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Abstract
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1 Introduction

Studies on g-difference equations appeared already at the beginning of the twentieth cen-
tury in intensive works especially by Jackson [1], Carmichael [2] and other authors such
as Poincare, Picard, Ramanujan. Up to date, g-difference equations have evolved into a
multidisciplinary subject; for example, see [3—6] and the references therein. For some re-
cent work on g-difference equations, we refer the reader to the papers [7-20], and basic
definitions and properties of g-difference calculus can be found in the book [21]. On the
other hand, fractional differential equations have gained importance due to their numer-
ous applications in many fields of science and engineering including fluid flow, rheology,
diffusive transport akin to diffusion, electrical networks, probability, etc. For details, see
[22, 23]. Many researchers studied the existence of solutions to fractional boundary value
problems; see, for example, [24—33] and the references therein.

The fractional g-difference calculus had its origin in the works by Al-Salam [34] and
Agarwal [35]. More recently, perhaps due to the explosion in research within the fractional
differential calculus setting, new developments in this theory of fractional g-difference cal-
culus were made, specifically, g-analogues of the integral and differential fractional opera-
tors properties such as the Mittag-Leffler function, the g-Laplace transform, and g-Taylor’s
formula [12, 21, 36, 37], just to mention some.

However, the theory of boundary value problems for nonlinear g-difference equations
is still in the initial stage and many aspects of this theory need to be explored. Recently,
there have been some paper considering the existence of solutions to boundary value prob-
lems of fractional g-difference equations, for example, [10, 16—20, 38] and the references
therein.
© 2013 Zhao et al, licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons Attribu-
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In [16], Ferreira considered the Dirichlet type nonlinear g-difference boundary value

problem

“u(t) +f(u() =0, O0<t<ll<a<2,
u(0) = u(1) = 0.

By applying a fixed point theorem in cones, sufficient conditions for the existence of non-
trivial solutions were enunciated.

In [20], Graef and Kong investigated the boundary value problem with fractional g-
derivatives

(Dgu)(t) +f(tu(t)=0, O<t<lLn-l<a<mnneN,
(Diu)(0)=0, i=0,...,n-2, bDyu(1) = 37, asDault) + A,

where A > 0 is a parameter, and the uniqueness, existence, and nonexistence of positive
solutions are considered in terms of different ranges of A.
Furthermore, Ahmad, Ntouyas, and Purnaras [10] studied the following nonlinear frac-

tional g-difference equation with nonlocal boundary conditions:

(cDgu)(®) =f(tu(?), 0<t<ll<a<2,
a1u(0) — b1D4u(0) = ciu(ny), au(1) + brD,u(1) = cou(ny),

where ch is the fractional g-derivative of the Caputo type and a;, b;, ¢;, n; € R. The exis-
tence of solutions for the problem is shown by applying some well-known tools of fixed
point theory such as Banach’s contraction principle, Krasnoselskii’s fixed point theorem,
and the Leray-Schauder nonlinear alternative.

In this paper, we deal with the following nonlocal g-integral boundary value problem of

nonlinear fractional g-derivatives equation:

(Dgu)@) +f(t,u(®)) =0, t€(0,1),

(1.1)

w(0)=0, (1) = pIfuln) = p f S u(s) dys,
where g € (0,1), 1< <2,0<B8<2,0<n<1,and p >0 is a parameter, DZ is the g-
derivative of Riemann-Liouville type of order «, f : [0,1] x R* — R* is continuous, in
which R* = [0, +00). To the authors’ knowledge, no one has studied the existence of posi-
tive solutions for the fractional g-difference boundary value problem (1.1). In the present
work, we gave the corresponding Green’s function of the boundary value problem (1.1) and
its properties. By using the generalized Banach contraction principle, the monotone iter-
ative method, and Krasnoselskii’s fixed point theorem, some existence results of positive

solutions to the above boundary value problems are enunciated.

2 Preliminaries on g-calculus and lemmas
For the convenience of the reader, below we recall some known facts on fractional g-

calculus. The presentation here can be found in, for example, [1, 21, 36, 37].
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Let g € (0,1) and define

1—
[a]q:—qa, acR.
1-q

The g-analogue of the power function (a — )" with n € Ng := {0,1,2,...} is

n-1
@-b2=1,  (@-b"=]](a-bs"), neNabeR
k=0
More generally, if y € R, then
) 1 a-bq"
@-b)"=a'[|——= a#o. (2.1)

_ hav+k’
k=0 a bq

Clearly, if b = 0, then ) = a”. The g-gamma function is defined by

(1-g)"

Fq(x) = W,

xeR\ {0,-1,-2,...},

and satisfies I'y(x + 1) = [x],T4(x).
The g-derivative of a function f is defined by

0N -TETE, 0,10 - im(Duf 09

and the g-derivatives of higher order by

(DY) @) =f(),  (Dif)x) = Dy(Di'f)(x), meN.

