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1 Introduction
Consider the following second-order Hamiltonian systems:

i(t) - L(Ou(t) + W, (t,u(®) =0, VieR, 1.1)

where L € C(R,RV*N) is a symmetric matrix valued function, z € RN and W € C}(R x
RN, R). As usual, we say that a solution u of system (1.1) is homoclinic to zero if u €
C2(R,RN), u #0, u(t) — 0 and () — 0 as || — oo.

Inspired by the excellent monographs [1, 2], the existence of periodic solutions and ho-
moclinic solutions for second-order Hamiltonian systems have been intensively studied
in many recent papers via variational methods; see [3-30] and references therein. Re-
cently, some researchers have begun to study the existence of solutions for second-order
Hamiltonian systems with impulses by using some critical points theorems of [31, 32]; see
[33, 34].

Homoclinic solutions of dynamical systems are very important in applications for a lot
of reasons. They may be ‘organizing centers’ for the dynamics in their neighborhood. From
their existence one may, under proper conditions, deduce the bifurcation behavior of pe-
riodic orbits or the existence of chaos nearby. In the past 20 years, with the aid of the vari-
ational methods, the existence and multiplicity of homoclinic solutions for system (1.1)
have been extensively investigated by many authors; see [3, 4, 6—9, 11-30] and references
therein. Most of them treated the superquadratic case [8, 15, 18, 19, 21, 24, 25, 27-29]
treated subquadratic case and [9, 21, 30] treated asymptotically quadratic case. Particu-
larly, Yang and Zhang [25] considered a superquadratic case and obtained system (1.1) has
infinitely many homoclinic solutions by using the following conditions.
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(A1) W(t,u)/|ul*> — +00, as |u| — oo uniformly for all ¢ € R, and
(Ag) W(t,u(t)) = o(|ul), as |#| — 0 uniformly for all £ € R.

Recently, Wei and Wang [22] dealt with a case that W (¢, u) = F(¢, u) + G(¢,u), where
F(t, u) is subquadratic and G(¢, u) is superquadratic, by using the following condition, they

obtained system (1.1) has infinitely many homoclinic solutions.

(A3) There exists v < 1 such that
1(0)[t]"2 = oo as |t| = oo,

where [(¢) = infiz -1 (L(2)E, €).

In [23], Yang et al. obtained the following theorems by using the variant fountain theo-

rem.

Theorem 1.1 ([23, Theorem 1.2]) Assume that the following conditions are satisfied:

(C1) L e C(R,RN*N) is g symmetric and positive definite matrix for all t € R and there is a
continuous function B : R — R such that B(t) > 0 forall t € R and (L(t)u, u) > B#)|u|?
and B(t) — oo as |t| — oo.

(Co) ci®)|ul” < (W, (t,u),u), |W,(t,u)] < cy(£)|u’™! +cg(i,;)|u|”‘1 where c/l,c/%,c’3 :R— RY
are positive continuous functions such that cj,cy € L7 (R,R*), ¢; € L7 (R,R*) and
1<y <2,1<0 <2 are constants, W(t,0) =0, W(t,u) = W(¢t,—u) for all (t,u) € R x
RN,

Then system (1.1) possesses infinitely many homoclinic solutions.

Theorem 1.2 ([23, Theorem 1.3]) Assume that (Cy) hold. Moreover, we assume that the
following condition is satisfied:

(C3) W(t,u) = m(t)|ul” + d|u|? where m: R — R* is a positive continuous function such
2
thatm € LT (R,R*) and 1<y <2,d >0, q > 2 are constants.

Then system (1.1) possesses infinitely many homoclinic solutions.

Motivated by the above facts, in this paper, we will improve and generalize some results
in the references that we have mentioned above.

Now, we state our main results.

Theorem 1.3 Assume that (C;) hold. Moreover, we assume that the following conditions

are satisfied:

(Cy) W(t,u) = F(t,u) + G(t,u) where F(t,0) = 0, G(t,0) =0 and F,G € C'(R x RN, R) are
even in u.

