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1 Introduction
Nowadays, the study of fractional differential equations receives a lot of attention. The
interest in fractional calculus and fractional differential equations has rapidly increased
among engineers and scientists due to their vast potential of applications, including phys-
ical, chemical, mechanical engineering, signal processing and systems identification, bi-
ology systems, control theory, finance etc. In fact, it can be noticed that one of the most
successful and concrete applications of fractional calculus and fractional differential equa-
tions is to effectively characterize the anomalous diffusion. It is well known that the or-
dinary diffusion process is intimately related to the validity of the central limit theo-
rem, which is characterized by the linear dependence of the mean square displacement
(x2(t)) ~ Kt with the diffusion coefficient «. However, some diffusion processes, espe-
cially in various complex systems, no longer follow Gaussian behavior. This phenomenon
is named anomalous diffusion which is described by the nonlinear growth of the mean
square displacement x(t) of a diffusion particle over time ¢: (x(£)) ~ k,t%, where K, is
the diffusion coefficient, and « is the anomalous diffusion exponent. For different «, the
anomalous diffusion is classified into subdiffusion (0 < « < 1), normal diffusion (« = 1),
superdiffusion (¢ > 1), and ballistic diffusion (« = 2) [1, 2]. And the Fick’s law is inevitable
to be modified in order to precisely describe the anomalous diffusion behavior [3].

Much progress has been made for numerically solving space fractional partial differen-
tial equations [3—9]. Here, instead of further pursuing research in this direction, we dis-

cuss the space fractional inverse diffusion equation, i.e., to determine an unknown source,
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which depends only on the spatial variable, in the one-dimensional space fractional diffu-
sion equation. Determination of an unknown source is obtaining the information about
a physical object or system by observed datum, and it is one of the most important and
well-studied problems in many branches of engineering sciences, e.g., heat conduction,
crack identification, electromagnetic theory, geophysical prospecting and pollutant de-
tection. For the heat source identification, there have been a large number of research
results for different forms of heat source [10-17]. To the authors’ knowledge, there were
few papers for identifying an unknown source for a fractional diffusion equation by the
regularization method. In [18], the authors proved the uniqueness of the identification of
the unknown source dependent only on spatial variable for the fractional diffusion equa-
tion in a bound domain. In [19], using the coupled method, the authors identified the
unknown source for the spatial fractional diffusion equations. In [20], the authors identi-
fied the unknown source for the time fractional diffusion equation using the mollification
method. In [21], the authors identified the unknown source dependent only on time vari-
able in a time-fractional diffusion equation using the boundary element method. In [22],
the authors identified the unknown source dependent only on spatial variable for the time-
fractional diffusion equation using the Tikhonov regularization method and the simplified
Tikhonov regularization method, respectively. In [23], the authors identified the unknown
source dependent only on spatial variable for the time-fractional diffusion equation using
the truncation regularization method.

In this paper, we consider the following inverse source problems of determining the

unknown source term f(x), in the following a Riesz-Feller space-fractional equation:

ur(x,t) — Dyulx,t) =f(x), xeR,0<t<1,
u(x,0) =0, xR, (1.1)
u(x,1) = g(x), xeR,

where the space-fractional derivative ,Dj is the Riesz-Feller fractional derivative of order
a (0 <« < 2) and skewness 6 (|0| < min{e,2 — o}, 8 # £1) which is defined by the Fourier
transform in [24], i.e., [25]

A

FLDif x);} = —yl @) (&), 1.2)
where
YO (&) = &[SI T (13)

Moreover, from [24], the Riesz-Feller fractional derivative can be written as

+ sin (@ -0 /OOf(x +;-‘1)+a—f(x) dé}, 0cacn,
0
2
Dgf (x) = 4/ a=2,

dx? ’
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where I'(-) is a gamma function. However, for the convenience of numerical calculation,
the Riesz-Feller fractional derivative ,Df can also be defined as follows (see [26]):

SECA I v a)l sin(ar) {Si“ . _29)n % /_ oo (xf _(Eg))a s
in@ +29)”d%/:0 (iiz)a ds}, O<a<l,
et IO g nd
D =g |2 | g
1n(a+29)”;—;fxw$dg}, lea<2,
D3 (x) = de( a=2.

f(x) denotes the source term. Our purpose is to identify f(x) from the additional data
u(x,1) = g(x). Since the data g(x) is based on (physical) observation, there must exist mea-

surement errors, and we assume the measured data gs(x) € L?(R), which satisfies

lg—gsll <9, (1.4)

where || - || denotes L2-norm and the constant § > 0 is a noise level.
The problem is ill-posed in the sense of Hadamard, i.e., small changes in the measured
data can blow up the solution. The ill-posedness can be seen by solving the problem in the

frequency domain. In order to analyze problem (1.1) in L?(R), we define
”“f ) dx, (L5)

which is the Fourier transform of the function f(x).

