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1 Introduction
In this paper, we consider the following second-order linear difference equation with com-

plex coefficients:
T(%)(2) := =V (p(0) Ax(2)) + q()x(t) = Aw(D)x(2), t€], (1.1)

where I is the integer set {t}©_, a is a finite integer or —0o, and b is a finite integer or +00
with b —a > 3; A and V are the forward and backward difference operators, respectively,
i.e., Ax(t) = x(t +1) —x(t) and Vx(£) = x(¢t) — x(¢ — 1); p(¢t) and ¢(¢) are complex with p(£) #0
fort €I, pla—1) #0 if a is finite and p(b + 1) # 0 if b is finite; w(¢) > 0 for £ € [; and A is a
spectral parameter.

Equation (1.1) is formally symmetric if and only if both p(¢) and g(¢) are real numbers.
Therefore, if p(t) or q(¢) are complex, then Eq. (1.1) is formally nonsymmetric. To study
nonsymmetric operators, Glazman introduced the concept of /-symmetric operators in
[1] where J is a conjugation operator (see Definition 2.2). The minimal operators gen-
erated by Sturm-Liouville and some higher-order differential and difference expressions
with complex coefficients are /-symmetric operators in the related Hilbert spaces (e.g.,
[2—-4]). Here, we remark that a bounded J-symmetric operator is also called a complex
symmetric operator (cf. [5, 6]). The operators generated by singular differential and dif-
ference expressions are not bounded in general.

It is well known that the study of spectra of symmetric (J-symmetric) differential ex-
pressions is to consider the spectra of self-adjoint (/-self-adjoint) operators generated by
such expressions. In general, under a certain definiteness condition, a formally differen-
tial expression can generate a minimal operator in a related Hilbert space and its adjoint
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is the corresponding maximal operator (see, e.g., [7, 8]). Generally, the self-adjoint (J-
self-adjoint) operators are generated by extending the minimal operators. In addition, the
eigenvalues of every self-adjoint (J-self-adjoint) extension of the corresponding minimal
operator are different although the essential spectra of them are the same. Therefore, the
characterization of self-adjoint (/-self-adjoint) extensions of a differential expression is a
primary task in the study of its spectral problems; and the classical von Neumann self-
adjoint extension theory and the Glazman-Krein-Naimark (GKN) theory for symmetric
operators were established [9, 10]. The related /-self-adjoint extension theory was also
established (cf [3, 11]). By using them, characterizations of self-adjoint (/-self-adjoint) ex-
tensions for differential expressions in terms of boundary conditions have been given (cf.
[4, 7,12, 13]). For other results for formally symmetric (J-symmetric) differential expres-
sions, the reader is referred to [14—22] and the references therein.

It has been found out that the minimal operators generated by some differential ex-
pressions may be non-densely defined and the maximal operators may be multi-valued
(e.g., see [20, Example 2.2]). In particular, the maximal operator corresponding to Eq. (1.1)
is multi-valued, and the minimal operator is non-densely defined in the related Hilbert
space (cf [23]). Therefore, the self-adjoint extension theory for symmetric operators is
not applicable in these cases. Coddington [24] extended the von Neumann self-adjoint
extension theory for symmetric operators to Hermitian subspaces in 1973. Recently, Shi
[25] extended the GKN theory for symmetric operators to Hermitian subspaces. Using
GKN theory given in [25], Shi [23] first studied the self-adjoint extensions of (1.1) with
real coefficients in the framework of subspaces in a product space. For /-symmetric case,
in order to study the /-self-adjoint extensions of /-symmetric differential and difference
expressions for which the minimal operators are non-densely defined or the maximal op-
erators are multi-valued, the theory for a J-Hermitian subspace was given in [26] which
includes the GKN theorem for a /-Hermitian subspace. For the results for difference ex-
pressions, the reader is referred to [27-33].

The limit types of (1.1) which are directly related to how many boundary conditions
should be added to get a /-self-adjoint extension have been investigated in [31, 32]. In
the present paper, the /-self-adjoint subspace extensions and J-self-adjoint operator ex-
tensions of the minimal subspace corresponding to Eq. (1.1) with complex coefficients are
studied. A complete characterization of them in terms of boundary conditions is given.
These characterizations are basic in the study of spectral theory for Eq. (1.1).

The rest of this present paper is organized as follows. In Section 2, some basic concepts
and fundamental results about subspaces and Eq. (1.1) are introduced. In Section 3, the
maximal, pre-minimal, and minimal subspaces in the whole interval and the left-hand and
right-hand half-intervals are introduced and their properties are studied. The relationship
among the defect indices of the minimal subspaces in the whole interval and the left-hand
and right-hand half-intervals is studied in Section 4. In Section 5, we pay our attention to
J-self-adjoint subspace extensions of the minimal subspace in the whole interval. Finally,
a complete characterization of /-self-adjoint operator extensions of the minimal operator
in the whole interval is given in Section 6. Three examples are given in Section 7.

2 Preliminaries
In this section, we introduce some basic concepts and give some fundamental results about
subspaces in a product space and present two results about Eq. (1.1).
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By C denote the set of complex numbers, and by z denote the complex conjugate of
z € C. Let X be a complex Hilbert space with the inner product (-,-). The norm || - || is
defined by ||f| = (f,f)¥? for f € X. Let X? be the product space X x X with the following
induced inner product, denoted by (-, -) without any confusion:

((x’f)’ (y’g)> = (x,)’> + (f’g) for all (xtf)r (y’g) GXZ-

Let T bealinear subspace in X2. For briefness, a linear subspace is only called a subspace.

For a subspace T in X2, denote

D(T) = {xeX:(x,f) € TforsomefeX},
T(x) = {feX:(x,f) € T},
T-x={(f-):(xf)eT}

Clearly, T(0) = {0} if and only if T can determine a unique linear operator from D(T) into
X whose graph is T. Therefore, T is said to be an operator if 7(0) = {0}.

Definition 2.1 [24] Let T be a subspace in X2.
(1) Its adjoint, 7", is defined by

T = {(y,g) eX?: (f,y) = (x,g) forall (x,f) € T}.

(2) T is said to be a Hermitian subspace if T C T".
(3) T is said to be a self-adjoint subspace if T = T".

Lemma 2.1 [24] Let T be a subspace in X*. Then T" is a closed subspace in X*, T" = (T)’,
and T" = T, where T is the closure of T.

Definition 2.2 (see [19, p.114] or [3]) An operator ] defined on X is said to be a conjugation
operator if for all x,y € X,

Jx, Jy) = (9,2) and  JPx = x. (2.1)

It can be verified that / is a conjugate linear, norm-preserving bijection on X and it holds
that (see [19, p.114])

(Jx,y) = (Jy,x) forallx,yeX. (2.2)
The complex conjugation x — x in any /2 space is a conjugation operator on /2.

Definition 2.3 [26] Let T be a subspace in X? and / be a conjugation operator.
(1) The J-adjoint of T, i.e., T}, is defined by

T, ={(,g) € X*: {f.}y) = (x,]g) for all (x,f) € T}.

(2) T is said to be a J-Hermitian subspace if T C T;.
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(3) T is said to be a /-self-adjoint subspace if T' = T}.
(4) Let T be a J-Hermitian subspace. Then § is a J-self-adjoint subspace extension
(briefly, J-SSE) of T'if T C S and S is a /-self-adjoint subspace.

Remark 2.1
(i) It can be easily verified that T] is a closed subspace. Consequently, a /-self-adjoint
subspace T is a closed subspace since T = T] In addition, S; C T; ifT CS.
(ii) From the definition, we have that (f, Jy) = (x,Jg) holds for all (x,f) € T and
(»,g) € T;, and that T is a J-Hermitian subspace if and only if

(foJy) = (% Jg) forall (x,f),(y,2) €T.

(ili) Assume that T is not only J-symmetric for some conjugation operator J but also
symmetric, and that S is a /-SSE of T. Then § is a self-adjoint subspace extension of
T ifand onlyif S, = S".

