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1 Preliminaries

In the complex plane, the Bernoulli polynomials, B, (x), are defined by

o n

t t
ZB,,(x)— = e, |t| <2m. (1.1)
— n e-1

In particular, the case x = 0 in (1.1), we have B,(0) := B, are called Bernoulli numbers.
These numbers are extremely important in number theory and other areas of mathematics
and physics. With the help of generating function of Bernoulli numbers, one can easily
derive that By =1, B, =~1%,By = £,B3=0,B4 = 55, Bs = 75, Bs = — 55, ..
n € N (see [1-8]). As is well known, the Riemann zeta function is defined by

.,and By,,,; = 0 for

oo

HOEDS ni fors € C. (12)

n=1

We note that the Bernoulli numbers interpolate by the Riemann zeta function, which
plays an important role in analytic number theory and has applications in physics, prob-
ability theory and applied statistics. Firstly, Leonard Euler studied and introduced the
Riemann zeta function in a real argument without using complex analysis. From (1.1) and
(1.2), one has

n

B
(l-n)=—-— forneN={1,2,3,...}.
n
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A link between the zeta function and prime numbers was discovered by Euler, who
proved the following identity:

[e¢]

Z1_ 1 1 1
wo 1-21-3= 1-p=

n=1
1
= 11

)
_ps
p prime 1 p

where the both sides of Euler product formula converge for fe(s) > 1 (for details on this
subject, see [1-12]).

Let p be a fixed odd prime number. Throughout this work, we use the following nota-
tions, where Z, denotes the ring of p-adic rational integers, Q denotes the field of rational
numbers, Q, denotes the field of p-adic rational numbers, and C, denotes the completion
of algebraic closure of Q,. Let N be the set of natural numbers and N* = NU{0}. The p-adic
absolute value is defined by |p|, = p~L. Also, we assume that |g—1] p < 1is anindeterminate.
Let UD(Z,) be the space of uniformly differentiable functions on Z,. For f € UD(Z,), Kim
defined p-adic g-invariant integral on Z, by the rule:

1A
)= [ 1©dug6)= lim 5 > sed (13)

where [x], is g-analogue of x defined by

q -1

[xlg=—.
qg-1

We note that lim,_,;[x], = x (for details, see [1, 7, 13-26]).

Let f1(§) := f(§ +1). By (1.3), we have
100 =10 + L7/ (0) (14)
qla(h) = 1,(f) + @f ) .

where f(0) = L2, (for details, see (14, 15]).

In [14], Kim showed that Carlitz’s g-Bernoulli numbers and polynomials can be ex-

pressed as an integral by the g-analogue 11, of the ordinary p-adic invariant measure as

follows:
15
a(q) = md = lim —— Al%q”. .
Bo(@) fz I du®)= fim o S AT 15)

Now also, we consider the extended p-adic g-invariant integral on Z, due to Kim [14]
in the following form: for |1 - 8|, <1

-1
LB = [ BFE duge) = lim —— 3 prra), (1.6)
Zp n—00 [p ]q =

where I,(f : B) are called extended p-adic g-invariant integral on Z,,.
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Let us now consider f(§) := f (£ + 1), then we compute as follows:

p'-1
qBly(fi: B) = lim }11 ZﬂAHf(A + 1)
n—00 [p ]q —
=qv%ﬁ)+u-q)mn<<“®;ﬂpsz@ﬂ>
n— 00 _q

“ 10+ 2 r0)
0gq

Therefore, we state the following lemma.

Lemmal Forf € UD(Z,),
q_l 4
aBly(fi: B) =1(f : B) + @f (0).

Taking f(£) = e!®*) ¢ UD(Z,) in Lemma 1, then we consider the following generating

function:
qg-1 t o
B dpuy () = -—
/zp 7 loggq gBe -1
o0 t"
=2 _Bup®l9)— (g8 #1and [log(gp) +1| < 27), (17)
n=0 :

where B, g(x | g) are called extended g-Bernoulli polynomials. In the special case, x = 0,
B, 5(0| gq) := B, g(q) are called extended g-Bernoulli numbers.

