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Abstract

Let {X,, n > 1} be a strictly stationary p-mixing sequence of positive random
n o
variables with EX; = u > 0 and Var(X;) = 6° < . Denote Sy = Y_Xiand ¥ = M the
i=1
coefficient of variation. Under suitable conditions, by the central limit theorem of
weighted sums and the moment inequality we show that

1
K
1 1 S;\ vok
Vx = li 1 =F S
¥ e lognk_z1 k (!:1[ iu) (x) as
! !
where o = Var (S), Skk = Z birYi, bip = Z ]1., i <k with
i-1 ji

bix=0,i>k Yi=""" F(x)is the distribution function of the random variable
o

¢Y2N, and N/ is a standard normal random variable.
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1 Introduction and main results

For a random variable X, define [|X||, = (E]X|*)"?. For two nonempty disjoint sets S,T
< N, we define dist(S,7) to be min{|j - k|;j € S, ke T}. Let o(S) be the o-field gener-
ated by {Xj, k € S}, and define o(7T) similarly. Let ¥ be a class of functions which are
coordinatewise increasing. For any real number x, x*, and x~ denote its positive and
negative part, respectively, (except for some special definitions, for examples, p™(s), p°
(S,7), etc.). For random variables X, Y, define

Cov(f(X), 8(Y))
(Varf (X)) 2 (Varg(Y))?2

where the sup is taken over all f,g € € such that E(f{X))* < e and E(g(¥))* < oo.
A sequence {X,, n > 1} is called negatively associated (NA) if for every pair of disjoint
subsets S, T of N,

p (X, Y)=0Vsup

’

Cov{f(Xi,i€S),g(X,jeT)} <0,

© 2012 Tan et al; licensee Springer. This is an open access article distributed under the terms of the Creative Commons Attribution
License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction in any medium,
provided the original work is properly cited.


mailto:tanxl0832@sina.com
mailto:tanxl0832@sina.com
http://creativecommons.org/licenses/by/2.0

Tan et al. Journal of Inequalities and Applications 2012, 2012:51 Page 2 of 13
http://www.journalofinequalitiesandapplications.com/content/2012/1/51

whenever f,g€ %€ .

A sequence {X,, n > 1} is called p*-mixing if
px(s)=sup{p(S,T);S, T CN,dist(S,T) >s} - 0 as s > oo,
where

(S, T) = sup {|E(f — Ef)(g — E®)/ (||f — Ef |, - g — Eg],)

if €Ly(0(S)) g€ Lz(O’(T))} .
A sequence {X,, n > 1} is called p"-mixing, if
p (s)=sup{p (S,T);S, T C N,dist(S,T) = s} > 0 as s - oo.
where,
Cov{f Xii€$),8(XijeT)}

p (S, T) =0V sup{
JVvar {f (%, € $)} Var (g (Xi,j € 7))

;f.g €C}h

The concept of p-mixing random variables was proposed in 1999 (see [1]). Obviously,
p -mixing random variables include NA and p*-mixing random variables, which have a
lot of applications, their limit properties have aroused wide interest recently, and a lot of
results have been obtained, such as the weak convergence theorems, the central limit
theorems of random fields, Rosenthal-type moment inequality, see [1-4]. Zhou [5] stu-
died the almost sure central limit theorem of p™-mixing sequences by the conditions pro-
vided by Shao: on the conditions of central limit theorem, and if
no] Si

g > 0, Var(z f(
i=1 1 \0i

we study the almost sure central limit theorem of products of partial sums for p™-mixing

)) =0 <log2_5° n), where fis Lipschitz function. In this article,

sequence by the central limit theorem of weighted sums and moment inequality.
LU
Here and in the sequel, let by, = > Y k < n with by, = 0, k >n. Suppose {X,, n > 1}
i=k
be a strictly stationary p -mixing sequence of positive random variables with EX; = y >
n n
- X, —
0 and Var(X;) = 0> < w. Let Sp = Y. Yi and Sun = Y. binYi, where v, =~ ¢ P k> 1.
k=1 k=1 o
Let 02 = Var (SM), and C denotes a positive constant, which may take different values
whenever it appears in different expressions. The following are our main results.
Theorem 1.1 Let {X,, n > 1} be a defined as above with 0 <E|X;|" < o for a certain

n o
r> 2, denote Sp =Y Xjand ¥ = M the coefficient of variation. Assume that
i=1

o0
(a1) 0f =EX? +2Y Cov(Xy,Xy) > 0,
n=2

(az) D 1Cov (X1, Xp)| < o0,

n=2
(as) p (n) = O(log"jn), 36>1,
o2
(@4) inf " > 0.

neN n
Then
1 "1 Skk
Vx nll)rglo logn Z kI{ o §x} =®(x) as. (1.1)

k=1
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Here and in the sequel, I{-} denotes indicator function and ®(-) is the distribution
function of standard normal random variable A/.
Theorem 1.2 Under the conditions of Theorem 1.1, then

1

1 &1 ks \vok
Vx = lim I l_[ o <xyp =F(x) as. (1.2)
n—oco logn — k i1

Here and in the sequel, F(:) is the distribution function of the random variable pv2N.