(Cs) al®)|ul” < (Fu(t,u),u), |Fu(t,u)| < ca(t)|ul’™ + c3(t) || where c1,¢3,¢3: R — R*
are positive continuous functions such that ¢, ¢, € L% (R,R*), c3 € L2 (R,R*) and

1<y <2,1<0 <2 areconstants.
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(C4) G(t,u) >0 forall (t,u) € R x RN and there exists j1 > 2 such that
|Gu(t, )| < a(t) + c()|ul",

where a,c : R — R* are positive continuous functions such that a € L>(R,R*) and
¢ € L*(R,R").
(Cs) There exist p >2 and 1< § < 2 such that

oG(t,u) - (Gu(t, u), u) <h@®)|ul®, V(@ u)eR xRN,

2
where h: R — R* is a positive continuous function such that h € L2-5 (R,R").

Then system (1.1) possesses infinitely many homoclinic solutions.

Remark 1.1 It is clear that there are many functions satisfying (C;) but do not satisfying
(A3); see [28].

Remark 1.2 Obviously, Theorem 1.3 generalizes Theorem 1.2 in [23], Theorem 1.1 in [29]
and Theorem 1.2 in [18]. In fact, let G(¢,u) = 0, then Theorem 1.3 coincides with Theo-
rem 1.2 in [23], and contains Theorem 1.1 in [29] and Theorem 1.2 in [18]. Furthermore,
there are many functions W satisfying our Theorem 1.3 and not satisfying Theorem 1.2 in
[23], Theorem 1.1 in [29] and Theorem 1.2 in [18]. For example, the function

W(t,u) = F(t,u) + G(t, u), (1.2)

1,4 15
where F(t,u) = (577) 5 |ul3 + (5)3 |ul3 and G(t,u) = ;5 1ul*.
Remark 1.3 It is easy to see that there are many functions W satisfying the conditions of
Theorem 1.3 but not satisfying (A;), (A3), the condition (C3)" in Theorem 1.2 or conditions
(R;) and (R4) in Theorem 1.1 in [22], for example, the function (1.2) since (ﬁ)% — 0,
1
%M)B — 0 and $|u|4 — 0 as |t| - oo.
Theorem 1.4 Assume that (Cy)-(Cs) hold. Moreover, we assume that the following condi-

tions are satisfied:

(Ce) Thereexist . >2and 0 <h < 50(;_2) such that

)"G(t: Ll) - (Gu(tr I/t), I/t) = h1|u|2: V(t¢ M) €eR x RN;

where Bo = mingeg B(£).
(C;) There exists 0 <0 < By such that lim,_, G“‘E‘tl’”) < 0 uniformly for t € R.

(Cg) G(t,u) >0 forall (t,u) € R x RN and there exist hy >0 and p, > 2 such that

’Gu(t, u)’ < h2(1 + |u|1’1_1).

Then system (1.1) possesses infinitely many homoclinic solutions.
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Remark 1.4 Obviously, all the conditions in Theorem 1.4 are more general than those in
Theorem 1.2. Therefore, Theorem 1.4 is a complement of Theorem 1.2. On the other hand,
there are many functions W satisfying our Theorem 1.4 and not satisfying Theorem 1.2.
For example, the function

W (t,u) = F(t,u) + G(t, u), 1.3)

where F(t,u) = (ﬁ)%lmg + (fm)%ﬂdg and G(t,u) = |u|* + %Olu|2. Thus, F(¢, u) is sub-

quadratic and G(t, u) is superquadratic. To the best of our knowledge, with the exception
of [22, 23], the study of this case has received considerably less attention. Furthermore, it
is easy to see that the function (1.3) does not satisfy Theorem 1.1 in [22].

Remark1.5 InTheorem 1.4, there are many functions W satisfying (A;) and not satisfying
(Ay), for example, the function (1.3).

The remainder of this paper is organized as follows. In Section 2, some preliminary
results are presented. In Section 3, we give the proofs of Theorems 1.3 and 1.4.

2 Preliminaries

We will present some definitions and lemmas that will be used in the proofs of our results.
Let

E= {u eHl(R,RN) :/[|z'4(t)|2 + (L(t)u(t),u(t))]dt < +oo}
R

equipped with the norm

llul = ( /R [|ae)|” + (L(t)u(t),u(t))]dt)i, VueX, 1)

and the inner product

(u,v) = /}R[(it(t),f/(t)) + (L@u(e),v(t))]dt, Vu,veX. (2.2)

Then E is a Hilbert space with this inner product. Denote by E* its dual space with the
associated operator norm || - ||z+. Note that E is continuously embedded in L#(R, RN) for
all p € [2,+00]. Therefore, there exists a constant §, > 0 such that

llull, < Spllull, Vu€kE, (2.3)
where || - ||, denotes the usual norm on I#(R, RYN).

