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1 Introduction

Using different forms of contractive conditions in various generalized metric spaces, there
is a large number of extensions of the Banach contraction principle [1]. Some of such gen-
eralizations are obtained via rational contractive conditions. Recently, Azam et al. [2] es-
tablished some fixed point results for a pair of rational contractive mappings in complex
valued metric spaces. Also, in [3], Nashine et al. proved some common fixed point theo-
rems for a pair of mappings satisfying certain rational contractions in the framework of
complex valued metric spaces. In [4], the authors proved some unique fixed point results
for an operator T satisfying certain rational contractive condition in a partially ordered
metric space. In fact, their results generalize the main result of Jaggi [5].

Ran and Reurings started the studying of fixed point results on partially ordered sets in
[6], where they gave many useful results in matrix equations. Recently, many researchers
have focused on different contractive conditions in complete metric spaces endowed with
a partial order and obtained many fixed point results in such spaces. For more details on
fixed point results in ordered metric spaces we refer the reader to [7, 8] and [9].

Czerwik in [10] introduced the concept of a b-metric space. Since then, several papers
dealt with fixed point theory for single-valued and multi-valued operators in b-metric
spaces (see, e.g., [11-16] and [17, 18]).

Definition 1 Let X be a (nonempty) set and s > 1 be a given real number. A function
d: X x X — R" is a b-metric if the following conditions are satisfied:

(b1) dxy)=0iffx=y,
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(ba) d(x,y) = d(y,x),
(bs) d(x,2) <sld(x,y) +d(y,2)]

forall x,y,z € X.
In this case, the pair (X, d) is called a b-metric space.

Definition 2 [19] Let (X, d) be a b-metric space.
(a) A sequence {x,}in X is called b-convergent if and only if there exists x € X such
that d(x,,x) — 0 as n — oo.
(b) {x,} in X is said to be b-Cauchy if and only if d(x,, x,,) — 0, as n, m — oo.
(c) The b-metric space (X, d) is called b-complete if every b-Cauchy sequence in X is

b-convergent.

The following example (corrected from [20]) illustrates that a b-metric need not be a

continuous function.

Example 1 Let X = NU {oo} and d : X x X — R be defined by

0, ifm=n,

dmm) = % - % , if one of m, n is even and the other is even or oo,
5, if one of m, n is odd and the other is odd (and m # 1) or oo,
2, otherwise.

Then d(m, p) < %(d(m, n) +d(n,p)) for all m, n,p € X. Thus, (X, d) is a b-metric space (with

s=5/2). Let x,, = 2n for each n € N. So d(2n,00) = ﬁ — 0 as n — oo that is, x, — 00, but

dx,,1) =2 -»5=d(c0o,1) as n — 0.

Lemmal [21] Let (X, d) be a b-metric space with s > 1, and suppose that {x,} and {y,} are
b-convergent to x and y, respectively. Then

1
= d(x,y) < liminfd(x,, y,) < limsup d(x,,y,) < s°d(x,y).
s n—>00

n—00

Moreover, for each z € X, we have

1
-d(x,z) <liminfd(x,,z) < limsupd(x,,z) < sd(x,z).
N n—00 n—00

Let & denote the class of all real functions g : [0, +00) — [0,1) satisfying the condition

B(t,) > 1 impliesthat ¢, — 0, asn— oo.

In order to generalize the Banach contraction principle, Geraghty proved the following.

Theorem 1 [22] Let (X, d) be a complete metric space, and let f : X — X be a self-map.

Suppose that there exists p € & such that

d(fx, fy) < B(d(x,y))d(x,7)
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holds for all x,y € X. Then f has a unique fixed point z € X and for each x € X the Picard
sequence {f"x} converges to z.

Amini-Harandi and Emami [23] generalized the result of Geraghty to the framework of
a partially ordered complete metric space as follows.

Theorem 2 Let (X, d, <) be a complete partially ordered metric space. Let f : X — X be
an increasing self-map such that there exists xo € X with xo < fxo. Suppose that there exists
B € G such that

d(fx,fy) < B(d(x,y))d(x,)

holds for all x,y € X with y < x. Assume that either f is continuous or X is such that if an
increasing sequence {x,} in X converges to x € X, then x, < x for all n. Then f has a fixed
point in X. Moreover, if for each x,y € X there exists z € X comparable with x and y, then
the fixed point of f is unique.

In [24], some fixed point theorems for mappings satisfying Geraghty-type contractive
conditions are proved in various generalized metric spaces. As in [24], we will consider
the class F of functions g : [0, 00) — [0,1/s) such that

1
B(t,) — S implies that ¢, — 0, as#n— oo.

Theorem 3 [24] Lets > 1, and let (X, D, s) be a complete metric type space. Suppose that a
mapping f : X — X satisfies the condition

D(fx,fy) < B(D(x,5))D(,y)

forall x,y € X and some B € F. Then f has a unique fixed point z € X, and for each x € X
the Picard sequence {f"x} converges to z in (X, D, s).

Also, by unification of the recent results obtained by Zabihi and Razani [25] we have the
following result.

