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Abstract

By means of the Green function, the boundary value problem of a fractional
differential equation can be reduced to the equivalent integral equation. Recently,
this method has been used successfully to discuss the existence of the solution to the
boundary value problem of a nonlinear fractional differential equation. By applying
the nonlinear alternative of the Leray-Schauder type and the Krasnoselskii fixed point
theorem, we investigate the boundary value problem of a nonlinear impulsive
fractional differential equation, and we obtain two existence results for the solution.
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1 Introduction
Boundary value problems for nonlinear fractional differential equations have recently
been addressed by several researchers. The interest in the study of differential equations
of fractional order lies in the fact that fractional derivatives provide an excellent tool for
the description of memory and hereditary properties of various materials and processes
[1-5]. For some recent development on the topic, see [6—11] and the references therein.

Impulsive differential equations, which provide a natural description of observed evolu-
tion processes, are regarded as important mathematical tools for the better understanding
of several real world problems in the applied sciences. The theory of impulsive differen-
tial equations of integer order has found extensive applications in realistic mathematical
modeling of a wide variety of practical situations and has emerged as an important area
of investigation in recent years. For the general theory and applications of impulsive dif-
ferential equations, we refer the reader to references [12—15]. The impulsive differential
equations of fractional order have also attracted considerable attention and a variety of
results can be found in [16—24] and the references therein.

In [16], Ahmad et al. considered the following the impulsive fractional differential equa-
tions:

Cqu(t) :f(t)x(t))x te ] = [O’ 1] \ {tlx tZ) t3¢ ey tp}y
Ax(ti) = I(x(t;), Ax'(t) = Je(x(£5)),  te(0,1),k=1,...,p,
x(0)+x'(0)=0,  x(1)+x'(1)=0,
©2014 Zhou and Liu; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons

Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.advancesindifferenceequations.com/content/2014/1/12
mailto:wxzhou2006@126.com
http://creativecommons.org/licenses/by/2.0

Zhou and Liu Advances in Difference Equations 2014, 2014:12 Page 2 of 12
http://www.advancesindifferenceequations.com/content/2014/1/12

where ¢D7? is the Caputo fractional derivative. The results are based on the contraction
mapping principle and Krasnoselskii’s fixed point theorem.

In [17], Tian et al. considered the following the impulsive fractional differential equa-
tions:

Diu(t) =f(t,u), O<t<lt#tr,k=1,...,p,1<q<2,
Au(ty) = I(u(y)), A (ty) = I (u(ty)), k=1,...,p,
u(0) +u/(0) = 0, ul)+u/'(§)=0, &€(0,1),& #tx,k=1,...,p.

The results are based on the contraction mapping principle and Schauder’s fixed point
theorem.

In [18], Zhang et al. considered the following impulsive fractional differential equations:

Diy(t)=f(t,y), Vte]=[0,T,t#t,k=1,....ml<q<2,
Au(ty) = I(u(ty)), A () = I(u(gy)), k=1,...,p,
¥(0) =—y(T), ¥ (0)=-y(T).

The results are based on the Altman fixed point theorem and Leray-Schauder fixed point
theorem.

On the other hand, the impulsive boundary value problems for nonlinear fractional dif-
ferential equations have not been addressed so extensively and many aspects of these prob-
lems are yet to be explored. For example, we observed that in the above-mentioned work
[16—24], the authors all require that the nonlinear term f is bounded and continuous; if
the impulse functions Iy and I are bounded, it is easy to see that these conditions are
very strongly restrictive and difficult to satisfy in applications. Motivated by the above-
mentioned work [16—24], this article is mainly concerned with the existence of a solution
for the boundary value problems for the nonlinear impulsive fractional differential equa-

tions

Diu(t) =f(t,ut), l<qg=<2,te],
Au(ti) = L(u(ty)), Au/(t) = fk(u(t,;)), k=1,...,m, (1.1)
au(0) — bu'(0) = xo, cu(1) + du'(1) = x1,

where °D? is the Caputo fractional derivative, 2 >0,5>0,¢>0,d >0, § =ac + ad +
bc #0, and xg,x1 € R. f € C(I x R,R), IoIr e CRR),J=[0,1],0 =ty <ty <+ < by <
tua = LT =T\t ta, st} Aualty) = ult]) — ulty), u(tf) = limy_, o+ u(ty + h) and u(ty) =
limy,—, o- u(tx + h) represent the right and left limits of u(¢) at £ = tx, k = 1,..., m. Au'(t) has
a similar meaning for u/(t).