2 Some lemmas
To prove our main results, we need the following lemmas.

Lemma 2.1 [3] Let {X,, n = 1} be a weakly stationary p-mixing sequence with
EX, =0, 0 <EX} < oo, and

o
(i) 0 = EX2 + 2 Cov (Xq,Xy) > 0,

n=2

o
(11) Z |COU (Xern)| <G,
n=2

then
ES? ,  Su
o1 Jn

d
— 01?, —N(0,1) asn — oo.
Lemma 2.2 [4] For a positive real number g > 2, if {X,, n > 1} is a sequence of p’-

mixing random variables with EX; = 0, E|X;|? <  for every i > 1, then for all n > 1,
there is a positive constant C = C(g, p'(-)) such that

q
n n 2

19 14 2
E(lrr51%|s]| > <C ;E|X,| + (;EXI>

n
Lemma 2.3 [6])_b7, = 2n — by .
i=1

Lemma 2.4 [[3], Theorem 3.2] Let {X,,;, 1 <i < n, n > 1} be an array of centered ran-
dom variables with EX2. < oo for each i = 1,2,..,n. Assume that they are p"-mixing. Let
{a,, 1 <i<mn n=1} be an array of real numbers with a,; = £1 for i = 1, 2,..., n.

n
Denote onz = Var (Z ame> and suppose that
i=1

1 n
sup ZEX%I < 00,
n % 0
and
lim su 1 Z Cov(Xpi, Xnj) — 0 as A — o0
n_)oop 0',% nir Anj ’

ij:|i=j|=A

1=ij<n
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and the following Lindeberg condition is satisfied:

ZE T{|Xpi| > €04} = 0 as n— oo

"11

for every ¢ > 0. Then

Zame—>N(0 1) as n — oo.

i=1

Lemma 2.5 Let {X,,, n > 1} be a strictly stationary sequence of p"-mixing random
[o.¢]

variables with EX,, = 0 and Z [Cov (X1, Xp)| < 00, {an, 1 <i<mnn=>1}be an array
n=2

of real numbers such that Supzam <00 and DA% lanil = 0 a5 - o, If
no =1

n
Var (Z aniX,) =1and {Xﬁ} is an uniformly integrable family, then
i=1
" d
ZamXi—>N(O, 1) as n — oo.
i=1
Proof Notice that

n
Zamx Z i |am|X me’Ym’/
i=1

;]
where by = |Z::‘ and Y,; = |a,;|X;. Then {Y,;, 1 <i < n, n = 1} is an array of p-mixing
centered random variables with EY,ZH- = am‘EXi2 <ooand b,; = 1 for i = 1, 2,..., n and

n
= Var (Z bm-Ym-> = 1. Note that {X2} is an uniformly integrable family, we have

i=1

sup 02 ZE = sup ZamEX2 < sup Zam sup EX2 < 00,

n noi=1 i=1 L

Page 4 of 13
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and

lim sup ), Z Cov(Yni, Yrj) ™

n—o00 "

ij:|i—j|>A
1<ij<n
= lim sup Z Cov(|anil Xi, |anj| X;)
n—oo Cal. .
ij:|i—j|=A
1<ij<n

< limsup Z |ani - |flnj} : |C0V (X1X1)|
n—o00 i,j:|i7j|2A

1=<ij<n

< C | limsup Z lanil> - |Cov (Xi, X;)| + Z lanil - |Cov (Xi, X;)|
ARt EATTEON iji]i—j|=A

1<ij<n 1<ij<n

n
< Csup ) lanl” - ) [Cov(X1, Xi)|
n

i=1 i>A

— 0 as A— oo,

and V ¢ > 0, we get

n
o2 D EYRI{IYuil = €0}
i=1

n
> anEX I {lan - |Xil > €}
i=1

n
<sup Y a};- EX}{lan] - 1X1] > £}
L

n
2 2
supZam~EX11{1rr<1izi>§l|ani| - 1Xq] > g} — 0 asn— oo,

L

IA

thus the conclusion is proved by Lemma 2.4.

