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Abstract

Generalization of fractional differential operators was subjected to an intense debate
in the last few years in order to contribute to a deep understanding of the behavior of
complex systems with memory effect. In this article, a Caputo-type modification of
Hadamard fractional derivatives is introduced. The properties of the modified
derivatives are studied.
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1 Introduction
The fractional calculus which is as old as the usual calculus is the generalization of differ-
entiation and integration of integer order to arbitrary ones.

In the last 30 years or so, there has been an important development of the field of
fractional calculus as it has been applied to many fields of science. It was pointed out
that fractional derivatives and integrals are more convenient for describing real materi-
als, and some physical problems were treated by using derivatives of non-integer orders
[1,2,5-9,12].

Several authors found interesting results when they used the fractional calculus in con-
trol theory [7, 10, 11].

Maybe the most well-known fractional integral is the one developed by Riemann and
Liouville and based on the generalization of the usual Riemann integral f: f()dt.

The left Riemann-Liouville fractional integral and the right Riemann-Liouville frac-

tional integral are defined respectively by

S ) = ﬁ / (e 1Y (2) d, O

1 b
- r / (x —2)* () dr, @)

where « > 0, n—1 < & < n. Here and in the following, I'(«) represents the Gamma function.

The left Riemann-Liouville fractional derivative is defined by

3 — 1 d " n-a-1
an(x)—m<—x) /; (x—1) f(r)dr. (3)
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The right Riemann-Liouville fractional derivative is defined by

o _ 1 d ! b n—o—1
th"‘"ﬁ(‘%) [ -wreipa (@)

The fractional derivative of a constant takes the form

x—a)™
DC=C—"— 5
'il-ow) ®)
and the fractional derivative of a power of ¢ has the following form:
o +1)(x —a)f™
D (x—a)f = D +1)(x—-a)™ (6)

r-a+l)

for B> -1, > 0.

Although the definition of the Riemann-Liouville type (3) played a significant role in the
development of the theory of fractional calculus, real world problems require fractional
derivatives which contain physically interpretable initial conditions f(a),f’(a), ... [4, 6]. To
overcome such problems, Caputo proposed the following definitions of the left and right
fractional derivatives respectively:

X d n
Cpefix) = ﬁ / (x_.’:)n—a—l(%> f(r)dx, @)

and

D)= s / (e - x( df)f(t)dr, ®)

where o represents the order of the derivative such that n — 1 < « < n. By definition the
Caputo fractional derivative of a constant is zero.

The Riemann-Liouville fractional derivatives and Caputo fractional derivatives are con-
nected with each other by the following relations:

n-1 (k)

EDf0) = (D" <f(x) > a>k-“>, ©)
k=0
n-1 / (k b

Dif() = Df (f(x)—zr(k%”)( -9 ) 10)
k=0

Riemann-Liouville fractional derivative is formally a fractional power (d% )* of the differ-
entiation d% and is invariant with respect to translation on the whole axis [2]. Hadamard
[3] suggested a fractional power of the form (x%)"‘. This fractional derivative is invari-
ant with respect to dilation on the whole axis. The Hadamard approach to the fractional

integral was based on the generalization of the nth integral

T I o R (3 LG
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The left and right Hadamard fractional integrals of order « € C, R(«) > 0 are respec-

tively defined by
a 1 x 2\* de
aT%y(x) = m/a (10g ;) y(t)? (12)
. 1 by e\ dr
Ty y(x) = @/x (log ;) y(t)? (13)

The corresponding left and right sided Hadamard fractional derivatives are

. R a\" 1 X\ dt
<D y(x):3 (aj y)(x)= (xd_x) m/; (log ;) y(t)? (14)

and

d\" 1 b A" de
Dyy(x) = (—5)n(%n_ay)(x)= (—x%> m/ﬁ <10g ;) y(t)? (15)

where § = x£, §%(x) = y(x), « € C, R(e) > 0.

In [13-17], the authors contributed to the development of the theory of Hadamard-
type fractional calculus. However, this calculus is still studied less than that of Riemann-
Liouville.

The question arises here is whether we can modify the Hadamard fractional derivatives
so that the derivatives of a constant is 0 and these derivatives contain physically inter-
pretable initial conditions similar to the ones in Caputo fractional derivatives.

The main goal of this article is to define the Caputo-type modification of the Hadamard
fractional derivatives and present properties of such derivatives.