Lemma 2.2 [26] Let T be a subspace in X*. Then
) T ={UrJg): 0.g) € T)};
2) T; ={UnJg): @ € T}

Lemma 2.3 [26] Let T be a J-Hermitian subspace. Then (y,g) € T ifand only if (y,g) € T,
and (f,]y) = (x,]g) for all (x,f) € T;.

Definition 2.4 [26] Let T be a J-Hermitian subspace. Then d(T) = %dim T] /T is called
to be the defect index of T'.

Remark 2.2 By [26, Remark 3.5], d(T) is a nonnegative integer or else infinite. Further,
d(T) =d(T). Then T and T have the same J-SSEs since every J-SSE is closed.

Define the form [:] as

[€.N): 0,0)] = (F. ) — . Jg),  (x.f), (,9) € T

Then, for all ¥} = (x;,f) € T; (j=1,2,3) and i € C, it holds that

[Y3: Y1+ Y5]=[Y3:11]+[Y3:Ya], V1+Yy:Y3]=[Y1:Y3]+[Y2:Y3], 23)
WYYl =[Viiphol=ulYi: Yal,  [Yi:Yal=—[%: il '

The following result which can be regarded as the GKN theorem for a /-Hermitian sub-
space was established in [26].

Theorem 2.1 Let T be a closed J-Hermitian subspace. Assume that d(T) =: d < +00. Then
a subspace S is a J-SSE of T ifand only if T C S C T] and there exists {(xj,ﬁ)}]“i:1 C T; such
that
(i) (e,A) (®2,f2)s ..., (x4, fa) are linearly independent (modulo T);
(i) [(x5,f5): (x5, )] =0 fors,j=1,2,...,d;
(i) S={0rg €T} :[(0ng): x,f)] =0,j=1,2,...,d}.
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Finally, we present two results for t or Eq. (1.1). For briefness, introduce the conventions:
for any given integer k, a + k = —oo when a = —00, and b + k = +0co when b = +o0. Further,
denote

@) @) = p@)[(Ay()x(t) - y(t) Ax(t)], te{t} ;.

In the case of a = —oo, if lim;_,,(x,y)(¢) exists and is finite, then denote the limit by
(%, y)(—00); and in the other case of b = +00, if lim,_, ,(x, y)(¢) exists and is finite, then denote
the limit by (x, y)(c0).

We remark that the notation (x,y)(£) is also used in [23] where it is given by (x, y)(¢) =
pO(AY()x(t) — y(£) Ax(2)]. So, the expression of (x,y)(£) in the present paper is different
from that in [23].

It can be easily verified that the following result holds.

Lemma 2.4 Forany x = {x(t)}} |,y = {(y()}2*} | C C, and for any m,n €  with m < n,

n

> OT@ @ - To)E)x(E)] = )OI, -

t=m

The following result is a direct consequence of Lemma 2.4.

Lemma 2.5 Foreach A € C, lety and z be any solutions of (1.1). Then, for any given a —1 <
L < b;

0,2)(t) = 3,2)(to), tel

3 Maximal and minimal subspaces

In this section, we introduce the corresponding maximal, pre-minimal, and minimal sub-
spaces to T in the whole interval and the left-hand and right-hand half-intervals and study
their properties.

First, introduce the following space:

b
B():=1x= {20}, cC: > w@)|xt)| < +ool.

t=a

Then /2(I) is a Hilbert space with the inner product

b
(x,9) = Y FOWOx().

Clearly, x = y in 22(I) if and only if x(¢) = y(¢), t € I, i.e., [|x — y|| = 0, where |lx|| = (x, x)1/2.

The formally adjoint operator of 7 is

T (x)(8) = =V (p() Ax(t)) + g(t)x(2), tel
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Now, introduce the maximal subspace H(t) and the pre-minimal subspace Hyo(7) in

2(I) x I2(I) corresponding to T as follows.

H(z) = {(x,f) € lﬁ,(]) X lfv(l) st (x)(t) = w(t)f (£),t € I},
Hoo(t) = {(x,f) € H(z): there exist two integers Zo, to € I with % < o (3.1)

such that x(¢) = 0 for £ < 7y and ¢ > o }.

The subspace Hy(t) := Hyo(t) is called the minimal subspace corresponding to t.
The endpoints a and b may be finite or infinite. In order to characterize the /-SSEs of
Hy(t) in a unified form, we introduce the left and right maximal and minimal subspaces.

Fix any integer a + 1 < ¢y < b. Denote
=co-1
L := {t}i;zo ’ L= {t}f:co’

and by (-,-), ()a ()6 | - I, || - lz» and || - ||, denote the inner products and the norms of
2(I), i2(I,), and [2(1,), respectively. For briefness, we still denote the inner products and
norms of their product spaces /2(I) x 2(I), I2(L) x 2 (L), and [2(I;) x [2(I;) by the same
notations as those for 12,(1), i2 (L), and [2(I,), respectively.

Let H,(t) and H, () be the left maximal and pre-minimal subspaces defined as in (3.1)
with I replaced by I3, respectively, and let Hy,(t) and Hj,00(7) be the right maximal and pre-
minimal subspaces defined as in (3.1) with I replaced by I, respectively. The subspaces
H,o(7) := 1:15,,00(1) and Hjo(7) := ]:Ih,oo(r) are called the left and right minimal subspaces

corresponding to 7, respectively. By Lemma 2.1, one has
Hy(t) =Hy(t),  H,o(t) =H,o0(v),  Hpyo(t) = Hygo(7). (3.2)

In the rest of the present paper, let J be the complex conjugate x — X, i.e., Jx = x. Then J is
a conjugation operator on /2(I) (or /(L) or [2(I;)). By Lemma 2.2 and (3.2), one has that

*

(Ho(T)); = (Hoo(f));» (Ha,O(f)); = (Ha,oo(f))],

. (3.3)
(Hb,o(f))/ = (Hb,OO(T))]~

The rest of this section is divided into three parts.

3.1 Properties of minimal subspaces and their adjoint and J-adjoint subspaces
In this subsection, we study the properties of minimal subspaces Ho(t), Hy,0(7), Hpo(7)
and their adjoint and J-adjoint subspaces.

First, we have the following result.

Lemma 3.1 (see[23,Lemma3.1]) Foreacha+1<ty<b-1(ora+1<ty<cog—2o0rco+1<
to < b-1)andforeach & € C, thereexistsx € D(Hyo(t)) (or D(H,,00(t)) or D(Hp,00(7))) such
that x(ty) = & and x(t) = 0 for all t # t,.
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Theorem 3.1 H(t*) C Hyy(t), Ho(t*) C H, (), Hy(t*) C H,, 04 (1), and

HSO(r) = {(x,f) € lﬁ,([) X lﬁ,(l) T )(@) =wE)f(t),a+1<t<b- 1},
H;OO(‘L') = {(x,f) € lﬁ,(]l) X lﬁ,([l) 2T () () = w(E)f(B),a+1<t<co-— 2}, (3.4)

H;OO(t) = {(x,f) € lfv(lg) X lvzv(lz) 2T ()(@E) =wE)f (), co+1<t<b- 1}.