Theorem 4 Let (X, <) be a partially ordered set and suppose that there exists a b-metric d
on X such that (X, d) is a b-complete b-metric space (with parameter s >1). Let f : X — X
be an increasing mapping with respect to < such that there exists an element xy € X with
x0 < f(x0). Suppose there exists B € F such that

sd(fx, fy) < B(d(x,y))M(x,y) + LN (x, ) (11)

for all comparable elements x,y € X, where L > 0,

M(x,y) = max{d(x, ), e, fx)d(y.f5) }

1+d(fx,fy)

and

N(x,y) = min{d(x, fx), d(x, fy), d(y,x), A, 1)) }.
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Iff is continuous, or, whenever {x,} is a nondecreasing sequence in X such thatx, — u € X,
one has x, < u for all n € N, then f has a fixed point. Moreover, the set of fixed points of f
is well ordered if and only if f has one and only one fixed point.

The aim of this paper is to present some fixed point theorems for rational Geraghty con-
tractive mappings in partially ordered b-metric spaces. Our results extend some existing

results in the literature.

2 Main results
Let F denotes the class of all functions 8 : [0, 00) — [0, %) satisfying the following condi-

tion:

1
limsup B(t,) = - implies that £, > 0, asn— oco.
s

n—0o0

Definition 3 Let (X,d, <) be a b-metric space. A mapping f : X — X is called a rational
Geraghty contraction of type I if there exists § € F such that

d(fx,fy) < B(M(x,y)) M(x,y) 2.1)

for all comparable elements x,y € X, where

M(x,y) = max { d(x,y), dx.fx)d(.fy) d.fx)d(y,fy) } .

1+d(xy) ~ 1+d(fx.fy)

Theorem 5 Let (X, <) be a partially ordered set and suppose there exists a b-metric d on
X such that (X,d) is a b-complete b-metric space (with parameter s > 1). Let f : X — X
be an increasing mapping with respect to < such that there exists an element xy € X with
x0 < f(x0). Suppose f is a rational Geraghty contraction of type I. If
(D) f is continuous, or,
(II) whenever {x,} is a nondecreasing sequence in X such that x, — u € X, one has
x, ZuforallneN,

then f has a fixed point.

Moreover, the set of fixed points of f is well ordered if and only if f has one and only one
fixed point.

Proof Let x, = f"(xo) for all n > 0. Since x¢ < f(xo) and f is increasing, we obtain by in-
duction that

x0 = f(x0) < f*(x0) < -+ = f"(x0) =S (x0) < -+

We do the proof in the following steps.
Step I: We show that lim,_, o d(x,,, %,41) = 0. Since x,, < x,,,1 for each n € N, then by (2.1)

d(xm xn+1) = d(fxn—l’fxn)
= ﬂ(M(xn—l,xn))M(xnfl,xn): (2.2)
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where

d(xn—l»fxn—l )d(xn’fxn)
1+dx,_1,%,)

’

M(xn—b xn) = max { d(xn—ly xn);

d(xn—l;fxn—l)d(xmfxn) }
1+d(fx,_1,/fx,)

d(xn—lx xn)d(xm xn+1) d(xn—l; xn)d(xm xn+1)
= max | d(%,-1,%x),

1+ d(xn—lrxn) ’ 1+ d(xn;xwrl)

= max{d(xn—b xn): d(xn’ xn+l) }
If max{d(x,_1,%,), (%, %41)} = d(X1,%41), then from (2.2),

d(xnrxwrl) S ﬂ(M(xman))d(xmanrl)
< d )
S

< A% Xni1), (2.3)

which is a contradiction.

Hence, max{d(x,_1,%,), (%, Xy4+1)} = d(%,,_1, %), so from (2.2),
Ay %ni1) < B(M(Xn-1,%0))d (X1, %) (2.4)
Since {d(x,,x,+1)} is a decreasing sequence, then there exists ¥ > 0 such that lim,,_, o d(xy,

%xy41) = r. We prove r = 0. Suppose on contrary that r > 0. Then, letting n — oo, from (2.4)

we have
r< lim B(M(x,-1,%,))r,
n—0o0

which implies that % <1 < lim,_ 00 B(M(x,_1,%x,)). Now, as B € F we conclude that
M(xy-1,%,) — 0, which yields r = 0, a contradiction. Hence, r = 0. That is,

lim d(x,_1,x,) = 0. (2.5)
Hn—0oQ
Step 11: Now, we prove that the sequence {x,} is a b-Cauchy sequence. Suppose the con-
trary, i.e., {x,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can find
two subsequences {x,,,} and {x,,} of {x,} such that #; is the smallest index for which
ni>m;>i and  d®x,;,x,) > €. (2.6)
This means that
AKXy Xn21) < €. (2.7)

From (2.5) and using the triangular inequality, we get

&= d(xmi:xni) = Sd(xmi¢xm,-+1) + Sd(xm,-ﬂy xnl-)-
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By taking the upper limit as i — oo, we get

E < timsup d(m, 1, %,). (2.8)
N

i—o00

The definition of M(x, y) and (2.8) imply

lim sup M (%, %,-1)

d(xm,v rfxmi)d(xni—bfxn,'—l)
1+ d(xml‘: xni—l)

’

= lim sup max { A(Kom;s Xn-1)5
i—00

d(xmi;fxmi)d(xni—l,fxni—l) }
1+ d(fxm, fon1)

d(xmpxmﬁl)d(xn,v—l’ xni)
1+ d(xmi’xn,-—l)