The g-integral of a function f defined in the interval [0, 4] is given by

1)) = [ £ dys =201 -0) SN, <10,
k=0

provided the sum converges absolutely.
If a € [0,b] and f is defined in the interval [0, b], then its integral from a to b is defined
by

/abf(s) dys = /Obf(s) dys — /Oﬂf(s) dys.

Obviously, if f(x) > g(x) on [a,b], then [ f(x)d,x > [ g(x) d,x.
Similar as done for derivatives, an operator ;] is given by

(Igf) (%) =f(x), (I;‘f)(x) = Iq(I;"lf)(x), neN.

The fundamental theorem of calculus applies to these operators I, and D, i.e.,

(Dylof )x) = f (%),
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and if f is continuous at x = 0, then

(IgDgf )x) = f (x) = £ (0). (2:2)

The following formulas will be used later, namely, the integration by parts formula

f FEDy)(5) dys =[] / (Dof))g(as) dys,

and
[at-9]" =a” -9, (2.3)
Dyt =)V = [y ]yt - 977, (2.4)
Dyt =) = [yt - g5)7 7, (2.5)
(xDq/ fx,s) dqs> (x) = / «Dgf (x,8) dys + f (qx, %), (2.6)
0 0

where D, denotes the derivative with respect to the variable .

Definition 2.1 Let « > 0 and f be a function defined on [0,1]. The fractional g-integral
of Riemann-Liouville type is (I2f)(x) = f(x) and

(Iof) () = / (x—g9)“Vf(s)dys, a>0,x€(0,1].

Fg(a)

Definition 2.2 The fractional g-derivative of the Riemann-Liouville type of order o > 0
is defined by (DJf)(x) = f(x) and

(D%f) @) = (DY) (x), >0,
where [«] is the smallest integer greater than or equal to «.
Lemma 2.3 Assume thaty >0 and a < b <t, then (t - a)?) > (¢ - b))

Lemma2.4 Letw,B > 0 and f be a function defined on [0,1]. Then the following formulas
hold:

1) UF11)) = U f)(w),

(2) (DEIEF)(x) = f ().

Lemma 2.5 ([16]) Let o > 0 and n be a positive integer. Then the following equality holds:
n-1

(I2Dif ) (%) = (DLIZf) () - Z
k

—~ Fgla+k-n+1)

xa—n+k

(D4 ).

Lemma 2.6 ([36]) Let o« € R*, & € (-1, +00), the following is valid.:

T (h+1)

— %" (t—-a)*M, O<a<t<b.
Lyl +1+1)

E(¢-a)) =

Page 4 of 15
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Particularly, for A = 0, a = 0, using g-integration by parts, we have

1) (f) wl) g Dy((t —5)®)
(I )(t) I )f (t - qs) dys = q(a)/ [, dys

1
- ) dgs = .
F(a+1)/ T+

Obviously, we have [; (¢ —gs)“™ dys = 1 ¢@.

[a]q
In order to define the solution for the problem (1.1), we need the following lemmas.

Lemma2.7 LetM :=Ty(a+B)—ul (a)n* P~ > 0. Then, for a given y € C[0,1], the unique
solution of the boundary value problem

(Dyu)(®)+y(t) =0, te(0,1),1<a<2, (2.7)

subject to the boundary condition

u(0) =
_ gg)(B-1) (2.8)

u(l) = ,U,I(fu(n) - M/: %u(s)dqs, 0<p<2,0<n<l,

is given by
1

u(t) = ./o G(t,qs)y(s) dys, (2.9)

where
Mta—l
Gltq5) =g(t,qs) + — —H(.q5), (2.10)

-1 (1_5)(a71)_(t_s)(u—1)

(t,5) = w0 0=sstsl (211)
g ’ toz—l(l_s)(afl) '
. 0<t<s<l,
and
a+f-1(1 _ o)D) _(p _g (OH'ﬁ’I), 0<s<n«<l,
Hin.s) = P (1 -s) (n-s) =s=1 (2.12)

na+ﬁ—l(1 _S)(a—l)’ 0< n<s< 1.
Proof Since 1<« <2, we take n = 2. In view of Definition 2.1 and Lemma 2.4, we have
(D‘;‘u)(t) =—y(t) < (I;D;I;‘a u)(t) = —(Igy) ().