Proof Since H,o(t) and Hj,00(7) are two special cases of Hyo(7), we only prove the results
corresponding to Hoo(7).
For any given (x,f) € Hy,(t), we have

{f,y)=(xg), Y8 € Hoo(r), (3.5)

which implies that
b
Y ewy© - G)oxw)] = o. (3.6)
On the other hand, by using y € D(Hyo(7)), it can be verified that
b
Y O @ - E)oxw] =0,

t=a
which, together with (3.6) and y(a) = y(b) = 0 when a and b are finite, implies that
b-1
> OO () - T @)(B)] =0, ¥y e D(Hoo(r)).
t=a+1

So, by Lemma 3.1 we get
X)) =wt)f(t), a+1<t<b-1 (3.7)

Conversely, suppose that (x,f) € I2(I) x [2(I) satisfies (3.7). Then (3.5) holds for all (y,g) €
Hoo(7). Consequently, (x,f) € Hy,(t). So, the first relation of (3.4) holds. In addition, the
first relation of (3.4) directly yields that H(t*) C Hy,(t). This completes the proof. O

Theorem 3.2 The subspaces Hyo(t), Hyo0(T), and Hyoo(t) are J-Hermitian subspaces
in (1) x B(D), 13,(h) x I,(h), and I},(I,) x I2(I), respectively. Further, H(t) C (Hoo(7)),,
H, (1) C (Ha00(7))), and Hy(t) C (Hp,00());, and
(Hoo(0), = {@.f) € (1) x (1) : T(6)(®) = w(t)f (D), a+ 1 <t < b -1},
(Hu,OO(t)); ={.f) € (L) x (L) : T®)(6) = w()f (),a +1 <t <co -2}, (3.8)
(Hb,oo("-')); ={(x.f) € (L) x L(I) : T(x)(£) = w(t)f (), co + 1 <t <b-1}.
Proof It can be easily verified that Hyo(t), H,00(7), and Hp,g(t) are J-Hermitian subspaces

in the corresponding Hilbert spaces by (ii) of Remark 2.1 and Lemma 2.4. Further, (3.8)
can be concluded from Theorem 3.1 and Lemma 2.2. This completes the proof. d
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Using Theorem 3.2 and with a similar argument to [23, Corollary 3.1], we can get the

following results.

Corollary 3.1 H(z) = (Hoo(1)); = (Ho(t));, Ha(t) = (Ha00(7)); = (Hao(1)),, and Hy(t) =
(H;,,oo(t)); = (Hb,o(r)); in the sense of the norms || - ||, || - |z, and | - ||», respectively. Con-
sequently, H(t), H,(t), and Hy(t) are closed subspaces in I2(I) x 2(I), I2(L) x (L), and
(L) x (1), respectively.

Remark 3.1 H(t) = (Hoo(r)); = (Ho(‘r)); follows from (3.3) and the first relation of (3.8) in
the special case that a = —0co and b = +00.

Now, we introduce the boundary forms on /2 (1) x 2(I), 2(I;) x [2(L), and I2(I,) x I2(I»)
as follows.

B x B x BI)x B0 —C, ((f),0n9) = (f,Jy) — (x.Jg);
la: 2(0) x 2(L) x (L) x B(H) > C, (06, 09)) = (- Iya — (%J8)as
Clp: (1) x B(L) x (L) x (L) = C, (), 009)) = (- 9)6 — (%,J8)s-

It can be easily shown that (2.3) holds for [], [:],, and [:],, respectively.
Note that Hy(t), H,0(7), and Hpo(t) are closed. Then, by Lemma 2.3 and (3.3), Ho(7),
H,o(7), and Hp(7) can be expressed in terms of the boundary forms as follows.

Hy(7) = {(5.f) € (Hoo(r)), : [(.f) : (Hoo(r)),] = 0},
Hao(t) = {(.f) € (Haoo(D)), : [(61) : (Haoo (D)), ], =0}, (3.9)

5

Hpo(t) = {(x.f) € (Hb,oo(f)); [@f) : (Hbo0(2),], = 0}.

Theorem 3.3 The subspaces Hy(t), H,o(t), and Hy (1) are closed J-Hermitian operators
in 2(I), I2(L), and I2 (L), respectively.

Proof We only prove the result for Hy(t) since H,(7) and Hp(7) can be regarded as two
special cases of Hy(7).

Since Hy(t) is a J-Hermitian subspace by Theorem 3.2 and Hy(t) = Hoo(t), one has
that Hy(t) is a closed J-Hermitian subspace. So, it suffices to show that (Hy(t))(0) = {0}.
Suppose that (0,f) € Ho(t). Then, for all (y,g) € H(t) C (HOO(‘L'));, [0,): @] ={f. Jy) =
0, that is,

b
>y ew(e)f () =o. (3.10)

In order to show f = 0, the discussion is divided into three cases.
Case 1. The endpoints a and b are finite. For all (x,f) € (Hoo(r)); with x(¢) = 0 for all
t € I, we get by Theorem 3.2 and (3.10) that

ya)wla)f (a) + y(b)w(b)f (b) =0, ¥(y,g) € H(z). (3.11)
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It can be easily shown that there exists (y,g) € H(t) such that y(a) = f(4) and y(¢) = 0 for
all £ # a. Inserting it into (3.11) yields f(a) = 0. Similarly, f(b) = 0. Hence, f = 0.

Case 2. One of 2 and b is finite. With a similar argument to that for Case 1, one can show
f(a) =0.Hence, f = 0.

Case 3.a = —oo and b = +00. By Remark 3.1, H(7) = (Hoo(r));. So, by the first relation of
(3.8), x(¢) = 0 for ¢ € I implies that f(t) = 0 for ¢ € I. This completes the proof. O

Lemma 3.2 For every (x,f) € Hy(t), x(a) = 0 in the case that a is finite and x(b) = 0 in the
case that b is finite.

Proof Fix any (x,f) € Ho(t). Then we have

b b

0=[@f): (8] =Y _yOwdf(®)- Y e@we)x(e), ¥(,g) € H(x). (3.12)

t=a t=a

If a is finite, then there exists (yg,g0) € H(t) such that yg(a — 1) # 0 and y,(¢) = 0 for all
t € I. Inserting (¥o,go) into (3.12), we have that p(a — 1)yo(a — 1)x(a) = 0. So, x(a) = 0. One
can get that x(b) = 0 when b is finite similarly. This completes the proof. g

Theorem 3.4 The subspace Hy() is a densely defined J-Hermitian operator in I2(I) in the
case that a = —00 and b = +oo and a non-densely defined J-Hermitian operator in I2(I) in
the case that at least one of a and b is finite. Consequently, H,(t) and Hyo(t) are non-

densely defined ]-Hermitian operators in I (L) and (1), respectively.

Proof By Theorem 3.3, Lemma 3.2, and a similar method to [23, Theorem 3.3], this theo-

rem can be proved. g

3.2 Characterizations of the three subspaces ﬁo(r), ﬁa,o(r), and ﬁb,o(r)
In this section, we introduce three subspaces ﬁo(r), ﬁg,o(f), and 1’-\1;,,0(17), and discuss their
characterizations, which will play an important role in the study of J-SSEs of Hy(7).

First, define Ho(t), Hao(t), and Hyo(t) in (1) x (1), B(I) x (L), and 12(L) x (L)
as follows:

Ho() = {(x.f) e H(x): [(x,f): H(r)] = 0},
Hao(7) = {(6.f) € Ha(r) : [(.) : Ha(7)], = 0},

Hyo(1) := {(x.f) € Hy(7) : [(x.f) : Hy(7)], = 0}

Since [:], [:]4, and [:], are defined in terms of the norms || - ||, || - ||, and || - ||, respectively,
by Corollary 3.1 we get that ﬁo(r) = Hy(t), ﬁa,o(r) =H,(t), and ﬁb,o(r) = Hpo(7) in the
sense of the norms || - ||, || - ||, and || - ||, respectively. So, ﬁo(f), I’-ia,o(t), and ﬁb,o(l’) are
closed /-Hermitian operators in the corresponding spaces by Theorem 3.3.

In [23], the patching lemma [23, Lemma 3.3] was used in the study of the self-adjoint
subspace extensions for (1.1) with real coefficients. It also holds for (1.1) with complex

coefficients here.
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Lemma 3.3 [23, Lemma 3.3] For any given o}, p; € C, j = 1,2, and any given a,, b, € I with

by > ay +1, there exists f = {f (t)}fia1 C C such that the boundary value problem

T(®)(t) =w(t)f (), a1 <t=<bh,

xa1—1) = oy, x(ar) = o, x(b1) = B, x(b1+1) = By

has a solution x = {x(t)}fizll_l. Further, for any given (x1,f1), (x2,/2) € H(t), there exists

(9,g) € H(t) such that

x(t), a-1<t=<a, o(6) = AW), a<t<a-1,

y(t) = =
x(t), b1 <t<b+1, fa(t), bi+1<t<bh.

