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1 Introduction
In 1934, Griiss [1] showed that for two Lebesgue integrable functions f, g : [a,b] — R,

S (M - m)(N - i’l),

1 [t 1 b 1 b 1
‘m/af(t)g(t)dt_m/af(t)dtm j g(t)dt i

provided m, M, n, N are real numbers with the property —oo < m < f <M < 0o and —oo <
n<g <N <ooa.e.on [a,b]. The constant % is best possible in the sense that it cannot be
replaced by a smaller constant.

The following inequality of Griiss type in real or complex inner product spaces is well
known [2].

Theorem 1 Let (H;({-,-)) be an inner product space over K (K =C,R) and e € H, |le| = 1.
Ifa,B, A € Kand x,y € H are such that the conditions

Re{axe —x,x — Be) > 0, Re{re—y,y—ue) >0

hold, or, equivalently, if

1 A 1
2Tl < Dl pl, Hy— “Ee| < 31—l
hold, then the following inequality holds:
1
[(x,9) = (%, €) e, 9)| < 71« AllA—pl. 1.1)

The constant % is the best possible in equation (1.1).
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Let (H;(-,-)) be a real or complex Hilbert space, 2 C R” be a Lebesgue measurable
set and p : @ — [0,00) a Lebesgue measurable function with fQ p(s)ds = 1. We denote
by Ly ,($2,H) the set of all strongly measurable functions f on  such that |[f||%yp =
S PO ds < 00,

A further extension of the Griiss-type inequality for Bochner integrals of vector-valued
functions in real or complex Hilbert spaces is given in [3].

Theorem 2 Let (H;(-,-)) be a real or complex Hilbert space, Q@ C R" a Lebesgue mea-
surable set and p : Q@ — [0,00) a Lebesgue measurable function with fQ ps)ds=1.1Iff, g
belong to L, ,(2, H) and there exist vectors x,X,y,Y € H such that

/ p(O)Re(X - f(2),f(¢) - x)dt > 0,
¢ 1.2)

/Q p(O)RelY — g(0),g(t) ~y)dt = 0,

or, equivalently,

X+x
[ eofo-=

[ e~
Q

2 1
dt < —|X -x|?,
4

(1.3)
2 1 )
dt < =Y -yl
< 4|| Yl

then the following inequalities hold:

‘ / p(t><f(t),g(t>)dt—< f PO (®)dt, / p(t)g(t)dtﬂ
Q Q Q

< 0 =ally =1 | [ pORepx -0~ )
Q

1

x / p(t)Re(Y —g(t),g(t) —y)dt]z
Q
1
< JIX =iy -1l (14)

The constant % is sharp in the sense mentioned above.

The Griiss inequality has been investigated in inner product modules over H*-algebras
and C*-algebras [4, 5], completely bounded maps [6], n-positive linear maps [7] and semi-
inner product C*-modules [8].

Also Joci¢ et al. in [9] presented the following Griiss-type inequality:

for all bounded self-adjoint fields satisfying C < A4, <Dand E < B, < F forall £ € Q and
some bounded self-adjoint operators C, D, E, and F, and for all X € Cy.;/(H).

ID-CI - IF-E|

/Q AXB, du(t) - /Q A dp()X /Q &du(t)m 1]

The main aim of this paper is to obtain a generalization of Theorem 2 for vector-valued
functions in Hilbert C*-modules. Some applications for such functions are also given.
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2 Preliminaries

Hilbert C*-modules are used as the framework for Kasparov’s bivariant K-theory and form
the technical underpinning for the C*-algebraic approach to quantum groups. Hilbert
C*-modules are very useful in the following research areas: operator K-theory, index the-
ory for operator-valued conditional expectations, group representation theory, the theory
of AW*-algebras, noncommutative geometry, and others. Hilbert C*-modules form a cat-
egory in between Banach spaces and Hilbert spaces and obey the same axioms as a Hilbert
space except that the inner product takes values in a general C*-algebra rather than in the
complex numbers C. This simple generalization gives a lot of trouble. Fundamental and
familiar Hilbert space properties like Pythagoras’ equality, self-duality and decomposition
into orthogonal complements must be given up. Moreover, a bounded module map be-
tween Hilbert C*-modules does not need to have an adjoint; not every adjoinable operator
needs to have a polar decomposition. Hence to get its applications, we have to use it with
great care.