We note that
-1 ¢t t > "
lim( == e” ) = et = ZB,,(x)—.
g=1\logq gqPe’ —1 el -1 — n!
q—1 -

That is, we have

lﬁi{rll B, g(x | q) = B,(x).

q—1

The relation between extended p-adic g-Bernoulli numbers and extended p-adic g-

Bernoulli polynomials is given by

n

Bn,ﬁ (x | 6]) = Z <n>x1Bn—1,ﬁ(q) = (x + Bﬁ(q))n: (18)

=0 !

with the usual of replacing (Bs(q))" by B, s(q). By (1.7) and (1.8), we easily see that

-1 .
g-1 n =, ifn=1,
B 177 and Bs(q) +1)" = B, 4(q) = { g4
0.6(q) oz q qB(Bs(q) +1) ¥10) o inel
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From (1.7), we derive Witt’s formulae for extended p-adic g-Bernoulli numbers and poly-

nomials, respectively:

Bup() = /Z BEE"duy(6) and Bos(x|q) - /Z BE 4 £)" dpuy (&), (19)

By (1.7), we have

nﬂ(x | 61) lqO;q Zq w1+ x)n 1 for n e N. (110)

Let us now consider the following:

q-1 t i > "
F, 1) = —— = B, —. 111
R e e Zo pxla)— (111)

By applying Mellin transformation to (1.11), we derive that for s € C:

a.g) - logq (% 2
C(s,x:q:B)= @re Fyplx,—)t™ = dt
_ - m pm L * -1 —t(m+x)
=2 0" (7 [} ear)
~ o qm m
= % e (1.12)

Here, I'(s) is Euler’s Gamma function. Thanks to (1.10) and (1.12), we discover the fol-

lowing:

logq By | q)

p— . for any n € N*. (1.13)

tQ-nmx:q:B)=-

Setting 8 =1 and g — 1 in (1.13) reduces to

((1-nx) = —B"(x),
n

which has a profound effect on number theory and complex analysis.

By (1.6) and (1.7), we develop as follows:

dp™-1

> B+ A

| B dug(€) = Jim

dl’l
[d 2
d

d-1
B q*

-0

-1
B q*

=0

1 4=0
1 iy A A x+k "
li 9 (q? A
1, (,,,LH;O [Pm]qd AX:;(:B ) (‘1) ( p + ) )

k
n d
], kZ

k n
/Z ﬂdf(% +s) d (),
‘P

Page 4 of 14


http://www.advancesindifferenceequations.com/content/2013/1/96

Araci et al. Advances in Difference Equations 2013, 2013:96
http://www.advancesindifferenceequations.com/content/2013/1/96

where d is a natural number. That is,

i x+k "
§ "d = kgt o i dpa(&). 1.14
[ #rererane= g3 [ o (%55 +e) dugte (L14)
By (1.9) and (1.14), we get
B, (x| q) = 2o 3 k4B Kl 115
n,ﬁ(xW)—@kX:O:ﬂq n,ﬂﬂ’(’“’;“]) (1.15)

Putting 8 =1 and ¢ — 1 in (1.15), then it leads to B,(dx) = d" Z;é B,(x + S), which is
well known as Raabe’s formula.

Let us now define the following notations, where C denotes the set of complex num-
bers, F denotes the set of all formal power series in the variable ¢ over C with F = {f(t) =
Y reo ak% | ax € C}, P = C[x] and P* denotes the vector space of all linear functional on
P, (L | p(x)) denotes the action of the linear functional L on the polynomial p(x), and it
is well known that the vector space operation on P* is defined by (L + M | p(x)) = (L |
px)) + (M| p(x)) and (cL | p(x)) = ¢(L | p(x)) for some constant ¢ in C (see [27-30]).

The following is well known as a formal power series by the rule:

k

=t
f@) = Zﬂkﬁ er,
k=0

which describes a linear functional on P as (f(¢) | ") = a, for all n > 0 (for details, see
[27-30]). Moreover,

(£ 1") = ndnp, (1.16)

where §,,x is the Kronecker delta. It is easy to see that

k
0= L1
k=0
therefore we procure

(012 = (L1 )

and so as linear functionals L = f;(£) (see [27-30]). Additionally, the map L — f;(¢) is a
vector space isomorphism from P* onto F. Henceforth, 7 will denote both the algebra of
the formal power series in ¢ and the vector space of all linear functionals on P, and so an
element f(¢) of F will be thought of as both a formal power series and a linear functional.
F will be called as umbral algebra (see [27-30]).