Evidently, problem (1.1) not only includes the boundary value problems mentioned
above [16] but also extends them to a much wider case. Our main tools are the nonlin-
ear alternative of Leray-Schauder type and the Krasnoselskii fixed point theorem. Some
recent results in [16—24] are generalized and significantly improved (see Remark 3.1).

The remainder of this article is organized as follows. In Section 2, we provide some basic
definitions, preliminaries facts, and various lemmas which will be used throughout this
paper. In Section 3, we give two main results of problem (1.1). The last section is devoted

to an example illustrating the applicability of the imposed conditions.
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2 Preliminaries and lemmas

Let Jo = [0,t1], 1 = (b1, t2)5 o5 Jp1 = (bp-1585)5 Jp = (£, 1], and let us introduce the spaces:
L'(J,R) denotes the Banach space of measurable functions u : J — R which are Bochner
integrable, equipped with the norm |jul|;1 := f] lu(®)||dt; PCJ,R) ={u:] —> R:uce€
CUx),k =0,1,...,m,and u(ff) exists,k = 1,..., m} isa Banach space with the norm || u||pc :=
sup,; lu(®)ll, and PC'(J,R) = {u:] - R:u € C'(Ji),k = 0,1,...,m,and u(t}), u'(t]) exists,

k =1,...,m} is a Banach space with the norm ||u||pct := max.o/{||u|, ||« ||}-

Definition 2.1 [1] The Riemann-Liouville fractional integral of order r for a continuous

function / is defined as

. ~ t (t_s)r—l
I'h(t) —/0 Wh(s)ds, r>0,

provided the integral exists.

Definition 2.2 [1] For an at least n-times continuously differentiable function # : [0,

00) = R, the Caputo derivative of fractional order r is defined as

1
I'(n-r)

t
‘D'h(t) = / (t—9)""H")ds, n-l<r<mn=[r]+1,
0

where [r] denotes the integer part of the real number .

Lemma 2.1 Let r > 0, h € C[0,1] N L(0,1), then the differential equation “D"h(t) = 0 has

solutions
h(t) =co + it + Czt2 bt Cn_lt”_l,
wherec; €R,i=0,1,2,...,n-1,n=[r]+1

Lemma 2.2 Assume that h € C[0,1] N L(0,1) with a derivative of order r that belongs to
C[0,1] NL(0,1). Then

Ib,°D h(t) = h(t) + co + it + ot + - + ¢t
wherec; €R,i=0,1,2,...,n—1,n=[r] + 1.

Lemma 2.3 [22] Foragiven h € C[0,1], a function u is a solution of the following impulsive

boundary value problem:

‘Diu(t)=h(t), l<qg=<2,te],
Au(ty) = L(u(t)), Au'(t) = Tk(u(t;)), k=1,...,m, (2.1)
au(0) — b/ (0) = xo, cu(1) + du'(1) = x1,
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if and only if u is a solution of the impulsive fractional integral equation

% [yt =) h(s)ds + Cy + Cat, ift e o,
v ft;(t —8)1 h(s) ds + i Zf L J (6= )T h(s) ds
k tl
u(t) = ﬁ Yiat—td) [, (t —8)172h(s) ds

