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1 Introduction

The existence of coincidence point has been studied in [1-4] and the references therein.
Also, the existence of common fixed point has been studied in [5-15] and the refer-
ences therein. In this paper, we shall introduce the concepts of mixed-monotonically
complete quasi-ordered metric space and monotonically complete quasi-ordered metric
space. Based on this completeness, we shall establish some new coincidence point and
common fixed point theorems in the product spaces of mixed-monotonically complete
quasi-ordered metric spaces in which the fixed points of functions having mixed mono-
tone property or mixed comparable property that are defined in the product space of
quasi-ordered metric space can be subsequently obtained. We shall also present the in-
teresting applications to the existence and chain-uniqueness of solutions for the systems
of integral equations and ordinary differential equations according to the fixed points of

functions having mixed monotone property.
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In Section 2, we shall derive the coincidence point theorems in the product space of
mixed-monotonically complete quasi-ordered metric space. Also, in Section 3, the coin-
cidence point theorems in the product space of monotonically complete quasi-ordered
metric space will be studied. On the other hand, in Section 4, we shall study the fixed
point theorems for the functions having mixed monotone property in the product space
of monotonically complete quasi-ordered metric space. Also, in Section 5, the fixed point
theorems for the functions having mixed comparable property in the product space
of mixed-monotonically complete quasi-ordered metric space will be derived. In Sec-
tion 6, we shall present the interesting application to investigate the existence and chain-
uniqueness of solutions for the system of integral equations. Finally, in Section 7, we shall
also present the interesting application to investigate the existence and chain-uniqueness

of solutions for the system of ordinary differential equations.

2 Coincidence point theorems in the mixed-monotonically complete
quasi-ordered metric space
Let X be a nonempty set. We consider the product set

X"=Xx---xX.

m times

The element of X" is represented by the vectorial notation x = (x, ..., 1), where x® € X
fori=1,...,m. We also consider the function F : X" — X defined by

F(X) = (Fl(x)’F2(x)! .. ﬂFm(x)):

where Fy : X" — X forall k = 1,2, ...,m. The vectorial element X = (30,3, ...,3m) ¢ x™
is a fixed point of F if and only if F(X) = X; that is,

Fr (&(1),&(2), . ,5c<'”)) = ;%
forallk=1,2,...,m.

Definition 2.1 Let X be a nonempty set. Consider the functions F : X" — X" and f :
X" — X" by F = (F1,Fa,...,Fr) and f = (fi,f3,...,fx), where F : X" — X and f; : X" — X
fork=1,2,...,m.
+ The element X € X™ is a coincidence point of F and f if and only if F(x) = (), i.e.,
Fi(X) = fi(x) forall k =1,2,...,m.
« The element X is a common fixed point of F and f if and only if F(X) = f(X) =X, ie.,
Fi(X) = i(x) =&® forall k =1,2,...,m.
+ The functions F and f are said to be commutative if and only if f(F(x)) = F(f(x)) for all
xe X"

Let ‘<’ be a binary relation defined on X. We say that the binary relation ‘<’ is a quasi-
order (pre-order or pseudo-order) if and only if it is reflexive and transitive. In this case,
(X, <) is called a quasi-ordered set.

For any x,y € X, we say that x and y are <-mixed comparable if and only if, for each
k =1,...,m, one has either x% < y(k) or y(k) =< x®. Let I be a subset of {1,2,...,m} and
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J={1,2,...,m}\ I. In this case, we say that I and J are the disjoint pair of {1,2,...,m}. We
can define a binary relation on X" as follows:

x=;y ifandonlyif x® <y® forkel and y® <x® forke]. 1)
It is obvious that (X", <) is a quasi-ordered set that depends on 1. We also have

x=sy ifandonlyif y=<;x (2)
We need to mention that / or J is allowed to be an empty set.

Remark 2.2 For any x,y € X", we have the following observations.
(a) If x <;y for some disjoint pair I and J of {1,...,m}, then x and y are <-mixed
comparable.
(b) If x and y are <-mixed comparable, then there exists a disjoint pair I and J of

{1,...,m} such that x <;y.

Definition 2.3 Let / and J be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, %), we consider the quasi-ordered set (X", <;) defined in (1).

« The sequence {x,},cn in X is said to be a mixed <-monotone sequence if and only if
Xy =< Xy1 OF X1 < X, (ie., x, and x,,,; are comparable with respect to ‘<’) for all
neN.

« The sequence {X,},cn in X™ is said to be a mixed <-monotone sequence if and only if
each sequence {x&k)}neN in X is a mixed <-monotone sequence for all k =1,...,m.

+ The sequence {X,},en in X™ is said to be a mixed <;-monotone sequence if and only if
X <1 Xp41 OF Xy41 <7 Xy, (i-e., X, and Xx,,41 are comparable with respect to ‘<;’) for all
nelN.

Remark 2.4 Let I and J be a disjoint pair of {1,2,..., m}. We have the following observa-
tions.

(@) {Xu}nen in X™ is a mixed <;-monotone sequence if and only if it is a mixed
<y-monotone sequence.

(b) If {x,}nen in X™ is a mixed <;-monotone sequence, then it is also a mixed
=<-monotone sequence; that is, each sequence {quk)},,EN in X is a mixed <-monotone
sequence forallk=1,...,m.

(c) If {x,}uen in X is a mixed <-monotone sequence, then given any # € N, there
exists a disjoint pair of I,, and J, (which depends on n) of {1,..., m} such that
Xy I, Xn+l OF X1 1, Xpp-

(d) {xu}nen in X is a mixed <-monotone sequence if and only if, for each n € N, x,,

and x,,,1 are <-mixed comparable

Definition 2.5 Let [ and J be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, <), we also consider the quasi-ordered set (X", <;) defined in (1) and the function
f:(X™0) — (X0).
+ The function f is said to have the sequentially mixed <-monotone property if and only
if, given any mixed <-monotone sequence {X,},cn in X, {£(x,)},en is also a mixed

<-monotone sequence.
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« The function f is said to have the sequentially mixed <;-monotone property if and
only if, given any mixed <;-monotone sequence {X,},en in X", {f(x,)},cn is also a

mixed <;-monotone sequence.

It is obvious that the identity function on X" has the sequentially mixed <;-monotone
and <-monotone property.

Let X be a nonempty set. We consider the functions F : X” — X" and f : X" — X"
satisfying FP(X™) C £(X™) for some p € N, where F’(x) = F(F’"}(x)) for any x € X™.
Therefore, we have Ff (x) = Fr(FP71(x)) for k = 1,...,m. Given an initial element x, =
(xgl),xf)z),...,xgm)) € X", where xg() € X for k =1,...,m, since FP(X") C f(X™), there ex-
ists x; € X such that f(x;) = F’(xo). Similarly, there also exists x, € X" such that f(x;) =
F?(x;). Continuing this process, we can construct a sequence {X,},cn such that

£(x) = F(x,-1) 3)
for all n € N; that is,
Fex) = fi(@6D, oo x®, ) = B D) = Pk, )

for all k =1,...,m. We introduce the concepts of mixed monotone seed element as fol-
lows.

(A) We say that the initial element x¢ is a mixed <-monotone seed element of X" if and
only if the sequence {x,},en constructed from (3) is a mixed <-monotone
sequence; that is, each sequence {xﬁ,k)},,eN in X is a mixed <-monotone sequence for
k=1,...,m.

(B) Given a disjoint pair I and J of {1,2,...,m}, we say that the initial element x is a
mixed <1-monotone seed element of X" if and only if the sequence {x,},en
constructed from (3) is a mixed <;-monotone sequence.

From observation (b) of Remark 2.4, it follows that if xq is a mixed <;-monotone seed

element, then it is also a mixed <-monotone seed element.

Example 2.6 Suppose that the initial element x, can generate a sequence {x,},en such
that, for each k = 1,...,m, the generated sequence {ka)}neN is either <-increasing or
=<-decreasing. In this case, we define the disjoint pair 7 and J of {1,2,...,m} as follows:

k)

I= {k : the sequence {xn }neN

is 5—increasing} and J=1{1,2,...,m}\ I (4)
It means that if k € /, then the sequence {xg,k)},,EN is <-decreasing. Therefore, the sequence
{x,} e satisfies X, <; X,,41 for any # € N. In this case, the initial element x; is a mixed
<;-monotone seed element with the disjoint pair I and J defined in (4).

Definition 2.7 Let (X, d, <) be a metric space endowed with a quasi-order ‘<’. We say that
(X, d, <) is mixed-monotonically complete if and only if each mixed <-monotone Cauchy
sequence {x,},en in X is convergent.

It is obvious that if the quasi-ordered metric space (X, d, <) is complete, then it is also
mixed-monotonically complete. However, the converse is not necessarily true.
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For the metric space (X, d), we can consider a product metric space (X",0) in which the
metric 0 is induced by the original metric d. For example, the following distance functions

AX,y) = kI_naX {d(x(k),y(k))} (5)
and
Aax,y) =Y _d(x®,y%Y) (6)

k=1

make (X™,0) to be the product metric spaces. For the general product metric 9, we con-
sider the following concepts.
+ We say that the metrics 0 and d are compatible in the sense of preserving convergence
if and only if, given a sequence {x,},cn in X, the following statement holds:

3(x,,%) > 0 ifandonlyif d(xV,2¥)—0 forallk=1,...,m.

+ We say that the metrics 0 and d are compatible in the sense of preserving continuity if
and only if, given any € > 0, there exists a positive constant £ > 0 (which depends on €)
such that the following statement holds:

9(x,y) <€ ifand only if d(x(k),y(k))<{%-e forallk=1,...,m.

We can check that the product metric 0 defined in (5) or (6) is compatible with d in the

sense of preserving convergence and continuity.

Proposition 2.8 If0 and d are compatible in the sense of preserving continuity, then d and
d are compatible in the sense of preserving convergence.

Proof Suppose that 0(x,,X) — 0. By definition, given any € > 0, there exists ny € N such

that 0(x,,X) < €/ for all n > ny, i.e., d(xg,k),fc(k)) <eforall k=1,...,m and n > ng. For the

(k)

converse, given any € > 0, there exist ng() € N such that d(xg,k),fc(k)) <t-eforallm>ngy,

where k=1,...,m. Let

,,,,,

It follows that d(xﬁ,k),fc(k)) <t-eforallm>mngandall k=1,...,m, ie., 0(x,,X) < € for all

n > ny. This completes the proof. d

Mizoguchi and Takahashi [16, 17] considered the mapping ¢ : [0,00) — [0, 1) that satis-
fies the following condition:

limsupg(x) <1 forall ¢ € [0,00) (7)

X—>C+

in the contractive inequality, and generalized Nadler’s fixed point theorem as shown in
[18]. Suzuki [19] also gave a simple proof of the theorem obtained by Mizoguchi and
Takahashi [16]. In this paper, we consider the following definition.
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Definition 2.9 We say that ¢ : [0,00) — [0, 1) is a function of contractive factor if and only
if, for any strictly decreasing sequence {x,},cn in [0, 00), we have

0 <supop(x,) <1 (8)
n

Using the routine arguments, we can show that the function ¢ : [0, 00) — [0, 1) satisfies
(7) if and only if ¢ is a function of contractive factor. Throughout this paper, we shall as-
sume that the mapping ¢ satisfies (8) in order to prove the various types of coincidence
point theorems in the product space. The following lemma is obvious and useful for fur-
ther discussion.

Lemma 2.10 Let ¢ be a function of contractive factor. We define

+ w(t).

k(t) = L 5

Then, for any strictly decreasing sequence {x,},cn in [0,00), we have

0<¢(t)<k()<l forallte[0,00) and O0<supk(x,)<l.

Let (X, d) be a metric space, and let F : (X",0) — (X", 0) be a function defined on (X", )
into itself. If F is continuous at X € X", then, given € > 0, there exists § > 0 such that x € X"
with 9(X,x) < 8§ implies 0(F(x), F(x)) < €.

Suppose that 0 and d are compatible in the sense of preserving continuity. Then F is
continuous at X € X™ if and only if each Fy is continuous at x for k = 1,...,m. Indeed,
it is obvious that if F is continuous at x € X", then each F; is continuous at X for k =
1,...,m. For the converse, given any € > 0, there exists 8 > 0 such that 9(x, x) < &; implies
d(Fr(x), Fr(x)) < t-¢€,where k =1,...,m. Let

8= klnl,”,lm 8](.
It follows that 9(x,x) < & implies d(Fi(X), Fx(x)) < € - € for all k = 1,...,m, ie., 0(F(X),

F(x)) < €. Next, we propose another concept of continuity.

Definition 2.11 Let (X, d) be a metric space, and let (X", 9) be the corresponding product
metric space. Let F: (X™,0) — (X",0) and f : (X™,0) — (X™,0) be functions defined on
(X™,0) into itself. We say that F is continuous with respect to f at x € X™ if and only if, given
any € > 0, there exists § > 0 such that x € X” with (X, f(x)) < § implies ?(F(x), F(x)) < €.
We say that F is continuous with respect to f on X™ if and only if it is continuous with

respect to f at each X € X"

It is obvious that if the function F is continuous at X with respect to the identity function,

then it is also continuous at X.

Proposition 2.12 Let (X,d) be a metric space, and let F : (X",0) = (X",0) and f :
(X™,0) = (X™,0) be functions defined on (X™,0) into itself. Suppose that 0 and d are com-
patible in the sense of preserving continuity. Then F is continuous with respect to f atx € X
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if and only if, given any € > 0, there exists 8 > 0 such that x € X" with A, f;(x)) < 8 for
allk=1,...,m implies d(Fy(X), F(x)) < € forallk =1,...,m.

Proof Suppose that F is continuous with respect to f at X. By definition, given any € > 0,
there exists & > 0 such that x € X" with 2(%, f(x)) < & implies 0(F(x), F(x)) < €/€. Let § = ¢- 5.
It follows that (0, f;(x)) < 8 for all k = 1,...,m if and only if (X, f(x)) < 8, which implies
(F(Xx), F(x)) < €/t, i.e., d(Fr(x), Fx(x)) < € forall k = 1,...,m. For the converse, given any € >
0, there exists 8* > 0 such that d(, f;(x)) < 8* for all k = 1,..., m implies d(F;(X), Fx(x)) <
t-eforallk=1,...,m. Let § = §*/¢. It follows that d(X, f(x)) < § if and only if d(Z®, i (x)) <
8* for all k = 1,...,m, which implies d(Fi(X), Fx(x)) < - € for all k = 1,...,m, i.e., 0(F(X),
F(x)) < €. This completes the proof. O

Lemma 2.13 Let (X, d) be a metric space. If x,, — x as n — oo with respect to the metric
d, then, given any fixed y € X, d(x,,y) — d(x,y) as n — oo.