Using the Fourier transform, we obtain the solution of (1.1) as follows:

1#9(?;‘)

fe) = Vo)

8(&), (1.6)

or equivalently,

e Va6)

f(x)—mf =T

8(&)dE. (1.7)

Note that ¥/ (&) (10| < min{a,2 — o}, 6 # £1) has a positive real part |£|*, the small error
in the high-frequency components will be amplified by the factor |£|* as |§] — oo. The
small disturbance for the data g(x) will be amplified infinitely by this factor and lead to the
integral (1.7) blow-up. So identifying the unknown source f(x) from the measured data
g5(x) is severely ill-posed. Therefore, when we consider our problem in L2(R), the exact
data function g(¢) must decay fast. However, the measured data function gs(x), which is
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merely in L2(R), does not posses such a decay property in general. Thus if we try to obtain
the unknown source f(x), high frequency components in the error are magnified and can
destroy the solution. It is impossible to solve problem (1.1) by using classical methods.
In the following section, we will use the Fourier regularization method to deal with the
ill-posed problem. Before doing that, we impose an a priori bound on the input data, i.e.,

IfFO],» <E p>0, (1.8)

where E > 0 is a constant, | - ||z» denotes the norm in the Sobolev space H”(R) defined by

1

bl = ([ Ferasey )’ 09

In [27], the authors used the Fourier method to identify the unknown source which
depends only on the spatial variable for the space-fractional diffusion equation, but the
regularization parameter is an a priori choice rule. Generally speaking, there is a defect in
any a priori methods; i.e., the a priori choice of the regularization parameter depends ob-
viously on the a priori bound E of the unknown solution. But the a priori bound E cannot
be known exactly in practice, and working with a wrong constant £ may lead to the bad
regularization solution. In the present paper, an a posteriori choice of the regularization
parameter will be given. To the authors’ knowledge, there are few papers for choosing the
regularization parameter by the a posteriori rule for this problem.

The Fourier regularization method has been studied for solving various types of inverse
problems. Eldén et al. [28] used the truncation method to analyze and compute a one-
dimensional inverse heat conduction problem. Xiong et al. [29] used it to consider the
surface heat flux for the sideways heat equation. Fu et al. [30] used it to solve the backward
heat conduction problem. Qian et al. [31] used it to consider the numerical differentiation.
Reginska and Reginski [32] applied it to a Cauchy problem for the Helmholtz equation.
Dou et al. [33] used it to identify the unknown heat source dependent only on spatial
variable. Yang and Fu [34] used it to identify the unknown heat source dependent only on
time variable. But in these papers, the regularization parameters were an a priori choice
rule. In this paper, we will give the a posteriori choice rule for identifying the unknown
source in the fractional diffusion equation.

The outline of the paper is as follows. Section 2 gives some auxiliary results, the Fourier
regularization method and an a posteriori parameter choice rule. In Section 3, some nu-
merical examples are proposed to show the effectiveness of this method. Section 4 puts
an end to this paper with a brief conclusion.

2 An a posteriori regularization parameter choice rule for the Fourier method
and convergence estimate

It is obvious that the ill-posedness of problem (1.1) is caused by disturbance of high fre-

quencies. A natural way to stabilize problem (1.1) is to eliminate all high frequencies from

the solution f(x). We define a regularization approximation solution of problem (1.1) for

noisy data gs(x) as follows:

1 e WOE)
fB,Emax (JC) o= \/E /_oo € 1 eﬂpg(é)gﬁ(é)Xmax d€¢ (21)
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which is called the Fourier truncation regularized solution of problem (1.1), where ymax is
the characteristic function of the interval [—&max, Emax), i-€.,

1 maxs
Xmax(é) = sl=s (22)

0, [&]> &max

and &« is a constant which will be selected appropriately as regularization parameter.
We consider an a posteriori regularization parameter choice by the discrepancy principle.
Choose the regularization parameter &y, as the solution of the equation

” (1 - Xmax(g))g,;(g)” =18, 7T >1isa constant, (2.3)

where Xmax(£) is defined by (2.2). To establish the existence and uniqueness of the solution
for equation (2.3), we need the following lemma and remark.