Remark 3.2 (see [23, Remark 3.2]) Any two elements of H,(t) (or Hy(t)) can be patched
together by some element of H,(t) (or Hp(7)) in a similar way as in Lemma 3.3. Further,
any element of H,(t) and any element of Hj(7) can be patched together by some element

of H(t) in a similar way as in Lemma 3.3.
The following result can be easily verified by Lemma 2.4, Theorem 3.2, and (3.3).

Lemma 3.4 For all x,y € D((Ho(7));) or D((H,,0(7)),), limy_ 4_1(x,)(t) exists and is finite
in the case of a = —00, and for all x,y € D((Ho(r));) or D((Hblo(r));), limg_, (%, y)(¢) exists
and is finite in the case of b = +00. Moreover,

[@f): 1,9)] = (x)(B) - (xy)@-1), V(xf) (5,8 €H(z),
[(xrf) : (J’»g)]a = (x:y)(CO - 1) - (x,)/)(ﬂ - 1)’ V(x,f), ()/,g) S Ha(T);
[®f): 0,9)], = @»B) - (% y)(co-1), Y. ), (3,8 € Hy(2).

Using Lemma 3.3 and with a similar argument to [23, Theorem 3.4], we have the other

characterizations of three subspaces ﬁo(r), I/-L,O(t), and ﬁb,o(r).
Theorem 3.5

Hy () = {(x.f) € H(x) : (%,5)(a 1) = (x,5)(b) = 0,Yy € D(H(1))}.
Hyo(r) = {(®.f) € Hy(t) : 5(co — 1) = x(co) = 0

and (x,y)(a—1) = 0,¥y € D(H,(7))}.
Hiy,o(7) = {(x.f) € Hy(7) : x(co — 1) = x(co) = 0

and (x,7)(b) =0,Vy € D(Hb(r))}.

3.3 Characterizations of the left and right maximal subspaces
In this section, we characterize H,(t) and H(t).

First, let d, d,, and dj, be the defect indices of Hy(t), H, (), and Hy (1), respectively.
Then we have
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Lemma3.5 d = % dimD, d;, = % dim Dy, and d, = % dimD,, where

D= {(y,g) €H(r): r*(%r(y))(t) = -w(t)y(t),Va+1<t< b—l},
Dy := {(y,g) € Hy(1): t*(%r(y))(t) =-w(t)y(t),Yeo +1 <t <b- 1},
D, := {(y,g) € Hy(t): T*(%t(y))(t) =-w(t)y(t),Va+1<t<c —2}.

Proof Since the proofs are similar, we only prove d = % dimD.
First, it can be verified that

dim (Ho(r)),/Ho(r) = dim H(z)/Hy (7). (313)
Next, we prove that
H(t) =Ho(t)®D (orthogonal sum). (3.14)

Let (y,g) € H(r) © ﬁo(t), where © denotes the orthogonal complement of ﬁo(t) in H(t).
Then

0={(n9), () = (%) + & f),  V(xf) € Ho(z), (3.15)

which yields that (g,—y) € ﬁg(r). It can be easily verified that ﬁg(r) = HS(‘L’). So, (g,-y) €
H,(t), and by Theorem 3.1, one has that

T @)(t) = —w()y(t), Ya+l<t<b-1. (3.16)

Since (y,2) € H(r) and w #0, we get g = %r(y) on /. Inserting it into (3.16), we have

Tt (%T@)) ) =-w(t)y(t), VYa+1<t<b-1. (3.17)

So, (y,g) € D. Conversely, suppose that (y,g) € D. Then (y,g) € H(t) and (3.17) holds,
and then (3.16) holds. Then (g, —y) € H,(t) and hence (g,-y) € qu(t). So, (3.15) holds and
hence (y,2) € H(t) © ﬁo(r). So, (3.14) holds, which together with (3.13) implies that d =
% dimD. This completes the proof. O

Lemma3.6 dy=1o0or2andd, =1 or2.

Proof By Lemma 3.5, dim Dj, is equal to the number of linearly independent solutions of

Tt (&t(y))(t) =-w@t)y(t), co+1<t<b-1, (3.18)

for which both y and #ry are in 2(,). Then d), = %dim D, < 2 since (3.18) has at most
four linearly independent solutions. In addition, there exists (z;, /;) € Hy(7), j = 1,2, such
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that

zi(co—-1) =1, z1(co) = 0, z1(t)=0, Veo+1=<t<b+],

(3.19)
z3(co—1) =0, 25(co) =1, 2(t) =0, Veo+1<t<b+1.
Note that (z1, /1) and (23, i) are linearly independent (modulo 1/:[;9,0(1)) and
1. .
d[, = 5 dlme('C)/Hh,o(T).
Then dj > 1 and hence 1 <dj, <2. Then dj, =1 or 2 since d}, is an integer.
The assertion d, = 1 or 2 can be proved similarly. This completes the proof. O

Lemma 3.7
(1) If all the solutions of (1.1) restricted on I are in I2(I,) for some Lo € C, then the same
is true for all » € C.
(2) If all the solutions of the equation

T (%T@))(t) =aw()y(t), co+1<t<b-1, (3.20)

are in I3 (L) for some Ay € C, then the same is true for all ) € C.

Proof The first result is [31, Lemma 2.2]. Now, we prove the assertion (2). Clearly, this
result holds if b is finite. So, we prove the case where b = +00. By setting

1

x(@) =y(),  x()= —W(t)f(y)(t),
. (3.21)
x3(t) = —ﬁ(t)A<—T0’)(t)), x4(t) = p(£) Ay(2),
w(t)
Eq. (3.20) can be rewritten as the following discrete Hamiltonian system:
JAY(t) = (P(t) - AW (@®)R(Y)(E), co <t<oo, (3.22)
where
x1(¢) x(t+1)
_ x(t) B x(t+1) _ -C() O
Y(t) = ek R(Y)(t) = P P(t) = ( 0 B(t)> ,
x4(%) x4(t)

Ct)=< 0 51(t+1)>, B(t)=<9 1/p(t)), jz(o —1M>,
q(t+1) w(t+1) 1/p(t) 0 Lo 0

Iy is the 2 X 2 unit matrix, and W (¢) = diag(w(¢ + 1), 0,0, 0). It is evident that the assump-
tions (A1) and (A,) of [27, Section 1] hold for (3.22). Let

t=c

B, = {Y = Y@}, cCH Y RY) OWORY(E) < +oo}

t=cg
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with the inner product (Y,Z)w = Y_°, R(Z) ()W (t)R(Y)(t), where Y (¢) denotes the
complex conjugate transpose of Y(£). We have from [27, Theorem 5.5] that if there ex-
ists Ao € C such that all the solutions of (3.22) are in /3,, then the same is true for all 1 € C.
Hence, the assertion (2) of this lemma follows. This completes the proof. O

Theorem 3.6 Let (zj,h;) € Hy(t) (j = 1,2) be defined by (3.19). Then the following results
hold:
(1) In the case of dy, = 1, for any given (x,f) € Hp(t), there exist uniquely (yo,fo) € ]"\[b,o(l’)
and ¢, ¢y € C such that

x(t) = yo(t) + az1(t) + c2z0(t), co-1<t=<b+1 (3.23)

(2) In the case of dp = 2, let ¢y and ¢y be two linearly independent solutions of (1.1)
restricted on L. Then ¢y and ¢, are in 12 (L), and for any given (x,f) € Hy(t), there
exist uniquely (yo,fo) € ﬁb,o(t) and cj,d; € C (j = 1,2) such that

x(t) = yo(t) + c1z1(t) + cozo(t) + dip1 () + dopa(t), co-1<t<b+1 (3.24)

Proof Since dime(t)/Iqb,o(t) = 2 in the case of dj = 1, one has that (z;,/) and (22, /2)
defined by (3.19) form a basis obe(t)/ﬁbyo(t). So, the first result holds.