Obviously, (¢”* | ) = y". From this, it reduces to

(¢ 1 p)) = pBy)

Page 5 of 14
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(see [27-31]). We note that for all f(¢) in F

R et
HOE g(f(t) ) 1.17)

and for all polynomial p(x),

o k
pE) = Y (1 p) (118)
k=0 ’

(for details, see [27-30]). The order o(f(¢)) of the power series f(t) # 0 is the smallest
integer k for which a; does not vanish. It is considered o(f(£)) = oo if f(t) = 0. We see that
o(f (£)g(t)) = o(f () + o(g(¢)) and o(f(¢) + g(£)) > min{o(f(¢£)), 0(g(£))}. The series f(¢) has a
multiplicative inverse, denoted by f(¢)! or j%, if and only if o(f(¢)) = 0. Such series is
called an invertible series. A series f(t) for which o(f(¢)) = 1 is called a delta series (see
[27-31]). For f(¢),g(¢) € F, we have (f(¢)g(t) | px)) = (f(t) | g(t)p(x)). A delta series f(¢)
has a compositional inverse f(£) such that f(f(t)) = f(f(t)) = ¢.
For f(t),g(t) € F, we have (f(¢)g(t) | p(x)) = (f(¢) | g(t)p(x)). From (1.17), we have

PP x) = I(=-1)---(I - k+ 1)k (1.19)

d'p) _ i (£ | p@))

k
dx P Al

Hence, we get that

p00) = (¢ 1 p@) = (11 pP(x)). (1.20)
By (1.19), we have
dk
p(x) = pP(x) = ;; (kx). (1.21)
So from the above
&' p(x) = p(x + ). (1.22)

Let S,(x) be a polynomial with degS,(x) = n. Let f(t) be a delta series and let g(¢) be
an invertible series. Then there exists a unique sequence S,(x) of polynomials such that
(g@O)f X | S,(x)) = 1!, for all n,k > 0. The sequence S,,(x) is called the Sheffer sequence
for (g(2),f(2)) or that S,(¢) is Sheffer for (g(¢),f(¢)).

The Sheffer sequence for (1,£(¢)) is called the associated sequence for f(£) or S,(x) is
associated to f(¢). The Sheffer sequence for (g(¢),¢) is called the Appell sequence for g(¢)
or S,(x) is Appell for g(z).

Let p(x) € P. Then we have

(f(®) 1 xp(x)) = (35 (2) | p(x)) = ' () | p(%))s
(€ +11p)) =p() +p(0) (see [30]).

(1.23)
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Let S, (x) be Shefter for (g(¢),f(¢)). Then

ny =Y PO oy ny e 7

pare k!

py - 3 BAO N g g e,

k=0
1 o _ isk(y)ﬁ forallye C (1.24)
g(f (@) pary k!

f(t)Sn(x) = nSn—l(x)'

Also, it is well known in [30] that

(TOZCRNACIETES O] B CIE S R AT 125)

where fi(£),£2(2), ..., f(t) € F and the sum is over all nonnegative integers i, ..., i, such
that i + - -+ + i, = n (see [30]).

Dere and Simsek have studied applications of umbral algebra to special functions in [29].
Kim et al. also gave some properties of umbral calculus for Frobenius-Euler polynomials
[27] and Euler polynomials [28]. Also, they investigated some new applications of umbral
calculus associated with p-adic invariants integral on Z, and fermionic p-adic integral on
Zyp in [13].

By the same motivation of the above, we also discover both new and interesting appli-
cations of umbral calculus by using extended p-adic g-invariant integral on Z,. By virtue
of which, we procure some new interesting equalities on the extended p-adic g-Bernoulli
numbers and polynomials and extended p-adic g-Bernoulli polynomials of order k. Re-
cently, several authors have studied the g-Bernoulli numbers and polynomials. Also, we
note that our g-extensions of Bernoulli numbers and polynomials in the present paper are
different from the g-extensions of Bernoulli numbers and polynomials of several authors
in previous papers.

2 Identities involving extended p-adic g-invariant integrals on Z, related to
applications of umbral calculus
Suppose that S, (x) is an Appell sequence for g(¢). Then, by (1.24), we have

—x"=85,(x) & «"=g(t)S,(x) (n=0). 2.1)

We now consider that

logg gBe’ —1

e F.
-1 t

84,8 (t) =

Therefore, we easily notice that g(¢) is an invertible series. By (2.1), we have

ZBn sx | q) ( t) (2.2)

Page 7 of 14
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which means

x" =B, p(x|q).
gq,ﬂ(t) P |q

Also, by (1.24), we have
By 1) = (Bup(x| @) = 1Byt plx | 9).
Because of (2.3) and (2.4), we have the following proposition.
Proposition1 For n> 0, B, (x| q) is an Appell sequence for g, (t) = —lq

By (1.9), we have

> " xggp(t)e” — gl s (t)e”
D Buplxl )= 3
) n! gq,ﬁ(t)

_°°(x L, &p® 1 )t"
) gqvﬂ(t) 848(t) &g, ﬂ(t)

Because of (2.3) and (2.5), we discover the following:

2,5
gq,ﬂ (t)

Buapx|q) =xB,gx|q) - B.g(x1q).