Let A be a C*-algebra. A semi-inner product module over A is a right module X over
A together with a generalized semi-inner product, that is, with a mapping (-,-) on X x X,
which is A-valued and has the following properties:

(i) (xy+2)=(xy) +xz) forallx,y,zeX,
(i) (x,ya) = (x,y)aforx,ye X, ac A,
(iii) (x,)* = (y,x) forall x,y € X,
(iv) {x,x) >0 forx e X.
We will say that X is a semi-inner product C*-module. The absolute value of x € X is
defined as the square root of (x,x), and it is denoted by |x|. If, in addition,

(v) {x,x) =0 implies x =0,
then (-, ) is called a generalized inner product and X is called an inner product module
over A or an inner product C*-module. An inner product C*-module which is complete
with respect to the norm ||x|| := || {x,x) ||% (x € X) is called a Hilbert C*-module.

As we can see, an inner product module obeys the same axioms as an ordinary inner
product space, except that the inner product takes values in a more general structure than
in the field of complex numbers.

If Aisa C*-algebraand X is a semi-inner product .A-module, then the following Schwarz
inequality holds:

@) 0hx) < [ | hy) (xyeX) 2.1)

(e.g. [10, Proposition 1.1]).
It follows from the Schwarz inequality equation (2.1) that ||x|| is a semi-norm on X.
Now let A be a x-algebra, ¢ a positive linear functional on A4, and let X be a semi-inner
A-module. We can define a sesquilinear form on X x X by o (x,y) = ¢({x,)); the Schwarz
inequality for o implies that

lo@x|* < plx,x)0(,). (2.2)

In [11, Proposition 1, Remark 1] the authors present two other forms of the Schwarz in-
equality in semi-inner .A-module X, one for a positive linear functional ¢ on A:

o (%) (%)) < @xx)r (), (2.3)
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where r is the spectral radius, and another one for a C*-seminorm y on A:

(y @) <yxxy o). (2.4)

3 The main results

Let A be a C*-algebra; first we state some basic properties of integrals of .A-value functions
with respect to a positive measure for Bochner integrability of functions which we need
to use in our discussion. For basic properties of the integrals of vector-valued functions
with respect to scalar measures and the integrals of scalar-valued functions with respect
to vector measures, see Chapter Il in [12].

Lemma 1 Let A be a C*-algebra, X a Hilbert C*-module and (2,0, u) be a measure
space. If f : Q@ — X is Bochner integrable and a € A then
(a) fa is Bochner integrable, where fa(t) = f(t)a (t € Q2),
(b) the function f*: Q@ — A defined by f*(t) = (f(t))* is Bochner integrable and
S din = (o f di)".
Furthermore,
(c) if u(R2) < 0o and f is positive, i.e., f(t) > 0 for all t € Q, then fo(t) du(t) > 0.

Proof (a) Suppose ¢ : @ — X is a simple function with finite support i.e., ¢ = Y " Xg i
with u(E;) < oo for each non-zero x; € X (i =1,2,3,...,n), then for every a € A the func-
tion ga : @ — X defined by pa(t) = ¢(t)a (t € ) is a simple function and fQ pady =
(fQ pdu)a. Since f : Q@ — X is Bochner integrable and ||f(t)a|| < |f(¢)|||la|, fa is strongly
measurable and [, fadu = ([, f di)a, therefore fa is Bochner integrable.

(b) For every simple function ¢ = Y ", xg,a; we have ¢* = """ | xg.af and consequently
Jo9*du = (¢ du)*. The result therefore follows.

(c) Suppose that 1(£2) < co and f is a Bochner integrable function and positive, i.e., f (£) >
0 for all £ € Q. Since f is Bochner integrable, fQ If @ di(t) < oo by Theorem 2 in [12,
Chapter II, Section 2]. Using the Holder inequality for Lebesgue integrable functions we
get

[0l au - [ o] duo < ( [ ol du(t))iu(ﬁ)% <.
Q Q Q

So f ? is Bochner integrable; thus there is a sequence of simple functions ¢, such that
on(t) —>f%(t) for almost all £ € 2 and fQ ©u(t) du(t) — fo%(t) du(¢) in the norm topol-
ogy in A.