Theorem 2.14 Suppose that the quasi-ordered metric space (X, d, <X) is mixed-monoton-
ically complete, and that the metrics 0 and d are compatible in the sense of preserving
continuity. Consider the functions F : (X",0) — (X™,0) and f : (X™,0) — (X", 0) satisfying
FP(X™) C £(X™) for some p € N. Let xq be a mixed <-monotone seed element in X™. Assume
that the functions ¥ and f satisfy the following conditions:

o Fand f are commutative;

o f has the sequentially mixed <-monotone property;

o F? is continuous with respect to f on X"";

« each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X" — R, and a function of contractive factor
¢ :[0,00) — [0,1) such that, for any two <-mixed comparable elements x and 'y in X", the
following inequalities are satisfied:

p(xy) <Y d(x®,y%¥) )
k=1

and, foreach k =1,...,m,

d(Fy (x), F{(y)) < % 9 (o (£, £(y))) - (£, £(y)).- (10)

Then ¥? has a fixed point X such that each component ¥ of X is the limit of the sequence
{fi Xu1)}nen constructed in (3) forall k =1,...,m.

Proof We consider the sequence {X,},cy constructed from (3). Since x¢ is a mixed
=<-monotone seed element in X, i.e., {X,},cn is @ mixed <-monotone sequence, from
observation (d) of Remark 2.4, it follows that, for each n € N, x,, and x,,,; are <-mixed
comparable. According to inequalities (10), we obtain

A(fi ), (X)) = d

—~

F][:(xn)’F]f(xn—l))

=

9 (p(£(xn), £(x-1)) ) - 0 (£(xX), £(X1)). (11)

3|~
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Since f has the sequentially mixed <-monotone property, we see that {f(x,)},cn is a mixed
=<-monotone sequence. From observation (d) of Remark 2.4, it follows that, for each n € N,
f(x,) and f(x,,;) are <-mixed comparable. Then we have

P (Ex), £x) < D d(fi(Xu) (X))  (by (9))

k=1
< o(p(£xn), £(x41))) - o (£(x), £(x,1))  (by (11)). (12)
Let
6= p(f(x,) £x,)) and = A,
Using (11) and Lemma 2.10, we obtain
1 1
A1) fi (X)) < —@(En) - 6 < —K (&) - Ene (13)
m m

Using (12) and Lemma 2.10, we also obtain

Enn S @(&n) - En<x(En) - (14)

Since 0 < y = sup,, k(§,) <1 by Lemma 2.10 again, from (13) and (14), it follows that

d(fk(xnﬂ):fk(xn)) < % & and &<y &y

which implies

() fi (%)) < %51. (15)

For 11, ny € N with 1 > 1y, since 0 < y < 1, from (15) we have

m-1

A(fie ) fieny)) <D d(ficXja1), fe(x;)

j=n2

& ym(1-ymn ™)
< —_——
1-vy

m
& y™

<= — 0 aswn, —> 00,
m

1-y

which also says that {fi(x,)} is a Cauchy sequence in X for any fixed k. Since f has the se-
quentially mixed <-monotone property, i.e., {fx(X,)}sen is @ mixed <-monotone Cauchy
sequence for k = 1,...,m, by the mixed <-monotone completeness of X, there exists
#® e X such that fi(x,) — &* as n — oo for k = 1,...,m. Since the metrics 0 and d
are compatible in the sense of preserving continuity, by Proposition 2.8, it follows that
f(x,,) = X as n — 00. Since each f; is continuous on X", we also have

fk(f(xn)) — fi®) asu— oco.
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Since F? is continuous with respect to f on X", by Proposition 2.12, given any € > 0,
there exists § > 0 such that x € X" with d(#%, f;(x)) < & for all k = 1,...,m implies

d(FL (%), ! (x)) < g forallk=1,...,m. (16)

Since fi(x,) — &®

no € N such that

as n— oo for all k =1,...,m, given ¢ = min{€/2,5} > 0, there exists

d(fk(xn),fc(k)) <¢ <8 forallmeNwithn>npandforallk=1,...,m. @17)
For each n > ny, by (16) and (17), it follows that

d(Ff(ﬁ),F,f(x,,)) < % forallk=1,...,m. (18)
Therefore, we obtain

d(Ff(f()’fC(k)) = d(F]I:(ﬁ)r_fk(xno-ﬁ—l)) + d(ﬁ((xn0+l),&(k))
= d(F{(R), F{ (%)) + A (fi(Xrg11), 59

< % +¢  (by (17) and (18))

<e foralk=1,...,m.

Since € is any positive number, we conclude that d(Fy (%),&%) = 0 forall k = 1,...,m, which

also says that Ff (%) =&® forall k =1,...,m, i.e., F(X) = X. This completes the proof. [

Remark 2.15 We have the following observations.

+ In Theorem 2.14, if we assume that the quasi-ordered metric space (X, d, <) is
complete (not mixed-monotonically complete), then the assumption for f having the
sequentially mixed <-monotone property can be dropped, since the proof is still valid
in this case.

« The assumption for inequalities (9) and (10) is weak since we just assume that it is
satisfied for <-mixed comparable elements. In other words, if x and y are not
=<-mixed comparable, we do not need to check inequalities (9) and (10).

By considering the mixed <;-monotone seed element instead of mixed <-monotone
seed element, the assumptions for inequalities (9) and (10) can be weakened, which is

shown below.

Theorem 2.16 Suppose that the quasi-ordered metric space (X, d, <) is mixed-monoton-
ically complete, and that the metrics O and d are compatible in the sense of preserv-
ing continuity. Let I and ] be any disjoint pair of {1,2,...,m}. Consider the functions
F:(X"0,%1) — (X"0,<0) and f: (X",0,<,) > (X™,0, =) satisfying FP(X™) C £(X™) for
some p € N. Let Xo be a mixed <;-monotone seed element in X". Assume that the functions
F and £ satisfy the following conditions:

« Fand f are commutative;
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o f has the sequentially mixed <;-monotone property or the sequentially mixed
<-monotone property,
o F? is continuous with respect to f on X";
o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X" x X" — R, and a function of contractive factor
¢ :[0,00) = [0,1) such that, for any x,y € X" with 'y <; X or X <Y, the following inequal-
ities are satisfied:

p(x,y) <Y d(x®,yY) (19)
k=1

and, foreach k=1,...,m,

(o (f(x),£(y))) - p(£(x), £(y)). (20)

3=

d(F{(x), F{(y)) <

Then ¥? has a fixed point X such that each component ¥ of X is the limit of the sequence
{fx(x,1)}nen constructed in (3) forallk =1,...,m.

Proof We consider the sequence {x,},cn constructed from (3). Since X is a mixed
<-monotone seed element in X™, it follows that {x,},cy is a mixed <;-monotone se-
quence, ie., for each n € N, x,,.; </ X, or X, < X,,_1. According to inequalities (20), we
obtain

A(fi ) (X)) = d

—~

F]f(xn)’F]f(xn—l))

=

(P(p (f(xn)7 f(xn—l))) P (f(X,,), f(xn—l))-

3|~

Using the argument in the proof of Theorem 2.14, we can show that {f;(x,)},en is a Cauchy
sequence in X for any fixed k. Now, we consider the following cases.

+ Suppose that f has the sequentially mixed <;-monotone property. We see that
{£(x,,)}nen is a mixed <;-monotone sequence; that is, for each n € N, f(x,,) <; f(x,,41)
or f(x,41) <1 £(x,,). Since {fx(X»)}nen is @ Cauchy sequence in X for any fixed k, from
observation (b) of Remark 2.4, we also see that {fx(x,)},en is @ mixed <-monotone
Cauchy sequence for k =1,...,m.

« Suppose that f has the sequentially mixed <-monotone property. Since {X,},cn is a
mixed <;-monotone sequence, by part (b) of Remark 2.4, it follows that {quk)},,eN inX
is a mixed <-monotone sequence for all k = 1,...,m. Therefore, we obtain that
{fi (1)} nen is @ mixed <-monotone Cauchy sequence for k =1,...,m.

By the mixed <-monotone completeness of X, there exists ¥ € X such that f; (x,) — &%)
as n — oo for k =1,...,m. The remaining proof follows from the same argument in the
proof of Theorem 2.14. This completes the proof. O

Remark 2.17 We have the following observations.

« In Theorem 2.16, if we assume that the quasi-ordered metric space (X, d, <) is
complete (not mixed-monotonically complete), then the assumption for f having the
sequentially mixed <;-monotone or <-monotone property can be dropped, since the
proof is still valid in this case.
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« From observation (a) of Remark 2.2, we see that the assumption for inequalities (20)
and (19) are indeed weakened by comparing to inequalities (9) and (10).

Next, we shall study the coincidence point without considering the continuity of F”.

However, we need to introduce the concept of mixed-monotone convergence given below.

Definition 2.18 Let (X,d, <) be a metric space endowed with a quasi-order ‘<’. We say
that (X, d, <) preserves the mixed-monotone convergence if and only if, for each mixed
=<-monotone sequence {x,},cn that converges to %, we have x, < ¥ or & < «x, for each
neN.

Remark 2.19 Let (X,d, <) be a metric space endowed with a quasi-order ‘<’ and pre-
serve the mixed-monotone convergence. Suppose that {x,},cn is a sequence in the product
space X" such that each sequence {xﬁqk)},,eN is a mixed <-monotone convergence sequence
with limit point % for k = 1,...,m. Then we have the following observations.
(a) Foreachn e N, x,, and X are <-mixed comparable.
(b) For each n € N, there exists a disjoint pair I,, and J, (that depend on n) of {1,...,m}
such that x,, <, X or X <, X, where I,, or J, is allowed to be an empty set.

Definition 2.20 Let I and J be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, %), we also consider the quasi-ordered set (X", <;) defined in (1), and the function
f: (X", <) — X" <)

+ We say that the function f has the <-comparable property if and only if, given any two
=<-comparable elements x and y in X™, the function values f(x) and f(y) are
=<-comparable.

+ We say that the function f has the <;-comparable property if and only if, given any
two <j-comparable elements x and y in X", the function values f(x) and f(y) are
<j-comparable.

Since we shall study the coincidence point without considering the continuity of F?, we
can also consider the assumption that the metrics ? and d are compatible in the sense of
preserving convergence, which is weaker than that of preserving continuity considered in
the previous theorems.

Theorem 2.21 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Assume that the metrics
0 and d are compatible in the sense of preserving convergence. Consider the functions F :
(X™,0) = (X™,0) and £ : (X",0) — (X™,0) satisfying F’(X™) C £(X") for some p € N. Let
Xo be a mixed <-monotone seed element in X™. Assume that the functions F and f satisfy
the following conditions:

o Fand f are commutative;

o f has the <-comparable property and the sequentially mixed <-monotone property;

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X" — R, and a function of contractive factor
¢ :[0,00) — [0,1) such that, for any two <-mixed comparable elements x and 'y in X", the
following inequalities are satisfied:

ploy) <y d(=",yY) (21)
k=1
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and, foreachk =1,...,m

A(F/(x), F(y)) < % (o (£00, £3))) - o (£ £()). (22)

Then the following statements hold true.
(i) There exists x € X" of F such that FP(X) = f(X). If p = 1, then X is a coincidence point
of Fand f.
(ii) If there exists y € X™ such that X and y are <-mixed comparable satisfying
EP(§) = £(§), then £(X) = £).
(iii) Suppose that X is obtained from part (1). If X and F(X) are <-mixed comparable,
then £1(X) is a fixed point of F for any q € N.
Moreover, each component % of X is the limit of the sequence {fi(X,)}nen constructed in
(3) forallk=1,...,m.

Proof From the proof of Theorem 2.14, we can construct a sequence {X,},cn in X™
such that fi(x,) — 2% and fi(f(x,)) — fi(X) as n — oo, where {fi(X,)} ey is a mixed
<-monotone sequence for all k = 1,...,m. Since fi(f(x,,)) = fi(X) as n — 0o, given any
€ > 0, there exists ng € N such that

d(f(£0x,) £i) < 5 23)

for all n € N with n > ng and for all k = 1,...,m. Since {fi(x,)},en is a mixed <-monotone
convergent sequence for all k = 1,...,m, from observation (a) of Remark 2.19, we see that,
for each n € N, f(x,,) and X are <-mixed comparable. Since f has the <-comparable prop-
erty, it follows that f(f(x,,)) and f(X) are <-mixed comparable. For each n > ny, it follows

that
d(Ff(ﬁ),Ff(f(x,,)))f% o (o (), £(£(x,)))) - o (£R), £(£(x,)))  (by (22))
< (R, E(E ) = - Zd(fk(x Si(f(x)) by (21)
<= (by(23)). (24)

Since F and f are commutative, we have f(F?(x)) = F”(f(x)) for all x € X™, which also im-

plies
Sel£x)) = fi(FP (%1)) = FE (£(x1)).-

Now, we obtain

A(FLR),AiR) = d(ELR L (E%,) + d(EL ((x,0), o (R)
(PG, FL(£0x,) + dfu(£000)) i)

< % " g (by (23) and (24))
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Since € is any positive number, we conclude that d(Ff (X),fx(X)) = 0, which says that Ff (x) =
fi(x) forallk =1,...,m, i.e., FP(X) = f(X). This proves part (i).

To prove part (ii), since f has the <-comparable property, it follows that f(x) and £f(y)
are <-mixed comparable. If fy(X) # /¢ (¥), i.e., d(fi(X),fk(¥)) # O for some k, then we obtain

0 #Zd(fkmfk(y) =Y d(FLR), (5
=1

k=1 k

% Z ) - p(ERLE) by (22)

p(E(),£)) < Zd(fk(x)fk(}’) (by (21)).