Lemma 2.1 (see [13]) Suppose that L satisfies (C,). Then the embedding of E in L*(R,RN)
is compact.

Lemma 2.2 Suppose that (Cy), (Cy), (C3) and (Cy4) are satisfied. If uy — u in E, then
W, (t, ur) — W, (t,u) in L>(R,RN).
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Proof Assume that u; — u. In view of (C;), (C3) and (C4), we get

| W (8, u) = Wit u)|

<@ (Juel”™ + 1”7 + c3(8) (a7 + [ul” )
+ |Gult,wi) = Gult, u)|

< (@ (Juel”™ + 1”7 + ca(8) (x| + [ul” )
+ () (lug ™ + )" 7) + 2a(2)

< c2(O) (lotxe = ual” ™ + 2020”1 + €5 (8) (ke — 77 + 21w 77)
+e(@)[ 2" P g — w7+ (2977 + 1) [ul* ] + 2a()

< oo (®) (o — ™"+ 20u]” 1) + 3 () (Juage — 0l + 2Jul ")

+ 2“_lc(t)(|uk Lt |u|"_1) + 2a(t), (2.4)
which yields

2 _ _
| Wt ux) = Woult,w)|* < 763(8) (g — ul® =2 + 4Ju|>72)
+7¢3 () (Jux — ul** > + 4|ul>7?)

+28a%(t) +7 x 22"_202(t)(|uk —u?2 |u|2"_2). (2.5)
By virtue of (2.3), ux — u and the Banach-Steinhaus Theorem, one has

sup [l <My, Nulloe <M, (2.6)
keN

where M; > 0 is a constant. In view of 2u — 4 > 0, (2.5) and (2.6), we have

| Wit i) — Walt, )|
<738 (luk — ul® 7> + 4|ul*’7?)
+ 7c§(t)(|uk —ul?? 4 4|u|2”_2) +28a%(t)
+7 x 2772 () (| — w72 + [u?7?)
<7650 (g — ul® 2 + 4ul* %)
+7¢5(8) (ke — ul® ™ + 4|u|** %) + 284%(t)

+7 %X 22“_2c2(t)[(2M1)2“_4|uk —u)®+ |u|2“_2]. (2.7)
Since ugx — u, then u; — u in L>(R,RN), passing to a subsequence if necessary, we have
lletg —ully — 0 as k — oo.

So it can be assumed that

oo
D Nk =l < +o0,
k=1
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which implies that u(£) — u(t) for almost every ¢ € R and
o0
> |w®) - ult)| = e(®) € (R, R).
k=1

Then we have

|2y—2

| W8, ux) — Wiu(t,w)|* < 73(8) (|e@)| > + 4lul> )

20-2

+7c3)(|e(®)| " + 4lul*7?) + 28a%(t)

+7 x 220722 2M) > |e(@) | + |72 (2.8)

By (2.3), (2.8), 24 — 2 > 2 and the Holder inequality, we obtain

/|Wu(t, w) - W, (t,w)|” dt
R
< 7/ c%(zf)(|e(t)‘2y72 + 4|u|2”_2) dt
R

+7/Rc§(t)(’e(t)‘2072+4|u|2“’2) dt+28/ a’(t)dt

R
+7 x 2272 ]|, f (M) |e()|” + 2] dit
R

2y-2

2 2y-2 2
=7lleall”, (lelly”™ + 4llully” ™) +28llall;

v

2 20-2 20-2
+7llesl?s (Ilell3”2 + 4llull3~?)

2-0
2u-2 2 2u—4 2 2u-2
+7 x 2272 el 5, [ M) lell + el 5 ]

2 2y-2 2y-2 2y-2 2
<7leall®s (llelly” ™ + 487 " lull* %) + 28]lall3

2-y

2 20-2 20-2 20-2
+7lesll (llell3”= + 4857 lul|**~2)
-0

+7 % 22072 e|3,[ M) el + 8y, llull 2.
By using the Lebesgue dominated convergence theorem, the lemma is proved. O

Remark 2.1 Suppose that the condition (C,) is replaced by conditions (C;) and (Cg), then

we can obtain the same conclusion.