In the case of dj, = 2, one has that dime(r)/ﬁblo(r) = 4. By Lemmas 3.5 and 3.7, all
the solutions of (3.20) with A = 0 are in /2(I,) and hence all the solutions of 7(y)(t) = 0
restricted on I, are in /2(I3). So, all the solutions of (1.1) restricted on I, are in /2(I;) by
Lemma 3.7. Let ¢; and ¢, be two linearly independent solutions of (1.1). Then (¢, A¢1),
(¢2, A2) € Hp(). Set

@ := (¢, pa)(co = 1), ,- (3.25)

Then it can be concluded that rank ® = 2. On the other hand, (z, #1), (22, 42), (¢1, A1), and
(¢p2, A¢pp) are linearly independent (modulo ﬁb,o(r)). In fact, if

2 2 2 2
(Z ¢z + Z ¢, Z chj + A Z C;’+1¢j) € Hyo(2),
j=1 j=1 j=1 j=1
then by Theorem 3.5 and ¢y, ¢ € D(Hj(7)),

Y rigzi(co—1) + Y 7 gagileo —1) =0,
Yt cizilco) + Y1 Cadlco) = O,
c3(¢1, 91) (D) + calha, $1)(b) = 0,
c3(¢1, $2) (D) + cal(¢a, $2)(b) = 0.

This, together with Lemma 2.5 and rank & = 2, implies that ¢; = 0 (1 <j < 4). Then (2, /1),
(22, h2), (@1, A1), and (po, A@y) form a basis of Hb(r)/ﬁb,o(r). So, (3.24) holds. This com-
pletes the proof. O

Using a similar argument to Theorem 3.6, we can get the following result.
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Theorem 3.7 Let (2, izj) € H,(7) (j = 1,2) be defined by

51(00—1)=1, 21(60)=0, Zl(t)=0, Va-1<t<cy-2,
(3.26)
Zy(co-1) =0, Zy(co) = 1, Z(t) =0, Va-1<t<cy-2.

Then the following results hold:
(1) Inthe case of d, =1, for any given (x,f) € H,(t), there exist uniquely (5/0,]?0) € I/:Ia,o(t)
and ¢,¢, € C such that

x(t) = 5/0(t) + Elél(t) + Zzéz(t), a-1<t<c. (327)
(2) In the case of d,, = 2, let ¢y and ¢, be two linearly independent solutions of equation
(1.1) restricted on I,. Then ¢y and ¢, are in P (1), and for any given (x,f) € Hy(t),
there exist uniquely (¥, fo) € ﬁa,o(r) and E,,le € C(j=1,2) such that

x(t) = Jo(t) + G2 (1) + EaZ(0) + iy (£) + dapo(t), a-1<t<co. (3.28)

4 Defect indices of Hy(T)

The following is the main result of this section.

Theorem 4.1 Let d, d,, and d, be the defect indices of Hy(t), H,,0(t), and Hyo(7), respec-
tively. Thend =d, + dj — 2.

It is evident that Theorem 4.1 holds in the case that at least one of ¢ and b is finite. So, it
is only needed to consider the case that a = —oo and b = +00. Before proving Theorem 4.1,

we prove three lemmas in this case.
Lemma 4.1 d= %dim D, dy = %dim 5;,, and d, = %dim 5a, where
D= {(g) € (Ho(0), : (& ~y) € Hy(D)},

Dy 1= {(19) € (Hyo(1)), : (€ ~9) € H5(1)},

D= {(,9) € (Hao(1)), : () € Hy (1)}

Proof 1t can be easily verified that (Ho(r)); = Hy(7) ® D. This gives that d = % dimD. The
other two relations are proved similarly. This completes the proof. d

For any given (x,f) € [2(I) x [2(I), denote
=) A=), SO o)
Then we have the following result.
Lemma 4.2 Let Hy(t) be the restriction ofﬁo(r) defined by

Ho(t) = {(x,f) € Ho(t) : x(co — 1) = %(co) = 0}.
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Then

(o), = (0:0) € £0) x B0 () € (oo (0) and

(0'.g") e (Hb,o(r));}. (4.1)
Proof It can be easily verified by Theorem 3.5 that

Hao(2) = {(x7.f ) : (x,.f) € Ho(r) with ' (£) = 0},

Ayo(t) = {(x",f*) : (. f) € Flp() with 5~ () = 0}, @2
Then it can be verified that
Hy(v) = {(.) € LD x LD : (y7,¢7) € Hy(r) and ws)
(7".8") € Hyo(0)}. |
Relation (4.1) follows from (4.3) and Lemma 2.2. This completes the proof. a

Lemma 4.3 Let d be the defect index ofﬁo(t). Then d = d, + dp.

Proof It can be easily verified that f[o(t) is a closed /-Hermitian operator in /2(I) by the
fact that ﬁo(r) is a closed J-Hermitian operator in lﬁ,([). Set

Dup = {(y,g) € lﬁ,([) X lfv(l) : (y’,g’) € fi, and (y*,g*) € 131,},
in which ﬁa and 25;, are given in Lemma 4.1. Now, we prove that D, ;, = (Flo(t)); © Hy(z).

Let (y,2) € (ﬁo(f)); © Hy(z). Then, for all (x,f) € Hy (1), (3.15) holds, which together with
(4.2) implies that

(@) eH, (@), (¢-y") € Hypln).
Since H,,(t) = ITI;YO(I) and H, (1) = I':I;O(t), one has (y,g) € D,,. Conversely, sup-
pose that (y,g) € D,;. It can be verified that (y,g) € (ﬁo(t)); © Hy(1) by (4.2). Hence,
Daup = (ﬁo(r)); o ﬁo(r). Therefore, d = % dim D, ;. It can be easily verified that dim D, ;, =
dimD, + dimDy. So, d = d,, + d), by Lemma 4.1. This completes the proof. O
Proof of Theorem 4.1 Set

H(z) = {(xf) € H(t) :x(co — 1) = x(co) = 0}.

There exist (y1,81), (72,8) € H(t) such that

ylco-1) =1, yi() =0, Vt#co—-1,

y2(co) =1, y2(t) =0, VtFco.
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Then (y;,gj) € ?Io(r) by Theorem 3.5, (y;,g)) ¢ ﬁlo(r), and (y,g) ¢ [N‘[(‘L'),j =1,2. We claim

that
Ho(z) = Ho() + span{ (51, 21), 92,22)}, (4.4)
H(z) = H(z) + span{(y1,21), (72,22) }- (4.5)

In fact, for each given (x,f) € ﬁo(t), the algebraic system

ayi(co —1) + caya(co — 1) = x(co — 1),

cy1(co) + caya(co) = x(co)

has a unique solution (¢1,¢,)7. Let % = x — (C1y1 + ¢292) andf =f — (C1g1 + C222). Then
(5c,j?) € 1710(1'). So, every (x,f) € ﬁo(t) can be uniquely expressed as a linear combination
of some element of ﬁo(r), (51,41), and (y2,£2). Therefore, (4.4) holds. Similarly, (4.5) can
be proved.