T i (k= 1) ff’ (&= $)T2h(s) ds
+ Zl llr(y(t )) + 38 - )T u(e)))
+Zl Lt = )L (u(t))) + G+ Cat, ift e,

where

C= mﬂ / (& —9)T ' h(s)ds + Z ~ ) ( t — )12 h(s) ds
! 5r sT'(q) 8F(q 1)

m-1 m+1
bc(tyy,

+ Z Sr(q 1 / (tz _S)q 2h S) dS + Z 61"( 1) / (tl _S)q Zh(s) dS

" o o be-t)-, o bty —t)-,
30 n(6) + 3 T () + Y P u(e)
i=1 i=1 i=1
+Z%fi<u<t;>>+wl‘+m}:
i=1

m+1
G =- :Zaﬁ(cq)/ (6= )" h(s)ds + Z‘”(l Mf,, (= )" h(s) ds

m+1

Z 1) / (ti—s)"" 2h(s)ds+28r( 5 / (t;— )T h(s) ds

+
>_..

—

" A=t)-, , « "Nact,-t)-, ,_
+Z% e 2 2 )+ 3 =7 i)
i=1 i=1 i=1

" ad , o —axm
" Z ? as }

(2.2)

Now we state some well-known fixed point theorems which are needed to prove the existence

of solutions for equation (1.1).

Lemma 2.4 [25] (the nonlinear alternative of Leray-Schauder) Let E be a Banach space, C
a convex subset of E, U an open subset of C and 0 € U. Suppose F : U — C (here U denotes

the closure of U in C) is a continuous, compact map. Then either
(Al) F has a fixed point in U; or
(A2) there exists u € OU (the boundary of U in C) and A € (0,1) with u = LF(u).

Lemma 2.5 [25] (Krasnoselskii fixed point theorem) Let D be a closed convex and

nonempty subset of a Banach space X. Let Ay, A, be the operators such that
(i) Ayx + Ayy € D whenever x,y € D;
(ii) Ay is completely continuous;

Page 4 of 12
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(iii) Ay is a contraction mapping.
Then there exists z € D such that z = A1z + Ajz.

3 Main results
Define an operator A : PC(J,R) — PC(J,R) as

(Au)(t) = %q)/ t— )T f (s, uls)) ds + e Z/ (t: = )T (s, u(s)) ds
173 i

k
52 r-tk)/ (6 - 9172 (5,u(5)) ds

i=1
1 M / , ( Z
+ (tx = t;) (t; —s)T°f s,u(s) ds + I
Fg-1)
k-1
+Z(t L (u(t)) + D (bt )) + My + Mat, (3.1)
i=1

where

ti bC(t ) bC(l )
M =- : d ’ p
1 {le'/tzl NC) S M(S) S Z/: SF ) f(s M(S)) s

m-1 .y bc(t,, — &)t —s)1 2 mal g bd(t —s) L
' 21: /,1 8T(g-1) flsu9) ds+ Z/ T(g-1) (s, u(s)) ds

uy o Kbt bty -t)-,
D0 () + 3T ) + T T ()
i= i=1 i=1

=1
" bd- _ (bc = 8)xo — ab
) ¢ P } 2

il ac(t; —s)41 ac(l—t,)(t —s)12
[Z/L zSF( ) s,u(s) ds+2/‘v (SF(q 1) f(s,u(s)) ds

m=1 .y (lC(tm —ti)(ti —S)q -2 m+l g lld(t —s)q 9
"5 /m 8T(g-1) S (o)) ds+ Z/ 8T(g-1) (s, u(s)) ds

“ m-1
3l )+ 3 I i) 4 3 2 )

= =1 i=1

" ad- _ CXog — axy

Lemma 3.1 [22] Letf € C(I x R,R), I, I : C(R,R), then A:PC(J,R) — PC(J,R) is com-
pletely continuous.

Theorem 3.1 Assume that the following conditions hold.
(H1) The function f € C(I x R,R), It, Iy : R — R is continuous.
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(H2) There exist ¢y € C(J,[0,+00)) and ¢ : [0, +00) — [0, +00) continuous and
nondecreasing such that

If(t,w)| < dr()p(1ul), (t,u) €] x R.