Lemma 2.6 [2] Suppose that fi(x) and f5(y) are real, bounded, absolutely continuous
functions on R with |f’1(x)| < C;and |f’2 (y)| < Cy. Then for any random variables X
and Y,

|Cov (f1(X), f2(Y))] < C1Ca {—Cov(X, Y) + 8p~ (X, V)IIXIl5,1 1Yl }

1

where Xl , = [5° P2 (1X] > x) dx-

Lemma 2.7 Let {X,,, n > 1} be a strictly stationary sequence of p"-mixing random
variables with EX; =0, 0 < EX? < oo and

o0
0<of =EX] +2 ) Cov(Xy,Xy) < 00,
n=2
o0

> " 1Cov (X1, Xp)| < 00,

n=2
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then for 0 <p < 2, we have

1
n ?S,— 0 as. as n— oo.

Proof By Lemma 2.1, we have

ES2
lim " =of. (2.1)
n—oo 1

Let n; = k% where o > max{l, p } By (2.1), we get

2-p
oo 1 [} 2 ()
ES C
ZP{ISnklzenkp}fz DY )\ <
k=1 k=1 e2n! k=1 gzko‘(p’ )
From Borel-Cantelli lemma, it follows that
1
m, 7Sy, = 0 as. as k— oo, (2.2)
And by Lemma 2.2, it follows that
o0 S —§ o~ E max |Sn_snk|2
ZP max | n mel e b < Z M <N<Njey
N <N<Npsy 1 N - 2
k=1 np k=1 gzn}f
2
n
0 Enkgr}gz‘(k 2 X > ( ) > 1
=S Jisng Npr1 — Mg
= ) fcz 5 fcz 01(2—1) < 00.
k=1 82”}5 k=1 8271;5) k=1 Jp \P
By Borel-Cantelli lemma, we conclude that
|Sn — Sny|
max 1 — 0 as. as n— o0. (2.3)
M SN<Npy1 »
n

For every n, there exist n; and n,; such that n; < n <ng,, by (2.2) and (2.3), we

have
|Sn| _ |Sn - Sﬂk + Sﬂk‘
1 - 1
np nt
|Sﬂk‘ ‘S" - Sﬂk‘
< + max — 0 a.ss. as n— oQ.
1 N <N<Njs1 1
n,f nkb

The proof is now completed.

3 Proof of the theorems
Proof of Theorem 1.1 By the property of p"-mixing sequence, it is easy to see that
{Y,} is a strictly stationary p -mixing sequence with EY; = 0 and EY? = 1. We first

prove

Page 6 of 13
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S
o —d>N(0, 1) as n— oo. (3.1)
[of

n

b:
Leta,= ", 1<i<nn>1 Obviously,
n

n
Var (Z an,-Yi) =1.
i=1

From condition (a4) in Theorem 1.1 and Lemma 2.3, we have

n n
2 bfn 2n bl,n 2n — bl,n
sup E a; = sup E , =sup ) < Csup < 00,
"ozl m G n " Tn n

n

and

b; b Clogn
mo T 8" 0 as n— oo

max |a,;| = max
1<i<n 1<i<n Oy on Jn

By stationarity of {Y,, # > 1} and E |X;|* < o, we know that {Y?} is uniformly integr-
(e}

able, and from condition (a,) in Theorem 1.1, we get »_ |Cov (Y1, Yy)| < 00, so apply-
n=2

ing Lemma 2.5, we have
. d
> an¥i > N(0,1).
i=1

Notice that

n n

bi,nYi Sn,n
E an; Y =E o=
i=1 i=1 n

7
On

so (3.1) is valid. Let flx) be a bounded Lipschitz function and have a Radon-Nikodyn
derivative s1(x) bounded by I'. From (3.1), we have

Ef (S;l:> — Ef(N(0,1)) as n— oo,
thus

! Z Ilef (Sk'k> — Ef(N(0,1)) - 0 as n — oo. (3.2)

logn 0
gn k

On the other hand, note that (1.1) is equivalent to

n—o0

. 1 "1 Stk 00
fim logn ; kf< on > = lwf(x)d¢(x) = Ef(N(0,1)) a.s. (3.3)

from Section 2 of Peligrad and Shao [7] and Theorem 7.1 on Py, from Billingsley [8].
Hence, to prove (3.3), it suffices to show that

n

1 1 Sk Skk
T":lognzk[f<0k)_Ef<Uk)]_>0als.n_)oo e

k=1
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by (3.2). Let &, =f<s ) Ef<skk> 1 < k < nm we have

n 2
1 &k
ET; = E<§ k)

log'n \'7
1 E 1 E (3.5)
< o Z | ilell +1 . Z | ilell
ogn 1<k<l<n,2k>1 ogn 1<k<l<n,2k>1

= 11 +12.