2 Caputo-type Hadamard fractional derivatives

Let R(e) > 0 and n = [R(x)] + 1. If y(x) € AC}[a, b], where 0 < a < b < 0o and AC}[a,b] =
{g:[a,b] - C:8"g(x) € AC[a,b],5 = x%}. We define the Caputo-type modification of
left- and right-sided Hadamard fractional derivatives respectively as follows:

n-1 sk k
CDy(x) = ,D* |:y(t) - Z if“) (10g 2) :|(x), (16)
k=0 :
and
< (DF () ( b\*
“Diyx) =Dy | () - > — <log ;) (x). 17)
k=0 ’

In particular, if 0 < R(«) < 1, we have

EDy(x) = ;D*[y(t) - y(@)](x), (18)

and

“Diy(x) = Dy [y(6) - y(b) | (). (19)
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Theorem 2.1 Let R(x) > 0 and n = [R(x)] + 1. If y(x) € AC§[a,b], where 0 <a < b < o0.
Then CD*y(x) and CDZy(x) exist everywhere on [a, b] and
(i) ifa & No, SD*y(x) can be represented by

1 x n-o-1 d
EDY(x) = TR / (IOg %C) S”y(t)% =, J"*8"y(x), (20)

and “D§y(x) can be represented by

_1\ b n—-a-1 d
D)=y | (ler) 0T =T,

(ii) ifa €N, then

EDy(x) = 8"y(x), D y(x) = (-1)"8"y(x). (22)
In particular,
SD%(x) = “DYy(x) = y(). 23)

Proof Let a ¢ Ny. Using the definition of left Hadamard fractional derivative (14) and ap-
plying integrating by parts formula u = y(¢) - >}, Lot y (log LYk and dv = (log ")"‘“‘1% in
(16), one gets

d n n-a n-1 k x
SDay(x): (xd_x) {[—nia<log§> (y(t) y(a (logé) )]‘
k=0 a
1[5 x\"™ ) £\ at
+n—a/ﬂ (log;) |: 2 0 (10 —) :|7}

A A L 559(a) t\* at
(x%) /{;(10g;> |:8y(t)—z k! (10g ;) 7

k=1

d 1 oo\t dt
= =x— log = §m1 _gr1 =
YaxTn-a) ), (Ogt) (550 -8 y(a)) 2

Performing once more the integration by parts with the same choice of dv, one gets equa-
tion (20). (21) is proved in a similar way. Now, when « = n we have

n-1 ok k
¢ D"y(x) = . D" [y(t) -3 ° ﬁa) <log Zi) ](x).

k=0

That is

k
@) = o T"SD () + Z % (“) ( ng>

a

1 x "o, . dt L 55 y(a) x\ X
_(n—l)!L. <]og;) .D y(t)7+z o (log;).

k=0
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From Lemma 1.2 in [1], one derives (SD"‘y(x) = §"y(x). The second formula in (22) can be
proved likewise. 0

Theorem 2.2 Let R(x) > 0 and n = [R(x)] + L. If y(x) € C§a,b], where 0 <a < b < oo.
Then CD*y(x) and CDZ‘y(x) are continuous on [a, b] and
(i) if o & Ny, gD“y(x) and CDZ‘y(x) can be represented by (20) and (21) respectively and

ED*y(a) =0, “Dyy(b) =0, (24)
(ii) ifa €N, then the formulas in (22) hold.

Proof The representations (21) and (22) are proved like in Theorem 2.1. The continuity
of $D*y(x) and CDZy(x) results from their representations and Lemma 2.36 in [1] with
f(t) =8"y(t), y = 0 and « replaced by n — «. The identities in (24) hold since

g 18"yl c xR
2509 = ey (25) 29)
oo 18"yl c b\" R
P = e ain - @) (logx> ' 2o

When « € N, the first formula in (22) holds as a result of Lemma 1.4 in [1]. The second
formula can be proved likewise. d

Corollary 2.3 Let R(a) > 0 and n=[R(x)] + 1.
(i) Ifa ¢ Ny, then SD is bounded from the space C?|a, b] to the space
Cula, bl = {f € Cla,b] s.t f(a) = 0} and DY is bounded from the space C}[a, b] to the
space Cypla,b] = {f € Cla,b] s.t f(b) = 0} and
(log &)=
F(n-a)|(n-TR(@)
(log &R

l«>l, < Iylice, (27)

Cryu
D < n, 28
1“D55e, = o —anon ey e (28)
(ii) Ifa = n € Ny, then $D" and “D}} are bounded from C}{la, b] to Cla,b] and
ISPy < leps [“Diyl e < lyllcr. (29)

Proof (27) and (28) follow from the estimates (25) and (26) keeping in mind that ||8"y| ¢ <
il (see formula 1.1.28 in [1] when y = 0). The estimates in (29) are straightforward.
O

CD* and “DY provide operations inverse to ,7* and J;* respectively for R(«) # 0 or
o € N. But it is not the case for R(«@) € N and R(«) #O0.