This contradiction says that fi(X) = fi(y) forall k =1,...,m, i.e., £(X) = £(y).
To prove part (iii), using the commutativity of F and f, we have

f(F(%)) = F(f(®)) = F(F* (%)) = F(F(%)). (25)

By taking y = F(x), equalities (25) say that f(y) = F”(y). Since x and y = F(X) are <-mixed
comparable by the assumption, part (ii) says that

f(x) = £(y) = £(F(X)) = F(f(%)),
which says that f(x) is a fixed point of F. Given any g € N, we have

F(f7(x)) = 9 (F(f(X))) (by the commutativity of F and f)
(f(x)) = (%),

which says that £7(x) is a fixed point of F. This completes the proof. O

Theorem 2.22 Suppose that the quasi-ordered metric space (X, d, X) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Assume that the metrics 0
and d are compatible in the sense of preserving convergence. Let I and ] be any disjoint pair
of {1,2,...,m}. Consider the functions F : (X",0,<;) = (X",0,<y) and f: (X",0,%;) —>
(X™,0, %) satisfying F(X™) C £(X™) for some p € N. Let xo be a mixed <-monotone seed
element in X™. Assume that the functions F and f satisfy the following conditions:

+ Fandf are commutative;

o f has the sequentially mixed <;-monotone property or the sequentially mixed

=<-monotone property;

o f has the <o-comparable property for any disjoint pair I° and J° of {1,..., m};

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X" — R, and a function of contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" and any disjoint pair I° and J° of {1,..., m}
with y <o X or X X0 Y, the following inequalities are satisfied:

ploy) <y d(=",yY) (26)

k=1
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and, foreachk =1,...,m

A(F'(x), F(y)) < % (o (£, £3))) - p (£ E()). 27)

Then the following statements hold true.
(i) There exists X € X™ of F such that ¥ (X) = £(X). If p = 1, then X is a coincidence point
of Fand f.
(ii) If there exist a disjoint pair I° and J° of {1,...,m} and y € X" such that FP(y) = £(y)
and that X and y are comparable with respect to the quasi-order ‘<o’ then
£(3) = £§).
(iii) Suppose that X is obtained from part (1). If there exists a disjoint pair I° and J° of
{1,...,m} such that x and F(X) are comparable with respect to the quasi-order ‘<’
then £1(X) is a fixed point of F for any q € N.
Moreover, each component % of X is the limit of the sequence {fi(X,)}nen constructed in
3)forallk=1,...,m.

Proof From the proof of Theorem 2.16, we can construct a sequence {X,},cy in X"
such that fi(x,) — &% and fi(f(x,)) — fi(X) as n — oo, where {fi(X,)} ey is a mixed
=<-monotone sequence for all k =1,...,m. Since fi(f(x,,)) = fx(X) as n — 00, given any
€ > 0, there exists ng € N such that

d(fk( xn)) Je(x ) (28)

for all » € N with n > ny and for all k = 1,...,m. Since {fi(x,)}sen is @ mixed <-monotone
convergent sequence for all k =1,...,m, from observation (b) of Remark 2.19, we see that,
for each n € N, there exists a subset I, of {1,..., m} such that

f(xy) <1, X or X<, £(x,). (29)
Since f has the <--comparable property for any subset I° of {1,...,m}, it follows that

£(£06,)) <0, €60 or  £R) <o, £(E(x,))- (30)
For each n > ngy, we obtain

d(ER), F{ (£(x.)))

=<

-9 (p(£R),£(£(x)))) - p (£, £(f(x,))  (by (29) and (27))

- p(FR)E(Ex,))) < — - Zd(fk (./i(f(x,))) (b (30) and (26))

m

§|’_‘ §|>—-

<5 (by@s).

The remaining proof follows from a similar argument in the proof of Theorem 2.21, and
the proof is complete. d
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Remark 2.23 Suppose that inequalities (21) and (22) in Theorem 2.21, and that inequal-
ities (26) and (27) in Theorem 2.22 are satisfied for any x,y € X™. Then, from the proofs
of Theorems 2.21 and 2.22, we can see that parts (ii) and (iii) can be changed as follows.

(i)’ If there exists y € X" such that F/(y) = f(y), then f(x) = £(y).
(iii)’ Suppose that X is obtained from part (i). Then £(X) is a fixed point of F for any g € N.

The assumption that f has the <;--comparable property for any disjoint pair /° and J°
of {1,...,m} in Theorem 2.22 can be dropped by strengthening inequalities (26) as shown
below.

Theorem 2.24 Suppose that the quasi-ordered metric space (X, d, X) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Assume that the metrics
0 and d are compatible in the sense of preserving convergence. Consider the functions F :
(X™,0,<1) = (X™,0,<) and £ : (X",0,<;) = (X™,0,=) satisfying FP(X™) C £(X"™) for
some p € N. Let Xo be a mixed <;-monotone seed element in X". Assume that the functions
F and f satisfy the following conditions:

« Fandf are commutative;

o f has the sequentially mixed <;-monotone property or the sequentially mixed

=<-monotone property,

o each fi is continuous on X" fork =1,...,m.
Suppose that there exists a function p : X" x X" — R, such that, for any x,y € X", the
following inequality is satisfied:

p(xy) <Y _d(x®,yY), (31)
k=1

and that there exists a function of contractive factor ¢ : [0,00) — [0,1) such that, for any
X, Y € X" and any disjoint pair I° and J° of {1,..., m} with y <> X or X <o Y, the following
inequality is satisfied:

A(EL0 L) = - o(p(ERLEW)) - () Sfor each k=1,....m.

Then the following statements hold true.
(i) There exists X € X™ of F such that ¥ (X) = £(X). If p = 1, then X is a coincidence point
of Fand f.
(ii) If there exist a disjoint pair I° and J° of {1,...,m} and y € X" such that FP(y) = £(y)
and that X and y are comparable with respect to the quasi-order ‘<o’ then
£(%) = £(9).
(ili) Suppose that X is obtained from part (i). If there exists a disjoint pair I° and J° of
{1,...,m} such that x and F(X) are comparable with respect to the quasi-order ‘<’
then £1(X) is a fixed point of F for any q € N.
Moreover, each component x&) of X is the limit of the sequence {fi(X,,)}nen constructed in
(3) forallk=1,...,m.

Proof Since inequalities (31) are satisfied for any x and y, the arguments in the proof of
Theorem 2.22 are still valid without considering (30). This completes the proof. d
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Next, we shall consider the uniqueness for a common fixed point in the <-mixed com-

parable sense.

Definition 2.25 Let (X, <) be a quasi-ordered set. Consider the functions F : X" — X"
and f: X" — X" defined on the product set X" into itself. The common fixed point X €
X" of F and f is unique in the <-mixed comparable sense if and only if, for any other

common fixed point x of F and f, if x and x are <-mixed comparable, then x = X.

Theorem 2.26 Suppose that the quasi-ordered metric space (X, d, X) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Assume that the metrics
0 and d are compatible in the sense of preserving continuity. Consider the functions F :
(X™,0) = (X™,0) and £ : (X",0) — (X™,0) satisfying F’(X"™) C £(X") for some p € N. Let
Xo be a mixed <-monotone seed element in X". Assume that the functions F and £ satisfy
the following conditions:

« Fandf are commutative;

o f has the <-comparable property and the sequentially mixed <-monotone property;

o ¥ is continuous with respect to f on X™;

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X™ x X™ — R, and a function of contractive factor
¢ :[0,00) — [0,1) such that, for any two <-mixed comparable elements x and 'y in X", the

following inequalities are satisfied:

ploy) = 3 d(x9,y0) (32)
k=1

and, foreach k =1,...,m,

d(F{(x), F{(y)) < — - o(p(£(x),£(y))) - o (£x), £(y)). (33)

S

Then the following statements hold true.

(i) F? and £ have a unique common fixed point X in the <-mixed comparable sense.
Equivalently, if y is another common fixed point of ¥ and £, and is <-mixed
comparable with X, then y = X.

(i) For p #1, suppose that F(X) and X obtained in (i) are <X-mixed comparable. Then F
and f have a unique common fixed point X in the <-mixed comparable sense.

Moreover, each component Al of X is the limit of the sequence {fi(X,)},en constructed in
(3) forallk=1,...,m.

Proof To prove part (i), from Proposition 2.8 and part (i) of Theorem 2.21, we have f(X) =

F?(x). From Theorem 2.14, we also have F?(x) = x. Therefore, we obtain
x =f(x) = FP(x).

This shows that X is a common fixed point of F” and f. For the uniqueness in the <-mixed

comparable sense, let y be another common fixed point of F? and f such that y and x are
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=<-mixed comparable, i.e.,y = f(y) = F/(y). By part (ii) of Theorem 2.21, we have f(x) = f(y).
Therefore, by the triangle inequality, we obtain

d(%,¥) <d(x,£(%) + d(£X),£()) + d(£(F),¥) =0, (34)

which says that x = y. This proves part (i).

To prove part (ii), since F(x) and X are <-mixed comparable, part (iii) of Theorem 2.21
says that f(X) is a fixed point of F, i.e., f(x) = F(f(X)), which implies X = F(X), since X = f(X).
This shows that X is a common fixed point of F and f. For the uniqueness in the <-mixed
comparable sense, let ¥ be another common fixed point of F and f such that y and X are
=<-mixed comparable, i.e., y = f(y) = F(y). Then we have

y=£§) =F§) =E(f§)) =F§) =--- = F’(§).

By part (ii) of Theorem 2.21, we have f(X) = f(y). From (34), we can similarly obtain X = y.
This completes the proof. |

Since we consider a metric space (X,d, <) endowed with a quasi-order ‘<’, given any
disjoint pair [ and J of {1,...,p}, we can define a quasi-order ‘<;” on X" as given in (1).
Now, given any x € X, we define the chain €(=,x) containing x as follows:

&<nx) = {YGXm:y—\<1x0rx-\<1y}

= {y € X :x and y are comparable with respect to ‘ 41'}.
Next, we shall introduce the concept of chain-uniqueness for a common fixed point.

Definition 2.27 Let (X, <) be a quasi-ordered set. Consider the functions F : X" — X™
and f: X — X" defined on the product set X" into itself. The common fixed point X €
X" of F and f is called chain-unique if and only if, given any other common fixed point x
of F and f, if x € €(<o,X) for some disjoint pair /° and J° of {1,...,m}, then x = x.

Theorem 2.28 Suppose that the quasi-ordered metric space (X, d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence. Assume that the metrics
0 and d are compatible in the sense of preserving continuity. Consider the functions F :
(X™,0,<1) = (X™,0,<) and £ : (X",0,<;) = (X™,0,=) satisfying FP(X™) C £(X"™) for
some p € N. Let Xo be a mixed <;-monotone seed element in X". Assume that the functions
F and f satisfy the following conditions:

+ Fandf are commutative;

o f has the sequentially mixed <;-monotone property or the sequentially mixed

=<-monotone property;

o F? is continuous with respect to f on X";

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X" x X" — R, and a function of contractive factor
¢ : [0,00) = [0,1) such that, for any x,y € X" and any disjoint pair I° and J° of {1,...,m}
with y <> X or X <o Y, the following inequalities are satisfied:

ploy) <y d(=",yY) (35)
k=1
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and, foreach k =1,...,m,

(P (Ex),£())) - (0, ). (36)

SN

d(F; (x), F(y)) <

Then the following statements hold true.
(i) F? and £ have a chain-unique common fixed point X. Equivalently, if y € €(<1e,X) is
another common fixed point of ¥ and f for some disjoint pair I° and J° of {1,...,m},
then y = X.

(i) For p #1, suppose that F(X) and X obtained in (i) are comparable with respect to the
quasi-order ‘<o’ for some disjoint pair I° and J° of {1,...,m}. Then F and £ have a
chain-unique common fixed point X.

Moreover, each component x&) of X is the limit of the sequence {fi(X,,)}en constructed in
(3) forallk=1,...,m.

Proof To prove part (i), from Proposition 2.8 and part (i) of Theorem 2.22, we can show
that X is a common fixed point of F¥ and f. For the chain-uniqueness, let y be another
common fixed point of F” and f with y <> X or X <o y for some disjoint pair /° and J° of
{1,...,m}, ie,y=1£(y) = F’(y). By part (ii) of Theorem 2.22, we have f(X) = f(y). Therefore,
according to (34), we can obtain X = y. This proves part (i). Part (ii) can be similarly ob-
tained by applying Theorem 2.22 to the argument in the proof of part (ii) of Theorem 2.26.
This completes the proof. (]

Remark 2.29 We strongly assume that inequalities (32) and (33) in Theorem 2.26, and
that inequalities (35) and (36) in Theorem 2.28 are satisfied for any x,y € X". Then, from
Remark 2.23 and the proofs of Theorems 2.26 and 2.28, it follows that parts (i) and (ii) can
be combined together to conclude that F and f have a unique common fixed point x.

3 Coincidence point theorems in the monotonically complete quasi-ordered
metric space

Now, we are going to weaken the concept of mixed-monotone completeness for the quasi-

ordered metric space. Let (X, d, <) be a metric space endowed with a quasi-order ‘<’. We

say that the sequence {x,},cn in (X, <) is <-increasing if and only if x; < x4,1 for all k € N.

The concept of <-decreasing sequence can be similarly defined. The sequence {x,},en in

(X, x) is called <-monotone if and only if {x,},cn is either <-increasing or <-decreasing.

Let I and J be a disjoint pair of {1,2,....,m}. We say that the sequence {x,},en in (X", <)
is <;-increasing if and only if x,, <; X,,41 for all # € N. The concept of <,-decreasing se-
quence can be similarly defined. The sequence {x,},cn in (X, <) is called <;-monotone
if and only if {x,},en is either <;-increasing or <;-decreasing.

Given a disjoint pair / and J of {1,2,...,m}, let f : (X", <;) = (X", <) be a function
defined on (X", %) into itself. We say that f is <;-increasing if and only if x <; y implies
f(x) <; f(y). The concept of <;-decreasing function can be similarly defined. The function
f is called <;-monotone if and only if f is either <;-increasing or <;-decreasing.