Then it follows from Lemma 2.5 that the solution u(¢) of (2.7) and (2.8) is given by

t _ (a-1)
u(t) = Clta—l " Czta—Z _A %y(s) dqs (2.13)
q

for some constants ¢;, ¢y € R. Since u(0) = 0, we have ¢, = 0.
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Using the Riemann-Liouville integral of order 8 for (2.13), we have

Lt —gqs)PD _ (s — gx) 7V
B _ a-1 _
(Iqu)(t)— ; 41}(’3) <c1s /0 7}_[](“) y(x)dqx> dys

t(t qs)oz+;31 (t qS)ﬁ 1) a
- = _y5)4 T ey
o Tarp P wee ) e "

! (t - gs) (e+p-1) Fq(Ol) a+f-1
) T p YY% O e )

’

where we have used Lemma 2.4 and Lemma 2.6. Using the boundary condition u(1) =

,u[fu(n), we get

T+ ) L 1-gs)ed " (5 - gs) D
a= o ( | T y(s)dqs—,u/() W (s)dqs>.

Hence, we have

a-1 11 _ (a-1) _ (+p-1)
w(t) - Tyl + Bt (/0 (1-gs) y(s)dqs—ufon %y(s)dﬁ)

M Iy(a) Cyla +B)
t _ (a-1)
_ /0 -9 FZX:) ¥(s) dys
~ 1 ta—l(l _ qs)(a—l) t (l’ _ qs)(a—l)
= A 7”(0[) y(s)dys —[) 7%(0[) y(s)dys

tot—l 1
+MM ( / 1 (1 - gs)* My (s) dys — / (n — gs)“@#Y (s)dqs>
0

a-1

1 1
:/ g(t,qs)y(s)dqs+ut /H(n,qs)dqs
0 0
1
=/(; G(2,gs)y(s) dys

This completes the proof of the lemma.

Remark 2.8 For the special case where y = 0, Lemma 2.7 has been obtained by Ferreira

[16].

Lemma 2.9 ([16]) The function g(t,s) defined by (2.11) satisfies the following properties:

g(t,qs) >0 and g(t,qs) <g(gs,qs) forall0<t,s<1.

Lemma 2.10 The function G(t, qs) defined by (2.10) satisfies the following properties:
(i) G isa continuous function and G(t,qs) > 0 for (¢,s) € [0,1] x [0,1].
(i) There exists a positive function p € C((0,1), (0, +00)) such that

max G(t,gs) < p(s),

0<t<1

Page 6 of 15
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where

Ps) = 8(as,s) + +-H(n.g9), € (0,1).

Proof It is easy to prove that the statement (i) holds. On the other hand, we note that g(z, s)
defined by (2.11) is decreasing with respect to ¢ for s < t and increasing with respect to ¢
for t <s. Hence, we have

o—1

M[tw H(n, qS))

max G(£,gs) = max (g(t, qs) +

a
0<t<1 0<t<1

U
=8(gs,gs) + - - H(nq5) = pls), s €(0,1).
The proof is completed. O

3 The main results
Let X = C([0,1]) be a Banach space endowed with the norm ||u||x = maxo<;<; |u(¢)|. Define
theconePC XbyP={ueX:u(t)>0,0<t<1}.

Define the operator T : P — X as follows:

1
(Tu)(t) = /0 G(t,gs)f (s, uls)) dys. (3.1)

It follows from the nonnegativeness and continuity of G and f that the operator 7: P — X
satisfies T(P) C P and is completely continuous.