(H3) There exist ¢*, 9™ : [0, +00) — [0, +00) continuous and nondecreasing such that

(@) <¢*(lul), || <9*(lul), ueR.

(H4) There exists a number M > 0 such that

M
— — > 1, (3.4)
AP (M) + Be*(M) + Cg*(M) + D

where

~ (m +1)[c(a + b) + 8] s 2m —1)[c(a + b) + 6]
l(g+1)
m[c(a + b) + 8]
R —
C- 2m -1)[c(a + b) + 8] + md(a + b)
3 )

+(m+1)(a+b)d
8T (q) ’

_ (2c+d)lxol + (@ + b)|x1]
- g .

Then problem (1.1) has at least one solution on J.

Proof Consider the operator A defined by (3.1). By Lemma 3.1, it can easily be shown that
A is continuous and completely continuous. For 0 < A <1, let u be such that for each t €
we have u(f) = A(Au)(¢). Then from (H2)-(H3) we have for each £ €/,

m+l

'M”‘Z/Lbcsr() S'”(S)|ds+2/_ bell )l =9

. T (q-1) [f(s, u(s))|ds
t; b q-2
+ Z/ clty ~ ){ti —5) If (s, u(s)) | ds

ST(g-1)
+;/t:%bf(s,u<s>)}ds
Y] 30 ] 3 )|
Xml:?d (c+d)|x§|+b|x1|
< MXE [ o) ds+Z *(Jute)])
Z/t bell 51“;4(1)(11" )S)q2¢f(5)¢(’u(s)‘)ds+iw

57 (futw)

i=1

Page 6 of 12
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mloey g (L — ;) (t; — 5)172 m— lb b —t)
+Z/t;1 - SF(q—l)S ¢f(s)§0(|u(s)| dS+Z ¢ P (| (tl)|)

i=1

m+1 t; bd(tj _ )q—2 bd_*
+ ;/m WjI)@(S)w(}u(s)!) ds + ; = (|utts)])

(c+d)lxo| + blxi|
e
|:(m +1)bc  mbc (m-1)bc (m+1)bd
= + + +
él(g+1) &T(@  éT'(g) §T'(q)

b
};sﬁgo(nunoo) + 220 ()

. [mec L om —(Sl)bc . m:d} () + (c+d)|x§| +bla| 63
Similarly, we have
M ] < %Ll“c(tl_s) (|us)]) ds+Z Ju(t))
[ I)S) ot s+ 3 L= )
; mX; /t t “C(t’”(s‘rg(_t" 1‘)5)(1 Z gy 6 (o)) ds + Z aclt e)])
+ZI/ “Z(F‘(is)@(sw ) ds+2 ) M

|:(m+1)ac+ mac +(m—1)ac+(m+1)ad]¢0 (||u|| )+% *(||u|| )
=[6Tq+D) oT(q) " oT(q) | (g |V T T U
mac (m—1)ac mbd clxo| + alx|
[ T T )

(3.6)

Therefore

|u(t)|_ g )/(t s)1~ 1[f(s,u(s) |ds+ I )Z/ (t; =) llf s,u(s))|ds

1 < t
— . _g)a2
P ;(t t) /a»_l(t’ $)172|f (s, u(s)) | ds

1 k-1 4 k
+ (& - t;) (ti—s)q_zlf(s,u(s))|ds+ !Ii(u(t_))
F(q—l)Z ‘ /t 21:
k-1
+Z(r [T (w(87)) | + Y (e — )| Ti(u(7)) | + 1My | + 1My
i=1

L —g)a1 m t; ¢ — q-1
< / Und) ds+y G v 1My + 10
173 r (q) i=1 Y1 r (q)

N S | (7R bty — t;)(t —5)T72
5y (t - &)@ - ) s+ (tx =)t — s)
i1 Yt I'(g-1) 1 Yt I'g-1)

ds]qs})w(nunoo)
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m m-1

Y ot (|ut)]) + D - 1)@ (Jule)]) + Y (1 — 7" (
i=1

i=1 i=1

u(t)|)

- (m+1)[c(a+b) + 8]