Furthermore, there exists (x;,f;) € (ﬁo(r)); such that

1, t=c-1, 1, t=cop,
x(t) = 0 j=12, x(t) = k=34,
O, t#CQ—]., 0, t#Co,
_ pleo=2) — cn —
we2) =02 e o
r(co=1) f=co—1 w(co-2)’ 0=
t) = { wleo-1)? ’ t) = { rleo-1 — o
fl( ) _ pleg-1) f=c fZ( ) w(co-1)’ t=co-1,
w(co) ’ 0 0, t 7{CO -2, Co — 1,
0, If#Co—Z,CQ—l,CQ,
_ pleo-1) .
_ [(7(00)) t=co+1 w(co-1)’ t=co—1,
£ = w(co+1)’ ’ H=1_ p(co) —
so-10 et A= e g,
O, t#Co—l,Co-I'l,

where r(t) := p(t) + p(t — 1) + q(t). Suppose that there exists ¢; € C such that Z;-L:l ci(x,f) €
F[(‘L’). Then we get from w(z) # 0 for ¢ € I that

4 4
ZC]'JC/‘(C() - 1) = Zijl‘(C()) =0, (4'6)
j=1 j=1

which implies that Z;il cixj(t) = 0,a—1 <t < b +1. Therefore,

4 4

Y cfileo-1) = ¢fi(co) = 0. (4.7)

j=1 j=1

It can be obtained from (4.6) and (4.7) that ¢; = 0. So, (x1,f1),.. ., (¥4,f1) are linearly inde-
pendent (modulo H(t)). Further, we claim that

(Fo(r)), = H(z) + U, (4.8)
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where U = span{(x1,f1), (*2,/2), (*3,/3), (x4,f2)}. In fact, it is evident that ﬁ(r) +UC
(Ho(1));. Now, we show (Hy(1)); C H(z) + U. For each given (v,f) € (Ho(1));, the alge-
braic system

Z;il cixj(co —1) = x(co — 1),

Y1 ¢%i(co) = x(co),

T(Z;il cix)(co — 1) —wlco — 1) Z,il cifico —1) = T(x)(co — 1) — w(co — 1)f (co — 1),

(X1 %) (co) — wlco) X1y ¢ifi(co) = T(x)(co) — wlco)f (co)
has a unique solution (¢i, ¢, ¢3,¢4) 7. Let X = x — Z;Lzl g and f = f — Z}il &f;- Then (%,f) €
H(t).So, every (x,f) € (HO(T)); can be uniquely expressed as a linear combination of some
element of H(7), (x1,£1),..., (%4, fa). Therefore, (HO(T)); C ﬁ(r) + U and hence (4.8) holds.

Since (y1,21) and (y2,g,) are linearly independent (modulo H(r)), it follows from (4.5)
that dim H(z)/H(z) = 2. Further, from (4.8),

dim(Hy (1)), /H(7) = 4.
Then H(t) C H(z) C (Ho(t)); implies

dim(Hy (1)), /H(7) = 2. (4.9)
Since

Hy(t) ¢ Ho(r) C H(r) C (Ho(1)),,
we get from (3.13), (4.4), and (4.9) that

d= %dim(ﬁo(r));/ﬁo(r)

= %{dim(ﬁo(t));/H(r) +dim H(z)/Ho(t) + dim Ho(t)/Ho (7))

=2+d,

which together with Lemma 4.3 implies that d = d, + dj, — 2. So, Theorem 4.1 holds. This
completes the proof. d

5 J-self-adjoint subspace extensions of Hy(7)

By [26, Theorem 4.3], Hy(t) must have /-SSEs since it is /-Hermitian. In this section, we
give a complete characterization of all the /-SSEs of Hy(7) in terms of boundary conditions.
This section consists of two subsections.

5.1 The general case

The discussion is divided into three cases: d = 0, d = 1, and d = 2, which are equivalent to

d,=dp=1,d,=1,d,=20rd,=2,d,=1,and d, = dj, = 2, respectively, by Theorem 4.1.
The following result can be directly derived from Theorem 2.1 and Theorem 3.3.

Theorem 5.1 In the case ofd =0, i.e.,d, =dp =1, Hy(7) is a J-self-adjoint operator.
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Theorem 5.2 [n the case of d =1 with d, =2 and dy = 1, let ¢y and ¢, be any two linearly
independent solutions of (1.1). Then H; is a J-SSE of Hy(t) (i.e., Hyo (7)) if and only if there
exists a matrix M € C**? such that M # 0 and

) (@wea-1\
H; = {(x,f) eH(t):M ((x, o) — 1)) = 0} . (5.1)

Proof Note that ¢, ¢, € [2(I;) by Theorem 3.7 and b = +00 in this case.

First, consider the sufficiency. Suppose that M = (m;,m,) # 0. Let u = myy + mypy. It
is evident that u~ € D(H,(t)). Fix any integers a; and b; with a <a; + 1< ¢y < b; — 1. By
Remark 3.2, there exists 8 = (y,g) € H(t) such that

ut), a-1<t<am,
¥() =
0, t>b.

We claim that 8 ¢ Hy(t). Suppose on the contrary that 8 € Hy(z). Then 8 € ﬁo(t). Again
by Remark 3.2, there exists (y;,g;) € H(t), j = 1,2, such that

¢1(t)r a-1<t=<am,
() =
y/( ) = 0, t> bl.

So, we get from Lemma 3.4 and 8 € 1/'-\10(1) that

0= ([IB : (yligl)]’ [/3 : (yZ’gZ)]) = _M((¢j: (,bk)(&l - 1))2><2’ (52)

which implies that M = 0 since rank ((¢j, ¢x)(@ —1))2x2 = 2 from Lemma 2.5 and the proof
of Theorem 3.6. This contradicts M # 0. Hence, 8 ¢ Hy(t). Note that [8: 8] =0andd =1.
Then, by Theorem 2.1 and Corollary 3.1, the set

H, ={FeH(r):[F:B]=0} (5.3)

is a J-SSE of Hy(t). On the other hand, for any F = (x,f) € H(t), by Lemma 3.4 one has
) 1y - (x, ¢1)(a—1)
[@): 6] =@ )a~1) =M ( e 1)) ,

which implies that H; = H;. The sufficiency is shown.

Next, consider the necessity. Suppose that H, is a J-SSE of Hy(t). By Theorem 2.1,
Corollary 3.1, and d = 1, there exists some element 8 = (y,g) € H(t) such that 8 ¢ Hy(7),
[B:B] =0, and (5.3) holds. By (1) in Theorem 3.6 and (2) in Theorem 3.7, there exist
uniquely y,0 € D(]/:[byo(f)) and uniquely y,0 € D(I/-L,o(t)) such that

() = ypo(t) + c1z1(t) + c222(t), co—1<t<+00,

2 2
V() =ya0(t) + Y EFHO) + Y _digy(t), a-1<t<c,

j1 j-1

(5.4)


http://www.advancesindifferenceequations.com/content/2013/1/3

Sun and Ren Advances in Difference Equations 2013, 2013:3 Page 19 of 26
http://www.advancesindifferenceequations.com/content/2013/1/3

where &, ¢x, di € C and zi, Zi, k = 1,2, are defined by (3.19) and (3.26). If d, = dy = 0, then
it can be obtained from (5.4), (3.19), (3.26), Corollary 3.1, Lemma 3.4, and Theorem 3.5
that for all (x,f) € (Ho(r)); there exists (¥, f ) € H(t) such that

[@.f): 8] = [(:]): B] = R 9)(+00) = R p)(@~1) = 0.
So, B € Hy(t), which contradicts 8 ¢ Hy(t). Therefore, |d;| + |ds| > 0. Set

M := (dy, dy). (5.5)
Then M #0. Furthermore, for any (x,f) € H(t), by Lemma 3.4 one has

[@.f): B] = (x,9)(+00) = (x,9)(a = 1).

It follows from (5.4), (3.19), (3.26), and Theorem 3.5 that

3 _ (x!¢1)(ﬂ - 1)
(%, y)(+00) = 0, ®y(a-1)=M ((x, )l — 1)) :

So, H, determined by (5.3) can be expressed as (5.1). The necessity is proved. The entire
proof is complete. d

With a similar argument to Theorem 5.2, one can show the following result.