= lim sup max { A(Kom;s Xn;-1)5

i—00

’

d(xmi; xmi+1)d(xni—l’ xn,')
1+ d(xmi+1) xni)

<e.
Now, from (2.1) and the above inequalities, we have

& .
— <limsupd(Xy,41,%n,)
N i—00

<limsupf (M(xmi, x,,l._l)) lim sup M (%, %,-1)
i—00 i—00
< elimsup B(M (X, %,-1)),
i—00
which implies that % < limsup,_, o, B(M (%, %n,21)). Now, as B € F we conclude that
M(%,;,%4,-1) = 0, which yields d(x,,,%,,-1) = 0. Consequently,

AXmys %) < SA Ky X—1) + A1, %) = 0,

which is a contradiction to (2.6). Therefore, {x,} is a b-Cauchy sequence. b-Completeness
of X shows that {x,} b-converges to a point u € X.
Step I1I: u is a fixed point of f.

First, let f be continuous, so we have
u=lim x,,; = lim fx, = fu.
n— 00 n—oo
Now, let (I) holds. Using the assumption on X we have x,, < 1. Now, we show that u = fu.

By Lemma 1

1
~d(u, fr) < limsup (1, fi0)
S

n—00

<limsup B (M(x,,, u)) lim sup M(x,,, u),

n—00 n—00
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where

A, f2n)dus, f) d(xmfxn)d(u,fu)}

1‘ nr = 1 nr ) ’
i, M, ) nﬂgoma"{d“ D dem) L+ dlfenf)

=max{0,0}

=0.

Therefore, from the above relations, we deduce that d(u, fu) = 0, so u = fu.
Finally, suppose that the set of fixed point of f is well ordered. Assume to the contrary
that u# and v are two fixed points of f such that u # v. Then by (2.1),

d(u,v) = d(fu,fv) < B(M(u,v))M(u,v) = B(d(u,v))d(u,v) < %d(u, V), (2.9)

because

d(u, u)d(v,v)
1+

M(u,v) = max{d(u, V), A

} =d(u,v).

So we get d(u,v) < %d(u, v), a contradiction. Hence u = v, and f has a unique fixed point.
Conversely, if f has a unique fixed point, then the set of fixed points of f is a singleton, and
so it is well ordered. O

Definition 4 Let (X,d) be a b-metric space. A mapping f : X — X is called a rational
Geraghty contraction of type II if there exists B € F such that

d(fx,fy) < B(M(x,y))M(x,y) (2.10)

for all comparable elements x,y € X, where
d(x;fx)d(x)fy) + d@’fy)d(y’fx)
1+s[dx, fx) +d(y,fy)]

d(x, fx)d(x, fy) + d(y, fr)d(y, fx) }
1+d(x,fy) +d(y, fx) '

M(x,y) = max{d(x,y),

Theorem 6 Let (X, X) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space. Let f : X — X be an increasing
mapping with respect to < such that there exists an element xy € X with xo < f(xo). Suppose
f is a rational Geraghty contractive mapping of type II. If
(I) f is continuous, or,
(II) whenever {x,} is a nondecreasing sequence in X such that x, — u € X, one has
x, ZuforallneN,

then f has a fixed point.

Moreover, the set of fixed points of f is well ordered if and only if f has one and only one
fixed point.

Proof Set x, =f"(xo). Since x¢ < f(xo) and f is increasing, we obtain by induction that
20 < f(x0) < f2(x0) < - <o) < S (wo) <+

We do the proof in the following steps.
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Step 1: We show that lim,,_, o d(x,, %,11) = 0. Since x,, < x,,,1 for each n € N, then by (2.10)

d(xnr xn+1) = d(fxn—lrfxn)
=< ﬂ(M(xn—lx xn))M(xn—l:xn)

=< /3 (d(xn—lr xn))d(xn—lr xn)
< Zd(,1,)
N

=< d(xn—lrxn)’ (211)

because

d(xn—l,fxn—l)d(xn—hfxn) + d(xmfxn)d(xmfxn—l)
1+ s[d(x_1,fXn1) + A, fn)] ’
d(xn—lyfxn—l)d(xn—l:fxn) + d(xn)fxn)d(xmfxn—l) }
1+ d(x,,_l,fxn) + d(xmfxn—l)

M(xn—ly xn) = max { d(xn—lx xn),

d(xn—l; xn)d(xn—lr xn+1) + d(xn: xn+1)d(xn: xn)
1+ S[d(xn—lyxn) + d(xm x}’H—l)]

’

= max { d(xnflr xn);

A1, %0)AXn1, %ps1) + A(Xy X1) A (X5 X11)
1+ d(xn—l: xn+1) + d(xn;xn)

= d(%y-1,%n).
Therefore, {d(x,,x,.1)} is decreasing. Then there exists r > 0 such that lim,_, « d(x,,

%x,41) = 7. We will prove that = 0. Suppose to the contrary that r > 0. Then, letting n — oo,
from (2.11)

1
-r < lim ,B(d(x,,_l,x,,))r,
s n—00
which implies that d(x,_1,x,) — 0. Hence, r = 0, a contradiction. So,

lim d(x,_1,%,) =0 (2.12)
Hn—0Q

holds true.

