number of iterations (it), the function evaluations (nf), the
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Figure 4 Performance profile comparing the number of gradient evaluations.

gradient evaluations (ng), and the CPU time (t) in seconds, respectively. We presented the
Dolan and Moré [18] performance profiles for the LY, NHLYCGI, and NGLYCG2. Note
that the performance ratio g(t) is the probability for a solver s for the tested problems with
the factor t of the smallest cost. As we can see from Figure 1 and Figure 2, NHLYCGL is
superior to LY and NGLYCG?2 for the number of iterations and CPU time. Figure 3 shows
that NGLYCGL is slightly better than LY and NGLYCG?2 for the number of function value
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evaluations. Figure 4 shows the performance of NGLYCGL is very much like that of LY
for the number of gradient evaluations. However, the performance of NGLYCG2 with the

nonmonotone framework (3) is less than satisfactory.
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