Theorem 5.3 In the case of d =1 with d, =1 and dy, = 2, let ¢, and ¢, be any two linearly
independent solutions of (1.1). Then H; is a J-SSE of Hy(t) (i.e., Hyo (7)) if and only if there
exists a matrix N € C**? such that N # 0 and

— . (xr¢1)(b) _
H, = {(x,f) €H(t):N ((x,@)(b)) = 0} .

Theorem 5.4 In the case of d = 2, let ¢y and ¢, be any two linearly independent solutions
of (1.1). Then H; is a J-SSE of Hy(t) (i.e., Hoo(7)) if and only if there exist two matrices
M,N e C*>*? such that

rank(M, N) = 2, MOMT = NONT, (5.6)
(%, ¢1)(a—1) (%, ¢1)(b)

Hi={(xf)eHx):M -N =0¢, 5.7

: {(xf JeHm ((x, ¢2)(a—1)) ((x, @)(b)) } >7)

where ® is defined by (3.25).

Proof Because d = 2 is equivalent to d,, = dj, = 2, it follows that ¢; and ¢; are in /2(1;), and
#; and ¢ are in [2(I,) and hence ¢; and ¢, are in [2(1).

Step 1. Consider the sufficiency. Let M = (mj), N = (nj), and

2 2
ilj = ijk¢k: uj = Z njk¢k’ ] =12
k=1 k=1
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It is evident that i, u; € H(t), j = 1,2. Choose any integers a; and by with a <a; + 1< ¢ <
by —1< b. By Lemma 3.3 there exists f; = (y,g;) € H(t) (j = 1,2) such that

u;(t), -1<t<ay,
y®={" @, a-lzt=za (5.8)
Ltj(t), bhh<t<b+1

By Theorem 3.5, rank & = 2, and rank(AM, N) = 2, it can be verified that 8; and B, are linearly
independent (modulo Hy(t)). Furthermore, by Lemmas 2.5 and 3.4, (5.6), and (5.8), we
have

(B B jper = NONT - MOMT =0.
Therefore, by Theorem 2.1 and Corollary 3.1, it can be concluded that
Hy={FeH(r):[F:8]=0,j=1,2} (5.9)
is a J-SSE of Hy(t). For any F = (x,f) € H(7),
wa-D) _ (wode-D)  (@n®)_(@o®) o
(x,y2)(a-1) (%, ¢2)(a-1) (,72) (D) (x, 2)(b)
Lemma 3.4 and (5.10) yield that H; = H,. The sufficiency is proved.
Step 2. Consider the necessity. Suppose that H, is a /-SSE of Hy(t). By Theorem 2.1 and
Corollary 3.1, there exist two linearly independent (modulo Hy(t)) elements 8; and B, in
H(t) such that [B; : Bx] = 0, j,k = 1,2, and (5.9) holds. Note that g; = (y,g) € H(r) and

hence (y,‘,g;) € H,(t) and (yj*,g;) € Hy(7). By Theorems 3.7 and 3.6, there exist uniquely
Yjo € D(H,,0(7)), yjo € D(Hp,0(7)), Cixs jis cji» mix € C (j = 1,2) such that

2 2
(8 =Fjo(®) + Y Gz + Y Aipd(t), a-1<t<cy,

- “ (5.11)
2 2
76 =y0(6) + Y _cuzk(®) + Y mai(®), co—1<t<b+1,
k=1 k=1
where Z; and z; are defined by (3.19) and (3.26). Set
M = (i), N = (nj). (5.12)

We will show that rank(M, N) = 2. Otherwise, rank(M, N) < 2. Then there exist ¢;,¢c5 € C
with |¢1] + |¢z| > 0 such that (¢, ¢)(M,N) =0, i.e.,

(c1,€2)M = (c1,¢2)N = 0. (5.13)
Set B=(¥,g") = a1 + c282. Then B € H(r) and from (5.13) and Theorem 3.5,

(¢, d1)(@=1), (¥, ¢2)(a—1)) = (c1, )M ((¢) pi)a - 1)), , =0,
(¢, 1)®), (¥, 62) (D)) = (c1,c2)N (¢, 1) ()., = O

(5.14)
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By Theorems 3.6 and 3.7, for y € D(H(t)), y* can be uniquely expressed as (3.24) and
y~ can be uniquely expressed as (3.28). So, it follows from (5.14) and Theorem 3.5
that (v,y)(a@ — 1) = (/,»)(b) = 0 for all y € D(H(t)). This, together with Corollary 3.1
and Lemma 3.4, implies that [8 : (Hoo(‘[));] = [B: H(t)] = 0. Hence, B € Hy(t). Conse-
quently, B; and B, are linearly dependent (modulo Hy(t)). This is a contradiction. So,
rank(M, N) = 2. Further, from [f; : ] = 0 and Lemmas 2.5 and 3.4, (5.11), and Theo-
rem 3.5, we get that

0= ([B: Bl)_jpep = NONT - MOM".

So, M and N satisfy the second relation of (5.6).

Finally, for any (x,f) € H(7), it follows from (5.11) and Theorem 3.5 that (5.10) holds with
M and N defined by (5.12). So, by Lemma 3.4, H, determined by (5.9) can be expressed as
(5.7). The necessity is proved. The entire proof is complete. d

5.2 The special cases
In this subsection, we characterize the /-SSEs of Hy(7) in the special cases that one of the
two endpoints a and b is finite and that both 4 and b are finite.

First, consider the case that a is finite and b = +c0. By Lemma 3.5, d,, = 2 in this case.
Let ¢; and ¢, be two linearly independent solutions of (1.1) satisfying

$r(a-1)=0, pla-1)A¢1(a-1) =-1,

$pla-1)=1,  pla-1)A¢ya—-1)=0.

(5.15)

Then ((¢), ¢)(a — 1))ax2 = —J and hence by Lemma 2.5, ¢ = —J, where @ is defined by
(3.25)and J = ((1) 61). It can be obtained from (5.15) that

woa-D\__(  sa-n 6516
(o2)a-1)) " \pla-DAxta-1)

Then the following result can be directly derived from Theorem 5.2.

Theorem 5.5 In the case that a is finite, b = +00, and d = 1, H is a J-SSE of Hy(z) (i.e.,
Hoo(t)) if and only if there exists a matrix M = (m1, my) € CY% with M # 0 such that

H; = {(x,f) € H(t) :mx(a—1) + mypla —1)Ax(a—1) = O}.

Furthermore, the following result is a direct consequence of (5.16), ® = —J, and Theo-
rem 5.4.

Theorem 5.6 [n the case that a is finite, b = +00, and d = 2, let ¢, and ¢, be the solutions
of (1.1) satisfying (5.15). Then H, is a J-SSE of Hy(t) (i.e., Hoo(7)) if and only if there exist
matrices M,N € C**2 such that

rank(M,N)=2,  MJM" =NJNT,

H=f) eH(r): M Ha-1) NE RSSO B
pla-1)Ax(a-1) (%, ) (+00)
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Theorem 5.7 In the case that a and b are finite, H; is a J-SSE of Hy(t) (i.e., Hoo(7)) if and
only if there exist matrices My, Ny € C**? such that

rank(My,Ny) =2, M JM! = NJJNT, (5.17)
B ) x(a—-1) B x(b) _
H, = {(x, f) € H(t): M (p(a _DAsa- 1)) N (p(bmx(b) = 0} ) (5.18)

Proof In this case, d, = dj, = 2. Let ¢ and ¢, be the solutions of (1.1) satisfying (5.15).
Then ® = —J. By Theorem 5.4, H; is a J-SSE of Hy(t) if and only if there exist matrices
M,N e C**2 such that (5.6) and (5.7) hold. Set
M;=-M, N =NP'}, P= $1(D) $2(b) .
p(b)A¢i(b)  p(b)Ada(b)

Then P is invertible and hence rank(Mj, N;) = rank(M, N). It can be verified that

NJNT=NINT, N, we)®)) _ [ 0 )
(x, $2)(b) p(b)Ax(b)

So, (5.6) and (5.7) hold if and only if (5.17) and (5.18) hold by (5.16). This completes the
proof. O

Remark 5.1 Let p and g be real-valued. Then Hy(7) is not only /-symmetric but also sym-
metric. However, the set of all the /-SSEs is not equal to the set of all the SSEs (SSE is an
abbreviation of self-adjoint subspace extension) in general, except for the case that d = 0.