Step 11: Now, we prove that the sequence {x,} is a b-Cauchy sequence. Suppose the con-
trary, i.e., {x,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can find
two subsequences {x,,,} and {x,,} of {x,} such that #; is the smallest index for which

n>m;>i and  d(x,;,x,;) > €. (2.13)
This means that
AKXy Xn-1) < €. (2.14)

As in the proof of Theorem 5, we have

& < 1im sup (X 11, %,)- (2.15)
S

i—00
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From the definition of M(x,y) and the above limits,

lim sup M (%51, %r,-1)
i—00

= lim sup max{d(xmi,x,,i_l),
d(xmi’fxm[)d(xmi’fxn,’—l) + d(xnl‘—l !fxni—l)d(xn,'—l’fxm,‘)
1+ [d @y fom;) + A1, fn1)] ’
d(xmiifxm,‘)d(xm,"fxn,‘—l) + d(xni—lifxni—l)d(xn,'—lifxm,‘)
1+ d(xm,'»fxn,'—l) + d(xni—lexmi)

= lim sup max { A(Xy;r Xn-1)5
i—00
d(xmi;xmﬁl)d(xmi;xni) + d(xni—l’ xn,')d(xni—l,xmﬁl)
1+ s[d(xmi’xm,-+1) + d(xni—l;xn,-)]

’

d(xmi;xmﬁl)d(xmi;xni) + d(xni—l» xn,')d(xni—hxmﬁl)
1+ d(xmi;xn,') + d(xni—l;xmi+1)

<e.
Now, from (2.10) and the above inequalities, we have
&
— <limsup d(X;+1,%,;) < limsup B (M(xmi,xn,_l)) lim sup M (%s, %,-1)
N i—00 i—00 i—00
< elimsup B(M (X, %n,-1)),

i—00

which implies that % <limsup;_, ., B(M(xy,,%4,-1)). Now, as B € F we conclude that {x,} is
a b-Cauchy sequence. b-Completeness of X shows that {x,} b-converges to a point u# € X.
Step 111: u is a fixed point of f.
First, let f be continuous, so we have

u= lim x,,; = lim fx, = fu.
n— 00 n—00
Now, let (II) hold. Using the assumption on X we have x,, < u. Now, we show that u = fu.

By Lemma 1

1
~d(u, fir) < lim sup d(x,,1,fi)
S

n—00

< limsup B(M(x,, u)) lim sup M (x,,, u)

n—00 n—00

=0,

because

R
A(xy, fx,)d(x,, fu) + d(u, fu)d(u, fx,)
1+d(xy, fu) + d(x,, fu) }
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= max{0, 0}
=0.
Therefore, d(u,fu) = 0, so u = fu. d

Definition 5 Let (X,d) be a b-metric space. A mapping f : X — X is called a rational
Geraghty contraction of type III if there exists 8 € F such that

d(fx, fy) < B(M(x,y)) M(x,) (2.16)
for all comparable elements x,y € X, where
d(x, fx)d(.fy)

1+sld(x,y) + d(x,fy) + d(y,fx)]

d(x,fy)d(x,y) }
1+ sd(x,fx) + s3[d(y, fx) + d(y, /"] |

M(x,y) = max{ d(x,y),

Theorem 7 Let (X, <) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space. Let f : X — X be an increasing
mapping with respect to < such that there exists an element xy € X with xo < f(xo). Suppose
f is a rational Geraghty contractive mapping of type III. If
(D) f is continuous, or,
(I) whenever {x,} is a nondecreasing sequence in X such that x, — u € X, one has
x, <uforallneN,

then f has a fixed point.

Moreover, the set of fixed points of f is well ordered if and only if f has one and only one

fixed point.

Proof Set x,, = f"(x0).
Step I: We show that limy,_, o d(%,,, %41) = 0. Since x,, < x,,,1 for each n € N, then by (2.16)
d(xnr xn+1) = d(fxn—lrfxn)
S ﬂ(M(xn—l,xn))M(xn—l,xn)

= /3 (d(xn—lr xn))d(xn—lr xn)
< }d(xn—bxn)
S

= d(xn—lyxn): (217)

because
d(xn—bfxn—l)d(xmfxn)
1+ S[d(xn—lr xn) + d(xn—l;fxn) + d(xn’fxn—l)] ’

d(xn—lrfxn)d(xn—lx xn) }
1+ 8d(Xy_1,fHno1) + 83 (A X, flu) + d (X, frxn)]

M(xn—b xn) = max { d(xn—ly xn);

d(x,,_l,x,,)d(xm xn+1)
1+ s[d(xn-1, %) + d(Xp_1,%041) + A%, %)) '

= max {d(xn_l, Xn)s
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d(xn—lr xn+l)d(xn—1: xn)
1+ Sd(xn—lyxn) + 53 [d(xmxn) + d(xmxrul)]

< max{d(xnl,xn), A(xy_1,%,)8[d (X, %p-1) + d(Xp_1, Xp41)] }

S [d(xn—ly xn) + d(xn—l: xn+1) + d(xny xn)]