0
srqan 4ol
2m-1)[c(a+b)+08]+(m+1)(a+byd
+ S oo (Iull)
mlcla+b) + 48] , (2m—-1)[c(a +b) + 8] + md(a+b)_,
L S— (el oo ) + 5 7" (llullo)
. (2¢c+ d)|x0|8+ (@ + b)) ’ (3.7)
which implies that
llll o (3.8)

<1
ApPo(llulloo) + Be*(llulloo) + Co* (i) + D

Then by the condition (3.4) there exists M such that ||u|| # M.
Let

u-= {u € PC(J,R) : |lullo <1\_/I}.

The operator A : U — PC(J,R) is continuous and completely continuous. From the
choice of U, there is no u € dU such that u = A A(u) for some A € [0,1]. As a consequence
of the nonlinear alternative of Leray-Schauder type [25] we deduce that .4 has a fixed point
u in U which is a solution of problem (1.1). This completes the proof. O

Remark 3.1 Compared with Theorem 3.2 in [16—22], our Theorem 3.1 does not need
conditions |f(¢,u)| < L1, |Iy(u)| < Ly, |Ix ()| < L3, clearly, these conditions are very strong.
Thus, the results of the above-mentioned works are generalized and significantly im-

proved.

Theorem 3.2 Let f € C(I x R,R), I, I : CR,R), and they satisfy

(H5) there exists a positive constant y, > 0, such that
[f(t,u)—f(t,v)! <nlu-v|, vVtel,u,velR; (3.9)
(H6) there exist positive constants ya, Vs, Va, ¥s > 0, for Vu,v € R, such that

@) - L) < ymlu—vl, L) - Lv)| < yslu—v,
_ (3.10)
[Ik()] < var L) <ys, k=1,...,m;

(H?7) for (t,x) € ] x R and u € PC(J,R*), one has

If (,%(8)) | < (),

Page 8 of 12
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and

m(c(a + b) + 8] (2m —1)[c(a + b) + 8] + md(a + b)
A= 5 Va + 5 Vs
. (2c +d)|xol + (a + b)|x1|

8

<1 (3.11)

Then problem (1.1) has at least one solution.

Proof Let us fix

m+D[cla+b)+68] QCm-1)[cl@a+b)+8]+(m+1)(a+b)d
rz{ }”M”PC

shg+1) 5T(q)
m(c(a + b) + 8] 2m —-1)[c(a + b) + 8] + md(a + b)
+ s Vat s Vs
. (2¢ + d)|xg| + (a + b)|x1]
5 .

Let C = PC(J,R), and consider B, = {u € C: ||u| < r}; then B, is a bounded, closed,
convex set in C.

Now define the operators A; and A; on B, as
(A1u)(2)

:%q) (£ - 5)77f (s, u(s)) ds+F()Z/ (t: - )T (s, uls)) ds
73
ﬁ Z(t —t) / i (t: = $)Tf (s, uls)) ds
i=1 ti1
m-1 4
T(g-1) Z(tk - ti)/ (t: = 977 (s, uls)) ds
i=1 ti-1

b pe(t; — )17 b obe(l - £,)(t — )12
) {;/tzl 3(q) S,M(S) d5+2/ ST (g-1) f(S,M(s)) ds

mloenog _ _g)a2
B e

i-1

&L [ bd(t - s)1
Z/l ENPEE (s,u(s))ds}

m+1 t _ i e
- {Z/t ac(;fr(s; s, u(s)) ds + Z/ ac(l Mf,:;(t 1)s) F(5,105)) s

i=1

q-2
+ Z/, = artcj(t 1) = f(s,uls)) ds

m+l

t g2
+ Z /t Mf(s, u(s)) ds} t (3.12)

= i 8T (g-1)