Lemma 2.4 Let R(x) >0, n=[R(«)] +1and y € Cla, b).
(i) If R(e) #0 or € N, then

D (T %) = (), CDY(TEy) ) = y(). (30)
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(i) If R(a) € N and R(a) #0 then

D (T =) - L 2D (102 ;—‘) ()
DY (Ty) (%) = y() - % <lo g)n_a. (32)

Proof From (16), we have
D (o T*9) (%) = oD (o T“¥) ) - Zl w <log f)k. (33)

k=0

From properties 2.28 and 2.27 in [1], we have ,D*(,J%y)(x) = y(x) and 8%(,J%y)(x) =
2T Ky(x). It is easy to verify that

| ja—ky(x)| < “y”C (log f)”R'.(Ot)—k ‘o1 . (34)
’ = Pl — IR -0\ a : Ayen=1,

from which we conclude that , 7% ¥y(a) = 0, and thus the first identity in (30) holds. The
second identity is proved analogously.

fa=m+if,meN, B#0,then n=m+1>2and §(,T%y)(x) = o T y(x), k =
0,1,...,m —1 and similar to (34) we have

ark llyllc A\
’aj _y(x)| < W(lOg;) s k—O,l,...,m—l. (35)

Thus we have , 7% *y(a) = 0, k = 0,1,...,n — 2 and hence (31) holds. (32) can be proved

similarly. g

Lemma 2.5 Lety € AC{[a,b] or C{|[a,b] and o € C. Then

n-1 81( k
TP =) - 1 S (10e ) (36)
k=0 !
e (Co o 85() ( b\*
Ty (D)) =y - 3 = (log ;) : (37)
k=0 :

Proof (36) and (37) follow from the identities ;D*y(x) = oJ""*y(x) and “Djy) =
Ty y(x) respectively. .

The Caputo modifications of the left and right Hadamard fractional derivatives have the

same properties 2.7.16 and 2.7.18. in [1] but they are different from the ones in 2.7.19.

Property 2.6 Let R(x) >0, n=[R(«)] +1and R(B8) > 0. Then

B-1 B-a-1
Ca X _ r'(B) x
.D (10g ;) = TG —a) <log a) , R(B)>n, (38)
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B-1 p-a-1
CDZ’(log g) = M(log g) , R(B)>n,

F(B-a)

x k b k
gD"‘(log;> =0, CDg(log—> =0, k=0,1,...

X

In particular, one has

cp*1=0, “Df1-=0.

(39)

-1, (40)

(41)

Caputo-Hadamard fractional derivatives can also be defined on the positive half axis

R* by replacing a by 0 in formula (20) and b by oo in formula (21) provided that y(x) €

AC{(R*) (or C§(R")). Thus one has

1 x x\" ! dt
ijotJr _ 7/ 1 i n =,
0+Y(x) Fo—a Jy 187 8%y(e)~

_1\ [e%) n—-a-1 d
D)= s [ (0e2) 0T

(42)

(43)

The Mellin transforms of the Caputo modifications of the left and right Hadamard frac-

tional derivatives are the same as Mellin transforms of the left and right Hadamard frac-

tional derivatives 2.7.72 and 2.7.74 in [1].

Lemma 2.7 Let R(a) > 0 and y(x) be such that the Mellin transforms (My)(s), (M§"y)(s)

exist for s € C.
(i) If R(s) <0, then

(MEDGy)(s) = (=5)* (My)(s). (44)
(i) IfR(s) > 0, then
(MEDy)(s) = s (My)(s). (45)
Proof (44) follows from Lemma 2.38 and formula 1.4.35 in [1]
(MEDG.y)(s) = (MTG48"y) (s) = (=5)*" (M8"y) = (=5)* (M), (46)
(45) can be proved similarly. 0
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