Theorem 3.1 Suppose that f : [0,1] x R* — R* is continuous and there exists a function
h:[0,1] = R* such that

[f(t,u) - f(&,v)| <h@®)lu-v|, tel0,1],u,veR". (3.2)

Then the BVP (1.1) has a unique positive solution provided

Tg(e)M

2+ ) )

1
f s 711 = gs) @ Vh(s) dgs <
0

Proof We will prove that under the assumptions (3.2) and (3.3), 7™ is a contraction oper-
ator for m sufficiently large.
By (2.10), (2.11), and (2.12), for u, v € P, we obtain the estimate

1
’(Tu)(t) - (Tv)(t)‘ < /0 G(t, qs)[f(s,u(s)) —f(s, V(s))}dqs

1 a-1
= /(; |:g(t, qs) + M]t\/I H(n,qs):| [f(s,u(s)) —f(s, v(s))|dqs

1 ta—l(l _ qS)(a—l)
EVTR pods -l —
< /0 Py =i

1 -1 (@-1)

i f t*1(1 - gs)

+un**? 1/ th“)dqs' llu—vlix
0

Page 7 of 15
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Pyle+ B Mu—vix

' (a-1)
= F @M /0 (1—gs) " h(s) dys

~ AMDga+ B!
T )M

lle = viix,

where A; = fol(l —g5) @ Vh(s) dys.

Consequently,

1
](Tzu)(t) _ (Tzv)(t)| < /O Gz, qs)[f(s, (Tu)(s)) —f(s,(Tv)(s))|dqs

ATyl + B)llu—viix

1
/ G(t,qs)s*  h(s) dys
0

= ()M
2a-1 _ 1
< Al[rq(a[;ﬂ()o]mtw]z”u V”X/O 5“1 - g8)“Vh(s) dys
q
A Aoyl + B))2e% !
T Memp

where A, = fol s (1~ gs) @ Vh(s) dys.

By introduction, we have

A ATyl + B!

()0~ (174) 0] = LIRS

lloe = vlix.

According to (3.3), we can choose m sufficiently large such that

<=
Ay 2

A AT Tyl + )" ﬂl:Aqu(a + ﬁ)]’” . (1)’”& 1

[T, () M]™ T Ayl Tle)M 2

which implies

I(T"u)(2) - (T"™v) @), < %Hu —V|Ix.

Hence, it follows from the generalized Banach contraction principle that the BVP (1.1) has

a unique positive solution. 0
Remark 3.2 When k() = hy is a constant, the condition (3.2) reduces to a Lipschitz con-

dition.

For the sake of convenience, we set

a-1 1) -1
Ut
= (7/11 H(n,qs)dqs) ,

~ 1 qoz—l (1 _ qs)(ot—l) ﬁ -1
L (/o ( ) +zvzH(”""‘)) dqs) ’

where 11 = g™, 7y = ¢ with my, my € Ng, my > my.
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Theorem 3.3 Suppose that there exists 0 < & < & such that
(Hy) f(t,u) : [0,1] x [0,&] — R* is continuous and nondecreasing relative to u, and

gg}lf (t, &) < L&, (3.4)
flf;igfzf(t, &) > 1&. (3.5)

Then the BVP (1.1) has one positive solution u’ satisfying
g<|ul|,<& and lim T"uo=u, uo(t) = &>.
m— 00
Proof We denote Q2[&1,&,] = {u € P: & < u < &}. In what follows, we first show that T :

Q[&, 5] — Q[&, &].
Let u € Q[&,&]; then 0 < & < u(t) < |lulx < &. By assumption (Hy), we have

0 <f(t,u(®) <f(t,6) < max f(t,6:) < L&, 0<t<1,

feu®) =f(&) = min f(t6) > .

Hence, for any u € Q[£),&],

1
| Tl x = (?if‘i‘lf |G(t,qs)f(s, u(s))|dqs
=t=lJo

1
< /(; p(s)f(s, u(s)) dys
1
< 1t /0 P dgs
1 a-1(1 _ (-1)
<L fo (% + %H(n,q5)> dys = &,
q

and

1 a-1 1
| Tullx > Tlrsntiﬁnr2 (/0 lg(t, gs)f (s, u(s))| dys + Mj\/[ /0 |H(;7,qS)f(s,u(s))|dqs>

o1 T
12241 (/ _
> H(n,qs)d, s) g =&
M \J, K

Thus, we get T : Q[&1,&,] — Q[&,&].

Let ug(f) = &, 0 <t < 1; then uy € Q[&,&]. Let uy(t) = Tup(t); then u; € Q& &].
We denote 1 = T, = T ug, m = 0,1,2,.... According to T : Q[£),&] — Q&L &),
we have u, € Q[§,&], n=0,1,2,.... Since T is completely continuous, we assert that

{ttm},-; has a convergent subsequence {u,, }72, and there exists u € Q[&,&] such that
limys o0 Uy, = u’. Since u; € Q[&1,&), then & < u; < |luy|lx < & = up. According to the
definition of T and (Hy), we have

ur(t) = (Tuo)(2)