In the previous section, we consider the mixed <;-monotone seed element. Now, we
shall consider another concept of seed element. Given a disjoint pair / and J of {1, 2, ..., m},
we say that the initial element xg is a <;-monotone seed element of X" if and only if the
sequence {X,},cn constructed from (3) is a <;-monotone sequence. It is obvious that if xq
is a <;-monotone seed element, then it is also a mixed <;-monotone seed element.
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Definition 3.1 Let (X,d, <) be a metric space endowed with a quasi-order ‘<’. We say
that (X, d, x) is monotonically complete if and only if each <-monotone Cauchy sequence

{x,}nen in X is convergent.

It is obvious that if (X, d, <) is a mixed-monotonically complete quasi-ordered metric
space, then it is also a monotonically complete quasi-ordered metric space. However, the
converse is not true. In other words, the concept of monotone completeness is weaker

than that of mixed-monotone completeness.

Theorem 3.2 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete, and that the metrics 0 and d are compatible in the sense of preserving continuity.
Consider the functions F : (X",0, <) = (X",0,<y) and £ : (X",0,<;) = (X0, <) satis-
fying FP(X™) C £(X™) for some p € N. Let Xo be a <j-monotone seed element in X™. Assume
that the functions F and f satisfy the following conditions:

+ Fand f are commutative;

o fis <;-monotone;

o ¥ is continuous with respect to f on X™";

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X x X" — R, and a function of contractive factor
¢ :[0,00) — [0,1) such that, for any X,y € X" withy <1 X or X %Y, the following inequal-

ities
ploy) = 3 d(e, ) )
=
and
A(EL0 EL ) = - (o (FE) - p(E60). ) (39)

are satisfied for all k = 1,...,m. Then ¥ has a fixed point X such that each component xX)
of X is the limit of the sequence {fi(X,)}nen constructed in (3) forallk =1,...,m.

Proof We consider the sequence {x,},cn constructed from (3). Since X is a <;-monotone
seed element in X", i.e., X, <1 X,41 for all n € N or x,,,1 < X, for all # € N, according to

inequalities (38), we obtain

d(fk(xn+l):ﬁ<(xn)) = d(F]}:(X,,), FII:(xn—l))

< (£ £05,1))) - (060, £01). (39)

Since f is <;-monotone, it follows that f(x,) <; f(x,,1) for all # € N or f(x,,,1) < f(x,,) for

all 7 € N. Then we have

p(f(xml)r f(xn)) = Zd(fk(xml)xfk(xn)) (by (37))
k=1

< ¢(p(fxn), £(xs1))) - £(£(xa), £(x1))  (By (39)).
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According to the proof of Theorem 2.14, we can show that {fi(x,)},cn is a Cauchy sequence
in X for any fixed k =1,...,n. Since f is <;-monotone and {X,},cn is a <;-monotone se-
quence, it follows that {f(x,,)},cn is a <;-monotone sequence.
o If {f(x,)}nen is @ -increasing sequence, then {fi(x,)}sen is @ <-increasing Cauchy
sequence for k € I, and is a <-decreasing Cauchy sequence for k € J.
o If {f(x,)}nen is @ <j-decreasing sequence, then {fi(x,)}sen is a <-decreasing Cauchy
sequence for k € I, and is a <-increasing Cauchy sequence for k € J.
By the monotone completeness of X, there exists %) € X such that fi(x,) — 2% as n —
oo for k =1,...,m. The remaining proof follows from the same argument in the proof of
Theorem 2.14. This completes the proof. d

Next, we shall study the coincidence point without considering the continuity of F”.
However, we need to introduce the concept of monotone convergence given below.

Definition 3.3 Let (X, d, <) be a metric space endowed with a quasi-order ‘<’. We say that
(X,d, <) preserves the monotone convergence if and only if, for each <-monotone sequence
{x,:}nen that converges to %, either one of the following conditions is satisfied:

o if {x,}nen is a <-increasing sequence, then x,, < & for each n € N;

o if {x,}nen is a <-decreasing sequence, then % < x,, for each n € N.

Remark 3.4 Let (X, d, <) be a metric space endowed with a quasi-order ‘<’ and preserve
the monotone convergence. Given a disjoint pair / and J of {1, ..., m}, suppose that {x,},en
is a <;-monotone sequence such that each sequence {xg()},,eN converges to %X for k =
1,...,m. We consider the following situation.
o If {x,}sen is a j-increasing sequence, then {xg,k)}neN is a <-increasing sequence for
k €1, and is a <-decreasing sequence for k € J. By the monotone convergence, we see
that, for each n € N, xi,k) < 5% for k e I and xi,k) > 3% for k € J, which shows that
X, <;XforallmeN.
o If {x,}sen is @ j-decreasing sequence, then {xi,k)}neN is a <-decreasing sequence for
k €1, and is a <-increasing sequence for k € J. By the monotone convergence, we see
that, foreachm € N, xi,k) > %® for k e I and xi,k) < 2% for k € J, which shows that
X, »=; X forall m e N.
Therefore, we conclude that x,, and X are comparable with respect to ‘<, for all n € N.

Theorem 3.5 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete and preserves the monotone convergence. Assume that the metrics 0 and d are com-
patible in the sense of preserving convergence. Consider the functions F : (X",0,<;) —
(X",0,=%1) and £ : (X™,0,<1) — (X™,0, <) satisfying F(X™) C £(X") for some p € N. Let
Xo be a <;-monotone seed element in X™. Assume that the functions ¥ and f satisfy the
following conditions:

+ Fandf are commutative;

o fis <;-monotone;

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X" x X" — R, and a function of contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" withy <; X or X <Y, the following inequal-
ities

ploy) <y d(=",y9) (40)
k=1
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and
1
d(F(x),F{(y)) < - (o (Fx),£(y))) - p(£(x), £(y)) (41)
are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) There exists x € X™ ofF such that FP(X) = £(X). If p = 1, then X is a coincidence point
of Fand f.

(ii) Ifthere exists y € X" such that FP(y) = f(§') with X <1y ory < X, then £f(x) = £(y).
(ili) Suppose that X is obtained from part (i). If X and F(X) are comparable with respect
to ‘%, then f1(X) is aﬁxedpomt of F for any q € N.
Moreover, each component % of X is the limit of the sequence {fi(X,)}nen constructed in
(3) forallk=1,...,m

Proof From the proof of Theorem 3.2, we can construct a sequence {X,},cn in X" such
that fi(x,,) — &% and fi(f(x,)) = fi(X) as n — oo for all k = 1,...,m, where {f(x,)},en is
a <;-monotone sequence. From Remark 3.4, it follows that, for each n € N, f(x,,) <; X or
f(x,) = x. Since fi(f(x,)) — fi(X) as n — oo, given any € > 0, there exists 1y € N such that

d(f(£0x,) fi) < 5 42)

for all n € N with n > ng and for all k = 1,...,m. Since f is <;-monotone, it follows that
f(f(x,)) <7 f(x) or f(f(x,)) =; f(X). For each n > ny, it follows that

d(F{ (%), F{ (f(x))) = — - o (p(£R), £(£(x1)))) - p (£, £(£(x,)))  (by (41)

1
m
1
m

- p(ER)£(E(x,)) % ;d(fk(x)fk (f(x))  (by (40))

< (by (42)).
Using the same argument in the proof of part (i) of Theorem 2.21, part (i) of this theorem
follows immediately.

To prove part (ii), since f is <;-monotone, we immediately have f(y) <, f(x) or f(x) </

f(y). If fi(X) # [ (¥), i-e., d(fi(X),fx(¥)) # 0, then we obtain

0 #Zd(fkmfk(y) =Y d(FR), Fi(
k=1 k=1
< Lelp(E19) o0 15) by 40)

<p(FRLED) = Y d(f(®).f(F)  (by (40)).

k=1

This contradiction says that f; (X) = fx(y) forall k = 1,...,m, i.e., £(X) = £(y). Finally, part (iii)
follows from the same argument in the proof of part (iii) of Theorem 2.21 immediately.

This completes the proof. (]
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Remark 3.6 Suppose that inequalities (40) and (41) in Theorem 3.5 are satisfied for any
X,y € X™. Then, from the proof of Theorem 3.5, we can see that parts (ii) and (iii) can be

changed as follows.

(i)’ If there exists y € X" satisfying FP(y) = £(y), then f(X) = £(y).
(iii)’ Suppose that X is obtained from part (i). Then £7(X) is a fixed point of F for any g € N.

Next, we shall study the <;-chain-uniqueness for the common fixed point, which is dif-

ferent from the chain-uniqueness in Definition 2.27.

Definition 3.7 Let (X, <) be a quasi-ordered set. Consider the functions F : X" — X"
and f : X™ — X" defined on the product set X into itself. Given a disjoint pair / and J of

{1,...,m}, we recall that the chain €(<;,X) containing x is given by
C(xpx)={ye X" y</xorx =<y}

The common fixed point X € X of F and f is called <;-chain-unique if and only if, for any

other common fixed point x of F and f, if x € €(x,X), then x = x.

Theorem 3.8 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete and preserves the monotone convergence. Assume that the metrics 0 and d are compat-
ible in the sense of preserving continuity. Consider the functions F : (X",0, <) — (X",0,=<1)
and £ : (X",0,<;) — (X™,0, =) satisfying FP(X™) C £(X™) for some p € N. Let xo be a
<;-monotone seed element in X™. Assume that the functions F and £ satisfy the following
conditions:

+ Fand f are commutative;

o fis <;-monotone;

o F? is continuous with respect to f on X"";

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X" x X" — R, and a function of contractive factor

¢ :[0,00) = [0,1) such that, for any X,y € X" withy <1 X or X %Y, the following inequal-

ities
p(xy) <Y d(x®,y9) (43)
k=1
and

d(FY(x),FL(y)) < — - ¢(p(£x), £(¥))) - p(£(x), £(y)) (44)

SN

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) F? and £ have a <;-chain-unique common fixed point X.
(i) For p #1, suppose that F(X) and X obtained in (i) are comparable with respect to ‘<, .
Then F and £ have a <;-chain-unique common fixed point X.
Moreover, each component % of X is the limit of the sequence {fi(X,)}nen constructed in
(3)forallk=1,...,m.
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Proof To prove part (i), from Proposition 2.8 and part (i) of Theorem 3.5, we have f(x) =
F?(x). From Theorem 3.2, we also have F?(x) = X. Therefore, we obtain

%= (%) = P(R).

This shows that X is a common fixed point of F? and f. For the <;-chain-uniqueness, let y
be another common fixed point of F” and f such that y and x are comparable with respect
to ‘g, i.e., ¥y = £(y) = FP(y). By part (ii) of Theorem 3.5, we have f(x) = f(y). Therefore, by
the triangle inequality, we have

d(%,y) <d(x,£(x)) + d(f(X),£(y)) + d(£(§),¥) =0, (45)

which says that x = y. This proves part (i). Part (ii) can be obtained by applying part (iii)
of Theorem 3.5 to a similar argument in the proof of Theorem 2.26. This completes the
proof. d

Theorem 3.9 Suppose that the quasi-ordered metric space (X, d, <) is monotonically com-
plete and preserves the monotone convergence. Assume that the metrics 0 and d are compat-
ible in the sense of preserving continuity. Consider the functions F : (X",0,<;) — (X",0,<1)
and £ : (X™,0,<;) = (X™,0,=y) satisfying FP(X™) C £(X™) for some p € N. Let xo be a
<j-monotone seed element in X". Assume that the functions F and f satisfy the following
conditions:

« Fand f are commutative;

o fis <o-monotone for any disjoint pair I° and J° of {1,..., m};

« F? is continuous with respect to f on X™;

o each fi is continuous on X™ fork =1,...,m.
Suppose that there exist a function p : X" x X" — R, and a function of contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" and any disjoint pair I° and J° of {1,..., m}
With y <o X or X <o Y, the following inequalities

ply) <3 d(x,y0) (46)
k=1
and
A(F'(x), F(y)) < % (o (£, £3))) - p (£ E(Y)) (47)

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) F? and £ have a chain-unique common fixed point X.

(i) For p #1, suppose that F(X) and X obtained in (i) are comparable with respect to the
quasi-order ‘<o’ for some disjoint pair I° and J° of {1,...,m}. Then F and £ have a
chain-unique common fixed point X.

Moreover, each component 3% of X is the limit of the sequence {fi(X,)}nen constructed in
(3) forallk=1,...,m.

Proof To prove part (i), from the proof of Theorem 3.8, we can show that X is a common
fixed point of F” and f. For the chain-uniqueness, let y be another common fixed point of
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F? and f with y <o X or X < ¥ for some disjoint pair I° and J° of {1,...,m}, i.e., y = £(y) =
F?(y). Since f is <.-monotone for any disjoint pair /I° and J° of {1,...,m}, we also have
£(¥) <o £(X) or £(X) <o £(y). If i (X) Zf2(¥), i.e., d(fi(X),fx(¥)) # 0, then we obtain

07 Y d(f®).AF) =D d(F &), F{(
k=1

k=1

% Z ) - p(ER),ER))  (by (47))

p(£X),£§)) < Zd(fk(x)fk()’) (by (46)).

This contradiction says that fy(X) = fi(y) for all k = 1,...,m, i.e., £(X) = £(y). Therefore, ac-
cording to (45), we also have x = y. This proves part (i). Part (ii) can be similarly obtained
by applying Theorem 2.22 to the argument in the proof of part (ii) of Theorem 2.26. This
completes the proof. O

Remark 3.10 We strongly assume that inequalities (43) and (44) in Theorem 3.8 and
inequalities (46) and (47) in Theorem 3.9 are satisfied for any x,y € X”. Then, from Re-
mark 3.6 and the proofs of Theorems 3.8 and 3.9, we can see that parts (i) and (ii) can be
combined as F and f have a unique common fixed point X.

4 Fixed points of functions having mixed monotone property in the product

spaces
We shall study the fixed points of functions having mixed monotone property in the prod-
uct space. The concept of mixed monotone property for functions was adopted for pre-
senting the coupled fixed point theorems.

Let (X, <) be a quasi-ordered set, and let I and J be the disjoint pair of {1,2,...,m}.
Consider the function F : X" — X.

« We say that F is (5, X)-increasing if and only if x <, y implies F(x) < F(y).

+ We say that F is (%, <)-decreasing if and only if x <; y implies F(x) > F(y).
From (2), we see that F is (<1, <)-decreasing if and only if it is (5, <)-increasing, and F is
(%1, X)-increasing if and only if it is (5, <)-decreasing.