Lemma 2.1 Let p(§max) := |1 = xmax(§))85(§) |, then, for § > 0, the following hold:
(@) p(Emax) is a continuous function;
(b limémaxeoo p(gmax) =0;

)
(c) limémax—>0 p(&max) = ||£’5||,
(d) 0(Emax) is a strictly decreasing function.

The proof is very easy and we omit it here.

Remark 2.2 To establish the existence and uniqueness of the solution for equation (2.3),
we always suppose 0 <6 < [|gs]|-

To establish the error estimate for the a posteriori choice rule of the regularization pa-
rameter, we need the following lemmas.

Lemma 2.3 Ifx > 1, the following inequality holds:

1
l1—e*

<2. (2.4)

Lemma 2.4 If& € R, the following inequality holds:

0 o
%(53 < €] _ 2.5)
1—eVi© | = 1 _ g-lelecos(%)
Proof With the fact |e?| = eR°®, we obtain
va® | __lwe@®1 e e 2.6)
1—eVa@ | = |1 |eva®| 1-eReWi®) 1 _ gllcos(F)’ 'D

Lemma 2.5 If &y« is the solution of Eq. (2.3), then the following inequality holds:

] < ( 2E >_ 2.7)
(t-1)8
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Proof Due to (1.8), we obtain

(1 = xmax(8))8(E)

- ( / |§(§)|2ds)2
|€1>Emax

1
2

. VaE) P o] VEE) | e

- (ngmax 1_e—w3<s>g($) (1+¢) 1—eVa® (1+£) ds)
1—eVa® 9

< 1 E< E< E.

B |s|szlgiax 43 ’( " ) |$\S>L$m (17 7 [EmaxlP*®

So
1 - max g —_ . 2-8
[0 = smax()26)] = -3 (2.8)
On the other hand, using the triangle inequality, (1.4) and (2.3), we obtain
“ (1 - Xmax(s))g(s) || = “ (1 - Xmax(é)) (g(%') _gﬁ(‘i‘-) +§8($)) ||
= [[(1= Xmax ())& (€) + (1= xXmax(®)) (2€) - 25(6)) |
= || (1 - Xmax(‘i:))gé(g) || - || (1 - Xmax(g)) (g(g) _grS(g)) ||
>16-8=(r-1)8.
So
| (1= xmax(€))2(®) | = (= = 1. (2.9)
Combining (2.8) with (2.9), we obtain
2
(r =18 < |[(1- xmax(8))2&)|| < e E. (2.10)
So
2\ 7
[Emax| < <(T D 5) . (2.11)
O

Lemma 2.6 If &y, is the solution of Eq. (2.3), then the following inequality also holds:

(1 = xmax(8))2(®) || < (z +1)s. (2.12)
Proof Due to (1.4) and (2.3), we obtain

(1= Xmax@)ZE)|| = | (1= Kmax(®)) (8(5) - 25(8) +85(©)) |
< (1 = Xmax(®)) (2(6) - &5(8) )H + /(1 = xmax(8))858) |
<8§+18=(1+1)4. O
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Now we give the main result of this section.

Theorem 2.7 Suppose that conditions (1.4) and (1.8) hold and take the solution &, of Eq.
(2.3) as the regularization parameter, then we have the following error estimate:

O~z O] = 260+ 0)7% 2 2( 25) )
x Era i (1+0(1)) asd— 0. (2.13)

Proof Using the Parseval formula and the triangle inequality, we obtain

v() _.ﬁsgmax () ”

IO =fotmax O] =

) H %é(é) - %Q@(é)xmax

: %5@— 1_‘” )6
|06t 2 36t

) </;I>$max l—we (53 (&) 2 | déj)

o (&) 2 )f
d
+(/g ,<g,m(1_ew (86¢) - g(é))) :

= 11 +12.