= d(xn—lyxn)~

Therefore, {d(x,,x,.1)} is decreasing. Similar to what we have done in Theorems 5 and 6,
we have

lim d(x,_1,%,) = 0. (2.18)
H—>0Q
Step I1: Now, we prove that the sequence {x,} is a b-Cauchy sequence. Suppose the con-
trary, i.e., {x,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can find
two subsequences {x,,,} and {x,,} of {x,} such that #; is the smallest index for which
n>m;>i and  d(x,;,x,;) > €. (2.19)
This means that
AKXy Xn-1) < €. (2.20)
From (2.18) and using the triangular inequality, we get
& < Ay Xn;) < SAK s Ximya1) + A Kpy415 %)
By taking the upper limit as i — 0o, we get
& .
— <limsup d(%y, 41, %n,)- (2.21)
N i—o00
Using the triangular inequality, we have
AWKy %) < 5A Xy Xpi—1) + SA (K1, %,).
Taking the upper limit as i — oo in the above inequality and using (2.20) we get
lim sup d(x,,, x,,) < €. (2.22)
i—00
Again, using the triangular inequality, we have
d(xm,'rxni) = Sd(xmi;xmiﬂ) + Szd(xmﬁl» xni—l) + Szd(xn,'—l, xn,~)~

Taking the upper limit as i — oo in the above inequality and using (2.20) we get

lim Sup d(Xpm 1, Xp-1) = s% (2.23)

I—> 00
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From the definition of M(x,y) and the above limits,

lim sup M (%, %,-1)

d(xmirfxm,v)d(xni—l:fxni—l)
1+ S[d(xmpxni—l) + d(xmi:fxni—l) + d(xnl'—hfxmi)] ’
d(xmirfxni—l)d(xmirxni—l)
1+ Sd(xm,-yfxm,—) + 53 [d(xn,-—bfxmi) + d(xni—l,fxni—l)]

= lim sup max { A(Kom;s Xn-1)5
i—00

d(xm,vrxmﬁl)d(xn,'—l,xn,v)
1+ s[d(xmpxni—l) + d(xmi:xni) + d(xn,-—ljxmﬁl)] ’

= lim sup max { A(Kom;s Xn-1)5

i—00

d(xm,vrxni)d(xmpxni—l)
1+ Sd(xm,vrxmiﬂ) +53 [d(xnl-—bxm,-+1) + d(xn,'—h xn,-)]

<e.
Now, from (2.16) and the above inequalities, we have

& .
— < limsup d (X, 41, %n;)
N i—00

< limsup B(M (%> %,-1)) lim sup M (%, %,-1)
< elimsup B(M (X, %,-1)),
which implies that % <limsup;_, o, B(M (X, %4,-1)). Now, as B € F we conclude that {x,} is
a b-Cauchy sequence. b-Completeness of X shows that {x,} b-converges to a point u# € X.
Step 111: u is a fixed point of f.
When f is continuous, the proof is straightforward.
Now, let (II) hold. By Lemma 1

1
-d(u, fu) < limsup d(x,.1,fu)
s

n—00

<limsupf (M(x,,, u)) lim sup M(x,,, u),

n—00 n—0o0

where
. . A, f2n)dus, fr)
1 M n» =1 d n ), ’
irn, Mo ) = lim, ma"{ o ) + o fi) + it o)
A%, f)d (%, 1)
1+ sd(xy, fx,) + $3[d(u, fur) + d(u, fx,)]
= max{0, 0}
=0.
Therefore, from the above relations, we deduce that d(u, fu) = 0, so u = fu. g

If in the above theorems we take B(t) = r, where 0 <r < %, then we have the following

corollary.
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Corollary 1 Let (X, <) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space, and let f : X — X be an increasing
mapping with respect to < such that there exists an element xo € X with xy < f(xo). Suppose

that

d(fx, fy) < rM(x,y)

for all comparable elements x,y € X, where

Mx,y) = max{d(x, ), Qo)A fy) dfr)d.f) }

1+d(xy) ~ 1+d(fx.fy)

or

d(x, fx)d(x, fy) + d(y, fy)d(y, fx)
1+ s[d(x, fx) + d(y, /)]
d(x, fx)d(x,fy) + d(y,fy)d(y, fx) }
L+ d(x,fy) +d(y,f) ’

)

M(x,y) = max{d(x,y),

or

d(x, fx)d(y,fy)
1+s[d(x,y) + d(x.fy) + d(y,fx)]’
d(x, fy)d(x,y) }
1+ sd(x, fx) + s3[d(y, fx) + d(y, )] |

M(x,y) = max{d(x,y),

Iff is continuous, or, for any nondecreasing sequence {x,} in X such that x, — u € X one

has x,, < u for all n € N, then f has a fixed point.

Corollary 2 Let (X, <) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space, and let f : X — X be an increasing
mapping with respect to < such that there exists an element xo € X with xo < f(xo). Suppose

desfd,fy) | defod0.f)

d(fx.fy) < ad(xy) + b—— dxy) 1+ dfsy)

or
d(x, fx)d(x,fy) + d(y, ) d(y, fx)
e fy) < ad(x,y) + b e B + 0, )]

. Cd(x, JxX)d(x,fy) + d(y, fy)d(y, fx)
L+dxfy) +do.fr)

or

d(x,fx)d(y.fy)
1+s[d(x,y) + d(x,fy) + d(y, fx)]
e d(x, fy)d(x, y)
1+ sd(x, fx) + s3[d(y,fx) + d(y, /)]

d(fx,fy) < ad(x,y) + b

for all comparable elements x,y € X, where a,b,c > 0and 0 <a+b+c< %
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Iff is continuous, or, for any nondecreasing sequence {x,} in X such that x,, — u € X one
has x, <u foralln €N, then f has a fixed point.