This implies that ¢, (£)*¢,(t) — f(t), i.e., for every positive Bochner integrable function
f there is a sequence of positive simple functions y,, such that v, (t) — f(¢) for almost
all t € Q and [, ¥, (t)dpu(t) — [of(£)du(t) in the norm topology in A. By proposition
(1.6.1) in [13] the set of positive elements in a C*-algebra is a closed convex cone, therefore
Jof (©)dpa(6) = 0 since [, v (8) dpa() = . =

If i is a probability measure on €2, we denote by Ly(€2, X) the set of all strongly measur-
able functions f on € such that ||f]|3 := [, IIf(s)1* du(s) < oc.

For every a € X, we define the constant function e, € L,(2,X) by e,(¢) = a (t € ). In the
following lemma we show that a special kind of invariant property holds, which we will
use in the sequel.
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Lemma?2 Iff,g € Ly,(R2,X),a,b € X, and e,, e, are measurable then
/ (F(0) - ealt),g(6) — es(®)) dpa(t) - < / (F(0) - ea(®)) duu(0), / (¢(t) - es(0)) du(t)>
Q Q Q

- / (f(n,g(t))du(t)—( f S@dpo), / 2 du(t)>~ (3.1)
Q Q Q

In particular,

fgmnfdu(t)—'fgf )

Proof We must state that the functions under the integrals of equation (3.1) are Bochner

2 2
< / () - ea®) dus(o). (3.2)
Q

integrable on €2, since they are strongly measurable and we can state the following obvious
results.
For every A € X* we have A(f,,f(t)duu(t)) = [, A(f(¢)) dpu(t). Therefore

[iro.8)au0-( [ saucb),

Q Q

[(ae0)au-(a. [ eranco).
Q Q

Also for almost all £ € Q we have
f /@) dne) < (w(®) 5( f 1) du(t)) = £l
f le®| dn® < (u(<) ( / le®|’ du(t))  lgl:

and
/Q 170 g®)] dn(®) < I gl

A simple calculation shows that

/ (F(0) — ealt),g(6) — es(®)) dpu(t) - < / (F(©) - ea®)) du(0), / (¢(6) - es(0)) du(t)>
Q Q Q

- /Q (F(©),¢(0) - [F(0),B) ~ arg(®)) + @ b)) dpa(0)

—</f(t)du(t)—a,/g(t)du(t)—b>

Q Q

- / Ir (t)’g(f)>dﬂ(f)—< / f®du), / g(t)d,u(t)>,
Q Q Q

and for f = g and a = b we deduce equation (3.2). O

The following result concerning a generalized semi-inner product on L,(£2,X) may be
stated.
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Lemma 3 Iff,g € Ly(2,X), x,%4,y,y € X, then
(i) the following inequalities, equations (3.3) and (3.4), are equivalent:

[ Refy = s -} = o,
¢ (3.3)

/ Re(y' - g(t),g(t) - y)du(t) = 0,

L/(t)

Y+
t)——=| d
g(t) 5 ‘ wu(t

du(t) <- |x s

’

(3.4)

J

(ii) the map [f,g] : Lo(2,X) x Ly(2,X) — A,

f (F(0)g(0)) du(t) - < / £ due), / ()du(t)>, (35)

is a generalized semi-inner product on Ly(2, X).
Proof (i) Iff € Ly(2,X), since for any y,x,% € X

_1 x/—x|2 =Rely—«',y - x),

X+ x|
n

2

-
we have

| Rel 010~ 5)duto

1
i
|x x| —/P(t)

showing that, indeed, the inequalities of equations (3.3) and (3.4) are equivalent.

2
] du(t)

d w(t), (3.6)

(i) We note that the first integral in equation (3.5) belongs to .4 and the later integrals
are in X, and the following Korkine-type identity for Bochner integrals holds:

/(f(t),g(t))d,u(t) —</f(t) du(t),/ gt d,LL(t)>
Q Q o
= %,/Q/;z(f(t) —f(s),4(¢) —g(s))d,u(t) du(s). (3.7)

By an application of the identity equation (3.7),

f F0) > dpate) - ‘

/ [0 -rP duodn (33)
It is easy to show that [+, -] is a generalized semi-inner product on Ly(£2, X). O

The following theorem is a generalization of Theorem 2 for Hilbert C*-modules.
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Theorem 3 Let X be a Hilbert C*-module, i a probability measure on Q. Iff, g belong to
Ly(2,X) and there exist vectors x,x',y,y" € X such that

| Ref =010~} = o
¢ (3.9)

| Rely ~glt)gtt)-)duto) = o
Q
or, equivalently,

/J/(t)_x/;x

1y )? 1
/‘g(t)—yTy' du(t) < Z\y’—yﬁ
Q

2

’