Therefore, we arrive at the following theorem.

Theorem 1 Let g, 4(t) = logq qﬂe =L ¢ F. Then we have for n > 0:

_ 2,5
Buapxlq) = (x - 2up® )Bn,ﬁ (x| q).

Also,

T (t
(A-mx:q: ﬂ)——(x—g—q’ﬂ()>§(l—n,x:q:ﬁ),
n+l 24,8(2)

d,
where g/ ,(t) = “at®

By (1.9), it is not difficult to see that

[e'9) " n+l
> (aBBus+110) - Buplx | @) Z nl
n=0 n=0

By comparing the coefficients of % on the above, we have the following:

n-1

q-1
qBBpx+1|q)—B,px|q) = oaa™
ogqg

qBe

-1

Page 8 of 14
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By Theorem 1, we derive

gq,ﬁ(t)BnJrl,ﬁ(x | Q) =848 (t)xBn,ﬂ (x] q) _g;,/s (t)Bn,ﬁ(x | 61)~ (2.8)

So from above
lo
(aBe' = 1B 1 0) = (@B~ 1)xBpx | @) - (q—f‘fqﬁet —gq,,s(t>)Bn,ﬁ o

Thus, we have

qBBui g +1|q) —Brapx|g)

qBlogq

=qBx+1)B,p(x+1|q)—xB,sx|q) - TB,,,,S (x+1]q)+x" (2.9)

From (2.7), (2.8) and (2.9), we have the following theorem.

Theorem 2 For n > 0, then we have
q- 1 n-1
qBBupg(x+1|q) —B,p(x|q) = @mc . (2.10)

Suppose that S, (x) is Sheffer sequence for (g(¢),f(£)). Then the following is introduced
as Sheffer identity by the rule:
" (n " (n
Salx+9) =D |, )Pe)Suoi() = Pr(®)S,-k(y), (2.11)

k=0 k k=0 k

where Px(y) = Sk(»)g(2) is associated to f(¢) (for details, see [28—30]).
Thanks to (1.7) and (2.11), we have

Bn,ﬂ (x +y1 q) = Z (Z)Pk(y)sn—k(x)

k=0
= Z (Z)Bn,ﬂ(y | Q)xk
k=0

From the above, we readily see that

n

Buslx+ylq) =) (Z)Bn,ﬂ(y | .

k=0

By (1.7), we easily get for o (#0) € C:

gq,ﬂ(t)
84,8 (5)

By plax|q) = B, (x| q). (2.12)

By virtue of (1.15) and (2.12), we see that

n o-1

gslt) @ ‘s ( k )
(@B ng(qﬁ) wpe (54 = | 0”).
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Let us now contemplate the linear functional f(£) by the following expression:
(0 190) = [ 5@ (o) @13
Zp

for all polynomials p(x). From (2.13), we readily derive that

o ) "), < ; "
=3 IO e Zl( / s duq@))E -/ B o) (214)
Thus, we have
_ £ bt _q-1 ¢t
£0) = fZ )= (2.15)
Therefore, by (2.13) and (2.15), we arrive at the following theorem.
Theorem 3 For n > 0, we have
@) 1 pt)) = i BEp(E) dung(&). (2.16)
P
Also,
q-1_ ¢ | g
(egaoi Pe)= [ #r©due 1)
Obviously that
Byp(q) = < /Z BEe dpug(&) x> (2.18)
In view of (1.9) and (2.18), we see that
o0 t”
ZO( [ pever any©) 5= [ )
o0 t”
_ 2(;( fZ p ﬂsegtduq(é)x”)a. (2.19)
By (1.9) and (2.20), we see that for n € N*:
Buple )= [ e ding®) = [ pet dung o (2:20)
Zp Zp
Consequently, we get the following theorem.
Theorem 4 For p(x) € P, we have
[ Bptsr )= [ e ang@pto
qg-1 t
= p(x). (2.21)

~ logq Bget -1
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That is,

nzq_l t X"
logg Bge -1

Bup(x|q) = /Z BE e duug(€)x (2.22)

For |1 - B|, <1, we introduce extended p-adic g-Bernoulli polynomials of order k as
follows:

k
/k ’351*‘“Jrfke(gl*“‘*fk*x)t d*,uq(%_) _ (q_ 1 ¢ ) ext
ZP

logg qBet —1
oo t”