For example, let 4 be finite, b = +00, and d = 1, and set
Hy = {(x,f) eH(t): A+ ix(a-1)+pla-1)Ax(a-1) = O}.

Then H; is a J-SSE of Hy(t) by Theorem 5.5. However, by Lemma 2.2, it can be verified
that H; is not a SSE of Hy(7).

6 J-self-adjoint operator extensions of Hy(T)
In this section, we discuss the characterization of all the /-self-adjoint operator extensions
of Hy(7) (i.e., Hoo(1)).

It is evident that each /-self-adjoint operator extension (briefly, /-SOE) of Hy(t) must
be its J-SSE. So, the J-SSEs of Hy(t) characterized in Section 5 contain all the J-SOEs of
Hy(t). With similar arguments to [23, Section 6], we can get the results for three different

cases that a = —oo and b = +00, a is finite and b = +00, and both 4 and b are finite.

Theorem 6.1 In the case that a = —00 and b = +00, each J-SSE of Hy(t) (i.e., Hyo(T)) in
Theorems 5.1-5.4 is its J-SOE.

Theorem 6.2 In the case that a is finite and b = +00, a J-SSE of Hy(t) (i.e., Hoo(7)) in
Theorems 5.5 and 5.6 is its J-SOE if and only if the matrix M in Theorems 5.5 and 5.6
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satisfies

1
M (—p(a - 1)) 70

Theorem 6.3 In the case that both a and b are finite, a J-SSE of Hy(t) (i.e., Hyo(t)) in
Theorem 5.7 is its J-SOE if and only if the matrices M and N in Theorem 5.7 satisfy

rank | M 1 ,N 0 =2.
-pla-1) -p(b)

7 Examples for J-self-adjoint subspace extensions
In this section, we give three examples for /-self-adjoint subspace extensions.
Let T be a subspace in X2. The set

I'(T):= {A € C: there exists ¢(1) > 0 such that

If = Ax|l > c(\)||%|| for all (x,f) € T}

is called to be the regularity field of 7. First, we give a result for the regularity field of
['(Ho(7)).

Lemma 7.1 Assume that a is finite. If for some Lg, (1.1) has two linearly independent solu-
tions in L2 (1), then Lo € T'(Ho (1)), and consequently T'(Ho(t)) = C.

Proof By Lemma 2.5, let ; and y, be two linearly independent solutions of (1.1) such that
(y1,92)(t) = 1. For z € L2 (I), set

t-1
Ri(2)(2) := Z(yl(t)yz(i) =Gy @O)wz(), et
j=a
where Z,“:ﬂz = 1”:_“1 = 0. Then it holds that
(T = 2w(®)) R (2)(8) = w(t)z(t), tel (7.1)

Further, it can be concluded that

|R.@)] < 2ly1lly2 11121l (7.2)

So, R; is a bounded operator from L2 (I) into D(H(t)). In addition, (Hoo(t) — A)7! is an
operator in L2,(I). Let x € D(Hyo(t)) and take z = %(r —Aw)x. Then (t —Aw)(x - R;.(2)) = 0,
i.e., x — R;(z) is a solution of (t — Aw)y = 0. Since

x(a—1) - Ry(z)(a —1) = x(a) — R,.(2)(a) = 0,

one has that x = R; (z) on I. This yields that the operator (Hoo(7) —») ™! is a restriction of R;,.
Then (Hyo(z) — A)™! is a bounded operator and hence A € I'(Hyo(t)). So, A € T'(Hy(z)) by
I'(Ho(7)) = I'(Hoo(7)) and hence I'(Hy (7)) = C by Lemma 3.7. This completes the proof. (]
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If a is finite, then d = 1 or 2 by Lemma 3.6. Further, by Lemma 7.1 the following result

can be proved.

Theorem 7.1 Assume that a is finite. Then d = 2 if and only if there are two linearly inde-
pendent solutions of (1.1) in L2,(I) and consequently d = 1 if and only if there is at most one
linearly independent solution of (1.1) in L2(I).

Proof Let d = 2. It can be verified by Lemmas 3.5 and 3.7 that (1.1) has two linearly inde-
pendent solutions in L% (I). Conversely, suppose that there are two linearly independent
solutions of (1.1) in L2 (J). Then I'(Hy(t)) # ¥ by Lemma 7.1, and then by [26, Theorem
3.8], d = 2. This completes the proof. O

Remark 7.1 In [17], Brown et al. developed a spectral theory for second-order differential
operators with complex coefficients and one regular endpoint. They classified the corre-
sponding formally second-order differential expressions into three limit cases at the sin-
gular endpoint: Cases I, II, and III. In [32], (1.1) was analogously classified into three limit
cases at b: Cases [, II, and III. By Lemma 7.1, d;, = 1 if and only if (1.1) is in the limit Case I
at b. Hence, (1.1) is not in the limit Case I at b if and only if d;, = 2. Further, d = d, by
Theorem 4.1 if a is finite.

Finally, we give three examples.

Example 7.1 Consider (1.1) on I = {¢}2°) with p(¢) = w(t) = 1 and ¢(¢) = £>. It is noted that
(1.1) isboth J-symmetric and symmetric in this case. By [32, Corollary 3.2], equation (1.1) is
in the limit Caselat¢ = +00. So,d = 1 by Theorem 7.1. By Theorem 5.5, it can be concluded
that (1.1) with the boundary condition

mx(=1) + myAx(-1) =0, (my,my) #0, (7.3)
determines all the /-SSEs of Hy(7). In addition, (1.1) with the boundary condition
cosax(-1) + sinaAx(-1) =0, «€(0,7],

determines all the /-SSEs of Hy(t) which are also SSEs of Hy(t). Especially, (7.3) contains
the Dirichlet condition x(-1) = 0 and the Neumann condition Ax(-1) = 0.

Example 7.2 Consider (1.1) on I = {£}°, with p(t) = w(t) = 1 and g(¢) = £* + ig»(t), where
q» is real-valued. By [32, Corollary 3.2], equation (1.1) is in the limit Case I at ¢ = +00. So,
d =1 by Theorem 7.1. By Theorem 5.5, it can be concluded that (1.1) with the boundary
condition (7.3) determines all the /-SSEs of Hy(t). Also, the condition x(—1) = 0 and the
condition Ax(—1) = 0 are called the Dirichlet and Neumann boundary conditions, respec-

tively.

Example 7.3 Consider (1.1) on I = {£}2%, with p(¢) = (¢ + 1)*, q(£) = —p, where p is a con-
stant in the open upper half-plane and w(¢) = (¢ + 1)72. By [32, Example 3.2], equation (1.1)
is not in the limit Case I at £ = +00. So, d = 2 by Theorem 7.1. Let ¢; and ¢, be solutions
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of (1.1) satisfying (5.15). By Theorem 5.6, (1.1) with the boundary conditions
ix(=1) + (x,¢2)(+00) = 0, ip(-=1) Ax(-1) + (x,$1)(+00) = 0
determines a J-SSE of Hy(7). In addition, (1.1) with the boundary conditions

ax(-1) + bp(-1)Ax(-1) = 0,
c(x, ¢1)(+00) + d(x, p2)(+00) =0, (a,b) #0,(c,d) #0,

determines the J-SSEs of Hy(t) with separated boundary conditions.

Remark 7.2 By Theorem 6.2, all the /-SSEs determined in terms of the Dirichlet or Neu-
mann boundary conditions in Examples 7.1 and 7.2 are J-SOEs of Hy ().
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