Define the functional ¥ on E by

W(u) = % /R [ + (Le)u(e), u(®))] dt - /}R W (£, u(t)) dt
= 2?0 (2.9)

where ¢(u) = [ W(t, u(t))dt.
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Lemma 2.3 Under conditions (C;)-(Cy), we have

Wy = [ [(@#0), ¥0) + (LEu@),ve)]dt - | (Wt u), v(0)) de
R R
- /R [(60), 0) + (L@u(e), ()] dt — ¢ (v (2.10)

for any u,v € E, which yields
U (u)u = |ul® - / (W (t,u(0)), u(t)) dt. (2.11)
R

Moreover, ¥ € CHE,R), ¢' : E — E* is compact and any critical point of V on E is a clas-
sical solution for system (1.1) satisfying u € C*(R,RN), u(t) — 0 and i(t) — 0 as |t| — oo.

Proof We first show that ¥ : E — R. It follows from (C,), (Cs), (C4), (2.3), 1 > 2 and the
Holder inequality that

0< / W (&, u(t)) dt
R
SA(%cz(tﬂu(tﬂy +263(t)|u(t)|0> dt+/l;(a(t)|u(t)| +c(t)|u(t)|“)dt
1
< —llell

2 ||M||y+l||c I 2 Nlully +llall2llull2 + llelloo
-y 275 3% 2 2 2 o0 Iz

—_

1
14
= 2 lleall 2 llaell” + ;(SSIICsII%IIuII” +Sallallz2llull + llelloody, llull™.

<

Next, we prove that ¥ € C*(E, R). It is sufficient to show that ¢ € C}(E, R). At first, we will
see that

o' (u)yv = / (W/u (t, u(t)), V(t)) dt (2.12)
R
for any u,v € E. For any given u € E, let us define ®(«) : E — R as follows:
d(u)y = / (Wu(t, u(®)),v(t)) dt, VveE.
R

It is easy to see that ®(u) is linear. In the following we show that ®(u) is bounded. In fact,
for any u € E, by (Cy), (Cs), (Ca), (2.3) and the Holder inequality, we have

’<D(u)v| =

/R (W (£, u(0)), v(2)) dt‘
5/cz(t)|u(t)|y’1]v(t)|dt+/c3(t)\u(t)]”’1|v(t)|dt
R R

n-1
+‘/D;a(t)|v(t)|dt+/Rc(t)|u(t)‘ ’V(t)‘dt

< ( fR cg(t)|u<t)|2y-2dt>7||v||2+ ( A cg(t)|u(t)|2°‘2dr)7||v||2

Page 7 of 15
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1
2u-2 2
+ [lall2lvil2 + ”C”oo(/ lu@)|™ dt) V]2

(||C2|| ||u|| Ly llesll 2_lluellz™ P flally + llelloolleell,— )il
y-1 -1 -1 -1
< 8(5, IICzllz% el + 85 llesll 2 llull®

1 1
+ llalls + llelloody, o lull*~) IV

Moreover, for any u,v € E, by the mean value theorem, we have
/R[W(t, u(t) +v(t)) - W(t, u(t))] dt = /R(Wu(t, u(t) + 0 (Ov(r)), v(t)) dt,
where 9 (¢) € (0,1). Thus, by Lemma 2.2 and the Holder inequality, one has
/R(Wu (£, u(t) + 0 @)W(0) - Wy (¢, u(0)),v(t))dt — 0 asv— 0.
Suppose that # — ug in E and note that
= o)y = [ (W, (00) = Walt o), v0) de
Combining Lemma 2.2 and the Holder inequality, we have
O (w)v— ¢ (ug)v— 0 as u — up.

So ¢’ is continuous and ¥ € CHE, R). Let u; — u in E, we get

g = S0 (@' () = @' (W)

o’ () -

/ (W (2, ui(2)) — Wi (8, u()), v(2)) dt‘

= sup
Ivil=1

< sup < / | W, (& ur(8)) — Wi (8, u(®)) | dt> [vIl2
Ivii=1 \/R

<52(/|W (t, wi(t)) - (tut))| dt) -0

as k — oo. Consequently, ¢’ is weakly continuous. Therefore, ¢’ is compact by the weakly
continuity of ¢’ since E is a Hilbert space.