Example 4.1 For m =5, we take the disjoint pair I = {1,2,4} and J = {3,5} of {1,2,3,4,5}.
We say that the function F : X*> — X has the I-mixed monotone property if and only if the
following conditions are satisfied:

o F(x1,%2,%3,%4,%5) is increasing in the corresponding variables x1, x7, x4;

o F(x1,%5,%3,%4,%5) is decreasing in the corresponding variables x3, xs.
According to (1), it follows that x <; y implies F(x) < F(y), i.e., F is I-increasing. Now,
we assume that the function F : X — X has the /-mixed monotone property, i.e., the
following conditions are satisfied:

o F(x1,%2,%3,%4,%s5) is increasing in the corresponding variables x3, xs5.

o F(x1,%5,%3,%4,%5) is decreasing in the corresponding variables x;, x5, x4.
It follows that x <; y implies F(x) = F(y), i.e., F is J-decreasing on X"".

Based on Example 4.1, the general definition is given below.
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Definition 4.2 Let (X, <) be a quasi-ordered set, and let I = {ry,...,r,} and J = {sy,...,s,}
be the disjoint pair of {1,...,m}. We say that the function F : X”* — X has the I-mixed
monotone property if and only if the following conditions are satisfied:
+ Fisincreasing in the rith, rpth, ..., r,th positions, respectively; that is, if ij ) =< x(zrj) for
j=1,...,u,then

F(y(l)’ . ’y(r/—l),xirj)’y(rﬁl), . ,y(m)) < F(y(l), N ,y(rj—l)’x(zrj),y(r/+l)’ . ,y(m))
for all fixed y® with k #rjand k= 1,...,m;

« Fis decreasing in the s;th, spth, ..., s,th positions, respectively; that is, if x(lsi) < x(zsi) for
i=1,...,v, then

F(,..,y570, 580yt ym) < Py gl 15 gl yon)

for all fixed % with k #s; and k= 1,...,m.

It can be realized that the function F : X" — X has the /-mixed monotone property if
and only if the following conditions are satisfied:
+ Fisincreasing in the s;th, syth, ..., s,th positions, respectively; that is, if y(lsi) =< y(;”,
then

F(x(l), ... ,x(si_l),y§si),x(si+1), ... ,x("’)) < F(x“), ... ,x(si_l),y(zsi),x(si+l), ... ,x(’”))

foreachi=1,...,v;
(ry)

« Fis decreasing in the rith, ryth, ..., r,th positions, respectively; that is, if yirj ) <y,

then
F(x,... ,x(’/’l),y(zrj),x(’/*l), ceox™) < F(xW,. ..,x(’i’l),y;r/),x('/*l), e a™)
foreachj=1,...,u.

Remark 4.3 Accordingto (1), if the function F : X — X has the /-mixed monotone prop-
erty, then F is (1, X)-increasing. Also, if the function F : X — X has the /-mixed mono-
tone property, then F is (5, X)-increasing (i.e., (5, X)-decreasing) on X™.

Now, considering the function F : X — X", we are going to define many monotonic
concepts of F on X as follows.

Definition 4.4 Let (X, <) be a quasi-ordered set, and let / and J be the disjoint pair
of {1,2,...,m}. Consider the quasi-ordered set (X", <) and the function F : (X", 5;) —
X", <1).

« We say that F is (51, <1)-increasing if and only if x <; y implies F(x) <; F(y).

+ We say that F is (5, <y)-increasing if and only if x <; y implies F(x) <; F(y).

+ We say that F is (=, <1)-increasing if and only if x <; y implies F(x) <; F(y).

+ We say that F is (5, <j)-increasing if and only if x <; y implies F(x) <; F(y).

« We say that F is (5, <1)-decreasing if and only if x <, y implies F(x) =/ F(y).

+ We say that F is (51, <y)-decreasing if and only if x <, y implies F(x) =; E(y).
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+ We say that F is (<, <1)-decreasing if and only if x <; y implies F(x) =; F(y).
+ We say that F is (=}, <)-decreasing if and only if x <; y implies F(x) =; F(y).

Remark 4.5 From (2), we see that it suffices to consider the increasing cases. On the other
hand, we also see that F is (5, <;)-increasing if and only if it is (5, <;)-increasing, and F
is (%1, Xy)-increasing if and only if it is (5}, <;)-increasing. Therefore, the cases in Defi-
nition 4.4 can be reduced to only consider the (5, <;)-increasing and (<, <;)-increasing
cases. Since the (<, <y)-increasing case is equivalent to the (<, </)-decreasing case, it
follows that the cases in Definition 4.4 can be reduced to only consider the (x;,<1)-
increasing and (<, <;)-decreasing cases.

Definition 4.6 Let (X, <) be a quasi-ordered set, and let I = {ry,...,r,} and ] = {vy,..., vy}
be the disjoint pair of {1,2,...,m}. We say that the function F : X" — X" has the I-mixed
monotone property on X" if and only if its kth component function Fj satisfies the follow-
ing conditions:

+ Fi has the I-mixed monotone property for k € I; in other words, Fy is increasing in
the rith, rpth, ..., r,th positions and is decreasing in the s;th, syth, ..., s,th positions,
respectively;

+ Fi has the J-mixed monotone property for k € J; in other words, Fj is decreasing in
the rith, ryth, ..., r,th positions and is increasing in the s;th, sy th, ..., s,th positions,
respectively.

The meaning of the /-mixed monotone property for F can be similarly realized.

Remark 4.7 According to (1), if the function F : X" — X" has the /-mixed monotone
property, then F is (<, <)-increasing. Also, if the function F : X" — X" has the J-mixed
monotone property, then F is (5, <;)-increasing, i.e., (X1, <r)-decreasing.

Example 4.8 Continued from Example 4.1, the function F : X> — X has the /-mixed
monotone property if and only if the component functions Fy of F for k =1,...,5 satisfy
the following conditions:

+ the component functions Fj have the /-mixed monotone property for k € I;

« the component functions Fi have the J-mixed monotone property for k € J.

Example 4.9 Continued from Example 4.8, given the initial element x, € X°, we consider
the iteration x,, = F(x,-1). Then, according to (4), we can define two quasi-ordered sets
(X, <1) and (X™, %) as follows.

(i) Assume that xq <; Xy, Le., xg() =< xgk) fork € I and xik) =< xf)k) forke].

+ For k € I, we are going to claim xgk) = x ) This can be realized by simply
checking the case of k = 2. By definition, we see that F;(x1, %2, %3,%4,%5) is
increasing in the corresponding variables x;, x5, x4, and is decreasing in the
corresponding variables x3, x5. Therefore, we obtain

2 3) (4 1 4
xg) Fz(xg),xg),xg),xg),xf))) =5 (xg),xg ),xg),xg ),xg))

< By (2?6, 2, 2P = &,

+ For k € ], we are going to claim xgk) = x2 This can be realized by simply

checking the case of k = 5. By definition, we see that F5(x1, %2, %3, %4, %5) is
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increasing in the corresponding variables x3, x5, and is decreasing in the

corresponding variables x;, x;, x4. Therefore, we obtain

F5(x0 ,xg),xg),xé),xff)) > Fs (xgl),xé),xgs),xg”,xf))

>F5(x1 L, xP,x, 1) = o)

By induction, we can show that the sequences {x0} are <-increasing for k € I, and
are <-decreasing for k € J. Therefore, according to (4), we can induce a
quasi-ordered set (X", <).

. . k
(ii) Assume that x; < Xo, i.e., xg )

> xik) for k € I and x;k) > xg() for k € J. Equivalently,
we have x¢ <; X; by (2). We can similarly show that the sequences {xi,k)} are
<-decreasing for k € I, and are <-increasing for k € J. Therefore, according to (4),

we can induce a quasi-ordered set (X", <;).
By referring to Example 4.9, we have the following general result.

Lemma 4.10 Let (X, <) be a quasi-ordered set, and let I and ] be the disjoint pair of
{1,2,...,m}. Assume that the function F : (X", <) — (X", <) has the I-mixed mono-
tone property on X™. Given the initial element xo € X", we define the sequence {X,},en
by x,, = F(x,,_1). Then the following statements hold true.

(i) Suppose that xo <[ X1. Then the sequences {xﬁ,k)}neN are <-increasing for each k € I
and are <-decreasing for each k € J. In other words, {X,}nen is a <-increasing
sequence.

(i) Suppose that xo =1 x1. Then the sequences {xg()}nEN are <-decreasing for each k € I
and are <-increasing for each k € J. In other words, {X,}neN is a <X -decreasing
sequence.

Moreover, the initial element X is a <;-monotone seed element in X".

Proof To prove part (i), we have the following cases:
o If k € I, then Fy has the I-mixed monotone property. Therefore, we have

k 1 k 1 3 3
xg ) :Fk(xf)),...,xf)), ,xé )) <. 5Fk(x§),...,x§ .. ,xﬁ”) x(z)

by checking one component at each time.
+ If k €], then Fy has the /-mixed monotone property. Therefore, we have

a0 :Fk(xf)l),...,xf)k), ,xém)) = 5Fk(x§1),...,xgk),...,xgm)) =
by checking one component at each time.
Therefore, by induction, part (i) follows immediately. A similar argument can also apply

to part (ii), and the proof is complete. d

Theorem 4.11 Suppose that the quasi-ordered metric space (X,d, <) is monotonically
complete, and that the metrics 0 and d are compatible in the sense of preserving continu-
ity. Given a disjoint pair I and ] of {1,2,...,m}, assume that the function F : (X",0,<) —
(X™,0,<) is continuous on X" and has the I-mixed monotone property, and that there
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exist a function p : X" x X" — R, and a function of contractive factor ¢ : [0,00) — [0,1)
such that, for any X,y € X" with y <; X or X <1, the following inequalities are satisfied:

pxy) <Y d(x",yY)
k=1

and

A(EL EL) = - 0(p(E0, 1)) - p(E00), K1)

forall k =1,...,m and for some p € N. If there exists xo € X" such that xo <; F(xo) or
Xo =1 F2(Xo), then the function F? has a fixed point X € X", where each component ¥ of
X is the limit of the sequence {xg,k)},,eN constructed below

Xy = Fp(xn—l) (48)
forallk=1,...,m.

Proof According to (48), we have X¢ <y X1 or X¢ =7 X;. From Lemma 4.10, the initial ele-
ment X is a <;-monotone seed element in X”. Therefore, the results follow immediately
from Theorem 3.2 by taking f as the identity function. This completes the proof. O

Next, we can consider the chain-uniqueness and drop the assumption of continuity of
F by assuming that (X, d, <) preserves the monotone convergence.

Theorem 4.12 Suppose that the quasi-ordered metric space (X,d, <) is monotonically
complete and preserves the monotone convergence, and that the metrics 0 and d are com-
patible in the sense of preserving convergence. Given a disjoint pair I and J of {1,2,...,m},
assume that the function F : (X",0,<) — (X", 0, %) has the I-mixed monotone property,
and that there exist a function p : X" x X™ — R, and a function of contractive factor
¢ :[0,00) = [0,1) such that, for any X,y € X" with 'y <; X or X <Y, the following inequal-
ities are satisfied:

p(x,y) <Y d(x®,yY)

k=1

and

A(EL EL) = - 0(p(E, 1)) - p(E00) K1)

forall k =1,...,m and for some p € N. If there exists xo € X" such that xo <; F(x) or
Xo =1 FP(Xo), then the function ¥¥ has a <;-chain-unique fixed point X € X", where each

component X of X is the limit of the sequence {xﬁ,k)},,eN constructed from (48) for all k =
1,...,m.

Proof According to (48), we have xo <; X; or Xo =; X;. From Lemma 4.10, the initial ele-
ment X, is a 5;-monotone seed element in X”. Therefore, the results follow immediately
from Theorem 3.5 by taking f as the identity function. This completes the proof. O
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The following fixed point theorem considers the different monotone conditions for F.

Theorem 4.13 Suppose that the quasi-ordered metric space (X,d, <) is monotonically
complete, and that the metrics 0 and d are compatible in the sense of preserving continu-
ity. Given a disjoint pair I and ] of {1,2,...,m}, assume that the function F : (X",0, <) —
(X™,0, <) is continuous on X" and satisfies any one of the following conditions:

(a) Fis (%1, <1)-increasing;

(b) p is an even integer and F is (X, <1)-decreasing.
Assume that there exist a function p : X" x X" — R, and a function of contractive factor ¢ :
[0,00) — [0,1) such that, for any X,y € X" withy < X or X X1V, the following inequalities

p(xy) <Y d(x",yY)
k=1

and

d(F; (x), F{(y)) < % 9 (o (£, £(y))) - p(£(x), £(y))

are satisfied for all k =1, ...,m and for some p € N. If there exists xo € X" such that xo <1
FP(xo) orxg =1 FP(Xo), then the function FP has a fixed point X € X", where each component
&0 of % is the limit of the sequence {xﬂk)},,eN constructed from (48) forallk =1,...,m.

Proof We consider the following cases.

« If Fis (1, <r)-increasing, then it follows that F? is (X, <;)-increasing.

« If Fis (1, <r)-decreasing and p is an even integer, then F? is also (5, <r)-increasing.
According to (48), we have xo </ X; or Xo = X;. Since x; = F(x¢) and x, = F’(xy), it fol-
lows that x¢ <; x; implies x; <; X3, and X >=; X; implies x; =; x5. Therefore, if xg <; X,
then we can generate a <;-increasing sequence {X,},cn, and if xo >>; x;, then we can gen-
erate a <;-decreasing sequence {x,},cn, which also says that the initial element x is a
<;-monotone seed element in X™. Therefore, the results follow immediately from Theo-
rem 3.2 by taking f as the identity function. This completes the proof. O

Next, we can consider the chain-uniqueness and drop the assumption of continuity of
F by assuming that (X, d, <) preserves the monotone convergence.