1
:/0 G(t,qs)f(s,uo(s))dqs


http://www.advancesindifferenceequations.com/content/2013/1/48

Zhao et al. Advances in Difference Equations 2013, 2013:48
http://www.advancesindifferenceequations.com/content/2013/1/48

1
< /0 () (5,62) s

1 oa—1 1- (ax-1)
< Léz/() (% + ]%H(n,qS)> dys =& = ug(t),

which implies
uy(t) = Tug (¢) < Tuo(t) =wi(t), 0<t<L
By introduction, we have u,,,1(¢) < u,,(¢) for 0 <t <1, m=0,1,2,.... Thus, there exists
u’ € Q[&,£] such that lim,,_, .« %, = u". From the continuity of 7 and u,,,1 = Tu,,, we
have u" = Tu'. The proof is completed. g
Our next existence result is based on Krasnoselskii’s fixed point theorem [39].
Lemma 3.4 (Krasnoselskii’s) Let E be a Banach space, and let P C E be a cone. Assume

1, Qo are open subsets of E with 6 € 1 C Q1 CQ,andlet T:PN (2 \ Q) — Pbea

completely continuous operator such that
| Tul| = |lull, wuePNdQ and |Tull <|ul, wuePNai.
Then T has at least one fixed point in PN (2 \ K21).
Theorem 3.5 Let f(t, u) be a nonnegative continuous function on [0,1] x R*. In addition,

we assume that

(H1) There exists a positive constant ry such that
ftu) >«ry,  for (t,u) € [t3,74] x [0,11],

where 13 = g3, T4 = q"* with ms, my € Ny, mz > my, and

T4 -1
K> ( [ (g(qs, qs) + %H(n,qs)> dqs> .

(H2) There exists a positive constant ro with ry > ry such that
f@u) <Lry, for(t,u)€[0,1] x [0,72].
Then the BVP (1.1) has at least one positive solution ug satisfying 0 <ry < ||ug|lx < r».

Proof By Lemma 2.9, we obtain that maxo<;<; g(£,qs) = g(gs, gs). Let Q1 ={u € X : ||u|lx <
r1}. For any u € X N 9, according to (H1) and the definitions of t3 and 74, we obtain

1 1 a-1
| Tullx = max/0 gt qs)f (s, u(s)) dys + max/(; Mit\/I H(n,qs)f (s, u(s)) dys

0<t<1 0<t<1

1
| [g(qs, 4s) + 4 H, qs>]/(s, u(s)) dys
0

Page 10 of 15
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- | 3 (g(qs, as) + %H(n,qS))j(s,u(S)) dys

74
> KI"1/ <g(qs, qs) + ;\L—/[H(n,qs)) dgs
w3

= llullx = r.

Let Q3 = {u € X : |ullx < r2}. For any u € X N 92y, by (H2) and Lemma 2.10, we have

1
(Tl = max, [ Gleas) (5,09 dys
=t=lJg
1
<lILn / p(s)dys
0

1 -1 (a-1)
q* (1 —gs) 1z
L = 1 v Hy = =ry.
< rz/()( ) ; (1,gs) ) dgs = llullx =1

Now, an application of Lemma 3.4 concludes the proof. d

Theorem 3.6 Assume that there exist m + 1 positive numbers 0 < 1y <7y < -+ < Fpy41 Such
that
(H3) f(t,u) > krojy for (t,u) € [13,T4] X [0,79j_1] and f (¢, u) < Lry for
(t,u) €[0,1] x [0,75],j=1,2,..., [2]; or
(H4) f(t,u) > kry; for (t,u) € [13,14] X [0,79] and f(t,u) < Lraj_y for
(t,u) €[0,1] x [0,r91],j =1,2,..., [&1],
where T3, T4, k are given in (H1).
Then the BVP (1.1) has at least n positive solutions uy, s, ..., uy, with rj < |lujllx < #j.1,
j=1...,m.

Proof Suppose that the condition (H3) holds. According to the continuity of f, for every
pair (r, 7;,1), there exists (a;, b;) with 7; < a; < b; < 1,1 such that

ft,u) > kbyy,  f(t,u) <Lay, and

1
f(t,M)ZKﬂ2j, f(t,u)SLb2j, j:1,2,...,|:m2+ :|

It follows from Theorem 3.5 that every pair (a;, b;) presents a positive solution of the BVP
(L1) such that a; < |lyjllx < bj,j=1,2,...,m.