=Y Bla) = (2.23)
1m0 n.

which we have used the following equality:

[ an@= [ [ duendue- - dugteo
Z][; ZP ZP
k-times
In the special case, for x = 0 in (2.23), we have B%(O | q) := quk})g (q), which are called

extended p-adic g-Bernoulli numbers of order k.
From (2.23), we have

/Zk BT 4+ Ep+ x) d 11 (§)

> (l, " ) /Z BEE! dpg(&r) - /Z BEE g (&)

i+ +ig=n 1reeorlm
n
= Z ( , )Bil,ﬁ (@) Bip(q) :Bff}; 1. o
i+ +ig=n yeooslm

Equating (2.23) and (2.24), we have

n

Bxlg)=Y (7)96’32?3 (q)- (2.25)

=0

From (2.24) and (2.25), we want to note that B;k‘)g (¢ | g) is a monic polynomial of degree
n with coefficients in Q. For k € N, let us consider that

1 1()gq q,Be[—l k 2.26
(k) =
t) = : '

gq,ﬂ( ) f ’lg ﬂgl+4..+§ke(§1+---+§k)t d*uq(g) (q -1 t ) ( )

From (2.26), we easily see that g;/fl?,(t) is an invertible series. On account of (2.23) and
(2.26), we derive that

oo

1
= ext:/ pere bbbt ey () =3 B (e ) (2.27)
gq,ﬁ(t) leg

n=0
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Also, we have
tBY) (x| q) = nBY, 4 (x| ). (2.28)

By virtue of (2.27) and (2.28), we easily see that B;k)ﬁ (x| q) is an Appell sequence for
g(;]fg(t). Then, by (2.27) and (2.28), we get the following theorem.

Theorem 5 For p(x) € P and k € N, we have

k

ity 4 - )= (121t
/zgﬁ Pt + S+ x)d (€)= <logq e = 1) p). (2.29)

In the special case, the extended p-adic q-Bernoulli polynomials of degree k are given by

q-1 t
logg qpe -1

k
B;k,)g(x | q) = ( ) K= /Zk ﬁ§1+---+$ke(él+---+$k)t d* g (6)x".
P

Thus, we get

k
B(k) (x|q)’\’ logq ﬁqet_l t).
np q-1 t ’

Let us take the linear functional f*(¢) that satisfies

(@ 1 pa) = fZ BT+ ) dg(8) (2:30)

for all polynomials p(x). Therefore, we develop as follows:

X (k) n
f(k)(t)zz(f (;)‘|x>ty,

n=0
- ZO< [ Bt sk)"d*uq(s))%

-1 ¢\
- Stk g1+ +EE g (1 )
25 e #al®) (logq qPet - 1)

Therefore, the following theorem can be stated.

Theorem 6 For p(x) € P, we have

< . ﬂ§1+...+§ke(§1+...+§k)t d*l/Lq(‘é;') ‘p(x)> — fk ﬂ§1+...+§kp(é.1 I %'k) d*ﬂq(%-)
ZP ZP

Moreover,

61—1 t k El++Ep "
<(@qﬂet-1) ‘p(x)>=/zkﬂ PE -+ E)d g 8).
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That is,

By () = < BTk gl gy (g) ‘ x>

K
Zp

From (1.25), we see that

<//< ﬁfl*“*fkéfl*“*fkﬂ d* (&) ’x”>
Zp

= ) <i1 n i )</Z B dug(61) "”></Z B dpug (&) ]x"k>.

i1++ig=n

Therefore, we get

n
BY(q) = > (h l.)Bipﬂ(Q)"'Bik,ﬂ(Q)-

i +-+ig=n

Remark1 Our applications for extended p-adic g-Bernoulli polynomials, extended p-adic
q-Bernoulli numbers and extended p-adic g-Bernoulli polynomials of order k seem to be
interesting for evaluating at § =1 and ¢ — 1, which reduce to Bernoulli polynomials and

Bernoulli polynomials of order &, are defined respectively by

o0
t" t
ZBn(x)_ = exty
n e-1
n=0

00 k
t" t
(K) (4)__ — Xt
ZBn (x)n! = (et—l) e,
n=0

Also, it is known that these polynomials are expressed by the rule:

p-1
1
B,(x) = lim — Z(x +A)",
n—00 p” o
p-1p"2-1 p"k_l

BR(x)= lim ptmtmarem) Z Z e Z (x+A1+Ax+ -+ AR,
A=0

H]5ees e —> OO
A1=0 Ap=0

where the limits are taken in Q,.
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