Finally, as in the discussion in Lemma 3.1 of [29], we find that the critical points of W
are classical solutions of system (1.1) satisfying u € C*(R,RN), u(¢) — 0 and i(t) — 0 as
|t| = oo. The proof is complete. O

Remark 2.2 If condition (C,) is replaced by conditions (C7) and (Cg), then we can obtain

the same conclusion.

In the next section we shall prove our results applying the dual fountain theorem ob-
tained in [35] (see also Proposition 2.1 of [24]). Assume that E be a Banach space with the
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norm || - || and E = @jeN Xj, where X; is a finite-dimensional subspace of E. For each k € N,
let Y; = EB,/'(:o Xj, Zi = @;ka] The functional W is said to satisfy the (PS)* condition if
for any sequence {u;} for which {W(x;)} is bounded, u; € Yy, for some k; with k; — oo and

(\IJ|yk/)/(uj) — 0 as j — oo has a subsequence converging to a critical point of W.

Theorem 2.1 Suppose that the functional ¥ € C*(E,R) is even and satisfies the (PS)* con-
dition. Assume that for each sufficiently large k € N, there exist px > ri > 0 such that

(Hi1) ax :=inf,ez, ju=p, V(1) = 0.
(Ha) by := maxyey,juj-r, ¥(1) <O0.

(Hg) dk = infMEZk,HMHS,Ok \I/(Lt) — 0as k — OQ.

Then ¥ has a sequence of negative critical values converging to 0.

3 Proof of Theorem 1.3 and 1.4

Now we give the proof of Theorem 1.3.

Proof of Theorem 1.3 We choose a completely orthonormal basis {¢;} of X and define X :=
Re;j, then Z; and Y} can be defined as that in Section 2. By (C;) and Lemma 2.3, we see that
¥ e C}(E,R) is even. In the following, we will check that all conditions in Theorem 2.1 are
satisfied.

Step 1. We prove that W satisfies the (PS)* condition. Let {u;} be a (PS)* sequence, that
is, {W(u;)} is bounded, u; € Yy, for some k; with k; — oo and (\I/|yk/)’(uj) — 0 asj — oo.
Now we show that {x;} is bounded in E. By virtue of (C,), (C3) and (Cs), for j large enough,
we have

pMy + Ms |||l = pW (1) — V' (u))u;
- <§—l)llujllz+/[(Wu(t,uj),uj)—pW(t,uj)] dt
R
- (g _1>||u,||2 + / [(Fu(t,uy), u;) — pF (¢, uy)] dt
R
+ / [(Gu(t, uj),uj) - pGl(t, u/)] dt
R
= (g - 1) e |* — (o + l)f(cz(t)|uj(t)|y + 63|uj(t)|g)dt
R
- / (o) |uw0)|” dt
R
= (g —1) llill* = (o + 1)(||02||% lluilly + llesll 2 Nl 3)
= Al 2, Nl 13
2 (g - 1) llill* = (o + l)(S%/”CZ”% llill” + 83 llesll 2 ll24j1|”)
=81kl 2, Nl (3.1)

for some M, > 0, M3 > 0. Since p >2 and y, 0,6 <2, it follows that {1} is bounded in E.
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From the reflexivity of E, we may extract a weakly convergent subsequence, which, for
simplicity, we call {x;}, u; — u; in E. In view of the Riesz representation theorem, (¥| vy )
Yy — Y,fj and ¢’ : E — E* can be viewed as (\I»’lyk/)’ Y — Yy and ¢’ : E — E, respectively,
where Y,f/_ is the dual space of Yj;. Note that

(‘1’|ij)/(%/) =uj—Pyo'(w), VjeN, (3.2)
where Py : E — YJ; is the orthogonal projection for all j € N. That is,

uj = (\Illyk/)'(uj) + ijgo/(uj), VjeN. (3.3)
Due to the compactness of ¢’ and u; — u, the right hand side of (3.3) converges strongly
in E and hence #; — u; in E.