Page 9 of 12
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and

(Aa)(®) = Y Li(u(t)) + ) (¢ - t)Ti(u Z(tk—tl)f t))

i=1 i=1
2 b _ L be(1-t,)- B
—{Z{h(w(tﬂ%Z b7 )
i=1 i=1
m-1 m
3 )+ 3 Sl o 20 )
i=1 i=1
. L acl=g)
_ {21: SLw()) + 21; T ()
bty —t)=, o emad- -
¥ Zl L (u(t;)) + Zl ST(u(e) + ”‘Oa% }t. (3.13)
For u,v € B,, by (H7), we find that
| Az + Ay
m+1[cla+b)+68] @2m—-1)[cla+b)+38]+(m+1)(a+b)d
< { ST(g+1) + ) }||M||PC
mlc(a + b) + 8] 2m -1)[c(a + b) + 8] + md(a + b)
+ s Vat s Vs

. (2¢ +d)lxo| + (a + b) x|
8

Thus, || Aju + Ayv| <r,s0 Aju+ Ayv € B,.
For Vu,v € B, and for each ¢ € J, it follows from the assumption (H6) that A, is a con-

traction mapping for A < 1. Continuity of f implies that the operator 4; is continuous.

Also, A is uniformly bounded on B,. In fact,

(m+1)[c(a + b) + 6]
Al < { ST+ 1)
. Cm—-1)[cla+b)+8]+(m+1)(a+b)d
éT'(q)

} lllpc.

On the other hand, for V¢ € Ji, 0 < k < m, we have

|(Arw) ()|

/t:(t = )T2|f (s, u(s))| ds + F(ql— D ; /tlt’l (& = $)T2[f (s, u(s))| ds

1
<
~TI'(g-1)
— b)) (t = 8)772

[ act - s) 1 b oge(l
{21:/t1 8T(q) f(5,u(5) dHZ/ 8T(g-1) f (s uts)) ds

+

Page 10 of 12


http://www.advancesindifferenceequations.com/content/2014/1/12

Zhou and Liu Advances in Difference Equations 2014, 2014:12 Page 11 of 12
http://www.advancesindifferenceequations.com/content/2014/1/12

(ti— ) m+1 dt _ ) )
+Z/ 81’*(6] l)s f S,M(S) ds"'Z/ 2 5 f(S,M(S))dS

{ (m+1ac (@2m—-1)ac+ (m+1)(ad +§)
+
Sl (g+1) 8T (g)

}Ilullpc =M. (3.14)

If t1,t) € Jy,and f; < £, 0 < k < m, then

(Avn)() — (Ar)(er)| < / (A ()] ds < Mt - ).

5]

Thus, A; is equicontinuous. Using the fact that f maps bounded subsets into relatively
compact subsets, it follows that A; is relatively compact on B,. Hence, by the Ascoli-Arzela
theorem, A, is compact on B,. Thus all the assumptions of Lemma 2.5 are satisfied. Hence,
by the conclusion of Lemma 2.5, the impulsive fractional boundary value problem (1.1) has
at least one solution on J. O

In the sequel we present an example which illustrates Theorem 3.2.

4 An example
Example 4.1 Consider the following boundary value problem:

CDg+u(t)_ sing_|u(t)| L 0<t<l, t#%,

(t+3)? 1+|u(?)|
__1 u(®)] [u(®)]
A”(i) = (t+5)2 l6+\u( 1K Aul ( )= t+7)2 ZSZIM( DIk (4.1)
u(0) — 4/(0) = 0.03, u(1) + /(1) = 0.06,

whereq 2,a 1,b=1c=1,d=1,m=1,8 =ac+ad + bc = 3. Clearlyyl—lm:%,
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Y3 = E’ Y4 = g, Y5 = E,xo = 003, X1 = 0.06.
Moreover, we have

m(c(a + b) + 8] 2m —1)[c(a + b) + 8] + md(a + b)
- s 7 5
s 2c+d)|xo| + (a + b)|x1|
1)

Vs

~ 01743 <1. (4.2)

Thus, all the assumptions of Theorem 3.2 are satisfied. Hence, by the conclusion of The-
orem 3.2, the impulsive fractional boundary value problem (4.1) has at least one solution

on].
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