Theorem 4.14 Suppose that the quasi-ordered metric space (X,d, <) is monotonically
complete and preserves the monotone convergence, and that the metrics 0 and d are com-
patible in the sense of preserving convergence. Given a disjoint pair I and J of {1,2,...,m},
assume that the function F : (X",0, <51) — (X", 0, %) satisfies any one of the following con-
ditions:

(a) Fis (%1, <1)-increasing;

(b) p is an even integer and F is (X, <r)-decreasing.
Assume that there exist a function p : X" x X" — R, and a function of contractive factor ¢ :
[0,00) — [0,1) such that, for any x,y € X" withy <; X or X X1, the following inequalities

p(x,y) < Z d(x(k),y(k))
k=1
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and

A(F'(x), F(y)) < % (o (£, £(3))) - p (£ £(Y))

are satisfied for all k =1,...,m and for some p € N. If there exists xo € X" such that xo <1
FP(xo) or Xo =1 FP(xo), then the function ¥¥ has a <;-chain-unique fixed point x € X",
where each component ¥ of X is the limit of the sequence {xi,k)}neN constructed from (48)
forallk=1,...,m.

Proof From the proof of Theorem 4.13, we see that the initial element x is a <;-monotone
seed element in X™. Therefore, the results follow immediately from Theorem 3.5 by taking
f as the identity function. This completes the proof. O

The following fixed point theorem considers the odd integer p € N and the different

monotone conditions for F.

Theorem 4.15 Suppose that the quasi-ordered metric space (X, d, <) is mixed-monoton-
ically complete, and that the metrics d and d are compatible in the sense of preserv-
ing continuity. Given a disjoint pair I and ] of {1,2,...,m}, assume that the function
F: (X",0,=%1) = (X,0,=) is continuous on X" and (X1, X1)-decreasing, and that there
exist a function p : X" x X™ — R, and a function of contractive factor ¢ : [0,00) — [0,1)

such that, for any x,y € X" with y <; X or X X1, the following inequalities are satisfied:

p(x,y) < Zd(x(k),y(k))
k=1

and

d(F'(x), EU(y)) < % o (p(EX),£))) - (£, £())

forall k =1,...,m and for some odd integer p € N. If there exists xo € X™ such that xo <1
FP(xo) orxg =1 FP(Xo), then the function FP has a fixed point X € X", where each component
0 of % is the limit of the sequence {xﬁ,k)}neN constructed from (48) forallk =1,...,m.

Proof Since F is (<, <r)-decreasing and p is an odd integer, we see that F” is (5, <)-
decreasing. It follows that xo <; x; implies x; =7 X2, and X =7 X; implies x; <; Xo. There-
fore, we can generate a <;-mixed monotone sequence {x,},cn, which also says that the
initial element x; is a mixed <;-monotone seed element in X”. Therefore, the results fol-
low immediately from Theorem 2.16 by taking f as the identity function. This completes
the proof. d

Next, we can consider the chain-uniqueness and drop the assumption of continuity of
F by assuming that (X, d, <) preserves the mixed-monotone convergence.

Theorem 4.16 Suppose that the quasi-ordered metric space (X, d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence, and that the metrics 0 and
d are compatible in the sense of preserving convergence. Given a disjoint pair I and ] of
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{1,2,...,m}, suppose that there exists xo € X" such that the following conditions are satis-
fied:

o the function F : (X",0, <) = (X™,0,=) is (%1, %1)-decreasing;

+ Xo 51 FP(xq) or xo =1 FP(Xq).
Assume that there exist a function p : X™ x X" — R, and a function of contractive factor
¢ :[0,00) = [0,1) such that, for any x,y € X" and any disjoint pair I° and J° of {1,...,m}
with y < X or X %o Y, the following inequalities

p(xy) <Y d(x",yY)
k=1

and

A(F/(x), F(y)) < % o (o (£, £3))) - p (£ E(Y))

are satisfied for all k = 1,...,m and for some odd integer p € N. Then the function F¥ has a
chain-unique fixed point X € X", where each component ¥ of X is the limit of the sequence
{xﬁ,k)},,eN constructed from (48) forallk =1,...,m.

Proof From the proof of Theorem 4.15, we see that the initial element x, is a mixed
<;-monotone seed element in X”. Therefore, the results follow immediately from Theo-
rem 2.22 by taking f as the identity function. This completes the proof. O

5 Fixed points of functions having mixed comparable property in the product
spaces

We shall study the fixed points of functions having mixed comparable property in the

product space. Here, we shall consider the mixed-monotonically complete quasi-ordered

metric space.

Definition 5.1 Let / and J be a disjoint pair of {1,2,...,m}. Given a quasi-ordered set
(X, <), we consider the corresponding quasi-ordered set (X", <;).

+ We say that the function F: X" — X" has the <-mixed comparable property if and
only if, for any two <-mixed comparable elements x and y in X”, the function values
F(x) and F(y) in X™ are <-mixed comparable.

+ We say that the function F: (X", %) — (X", <) has the x;-comparable property if
and only if, for any two elements x,y € X" with x ; yor y <; x (i.e., x and y are
comparable with respect to ‘<;’), one has either F(x) <; F(y) or F(y) <; F(x) (i.e., the

function values F(x) and F(y) in X" are comparable with respect to ‘x/’).

It is obvious that if F is (<, <;)-increasing or (<, <;)-decreasing, then it also has the

<;-comparable property.

Theorem 5.2 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete, and that the metrics 0 and d are compatible in the sense of preserving
continuity. Assume that the function F : (X",0) — (X™,0) is continuous on X" and has the

<-mixed comparable property, and that there exist a function p : X x X" — R, and a
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function of contractive factor ¢ : [0,00) — [0,1) such that, for any two <-mixed comparable
elements x and'y in X", the following inequalities

and

9 (0(£x),£(y))) - p(£(x), £(y))

S

d(F; (%), F{(y)) <

are satisfied for all k = 1,...,m and for some p € N. If there exists X, € X" such that X, and
F?(xo) are <-mixed comparable, then F? has a fixed point X such that each component 3'X)
of X is the limit of the sequence {x;k)},,eN constructed from (48) forallk =1,...,m.

Proof According to (48), we see that x¢ and x; are <-mixed comparable. Since F has the
=<-mixed comparable property, we see that F” has also the <-mixed comparable property.
It follows that x; = FP(x¢) and x; = F?(x;) are also <-mixed comparable. Therefore, we
can generate a mixed <-monotone sequence {X,},cn by observation (d) of Remark 2.4,
which also says that the initial element x; is a mixed <-monotone seed element in X".
Since F is continuous on X", it follows that F? is also continuous on X". Therefore, the
result follows from Theorem 2.14 immediately by taking f as the identity function. This
completes the proof. d

Next, we can drop the assumption of continuity of F by assuming that (X, d, <) preserves
the mixed-monotone convergence.

Theorem 5.3 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence, and that the metrics 0
and d are compatible in the sense of preserving convergence. Assume that the function
F: (X",0) = (X™,0) has the <-mixed comparable property, and that there exist a function
p: X" x X" — R, and a function of contractive factor ¢ : [0,00) — [0,1) such that, for any
two <X-mixed comparable elements x and'y in X", the following inequalities

p(x,y) < Zd(x(k),y(k))
k=1

and

d(FL(x), EU(y)) < % o (p(EX), ) - (£, £))

are satisfied for all k = 1,...,m and for some p € N. Suppose that there exists xo € X" such
that xo and F? (xo) are <-mixed comparable. Then the following statements hold true.
(i) There exists a unique fixed point X of F¥ in the <-mixed comparable sense.

(ii) For p #1, we further assume that the metrics 0 and d are compatible in the sense of
preserving continuity, that the function F? is continuous on X", and that F(X) and X
obtained in (i) are <-mixed comparable. Then X is a unique fixed point of F in the
<-mixed monotone sense.
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Moreover, each component XX of X is the limit of the sequence (£} e constructed from
(48) forallk =1,...,mforallk=1,...,m.

Proof According to argument in the proof of Theorem 5.2, we see that the initial element
Xo is a mixed <-monotone seed element in X". Therefore, part (i) follows from Theo-
rem 2.21 immediately by taking f as the identity function. Also, part (ii) follows from The-
orem 2.26 immediately by taking f as the identity function. This completes the proof. [

Theorem 5.4 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete, and that the metrics 0 and d are compatible in the sense of preserving
continuity. Given a disjoint pair I and ] of {1,...,m}, assume that the following conditions
are satisfied:
o the function F : (X™,0, =) = (X™,0, =) is continuous on X" and has the
<j-comparable property;
o there exists Xo € X" such that xo and FP(x¢) are comparable with respect to the
quasi-order ‘<’ for some p € N.
Assume that there exist a function p : X" x X" — R, and a function of contractive factor ¢ :
[0,00) — [0,1) such that, for any X,y € X" with'y <[ X or X <Y, the following inequalities

p(xy) <Y d(x®,y%Y)
k=1

and
d(FY(x), FL(y)) < % (o (fx),£(y))) - p(£(x), £(y))

are satisfied for all k = 1,...,m. Then ¥ has a fixed point X such that each component x*
of X is the limit of the sequence {quk)},,eN constructed from (48) forallk =1,...,m.

Proof According to (48), we see that xo and x; are comparable with respect to ‘<;’. Since
F has the <;-comparable property, we see that F? has also the <;-comparable property. It
follows that x; = F”(x() and x, = F?(x;) are also comparable with respect to ‘<x;’. Therefore,
we can generate a mixed <;-monotone sequence {X,},cn, which also says that the initial
element Xg is a mixed <{;-monotone seed element in X", Since F is continuous on X", it
follows that F” is also continuous on X”. Therefore, the result follows from Theorem 2.16
immediately by taking f as the identity function. This completes the proof. O

Next, we can drop the assumption of continuity of F by assuming that (X, d, <) preserves
the mixed-monotone convergence.

Theorem 5.5 Suppose that the quasi-ordered metric space (X,d, <) is mixed-monoton-
ically complete and preserves the mixed-monotone convergence, and that the metrics 0 and
d are compatible in the sense of preserving convergence. Given a disjoint pair I and ] of
{1,...,m}, assume that the following conditions are satisfied:
o the function F : (X",0, %) = (X™,0, =) has the <;-comparable property;
o there exists xo € X" such that xo and F¥(xq) are comparable with respect to the
quasi-order ‘< for some p € N.
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Suppose that there exist a function p : X™ x X" — R, and a function of contractive factor
¢ :[0,00) = [0,1) such that, for any x,y € X" and any disjoint pair I° and J° of {1,...,m}
with'y <o X or X <o Y, the following inequalities

p(x,y) <Y d(x®,yY)
k=1

and

(o (fx),£(y))) - p(£(x), £(y))

S

d(F; (%), F(y)) <

are satisfied for all k = 1,...,m. Then the following statements hold true.
(i) There exists a chain-unique fixed point X of F?.

(i) Forp #1, we further assume that the metrics 0 and d are compatible in the sense of
preserving continuity, that the function ¥ is continuous on X", and that F(X) and X
obtained in (i) are comparable with respect to ‘<o’ for some disjoint pair I° and J° of
{1,...,m}. Then X is a chain-unique fixed point of F.

Moreover, each component 3 of X is the limit of the sequence {(x0),en constructed from
(48) forallk =1,...,m.

Proof According to the argument in the proof of Theorem 5.4, we see that the initial ele-
ment Xg is a mixed <;-monotone seed element in X™. Therefore, part (i) follows from
Theorem 2.22 immediately by taking f as the identity function. Also, part (ii) follows
from Theorem 2.28 immediately by taking f as the identity function. This completes the
proof. O

6 Applications to the system of integral equations
Let C([0, T], R) be the space of all continuous functions from [0, 7] into R. We also de-
note by C"([0, T],R) the product space of C([0, T], R) for m times. In the sequel, we shall
consider a metric d and a quasi-order ‘<’ on C([0, T],R) such that (C([0, T],R),d, x) is
monotonically complete or mixed-monotonically complete and preserves the monotone
convergence.

Given continuous functions G : [0, T] x [0, T] — R, and g : [0, T] x R” — R for k =
1,...,m, we consider the following system of integral equations:

T
/ G(s,)[g® (s, w(s)) + aw®(s)] ds = wh (2) (49)
0

for k =1,...,m, where A > 0. We shall find w* € C”([0, T],R) such that the system of
integral equations (49) are all satisfied, where w**) € C([0, T, R) is the kth component of
w* for k =1,...,m. The solution w* will be in the sense of chain-uniqueness.

For the vector-valued function h: [0, T] — R™ defined on [0, T], the kth component
function of h is denoted by 4% for k = 1,..., m. The integral of h on [0, T] is defined as the
following vector in R":

T T T T
_ 1) () (m) m
/o h(s)ds-(/o h (s)ds,/0 h (s)ds,...,/o h (s)ds)eR .
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Now, we define a vector-valued function g: [0, T] x R” — R” by g = (¢®,¢®,...,g").
Then the system of integral equations as shown in (49) can be written as the following

vectorial form of integral equation:

T
/ G(s,t) [g(s, w(s)) + )Lw(s)] ds =w(t), (50)
0

where A > 0. Equivalently, we shall find w* € C"([0, T], R) such that (50) is satisfied, which

also says that w* is a solution of (50).

Definition 6.1 Consider the quasi-ordered metric space (C([0, T],R), d, <).
(a) We say that w* is a unique solution of the system of integral equations (50) in the
<-mixed comparable sense if and only if the following conditions are satisfied:
« w* is a solution of (50);
« if w is another solution of (50) such that w* and w are <-mixed comparable,
then w* =w.
Given a disjoint pair / and J of {1,...,m}, consider the product space (C"([0, T'], R), 0, </).
(b) We say that w* is a <;-chain-unique solution of the system of integral equations
(50) if and only if the following conditions are satisfied:
« w* is a solution of (50);
« if w is another solution of (50) satisfying w* <; w or w <; w* (i.e., w* and w are

comparable with respect to <), then w* = w.