Corollary 3 Let (X, X,d) be an ordered b-complete b-metric space, and let f : X — X be
an increasing mapping with respect to < such that there exists an element xy € X with
x0 < f™(xo) and

d(f"x.f"y) < B(M(x,y)M(x,y)

for all comparable elements x,y € X, where

dx,f"x)d(y, f"y) dx,f"x)d(y,f"y) }
L+dxy) ~ 1+d(f"xf™y)

M(x,y) = max{d(x,y),

or
d(x, f"x)d(x,f™y) + d(y,f"y)d(y, " x)
1+ s[d(x,fx) + d(y, fy)] ’

d(x,f0)d(x, ) + d(y, f"y)d(y,f" %) }
1+d(x,f"y) + d(y,fx) ’

M(x,y) = max{d(x,y),

or
d(x. f"x)d(y.f™y)
1+ s[d(x,y) + d(x,f™y) + d(y,f"x)]’

d(x,f"y)d(x,y) }
1+ sd(x,f"x) + s2[d(y, fmx) + d(y,f"y)]

M(x,y) = max{d(x,y),

for some positive integer m.
If f™ is continuous, or, for any nondecreasing sequence {x,} in X such that x, - u € X
one has x, < u forall n e N, then f has a fixed point.

Let ¥ be the family of all nondecreasing functions v : [0,00) — [0, 00) such that
lim ¢¥"(t) =0
n—0oQ
forall £> 0.

Lemma 2 If € ¥, then the following are satisfied.
(a) Y(&) <tforallt>O0;
(b) ¥(0)=0.

As an example ¥ (¢) = kt, for all £ > 0, where k € [0,1), and ¥, (£) = In(¢t + 1), for all £ > 0,

arein V.

Theorem 8 Let (X, <) be a partially ordered set and suppose that there exists a b-metric
d on X such that (X,d) is a b-complete b-metric space, and let f : X — X be an increasing
mapping with respect to < such that there exists an element xo € X with xy < f(xo). Suppose
that

sd(fx, fy) < ¥ (M(x,)), (2.24)
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where

) d(x, fx)d(y,fy) dx,fx)d(y,fy)
Mx,y) = max{d(x,y), L+d(xy) ~ 1+d(fx.f) }

for all comparable elements x,y € X. If f is continuous, then f has a fixed point. Moreover,
the set of fixed points of f is well ordered if and only if f has one and only one fixed point.

Proof Since x¢ < f(xo) and f is increasing, we obtain by induction that
xo = fwo) < f2 (@) <+ < f"(x0) < f "M wo) < --- .

Putting x,, = f"(x0), we have

If there exists ny € N such that x,,, = x,,,,1 then x,,, = fx,,; and so we have nothing to prove.
Hence, we assume that d(x,,x,,1) >0, forall # € N,

In the following steps, we will complete the proof.
Step I: We will prove that

lim d(x,,%,.1) = 0.

n—00

Using condition (2.24), we obtain

d(xnﬂy xn) < Sd(xnﬂr xn) = Sd(fxn:fxn—l) < w (M(xn’ xn—l));
because

d(xn—lexn—l)d(xmfxn)
1+dx,_1,%)
d(xn—l:fxn—l)d(xmfxn) }
1+ d(fx,-1,fxn)

’

M(xy1,%,) = maX{d(xn_l,xn),

A1, %) A Xy K1) AXn1, %) AKX K1)
= max d(xn—lyxn):

1+d®x,1,%,)  1+d®x, %)
< max{d(xn,l,xn),d(xmxn+1)}~

If max{d(x,_1,%4), d(Xp, Xni1)} = A%, X41), then

d(xnr xn+1) = Sd(xnr xn+1) = Sd(fxn—l,xn)

=< 1/f (M(xn—ly xn)) < M(xn—b xn) =< d(xnt xn+1)’ (225)
which is a contradiction. Hence, max{d(x,_1, x,), d(x,, X,.1)} = d(%,,_1,%,), so from (2.25),

d(xnrxnﬂ) =< Sd(xnrxnﬂ) = Sd(fxn—lrxn)

< Y (M1, %)) < MKt %) < d (K, ). (2.26)
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Hence,
d(xm xn+1) < Sd(xnx xn+1) < ‘ﬂ (d(xn—ljxn))-

By induction,

d(xn+1r xn) < w(d(xn: xn—l)) S 1,02(d(xn_1, xn—Z))
< - =Y (dxn o). (227)

As ¥ € ¥, we conclude that
lim d(x,;,%,.1) = 0. (2.28)
H—0Q
Step 11: Now, we prove that the sequence {x,} is a b-Cauchy sequence. Suppose the con-
trary, i.e., {x,} is not a b-Cauchy sequence. Then there exists ¢ > 0 for which we can find
two subsequences {x,,,} and {x,,} of {x,} such that #; is the smallest index for which
n>m;>i and  d(x,,;,x,;) > €. (2.29)
This means that
d(xm,vrxni—l) <é. (230)
From (2.29) and using the triangular inequality, we get
& < AKXy %n;) < 8AXm;s Xmie1) + SA (K415 %n,)
Taking the upper limit as i — oo, we get
2 .
— < limsup d(%;1,%n;)- (2.31)
N i—o00
From the definition of M(x,y) and the above limits,

lim sup M(%ys, %r,-1)
i—00

d(xm,- ’fxm,’)d(xn,-—ltfxn,-—l)
1+ d(xmi’ xni—l)