2 1
du(t) < —|x' -
M()_4Ix x

(3.10)

Then the following inequalities hold:

H f (f@®),g(®)dun® —< / f@®)du(), / g du(t)>H
Q Q Q

2 2

1 1
2 2

f &) du(r)
Q

[ lf(t)lzdu(t)—‘ f 1O du) / e du(o) -
Q Q Q

=

= H i\ -4 - / Relx' — £(),£() - x) dpu(t)|

1
2
X

1
27 =5 = [ Rely - g(0.¢(0) - s)au(t

1
= g 1% =y - (3.11)

The coefficient 1 in the second inequality and the constant i in the last inequality are sharp
in the sense that they cannot be replaced by a smaller quantity.

Proof Since equation (3.5) is a generalized semi-inner product on Ly (2, X), the Schwarz

inequality holds, i.e.,

[t.al” < |l el (312)

Using equation (3.2) with a = %"/ and equation (3.6) we get

2

.11 = /Q O due) - ‘ fg 1O du)

x +x
st/(t)— .

= i|x’—x|2—/QRe<x/ —f@).f (&) - x)du(t)

2
du(t)

1
S e (3.13)
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Similarly,

2

@ﬂ=/mmﬁmnﬂfgmmm
Q Q
y+y|
<[ ‘g(t)—T) du(®)
Q
1 / 2 /
=7 -l - / Re(y' - g(t),g(2) - y)dpu(t)
Q
<Xy oy (3.14)
=1 y =) - .
By the Schwarz inequality (3.12) and the inequalities (3.13) and (3.14) we deduce equa-
tion (3.11).

Now, suppose that equation (3.11) holds with the constants C,D > 0 in the third and
fourth inequalities. That is,

H / (f@®),g(®)dun® —< / f@)du(), / g du(t)>H
Q Q Q

< |3l =P~ [ Rely 50,10 -n)auto|

2
X

1
HURT /Q Rely - g(0),¢(t) ~y)dpu(2)

<D« —x[ [y -] (3.15)

Every Hilbert space H can be regarded as a Hilbert C-module. If we choose Q2 = [0,1] C
R,X=C,f,g:[0,1] > RCX,

-1 ifo<t<i,
f@) =g(t) = . (3.16)

ifi<t<l,

then forx’ =y =1,x=y=-1and u a Lebesgue measure on €2, the conditions (3.10) hold.
By equation (3.15) we deduce

1<C<4D,
giving C>1and D > %, and the theorem is proved. O
4 Applications
1. Let X be a Hilbert C*-module and B(X) the set of all adjoinable operators on X. We
recall that if A € B(X) then its operator norm is defined by

ANl = sup{ 1 Ax] : x € X, llx]l <1},

with this norm B(X) is a C*-algebra.

Page 8 of 10
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Let Q = [0,1] and f(£) = e for t € Q, where A is an invertible element in B(X). Since for
each t € [0,1] one has
e < el < el

an application of the first inequality in equation (3.13) for x’ = 2¢”, x = —e” gives

1 1
05/ |etA|2dt—’/ e dt
0 0

This implies that

2
<P
4

1
[ 1P ae< 21t +a e -
0
2. For square integrable functions f and g on [0,1] and

1 1 1

D(f,g) = dt — d d

9= [ sog0ar- [ s [ gtra
Landau proved [14]

ID(f.9)| < VD(f./)VDg,g)-

Joci¢ et al. in [9] have proved for a probability measure p and for square integrable
fields (A;) and (B;) (¢ € Q) of commuting normal operators that the following Landau-
type inequality holds:

=

/QAtXBth(t)—/QAtd,u(t)X/QBtdu(t)m

2
J/ﬁAMdmw— XJ/W&PdMﬂ—
Q Q

for all X € B(H) and for all unitarily invariant norms ||| - |-

2

A&wm

é&wm

Every C*-algebra can be regarded as a Hilbert C*-module over itself with the inner prod-
uct defined by (a, b) = a*b. If we apply the first inequality in equation (3.11) of Theorem 3,
we obtain the following result.

Corollary1 Let Abea C*-algebra, ju a probability measure on Q. Iff, g belongto L,(R2, A),
then the following inequality holds:

f Sf()g(6) dpult) - / f@)du(t) / g(t)du(t)H
Q Q Q

2% 2%
< (4.1)

/Mqumw—
Q

[ Irof aut - ‘ [ roduto | g0duto
Q Q Q
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