Theorem 6.2 Suppose that the quasi-ordered metric space (C([0, T],R), d, <) is monoton-
ically complete and preserves the monotone convergence. Let I and ] be a disjoint pair of
{1,2,...,m}. Define the function F : (C"([0, T],R),0, <;) — (C™([0, T],R),0, <) by

T
F(w)(¢) = ‘/0 G(s, 1) [g(s, w(s)) + Aw(s)] ds,

where 0 is defined in (5) or (6). Suppose that the following conditions are satisfied:
o Fis (%1, Xp)-increasing;
o there exist a function p : C"([0, T],R) x C"([0, T],R) — R, and a function of
contractive factor ¢ : [0,00) — [0,1) such that, for any w,w € C"([0, T],R) with

W < W or w <1 W, the following inequalities

pw,w) <> " d(wh,w®) (51)
k=1
and
A(EWLE) = - (ol W) - p(w, ) (52)

are satisfied for all k =1,...,m;
o there exists wy € C"™([0, T, R) such that wy <; F(wg) or wg =1 F(wyg).
Then there exists a <-chain-unique solution of the system of integral equations (50).
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Proof Since 0 is defined in (5) or (6), we immediately have that the metrics ? and d are
compatible in the sense of preserving convergence. Using condition (a) and considering
p = 1in Theorem 4.14, we see that F has a <;-chain-unique fixed point w* in C"([0, T], R).
In other words, we have

/T G(s, ) g(s, £(W*(s))) + AE(W*(s))] ds = F(w*) = w",
0

which says that w* is a <;-chain-unique solution of the vectorial form of integral equation
(50). This completes the proof. d

Corollary 6.3 Suppose that the quasi-ordered metric space (C([0,T],R),d, X) is mono-
tonically complete and preserves the monotone convergence. Let I and ] be a disjoint pair
of {1,2,...,m}. Define the function F : (C"([0, T],R),?, ;) — (C"([0, T],R),0, <) by

T
F(w)(¢t) = /0 G(s, )[g(s, w(s)) + Aw(s)] ds,

where 0 is defined in (5) or (6). Suppose that the following conditions are satisfied:
o Fis (%1, X1)-increasing;
« there exists a_function of contractive factor ¢ : [0,00) — [0,1) such that, for any
w,w € C"([0, T],R) with w <; w or w <1 W, the following inequality

d(Fe(w), F(w)) < (p(m~ (krrllin d(w(k),ﬁ/(k)))) . (knllin d(w(k),ﬁ/(k))>
=1,..., =1,..., m
is satisfied for all k =1, ..., m;
o there exists wg € C"([0, T, R) such that wo <1 F(wg) or wg = F(wy).
Then there exists a < -chain-unique solution of the system of integral equations (50).

Proof For a,b € C"([0, T],R), we define the function p : C"([0, T],R) x C"([0, T],R) —
R, by

p(a,b)=m- (kfrlnn d(a® b(k)> id

k=1

Then the desired result follows from Theorem 6.2 immediately. O

Remark 6.4 We have the following observations.

+ The assumptions for inequalities (51) and (52) are really weak, since we just assume
that they are satisfied for <;-comparable elements. In other words, if x and y are not
<;-comparable, we do not need to check inequalities (51) and (52).

«+ In Theorem 6.2, according to Remark 4.7, if the function F is assumed to have the
I-mixed monotone property on C”([0, T'], R) instead of assuming it to be
(X1, <1)-increasing, then the results are still valid.

Lemma 6.5 Forany a,b € C([0, T],R), we define

a=<"b ifandonlyif a(s)<b(s) forallse][0,T]. (53)
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Then the quasi-ordered metric space (C([0, T],R),d, <*) preserves the monotone conver-

gence.

Proof Let {a,},cn be a <-increasing sequence in (C([0, T], R), d, <), and let a be the d-limit
of {@y}uen. Suppose that there exists #; € N such that a,, £ @; that is, there exists sy €
[0, T] such that a,, (so) > a(so). Since a,(s) < a,.1(s) for all s € [0, T] and # € N, it follows
that a,,,1(s0) > a,(so) > a(so) for all n > ny, which contradicts the convergence a,(sy) —
a(sy). Therefore, we must have a,(s) < a(s) for all s € [0, T, i.e., a, < a. If {a,},en is a
<-decreasing sequence in (C([0, T],R),d, <) and converges to 4, then we can similarly
show that a,, > a for all n € N. This completes the proof. g

The following result is well known.

Lemma 6.6 Forany a,b € C([0, T],R), we define

d*(a,b) = sup |a(s) —b(s)‘. (54)

s€[0,T]
Then the quasi-ordered metric space (C([0, T, R), d*, <) is complete.

Given a disjoint pair I and J of {1,2,...,m}, we can consider a quasi-ordered set
(R™, 4;’")) that depends on I, where, for any x,y € R,

(m)

x<; vy ifand onlyif P §y(k) forkel and y(k) <x® forke].

Then we have the following interesting existence.

Theorem 6.7 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (54) and (53), respectively. Let I and ] be a disjoint pair
of {1,2,...,m}. Define the function F : (C™([0, T1,R),0*,<7) — (C™([0, T],R), 2%, <) by

T
F(w)(¢) = /0 G(s, 1) [g(s, w(s)) + Aw(s)] ds,

where < is defined in (1) according to <*, and 0* is defined in (5) or (6) according to d*.
Suppose that the following conditions are satisfied:
« Fis (X}, =})-increasing;
« there exists a function p : C"([0, T],R) x C"([0, T],R) — R, such that, for any
a,b e C"([0, T],R) with a < b or b < a, the following inequality

p(ab) <> d*(a®,bW)
k=1

is satisfied;
« there exists a function of contractive factor ¢ : [0,00) — [0,1) such that, for any

X,y € R" with x <Y") yory g<§m) X, the following inequality

lg®(s,%) + 22© = g®(5,y) - 2P| < p(x,¥) - p(x,y) (55)
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is satisfied for k = 1,...,m, where A > 0, and the functions ¢ : R*" — R, and
¢ : R>" — R, satisfy the following inequalities: for a,b € C"([0, T], R),

¢(a(s),b(s)) < p(a,b) forallse[0,T] (56)
and
T - 1
sup / G(s,2) - p(als), b(s)) ds < — - ¢(p(a,b)); (57)
t€[0,71J0 m

« there exists wo € C"([0, T'1, R) such that wo <} F(wo) or F(wo) <} wo.
Then there exists a <;-chain-unique solution of the system of integral equations (50).

Proof Lemmas 6.5 and 6.6 say that the quasi-ordered metric space (C([0, T],R), d*, <*) is
complete and preserves the monotone convergence. For w <7 w or w < w, it means, for
eachse€[0,T],

wh(s) <w®(s) forkel and wP(s)<w®(s) forkeJ]
or
wh(s) <w®(s) forkel and wP(s)<w®(s) forke]y,

which also says that

(m

w(s) < )W(s) or w(s) g<§m) w(s) foreachse[0,T]. (58)

Then we have

d(Fx(w), E(W))

= sup |Fx(w)(£) — Fx(W)(0)|
te[0,T]

T
= sup / G(s,t) - |g¥ (s, w(s)) + 2aw®(s) - g© (s, W(s)) — A (s)| ds

te[0,T]JO

T
< sup]'/O G(s,t)-q_ﬁ(w(s),ﬁf(s)) -qS(w(s),\Tv(s)) ds (by (55) and (58))

tel0, T

T
= || 66066009 509) - ptw. )5 by (56)

tel0, T
1 — -
=- -@(p(w,W)) - p(w, W) (by (57)).
Using Theorem 6.2, we complete the proof. 0

Corollary 6.8 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (54) and (53), respectively. Let I and ] be a disjoint pair
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of {1,2,...,m}. Define the function F : (C™([0, T1,R),0*,<7) — (C™([0, T],R), 2%, <) by

T
F(w)(¢) = /0 G(s,t) [g(s, w(s)) + Aw(s)] ds,

where <} is defined in (1) according to <*, and 0* is defined in (5) or (6) according to d*.
Suppose that the following conditions are satisfied:

« Fis (X}, =})-increasing;

« there exists a_function of contractive factor ¢ : [0,00) — [0,1) such that, for any

Xy € R with x <"y ory <" x, the following inequality

‘g(k)(s, X) + Ax) —g(k)(s,y) - Ay(]‘)| <m- (kmin |x(k) —y(k) ’) : QB(X,Y)

=1,...,m

is satisfied for k =1,...,m, where A > 0, and the function ¢ : R*" — R, satisfies the
following inequality

sup /TG(S,t)-GS(a,b) ds < L ~<p(m- ( min d*(a(k),b(k))»;
tef0,71Jo m k=1,...m

« there exists wo € C"([0, T1,R) such that wy <} F(wo) or FE(wo) <} wo.
Then there exists a <;-chain-unique solution of the system of integral equations (50).

Proof For a,b € C"([0, T],R), we define the function p : C"*([0, T],R) x C"([0, T],R) —

R, by
p(a,b)=m- ( min 4* (a(k),b(k))) < Zd* (a(k),b(k)) (59)
=1,...m k:l

and the function ¢ : R?” — R, by

.....

Since
|a®(s) = 6™ (s)| < d*(a®,6W)  forallse [0, 7],
we have

$(a(s), b(s)) = m - (k{rllinm|a(k)(s) - b<k>(s)|) <m. (knllinm d* (a<k>,b<k>)) - p(a,b) (60)

,,,,,,,,,,

for s € [0, T']. The desired result follows from Theorem 6.7 immediately, and the proof is

complete. 0
Compared to Corollary 6.8, we consider a different type of inequalities below.

Theorem 6.9 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (54) and (53), respectively. Let I and ] be a disjoint pair
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of {1,2,...,m}. Define the function F : (C™([0, T1,R),0*,<7) — (C™([0, T],R), 2%, <) by

T
F(w)(¢) = [0 G(s, )[g(s, ws)) + Aw(s)] ds,

where <} is defined in (1) according to <*, and 0* is defined in (5) or (6) according to d*.
Suppose that the following conditions are satisfied:

« Fis (X}, =})-increasing;

« there exists a_function of contractive factor ¢ : [0,00) — [0,1) such that, for any

Xy € R with x <"y ory ") x, the following inequality

1g%(5,%) + 2x®) — g (5,y) — ay®| <1 - (kglinm|x<k) _y(k)|> L (x0,5®)  (61)

is satisfied for k =1,...,m, where A > 0, and the function ¢* : R> — R, satisfies the
following inequality: for a,b € C"([0, T],R),

T
sup / G(s,t)-Js*(a(k)(s),b(k)(s))dsgi-(p(m.(min ' (@,9)))  (62)

tel0,T]1J0 m k=1,...m

fork=1,...,m;
o there exists wo € C"([0, T],R) such that wy <} F(wo) or E(wo) <} wo.
Then there exists a <;-chain-unique solution of the system of integral equations (50).

Proof For a,b € C"([0, T],R), we define a function p : C"([0, T],R) x C"([0, T],R) — R,
by (59). Now, we have
d(Fi(w), Fr(w))

= sup |[Ex(w)(8) — Fx(W)(0)|
te[0,T]

T
= sup f G(s,t) - |9 (s, w(s)) + 2w®(s) - g® (s, W(s)) =A™ (s)| ds

te[0, 7] J0

T -
< sup / G(s,t) - p* (w(k)(s),v'v(k)(s)) -m- ( min |w(k)(s) - Vv(k)(s)|) ds
1J0 A

tel0,T k=1,...,m

(by (58) and (61))

T
< sup f Gls,2) - §* (w(s), W) - plw, #)ds  (by (60))
1J0

tel0, T
1 _ _
< — - 9(pw,W)) - plw, W)~ (by (62) and (59)).
Using Theorem 6.2, we complete the proof. d

7 Applications to the system of ordinary differential equations
We consider the quasi-ordered metric space (C([0, T],R),d, <) and the following system
of ordinary differential equations:

w(t) =g®(t,w(t)) fortel0,T],

fork=1,...,m, (63)
wi(0) = wi(T)

Page 40 of 49
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where T > 0, wi € C([0, T],R) and g® : [0, T] x R” — R are continuous functions for
k=1,...,m.

Definition 7.1 Consider the quasi-ordered metric space (C([0, T], R), d, <) and the prod-
uct space C"([0, T], R).
(a) We say that w* is a unique solution of the system of boundary value problem (63) in
the <-mixed comparable sense if and only if the following conditions are satisfied:
» w* is a solution of (63);
« if w is another solution of (63) such that w* and w are <-mixed comparable,
then w* = w.
Let I and J be the disjoint pair of {1,...,m}.
(b) We say that w* is a <;-chain-unique solution of the system of boundary value
problem (63) if and only if the following conditions are satisfied:
« w* is a solution of (63);
« if w is another solution of (63) satisfying w* <; w or w <; w* (i.e., w* and w are

comparable with respect to <), then w* = w.

Definition 7.2 Let (C([0, T], R), <) be a quasi-ordered set.
+ We say that the quasi-order ‘<X’ is compatible with the addition if and only if, for any
a,b € C([0, T],R) with a < b, we have a + ¢ < b + c for any c € C([0, T], R).
+ We say that the quasi-order ‘<’ is compatible with the nonnegative multiplication if
and only if, for any a, b € C([0, T],R) with a < b, we have ac < bc for any nonnegative
function ¢ € C([0, T], R).

Remark 7.3 Suppose that the quasi-order ‘<’ is compatible with the addition. If a; < b;

and a3 < by, we want to claim a1 + a; < by + b,. By definition, we immediately have
aj+ay<b +ay and b +ay<b;+b,.

The transitivity proves the desired claim.

Remark 7.4 Suppose that the quasi-order ‘<’ in C([0, T], R) is compatible with the addi-
tion and nonnegative multiplication. Then we have the following observations.
« For wi,wa,wi,wy € C"([0, T],R). If w; <; wo, and w; <; W», then, from Remark 7.3,
we have wy + Wi <; Wy + Ws.
o If wy,wy € C"([0, T, R) with wy <; wo, then ¢ - wy < ¢ - w; for any nonnegative

function ¢ € C([0, T], R) by the compatibility for nonnegative function.