)

= lim sup max { A% Xni-1),
i—o00

d(xml';fxmi)d(xni—lvfxni—l)
1+ d(fom,, fXn,-1)
(xm,-fxmﬁl)d(xn,-—l: xni)
1+ d(xmp xni—l)

’

d
= lim sup max { AKX Xni-1),
i—o00

d(xmi: xmi+1)d(xni—lr xni)
1+ d(xmi+lr xni)
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Now, from (2.24) and the above inequalities, we have

£E=8-

© | o

< slimsup d(X, 41, %n;)

i—00

<limsup ¢ (M(xmi, x,,i,l))

i—00

<y(e) <s,

which is a contradiction. Consequently, {x,} is a b-Cauchy sequence. b-Completeness of
X shows that {x,} b-converges to a point u € X.
Step 111: Now we show that u is a fixed point of f,

u=lim x,,; = lim fx, = fu,
n— 00 n—o0
as f is continuous. O

Theorem 9 Under the same hypotheses as Theorem 8, without the continuity assumption
of f, assume that whenever {x,} is a nondecreasing sequence in X such that x, — u € X,
xy <uforalln e N. Then f has a fixed point.

Proof By repeating the proof of Theorem 8, we construct an increasing sequence {x,} in

X such that x, — u € X. Using the assumption on X we have x,, < . Now we show that
u = fu. By (2.24) we have

d(fu,x,) = d(fu, fx, 1) < 1//(M(u,x,,_1)), (2.32)

where

d(urfu)d(xn—l’fxn—l) d(u!fu)d(xn—lﬁfxn—l) }

Mty %,-1) = max{d(ur Xn1)s

L+d(fu, o) ~ 1+dux,1)
- max{dm,xnl), ”“”1’{ ”Z}f;"”;’)x”), d(lf’f ngi(i::;c") }
Letting n — oo,
lim sup M(u, x,,1) = 0. (2.33)

n—00

Again, taking the upper limit as # — 0o in (2.32) and using Lemma 1 and (2.33),

1
—d(fu, u) <limsupd(fu,x,)
s

n—00

<limsup v (M(u, %,-1))

n—00

=0.

So we get d(fu,u) =0, i.e, fu=u. O
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Remark 1 In Theorems 8 and 9, we can replace M(x, y) by the following:

d(x, fx)d(x, fy) + d(y, fy)d(y, fx)
1+s[d,fx) +dy, ]
d(x, fx)d(x, fy) + d(y, fy)d(y, fx) }
1+d(xfy) +d(y, fx)

M(x,y) = max{d(x,y),

or
d(x, fx)d(y, fy)
1+ s[d(x,y) + d(x,fy) + d(y,fx)]’
d(x,fy)d(x,y) }
1+ sd(x, fx) + s3[d(y, fx) + d (3, /)] |

Example 2 Let X = {0,1, 3} and define the partial order < on X by

M(x,y) = max{d(x,y),

=:={(0,0),(1,1),(3,3),(0,3),(3,1),(0,1)}.

Consider the function f : X — X given as

f2013,
311

which is increasing with respect to <. Let xg = 0. Hence, f(xo) = 3, so xo < fxo. Define first
the b-metric d on X by d(0,1) =6, d(0,3) =9, d(1,3) = %, and d(x,x) = 0. Then (X,d) is a
b-complete b-metric space with s = %. Let 8 € F is given by

13 -

t)=—ed, t>0
B(t) T >

and B(0) € [0,12). Then

d(f0,£3) =d(3,1) = = < B(M(0,3))M(0,3) = 9B(9).

N =

This is because

M(0,3) = max{d(O, 3), d(0,£0)d(3,/3) d(0,£0)d(3,/3) }

1+d(f0,f3) = 1+d(0,3)
d(0,3)d(3,1) d(O,S)d(B,l)}

= d0737 )
max{( P dBY)  1+4d0,3)

Also,

d(f0,f1) =d(3,1) = = < B(M(0,1))M(0,1) = 64(6),

N =

because

M(0,1) = max{d(o, ), 40.S0dAfD) d(0,f0)d(1.f1) }

1+d(fo,f1) *~ 1+d(0,1)
(0,3)d(1,1) d(0,3)d(1,1)
1+d(3,1) ~ 1+d(0,1) }

= max{d(O, 1), d
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Also,
d(f1,£3) =d(1,1) = 0 < B(M(1,3))M(1,3).

Hence, f satisfies all the assumptions of Theorem 5 and thus it has a fixed point (which is
u=1).

Example 3 Let X = [0,1] be equipped with the usual order and b-complete b-metric given
by d(x,y) = |x — y|* with s = 2. Consider the mapping f : X — X defined by f(x) = 169626”‘
and the function g given by B(t) = i. It is easy to see that f is an increasing function and
0 <f(0) = 0. For all comparable elements x,y € X, by the mean value theorem, we have

2

1 2,
d(fx,fy) = Ex - Ey e”

< 1|xze’x2 —y2e’3'2 |2
glx ¥ < d(x,y) B(d(x,))d(x,)

< B(M(x,y)M(x, ).
So, from Theorem 5, f has a fixed point.