Using the Holder inequality and (2.12), we obtain

2 w() -‘;:) 2
B d
h /é|>smax 1_ eV } (E)} 3
_ wlE) | 2 e
i /Sbsmax 1—eViE |77 g7 ae

wiE) [P, a\% i
S(f|5>émax<‘1—e%‘3@> g(g)\ﬂ> ds)

([, teor )T )™
[§1>Emax

2Apra) Y L
(/ = ‘ a IA(S)Ist)’””(/ . )M
E‘>émax —e WH(E) g | [>Eman g
[k ([ o)
d d
(/|g>gmax l—e wa(s) 1_ (5) § ‘€|>Smax|g(5)| 3
0 = ) o
(/M (1€ p% (1+z32)"tf(s)|2ds)"

o) de) "
* <‘/|‘§>§max |g |
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2 «a r
- 11 o P 2 NN RV
< sup |(1+&) 7| ———0 Erve (&)|" d&
|&1>Emax ( ) 1- e‘ma COS(GT) |§1>Emax |g |
2p
1 2N R 2p
< sup |——————|  EP|[(1- xma)|8E)|]| 7
[§1>Emax] 1 — e_‘él COS(T)
2 20 2
< 25ia Epra ((r +1)8) 7.
So
o _p_ o
I < 255 EF'a (7 +1)8) P = 27% (7 + 1)+ Er'a §iva, (2.14)

Combining (1.4) with (2.4), we obtain

[T

p([ (s -ae) ) = s |
’ |€]<Emax \1 — e_lg‘a COS(GTH) ’ B |€1<Emax| 1 — e_lglu COS(GTH)
o o
< sup |€—|9 5+ sup B >
le1<1] 1 — e 170N | 1| <tmax| 1 — @161 005(50)

2
< +28&% 8.
- <c08(97”) éma")

Using (2.7), we obtain

1<< 2 28 >5<2< 2E )ﬁaa 2 3
+ —
’= cos(%Z) ma =\ (r - 1)8 cos(%)

2 e o P 2
=2 Epra§ra 4 7 é.
-1 cos(5)

So

2 = o P
L=< 2( ) EPaspa 4 — 5. (2.15)
1 cos(5-)

Combining (2.14) with (2.15), we obtain

e o p 2
) Epra§pra 4 8

IO ~Fota O] <277 (@ + )P EF 5777 4 2( cos(%F)

T-1

= ((2(r + 1))1% + 2(%)17“‘)15173_“81% (1 + o(l)) asd — 0.

The proof of Theorem 2.7 is completed. O

3 Several numerical examples

In this section, we present two numerical examples to verify the validity of the theoretical
result of these methods. Moreover, we would like to compare numerical results of the a
posteriori parameter choice (2.3) with one of the a priori parameter choice rules &,y =
(E)7 in [27].
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The numerical examples were constructed in the following way: First we selected the
exact solution f(x) and obtained the exact data function g(x) through solving the forward
problems. Then we added a normally distributed perturbation to each data function and
obtained vectors gs(x). Finally we obtained the regularization solution through solving
the inverse problem. The bisection method is used to solve Eq. (2.3) with t = 1.1. In the
following experiments, we choose x € [-5,5].

Suppose that the sequence {gi};_, represents samples from the function g(x) on an
equidistant grid, then we add a random uniform perturbation to each data, which forms
the vector g, i.e.,

gs=g+e randn(size(g)), (3.1)
where
T , 10 |
g:(g(xl),...,g(x,,)) , Xxi=-5+({-1)Ax,Ax= 1,1:1,2,...,;1. (3.2)

The function ‘randn(-)’ generates arrays of random numbers whose elements are normally
distributed with mean 0, variance o2 = 1. ‘randn(size(g))’ returns an array of random en-
tries that is of the same size as g. The total noise level § can be measured in the sense of
root mean square error (RMSE) according to

1

1< 2
d=lg—-glp= <; Z(gi _gi,5)2> . (3.3)
i1

The approximation of the regularization solution is computed by using the fast Fourier
transform algorithm [28].

Example 1 Consider a piecewise smooth unknown source as follows:

0, S5 <x<-1,
fx)=91-4%, -l<x<l, (3.4)
0, l<x<5.