Step 2. We verify condition (H;) in Theorem 2.1. Set Sy = SUP,ez, =1 12212, then B — 0
as k — oo since E is compactly embedded into L*(R, RY). By (C,), (C3) and (C4), we have

1
W (y) = 5||u||2—/ W (&, u(t)) dt
R
1 o
> 5||u||2—f(c2(t)|u(t>|y + ea(0)]u®)]”) dt
R
- / (a(t)|u(t)| +c(t)|u(t)|”) dt
R
> l||u||2—|lc I 2 Ml = llesll 2 Nlullg = Nall2llullz = lelloollall;
=9 2 = 2 3 = 2 2 2 00 m
> ll|u||2—ﬁyllc Il 2 Nlull” = B llesll 2 llll® — Bellallz |zl
= klieall 2 kliesll 2 k 2
=31 llelloo llzell ™. (3.4)

In view of (3.4), u > 2 and y,0 > 1, one has

1
V= lael® - (ﬂ;f”@”% + B llesll 2 + Bellallz) llull 3.5)

for ||u|| small enough. Let pi = 8(/3,? ||62||2L + By ||03||2L + Brllall2), it is easy to see that
= =
px — 0 as k — oco. Thus, for each sufficiently large k € N, by (3.5), we get

> Zp2 0
a P > 0.
k_8k

Step 3. We verify condition (H3) in Theorem 2.1. By (3.5), for any u € Z; with |lu|| < px,

we have
U (u) = —(BY llca | =t B llesll 2 + Bicllall2)llull. (3.6)
Therefore, by (C;), we obtain

0=di = ~(Blleall 2+ BYllesll 2 + Brllallz) lull. 3.7)

2
2=y

Page 10 of 15
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Since Bx, px — 0 as k — 00, one has

di = inf . W) —>0 ask— oo.

i
ueZp,llull<pk

Step 4. We verify condition (H;) in Theorem 2.1. Firstly, we claim that there exists ¢ > 0
such that

meas{t € R:c;(8)|u(t)]” = ellul”} > e, YueYi\{0} (3.8)

If not, there exists a sequence {u,,} C Yi with ||u,]| = 1 such that

meas{te R:cl(t)‘u,,(t)‘y > l} < l (3.9)

n n

Since dim Y} < oo, it follows from the compactness of the unit sphere of Y that there
exists a subsequence, say {u,}, such that u, converges to some u, in Y;. Hence, we have
lluo |l = 1. Since all norms are equivalent in the finite-dimensional space, we have u,, — ug
in L*(R, RN). By the Holder inequality, one has

2
/ a(t)|u, —ugl” dt < ||c1||2L (/ lu, — u0|2dt) — 0 asn— oo. (3.10)
R 7 \JR
Thus there exist €1, €5 > 0 such that
meas{t € R:c;(8)|uo(®)|” > &1} > €. (3.11)
In fact, if not, we have
y_ 1
measi t € R:cl(t)|u0(t)| >—1 =0, (3.12)
n
for all positive integers n, which implies that
o) 1 82 82
[ o] de< S ok = 21l = 2 — 0
R n n n
as n — 00. Hence ug = 0, which contradicts | #g|| = 1. Therefore, (3.11) holds. Thus, define
¥ y 1
Qo = {t eR: cl(t)‘uo(t)‘ > 61}, Q,=1te R:cl(t)’un(t)’ < —
n

and Q¢ =R\ Q, ={teR:q®)|u,(t)|” > %}. Combining (3.9) and (3.11), we have

meas(2, N o) = meas(Qp \ 25 N Q)

> meas(Qp) — meas(£2; N Q)

1
Z€-—
n
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for all positive integers . Let n be large enough such that €, — % > %62 and 2),%161 - % >

1
v €1. Then we have

fCKQWH—%thz/‘ ci(O)luy —uo|” dt
R

QuNQo

1
> oy Cl(t)|140|ydt— cl(t)|u,,|ydt

277 Ja,nao 2N
1 1

> Fel - meas(£2,, N Q)
. €1€2
- 2y+1

for all large n, which is a contradiction to (3.10). Therefore, (3.8) holds. For the ¢ given in
(3.8), let

Qu={teR:a@®)u@)|” =ellul”}, VueYi\{0}. (3.13)
By (3.8), we obtain
meas(2,) > e, VYueY;\ {0} (3.14)

For any uy € Yy, by (Cy), (Cs), (Cy4), (3.13) and (3.14), we have

W(y) = %||u||2—/RW(t,u(t))dt

1 1
S—WW——/Q@W@Vﬂ—/G@MMﬂ
2 Y Jr R
1 1
< E||u||2——/cl(t)|u(t)}ydt
Y Jr
1 1
< 5||u||2——/ a@|u@)]” at
Y Jay
1 9 & v
< illull — — ||| meas(£2,)
14
1., & y
SEIIMII —7||u|| .