When the condition (H4) holds, the proofs are similar to those in the case (H3). The
proof is completed. d

4 Examples
Example 4.1 The fractional boundary value problem

2 .
Dyju(t) + S50 + tsin*t+4=0, 0<t<l, 1)
u(0) =0, u(1) = 0.25102u(0.75)

has a unique positive solution.
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Proof In this case,  =1.5, 8 =¢=0.5, u =0.25, 7 = 0.75. Let

1+
ft,u) = el+u) +tsint+4, (t,u)€[0,1] x [0, +00),
2(1 + €f)
and h(t) = 2(18—:&) It is easy to prove that

[f(t, u)—f(t, v)| <h(t)lu—-v|, for(tu),(tv)el0,1] x [0, +00).
By simple calculation, we get

M =T (e + B) — ulg(e)n*F~ ~ 0.8072,

1 1
o= oa— o— o— e
[ e dis = [ a5 s

1 1
< —/ 59711 = gs)@ D dgs
2 Jo

1 1
<3 / (1-gs)*Vd,s~0.3867,
0

and

1 1
e
_ (ax-1) — _ (a-1) |
./o (1—gs) " " h(s) dys /0 (1-gs) v o) dgs

1

1
= / (1-gs)*Vd,s~0.3867,
0

which implies that

()M

— ~ 0.4512.
2T (o + B)

1
/ sl - qs)(""l)h(s) dgs <
0

Obviously, for any m > 3, we have

A1ATT[Cylor + B 0.3867 x Tyler + B)

1

02329 < -.

T, @M — 27 (M <3
q q

Thus Theorem 3.1 implies that the boundary value problem (4.1) has a unique positive
solution. 0

Example 4.2 Consider the following fractional boundary value problem:

Dé‘%u(t)+21\/ﬁ—%+%=o’ 0<t<],

(4.2)
u(0) = 0, u(1) = 1.25102u(0.25),

where @ = 1.5, B =g = 0.5, u =125, n = 0.25. Choosing m; = 2, my =1, then 1y = 0.25,
Ty = 0.5.
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A simple computation showed M ~ 0.6786. By Lemma 2.6 and with the aid of a com-
puter, we obtain that

-1
I= (“ u- / H(, qs)dqs) ~18.9553,

and

1 oa—1 1- (a=1) 4
b (/ (% * %H(’MS)) qu) ~1.1770.
0 q

Letf(t,u)=—15+ 15 + 21/u. Take & =1, & = 340, then f(¢, u) satisfies
(i) f(t, u): [0,1] x [0,340] — R* is continuous and nondecreasing relative to u;
(i) maxo<<1f(t &) =f(L,340) ~ 387.2459 < L&, ~ 400.1800;
(iii) miny_,) f(6,&) =f(},1) ~ 210188 > & ~ 18.9553.
So, by Theorem 3.3, the problem (4.2) has one positive solution u" satisfying

1< ||u ”x <340 and lim T"up=u, uo(t) = 340.
m— 00
Example 4.3 Consider the following fractional boundary value problem:

15 t
Dy (t)+1oo+Sl§0 +_+1 0, O<t<l, (4.3)

u(0) =0, u(1) = 0.75152u(0.75),
where @ = 8 =1.5,4 = 0.5, u = n = 0.75. Choosing m3 = 3, m4 = 1, then 73 = 0.125, 74 = 0.5.

By calculation, we get M ~ 1.0661. By Lemma 2.6 and with the aid of a computer, we
obtain that

T4 1
(/TS (g(q& qs) + %H(n,qs)> dqs)

T4 a-1 1-— (a—1) -
5( / ((qrs) =g, %H(n,qs)>dqs> ~ 3.4698,
73

[y(a)
and
1 a-1 (a-1) -1
1-gs
L= (/ (—q (1~ 45) + iH(n,qs)) dqs> A2 1.4966.
0 Fq(a) M

Let f(t,u) = 3 + 5‘“(2)1 + 4 +1.Takexk =7 and ry = %, ry = %. Then f (¢, u) satisfies

(i) ft,u): [0 1] X R’r — R* is continuous;

(i) f(6u) < o5 + 5 + 15 +1 = 11581 <Ly ~ 13469, (6,u) € [0,1] x [0, 5]

(ii) £, ”)_ﬁ‘* “;;t+—+1>1+ A =1.0125>«r =1, (t,u) € [0.125,0.5] x [0, ]
So, by Theorem 3.5, the problem (4.3) has at least one positive solution u, with % <

9
lluollx = 15-
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