Example 4 Let X = [0,1] be equipped with the usual order and b-complete b-metric d be
given by d(x,y) = |x — y|*> with s = 2. Consider the mapping f : X — X defined by f(x) =
iln(x2 +1) and the function ¢ € ¥ given by ¥ (¢) = %t, t > 0. It is easy to see that f is
increasing and 0 < f(0) = 0. For all comparable elements x,y € X, using the mean value
problem, we have

2
d(fx,fy) = iln(x2 +1) - iln(y2 +1)

1
= Z o = y1?
1
= 2466) = v (dx,y) < ¥ (M),
so, using Theorem 8, f has a fixed point.

3 Application
In this section, we present an application where Theorem 8 can be applied. This applica-
tion is inspired by [9] (also, see [26] and [27]).

Let X = C([0, T']) be the set of all real continuous functions on [0, T']. We first endow X
with the b-metric

d(u,v) = max (|u(t) - v(t)|)p
te[0,T]

for all u,v € X where p > 1. Clearly, (X,d) is a complete b-metric space with parameter
s =2P1. Secondly, C([0, T]) can also be equipped with a partial order given by

x=<y iff «x() <y(t) foralltel0,T].
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Moreover, as in [9] it is proved that (C([0, T1), x) is regular, that is, whenever {x,} in X is
an increasing sequence such that x, — x as  — oo, we have x,, < x for all » e NU {0}.
Consider the first-order periodic boundary value problem

(3.1)

wheret € [ =[0,T] with T >0 and f: [0, T] x R — R is a continuous function.
A lower solution for (3.1) is a function « € C'[0, T such that

i o/ (£) <f(t, (b)), (3.2)

a(0) < a(T),

wheret €I =[0,T].
Assume that there exists A > 0 such that for all x,y € X we have

[f(t,x(t)) + Ax(¢) —f(t,y(t)) - ky(t)’ < %{/ln(‘x(t) —y(t)‘p + 1). (3.3)

Then the existence of a lower solution for (3.1) provides the existence of an unique solution
of (3.1).
Problem (3.1) can be rewritten as

x'(t) + Ax(t) =f (¢, x(2)) + Ax(¢),
x(0) =x(T)
Consider

x'(t) + Ax(t) = 8(¢) = F(t,x(8)),
x(0) = x(T),

where ¢t € I.
Using the variation of parameters formula, we get

t
x(t) = x(0)e™ + / e M95(s) ds, (3.4)
0
which yields

T
A1) =500+ [ T30 ds

0

Since x(0) = x(T), we get

T
x(O)[l - e”\T] = e’”/ e95(s) ds
0

or

(0>—L/T “5(s)d
X _eAT—l A e S S.
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Substituting the value of x(0) in (3.4) we arrive at

T
x(t):/ G(t,s)8(s) ds,
0

where
M (T +s—
S 0<s<t<T,
Gt,s) =1 s
IT 7 0<t<s<T.

Now define the operator S: C[0, T] — C[0, T'] by

T
Sx(t):/ G(t,s)F(s,x(s))ds
0

The mapping S is nondecreasing [26]. Note that if # € C[0, T] is a fixed point of S then
u € C10, T] is a solution of (3.1).
Let x,y € X. Then we have

T T
or-1 |Sx(t) - Sy(t)} =2r71 / G(t, s)F(s,x(s)) ds — / G(t, s)F(s,y(s)) ds
0 0

T
<21 [ 166 |[F(s56) - Fls.p) 1 s

= [[6009] {0 -0 +1)ds
= 0 op-1
eA(T+s t) T ek(s—t)
fx\”ln(d(x,y)ﬂ)[/ T -1 d”/ e”—ldsi|
=2 In(d(x,y) +1 [ a7 1 MO +e’\(”)|tT)]
e

= JIn(d(x,y) +1)
<Y ln(M(x,y) + 1),

or, equivalently,

27 (|Sx(e) - Sy(t) |)p <In(M(x,y) +1),
which shows that

2P71d(Sx, Sy) < In(M(x,y) + 1),

where

d(x,Sx)d(y,Sy) d(x,Sx)d(y,Sy) }

M(x,y)=ma><{d(x,y), 1+d(xy)  1+d(Sx,Sy)
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or
(%, Sx)d(x, Sy) + d(y, Sy)d(y, Sx)
1+2rd(x,Sx) +d(y,Sy)]

d(x,Sx)d(x,Sy) + d(y, Sy)d(y, Sx)
1+d(x,Sy) +d(y, Sx) }'

M(x,y) = max{d(x,y), d

or
d(x,Sx)d(y, Sy)
1+27-1d(x, y) + d(x, Sy) + d(y, Sx)]’

d(x, Sy)d(x,y) }
1+ 27-1d(x, Sx) + 227-3[d(y, Sx) + d(3, Sy)] |

M(x,y) = max{d(x,y),

Finally, let o be a lower solution for (3.1). In [26] it was shown that o < S(«).
Hence, the hypotheses of Theorem 8 are satisfied with 1 (¢) = In(¢ + 1). Therefore, there
exists a fixed point x € C[0, T] such that Sx = x.

Remark 2 In the above theorem, we can replace (3.3) by the following inequality:

(6, 0)) + 25(0) 1 (6.3(0) = 29(0)] =~ {fe MMz, 9) (35)

2P

forallx #y e X.
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