Consider a disjoint pair / and J of {1, 2, ..., m}. We say that the function g: [0, T] x R” —
R™ defined by

is (X1, <1)-increasing if and only if wy, wo € C”([0, T], R) with wy <; w, implies g(-, w1) <;
g(-, wy). By referring to Definition 4.4, we can similarly define the other kinds of monotonic

concepts.
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Definition 7.5 Let (C([0, T],R), <) be a quasi-ordered set. Consider the function G :
[0,T] x [0,T] — R such that G(s,-) € C([0, T],R) for any fixed s € [0,T] and G(-,¢t) €
C([0, T],R) for any fixed ¢ € [0, T]. We say that the integral of function G is compatible
with the quasi-order ‘<’ if and only if, for any fixed ¢ € [0, T, Gi1(:, £) <X Gy (-, £) implies

/ngl(s, t)ds < /OTQQ(S, t)ds. (64)
Example 7.6 For any a,b € C([0, T],R), we define

a=<b ifandonlyif a(t)<b(t) foralltel0,T]. (65)
If the function G : [0, T] x [0, T] — R satisfies G(s,-) € C([0, T], R) for any fixed s € [0, T]
and G(-,£) € C([0, T],R) for any fixed ¢ € [0, T], then the integral of function G is compat-

ible with the quasi-order ‘<’. Indeed, for any fixed t € [0, T], G1(-,t) <X G,(:,£) means that
Gi(s, t) < Gy(s,t) for all s € [0, T] by (65), which also says that, for any ¢ € [0, T],

T T
| aods= [ asods
0 0
This shows (64) by (65) again.
Theorem 7.7 Suppose that the quasi-ordered metric space (C([0, T, R), d, <) is monoton-

ically complete and preserves the monotone convergence. Let I and ] be a disjoint pair of
{1,2,...,m}, and let ) > 0. Define the function G:[0,T] x [0,T] — R, by

eA(T+s—t) .
E—— if0<s<t<T,

G- | oo o=eeis (66)
Z)‘T—l ifo<t<s<T,

and the function F : (C"™([0, T],R), 0, <) — (C™([0, T],R),0, <) by

T
F(w)(¢) = /0 G(s,t) [g(s, w(s)) + )Lw(s)] ds,

where 0 is defined in (5) or (6). Suppose that the following conditions are satisfied:
« the quasi-order ‘<" in C([0, T, R) is compatible with the addition and nonnegative
multiplication;
o gis (X1, x1)-increasing;
« forany w € C"([0, T],R), the integrals of the following functions

Gi(s,t) = G(s, t)[g(k) (s, w(s)) + Awi(s)] (67)

are compatible with the quasi-order ‘<’ fork =1,...,m.

« there exist a function p : C"([0, T],R) x C"([0, T],R) — R, and a function of
contractive factor ¢ : [0,00) — [0,1) such that, for any w,w € C"([0, T],R) with
W <[ W or W <1 W, the following inequalities

plw,w) = 3 d(w®, )
k=1
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and

d(Ei(w), Fe(W)) < —
m

are satisfied forall k=1,...,m;
o there exists wy € C"([0, T, R) such that wy <; F(wg) or wg =1 F(wg).

Then the system of boundary value problem (63) has a <;-chain-unique solution.
Proof First of all, problem (63) can be written as follows:

Wi (£) + Aw(t) = g0 (6, w(t)) + Awi(¢) fort € [0, T, okl .
wi(0) = wi(T) s, ML

We shall rewrite problem (68) as a system of integral equations. Multiplying ¢** on both

sides, we have

e wi (@) + e awi(0) = [P (&, w(B)) + awi ()] - €V,

which is equivalent to

(e wk(t)), = [g(k) (t,w()) + Awi(8)] - € fort e [0, T).

By taking integration on both sides, we have

e wi(t) = wi(0) + ft[g(k) (s, W(s)) + Aw(s)] - €*ds for t € [0, T]. (69)
0
Since wi(0) = wi(T'), we obtain
T
T wi(0) = T - wi(T) = we(0) + / [g(k) (s,w(s)) + Awk(s)] - eMds,
0
which implies
(70)

T e)\s
wi(0) =/(; ST [¢© (s, w(s)) + Awi(s)] ds.

From (69) and (70), for ¢ € [0, T'], we have

T eAs
e wi(t) = /0 ST 1 [g(k) (5, W(s)) + Awi(s)] ds

+/£[g<k>(s,w(s)) +Awi(s)] - € ds
0

t eA(T+s)
= / ST . [g(k) (s,w(s)) + )»Wk(s)] ds
0 _

T s
+/ £ [¢© (s, W(s)) + Awi(s)] ds.

et -1
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Therefore, we obtain the following integral equations:
T
wi(t) = / G(s, t) [g(k) (s, w(s)) + kw/<(s)] ds fork=1,...,m, (71)
0

where G(s,t) is given in (66). We see that if w* is a solution of integral equation (71),
then w* is a solution of problem (68), which also says that w* is a solution of the original
boundary value problem (63).

Since G(s,£) > 0, the quasi-order ‘<’ is compatible with the addition and nonnegative
multiplication, and g is (<, <r)-increasing, it follows that, for each fixed ¢t € [0, T], the
function G(s, t) - [g(s, w(s)) + Aw(s)] is (%1, <1)-increasing by Remark 7.4. Since the integrals
of the functions Gy defined in (67) are compatible with the quasi-order ‘<’ fork =1,...,m,
it shows that the function F is (<, <;)-increasing. Theorem 6.2 says that the system of
integral equations (71) has a <;-chain-unique solution w*, which also says that w* is a
solution of the original boundary value problem (63). However, this <;-chain-uniqueness
is about the system of integral equations (71), which is not the <;-chain-uniqueness about
the original boundary value problem (63). Now, let w be another solution of the system of
boundary value problem (63) such that w and w* are comparable with respect to ‘<;’. By
referring to the derivation of (71), we can show that w is also a solution of the system of
integral equations (71). By the <;-chain-uniqueness given in Theorem 6.2, it follows that
w* = w; that is, w* is a <;-chain-unique solution of the system of boundary value problem
(63). This completes the proof. d

Corollary 7.8 Suppose that the quasi-ordered metric space (C([0, T], R), d, X) is monoton-
ically complete and preserves the monotone convergence. Let I and ] be a disjoint pair of
{1,2,...,m}, and let X > 0. Define the function G:[0,T] x [0, T] - R, by

M (T+s—t) .

% l'fo <s<t< T,
Gls,0) =1 s .

;T,l ifo<t<s<T,

and the function F : (C"([0, T],R),0,<x1) — (C"([0, T],R),0,</) by
T
F(w)(¢) = ‘/0 G(s, 1) [g(s, w(s)) + Aw(s)] ds,

where 0 is defined in (5) or (6). Suppose that the following conditions are satisfied:
o the quasi-order ‘<" in C([0, T, R) is compatible with the addition and nonnegative
multiplication;
o gis (X1, x1)-increasing;
o for any w € C"([0, T, R), the integrals of the following functions

Gi(s,8) = G(s,£)[g% (s, W(s)) + Awi(s)] (72)

are compatible with the quasi-order ‘<’ fork =1,...,m.
« there exists a function of contractive factor ¢ : [0,00) — [0,1) such that, for any
w,w € C"([0, T],R) with w <; W or w <[ W, the following inequality

A(F(W), F(#)) < g (m- (kgnn d(w(k),ﬁ/("))>) ( min d(w<k>,w<k>))

k=1,...,m

is satisfied forall k =1,...,m;
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o there exists wy € C"([0, T, R) such that wy <; F(wg) or wg =1 F(wg).
Then the system of boundary value problem (63) has a <;-chain-unique solution.

Proof For a,b € C"([0, T],R), we define the function p : C"*([0, T],R) x C"([0, T],R) —
R, by

p(a,b)=m- (knlnn d(a® b(k)> Zm:d

k=1

Then the desired result follows from Theorem 7.7 immediately. O

Theorem 7.9 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric d*
and the quasi-order <* defined in (54) and (53), respectively. Let I and ] be a disjoint pair
of {1,2,...,m}, and let X} be defined in (1) according to <*. Let A > 0. Define the function
G:[0,T] x[0,T] - R, by

% ifo<s<t<T,

Gls,7) = Mst) ,
ST ifo<t<s<T.

(73)

Suppose that the following conditions are satisfied:
o there exists a function p : C([0, T],R) x C([0, T],R) — R, such that, for any
a,b e C"([0, T],R) with a < b or b <] a, the following inequality

p(ab) <> a*(a®,b®)
k=1

is satisfied;
« there exists (> 0 with | < A such that, for any x,y € R™ with x 41 y ory 41 )X, the
following inequality
(k) |

lg®(s,x) + 2x® — g®(s5,y) - ay - p(x,y) (74)

§|’€

is satisfied for k = 1,...,m, where the function ¢ : R*" — R, satisfies the following
inequality: for a,b € C"([0, T],R),

¢(a(s),b(s)) < p(a,b) forallse0,T);
o there exists w € C"([0, T1,R) such that
T
w = / G(s, t)[g(s,w(s)) + kw(s)] ds
0
or
T
/ G(s, t) [g(s, w(s)) + kw(s)] ds <7 w.
0

Then the system of boundary value problem (63) has a <;-chain-unique solution.
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Proof It is easy to see that the quasi-order ‘<*” in C([0, T], R) is compatible with the addi-
tion and nonnegative multiplication. It follows that g is (<}, <})-increasing. According to

Example 7.6, for any w € C"([0, T],R), we see that the integrals of the following functions

Gi(s,8) = G(s,£)[g% (s, W(s)) + Awi(s)]

are compatible with the quasi-order ‘<* for k =1,..., m. Now, we define

T
F(w)(t) = /0 G(s, t) [g(s, w(s)) + Aw(s)] ds.

In order to obtain
A(E(WLE) = - (oo, ) - p(w, ), (75)

from the proof of Theorem 6.7, we need to check inequalities (55) and (57). Now, we take
¢ as a constant function with value 1/m, and ¢ as a constant function with value p/A < 1.
Then ¢ is a function of contractive factor. According to (74), we see that inequality (55) is
satisfied. We also have

T _
sup /0 G(s,t)p(a,b)ds

te[0,T]

T
K sup/ G(s,t)ds

m  telo,11Jo

t

_H su 1 ) l . M T+s0) 1
- Pler—1 i

m  efo,T1L€

"

+ . e)»(s—t)
A

T
)} (by (73))

t

0

which shows that inequality (57) is satisfied. According to the proof of Theorem 6.7, we
see that (75) is satisfied. Therefore, the desired result follows from Theorem 7.7, and the

proof is complete. O

Definition 7.10 For w € C"([0, T], R), we define some solution concepts as follows.
« We say that w is a sub-solution of problem (63) if and only if

' (£) < gP(t, w(t)),

wi(6) =g wt) fork=1,...,m.
W/((O) = Wk(T)

+ We say that w is a sup-solution of problem (63) if and only if

/ (k)
{wk(t)zg w@) forte0T) oo

wi(0) = wi(T)
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« Let I and ] be a disjoint pair of {1,2,..., m}. We say that w is an (I, ])-mixed solution of
problem (63) if and only if

wi(t) <g®(t,w(t)) forkelandte[0,T),
wi(t) >g®(t,w(t)) forkeJandte[0,T],
wi(0) =wi(T) fork=1,...,m,

where [ is allowed to be a nonempty set.

We have to emphasize that the (7,])-mixed solution and (J,1)-mixed solution are es-
sentially the same. It is obvious that if I = ¢J, then the (,])-mixed solution is also a sup-

solution, and if J = @, then the (Z,])-mixed solution is also a sub-solution.

Theorem 7.11 Let (C([0, T],R),d*, <*) be a quasi-ordered metric space with the metric
d* and the quasi-order <* defined in (54) and (53), respectively. Let I and ] be a disjoint
pairof {1,2,...,m}, and let <} be defined in (1) according to <*. Suppose that the following
conditions are satisfied:
o there exists a function p : C([0, T],R) x C([0, T],R) — R, such that, for any
a,b e C"([0, T],R) with a <} b or b <7 a, the following inequality

is satisfied;
o there exists ju > 0 with (< A such that, for any x,y € R™ with x ;<§m) yory ;<§m) X, the
following inequality

YN
|g(k)(sr X) + }‘x(k) _g(k)(s)Y) - )‘y(k)| = Z ' ¢(er)

is satisfied for k = 1,...,m, where the function ¢ : R*" — R, satisfies the following
inequality: for a,b € C"([0, T],R),

¢(a(s),b(s)) < p(a,b) forallse0,T];

o there exists an (I,])-mixed solution of problem (63).

Then the system of boundary value problem (63) has a <;-chain-unique solution.

Proof Let w be an (,])-mixed solution of problem (63). Then, for k € I, we have

w, () < g® (@, w(r)) fortel0,T],
IZ}k(o) = V_Vk(T),
which implies

W (t) + Aw(2) Sg(k)(t,ﬁ/(t)) + Aw(t) fortel0,T],
wi(0) = wi(T).
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Multiplying €** on both sides, we have
e Wi (e) + e A () < [g (£, W) + Ak (2)] - €,
which is equivalent to
(& wi(0) < [¢® (6, W(t) + 1iwi(8)] - € for ¢ € [0, T,
By taking integration on both sides, we have
t
e wi(8) < wi(0) + / [¢© (s, W(s)) + Aiwi(s)] - s fort e [0, T]. (76)
0
Since w(0) = wi(T), we obtain
T
el wi(0) < &7 - Wi (T) = wie(0) + / [ (s, W(s)) + Aiwi(s)] - €™ ds,
0
which implies
T e)\.S
we(0) < / T 1 [g(k) (s,ﬁf(s)) + Aﬁ//((s)] ds. (77)
0 _

From (76) and (77), for t € [0, T], we have

T AS
e wi(t) < fo e;—_l-[g(k)(s,W(s))+kﬁ/k(s)] ds

+ / e (5 w6) + A (9)] - ds
0

t eA(T+s)
_ / S (89 (5 ) + 2(9)] ds
T

T eks "
+ /t ST 1 [g( )(s,v_v(s)) + AVvk(s)] ds.
Therefore, we obtain
T
wi(t) < / G(s,t) [g(k) (s,ﬁ/(s)) + kwk(s)] ds forkel,
0
where G(s, £) is given in (66). We can similarly show that
T
wi(t) > / G(s, t)[g(k) (s,ﬁ/(s)) + kﬁ/k(s)] ds forke],
0
which says that

T
w =] /0 G(s, t)[g(s, W(s)) + AW(S)] ds.

Therefore, the desired result follows from Theorem 7.9 immediately. O
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The assumption for the existence of (I,])-mixed solution in Theorem 7.11 can be re-

placed by the assumption for the existence of sub-solution or sup-solution in which J or 1

is taken to be an empty set, respectively.
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