1
Choose 0 < ry < min{py, (€2/y) 77 }. Direct computation shows that

r2
bk§—§k<0, Vk € N.

Thus, by Theorem 2.1, ¥ has infinitely many nontrivial critical points, that is, system (1.1)
possesses infinitely many homoclinic solutions. O

Now we give the proof of Theorem 1.4.

Proof of Theorem 1.4 Step 1. We prove that ¥ satisfies the (PS)* condition. Let {1} be
a (PS)* sequence, that is, {W(x;)} is bounded, u; € Yy, for some k; with k; — oo and


http://www.advancesindifferenceequations.com/content/2014/1/161

Chen and He Advances in Difference Equations 2014, 2014:161 Page 13 0of 15
http://www.advancesindifferenceequations.com/content/2014/1/161

(llf|ykj)/(uj) — 0 as j — oo. Now we show that {u;} is bounded in E. In view of (Cy), (Cy),
(C3) and (Cg), for j large enough, we obtain

AMy + Ms||lujl| = AW () — V' () 1
- (G- 1) i e [ [Vaemhin) W e
R
A

_ (5 —1) I+ [ [, 1) = 2F )] de

+/[(Gu(t,u/),uj)—AG(t,u/)] dt

R
> <% _ 1) ”u]“2 —(h+ 1)/ (CQ(t)|M,'(t)|y + Cg‘uj(t)‘”)dt
R

_hl/li{’uj(t”zdt

. <% _1)||u,||2—(A+1>(||cz||_||u,~||§ +llesl 2. g

2
2-y

hy
_ %/R(L(t)u;(t)» uj(t)) dt

rA=2 h
> <— - —1>||u,||2
2 Bo

— (D@ leall 2 gl + 85 llesl 2 llwll) (3.15)

2 2
2-y 2-

for some My > 0, M5 > 0. Since 0 < /iy < Bo(1-2)

bounded in E. In the following, the proof of the (PS)* condition is the same as that in

and 1 < y,0 <2, it follows that {x;} is
Theorem 1.1, and we omit it here.
Step 2. We verify condition (H;) in Theorem 2.1. Set S = sup,,c 7, -1 142, then f — 0
as k — oo since E is compactly embedded into L2(R, RY). By (Cg), we have
|Gt w)| < ha(Jul + |ul?). (3.16)
It follows from (C-) that there exists g > 0 such that
0 =
|G(t,u)| < §|u| . Vu| <8y, VteR. (3.17)
Combining (3.16) and (3.17), we get
A N
|G(t,u)| < §|u| +hslult, Y(t,u)eR xRN, (3.18)

where /3 = by (1 + 8(1)_171). By (C1), (Cy), (C3) and (3.18), we have

W(y) = %l|u|l2—/RW(t,u(t))dt

1 2 y o 0 2 P1
>~ lul —fR(cz(t)|u(t>| +es(0)|uld)| )dt—/R(5|u(t)| + s u(0)| )dt
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v

1
2
o lell” = ||02||%||u||g = llesll 2 Nlull5 — hsllully;

9 /
— — | (L(O)u;(t), u;(¢)) dt
2‘30 ]R( ] ] )
> l i 2 v v o o _ ha8P1 P1 (319)
=27 24 lloell™ = B lleall 2 Nuell” = Biliesll 2 Hlaell” = Ay flael ™. .

Take 6y = % - 20%, by (C7), we obtain 8y > 0. By virtue of (3.19), p; > 2 and y,0 > 1, one has

0
W(u) > EOIIMII2 - (Bl lleall 2 tA el 2 ) lul (3.20)

for ||u|| small enough. Let px = %"(ﬁ,f lleall 2+ B llesll ZL), it is easy to see that py — 0 as
= —

k — oo. Thus, for each sufficiently large k € N, by (3.20), we get
O
> — 0.
ai = 4 Py >

Step 3. We verify condition (Hsz) in Theorem 2.1. The proof is similar to the Step 3 in
the proof of Theorem 1.3, and we omit it.

Step 4. We verify condition (H;) in Theorem 2.1. The proof is the same as that the Step 4
in the proof of Theorem 1.3, and we omit it here.

Thus, by Theorem 2.1, ¥ has infinitely many nontrivial critical points, that is, system
(1.1) possesses infinitely many homoclinic solutions. O
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