Example 2 Consider the following discontinuous unknown source:
5
f@={1, -S<x<s, (3.5)

From Figures 1-8, we find that the smaller ¢, the better the computed approximation is,
and the smaller the « is, the better the computed approximation is. These are consistent
with our theoretical analysis. Moreover, we can also easily find that the a posteriori param-
eter choice rule also works well. Finally, from Figures 1-8, it can be seen that the numerical
solutions of Example 2 are less ideal than these of Example 1. It is not difficult to see that
the well-known Gibbs phenomenon and the recovered data near the discontinuities points

are not accurate.
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f(x) and its approximations

Exact solution
—#— A priori choice rule
—&— A posteriori choice rule |

f(x) and its approximations

0.8

0.6

0.4

0.2

Exact solution
—+#— A priori choice rule
—&— A posteriori choice rule [

(a)

Figure 1 The comparison of the numerical effects between the exact solution and its computed
approximations for p =1, # = 0.1 and a = 0.3 with Example 1: (a) € = 0.1, (b) € = 0.01.

f(x) and its approximations

Exact solution
—#— A priori choice rule
—=&— A posteriori choice rule

f(x) and its approximations

0.8

0.6

0.4

0.2

Exact solution
—#— A priori choice rule
—— A posteriori choice rule

0

(a)

Figure 2 The comparison of the numerical effects between the exact solution and its computed
approximations for p =1, # = 0.1 and a = 0.7 with Example 1: (a) € = 0.1, (b) € = 0.01.

f(x) and its approximations

Exact solution

—#— A priori choice rule
—=&— A posteriori choice rule

f(x) and its approximations

Exact solution
—#— A priori choice rule
—&— A posteriori choice rule

0

(a)

Figure 3 The comparison of the numerical effects between the exact solution and its computed
approximations for p =1, # = 0.1 and a = 1.1 with Example 1: (a) € = 0.1, (b) € = 0.01.
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f(x) and its approximations

Exact solution
P| —+— A priori choice rule
—=&— A posteriori choice rule

f(x) and its approximations

Exact solution
—#— A priori choice rule
—=&— A posteriori choice rule

0

(a)

Figure 4 The comparison of the numerical effects between the exact solution and its computed
approximations for p =1, # = 0.1 and « = 1.4 with Example 1: (a) € = 0.1, (b) € = 0.01.

0.8

f(x) and its approximations

Exact solution
—+#— A priori choice rule
—— A posteriori choice rule

f(x) and its approximations

0.8

0.6

0.4

0.2

Exact solution
—#— A priori choice rule
—&— A posteriori choice rule

0

(a)

Figure 5 The comparison of the numerical effects between the exact solution and its computed
approximations for p =1, # = 0.1 and « = 0.3 with Example 2: (a) € = 0.1, (b) € = 0.01.

f(x) and its approximations

0.8

0.6

0.4

Exact solution
—#— A priori choice rule
—=&— A posteriori choice rule

f(x) and its approximations

0.8

0.6

0.4

0.2

0

(a)

RN,

Exact solution
—+#— A priori choice rule
—&— A posteriori choice rule

Figure 6 The comparison of the numerical effects between the exact solution and its computed
approximations for p =1, # = 0.1 and a = 0.7 with Example 2: (a) € = 0.1, (b) € = 0.01.
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1 T 1 T

08 0.8

0.6 e
2 2 06
S 2
g oaf g
£ - £ "
Exact sobtion 5 o4 T Roonehtea e
g o2} —#— A priori choice rule 2 A p teriori choi I
3 —=&— A posteriori choice rule : 02 posteriori choice rule
° -
2 2
IS c
g g o

-0.2

(a) (b)

Figure 7 The comparison of the numerical effects between the exact solution and its computed
approximations for p =1, # = 0.1 and « = 1.1 with Example 2: (a) € = 0.1, (b) € = 0.01.

Exact solution Exact solution
—+#— A priori choice rule —#— A priori choice rule
—=&— A posteriori choice rule 08 —&— A posteriori choice rule
2 2 06f
k= 2
T T
£ £
3 3 o04f
s a
< a
« @
@ £ o2t
o o
2 e
IS <
E E

-5 0 5

(a) (b)

Figure 8 The comparison of the numerical effects between the exact solution and its computed
approximations for p=1, 6 = 0.1 and « = 1.4 with Example 2: (a) € = 0.1, (b) € = 0.01.

4 Conclusions

In this paper, the Fourier method is used to identify the unknown source term depending
only on the spatial variable for a Riesz-Feller space-fractional diffusion equation. We pro-
pose to choose the regularization parameter by an a posteriori rule using the discrepancy
principle. The corresponding error estimate between the exact solution and the regular-
ization solution is obtained. Numerical tests show that the proposed scheme is accurate,
stable and convergent with respect to decreasing the amount of noise added into the data.
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