By the fact that f is bounded, we have

ZZ W Z Z I =< C(log™ ”) (3.6)

lognkllk lognkl
Now we estimate I, if [ > 2k, we have

Sip— Saok = (b1,1Y1 +boiYo + -+ + bY1) — (by,2k Y1 + 02,0k Y2 + - + b2k Yor)

= (boks1,1Yoke1 + - -+ + b Y1) + boga1, 1Sk,

and

|EER&| =

Cov f Skk 51,1 _f S — Sk — bars1,1San
o}, O'z g]

(Skk) f<511—32k2k bzk+1,l§2k>>‘
o1

By Lemma 2.3 and condition (a,) in Theorem 1.1, we have

k k-1 k

Var(Sii) = Y bREY? +2 " birbjCov (i, Y))

i=1 j=1 i=j+1

<Zbk+2z kZ|Cov(Y1,Y)|

i=j+1

(3.7)

< Ck,

and

Var (S — Sook — bara, Szk)

) I-1 )
= D bREY? +2 )Y bibjiCov (Vi Y))

i=2k+1 j=2k+1 i=j+1

1
< Z b,+22b > |Cou(Y;, Y))|

i=2k+1 i=j+1
<Cl
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By Lemma 2.6, the definition of p™-mixing sequence and condition (a4), we have

S S11— Sorak — bars11S
Cov (f( k/k),f( 11— Sokok — bars1 1 zk))’
ol ol

<C {—COI} (Sk,k SI,I—SZk,Zk—bZIul,ISZk)

Oy 4 a]

— (Skr Sui—Sak2k—bons11S
+8p ( k,k’ 11 2k, 2k 2k+1,1 2k> .

3 o]

. H S11=Sak, 26 —baks 1,152k
2,1 al

= o (3) ()

. H 11— 82,21 = b2k 1,152k
2,1 o

< Cp~ (k) + Cp~ (k)| 5

O

St e
o,

2,1}

Sk
O}

+Cp~ (k)

2,1

S1,1—Sa2k,26—b21+1,1S 21
a

2,1

2,1

By the inequality [Xll,1 < ,”, IXIl;(r > 2) (cf. Zhang [[2], p. 254] or Ledoux and

Talagrand [[9], p. 251]), we get

S S 1 1
kk < r k,k _ r (E|Sk,k|r)r,
Ok loy —T—2| 0k, T—20
and
k
E|Sik| = El Z b Yjl"
j=1
;
k X 2
r 2 y2
< C D ULE| + | Do bikEX;
j=1 J=1
.
< C{k(log) + 2},
thus
St e T logk T
<C _2~11+_2 < C,
[ 2,1 r k2" r r
similarly,
S — Sak,2k — bare1,1San c
o] '
2,1
hence

< Cp (k).

Sk, Si1 — Sak2k — bar1,1Sak
Cov(f(ok),f( o
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Similarly to (3.7), we have

2k—1 2k

Var (Sar o) = ZblzkEY +2 ) 3 biawby2xCov (Y, V)
j=1 1—]+1

2k—1

< beZku Z bl Z |Cov (Y;, V)]

i=j+1

< Ck,

and

2k
Var <§2k> = Var (Z Yi>
2k—1 2k

-ZEY2+2Z > |Cov (Y1, V)|

i=1 j=i+1
2k—1 2k—i+1

—2k+2Z Z Cov (Y3, Y))
i=1 j=2

< Ck.

Since fis a bounded Lipschitz function, we have

S S S11— Sokak — bare11S
Cov f kk :f 1,1 —f 11 2k, 2k 2k+1,192k
Op a] 0]

‘Szk,zk + bori1,1S2%

< CE
o]
1

c (Var (Sak,2x)) 2 . Cbz"”'l (Var (Szk)) ’

o] o]
1
k\ 2 k\ 2
EC(Z) +C(l> logzlk
k &€
<C ,
=<(3)
1 .
where 0 < ¢ < . Hence if [ > 2k, we have

&8 < C [p—(k) . (’;)] |
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Thus
n n -1
>y >y
log M2 k=t k= EZM log s b
C -1 (-1 <cC 1 < log™°k
+
- logzn l“‘E & ]ogzn P l = k
Og
log n Z l log n 122: Z k

< Clog n.
Associated with (3.5), (3.6), and (3.8), we have
ET,% < Clog_ln.

To prove (3.4), let n, = ¢!, where 7 > 1. From (3.9), we have
o0 o0 o0 1
-1
ZET%{fCZlog nk=CZkr < 00
k=1 k=1 k=1

Thus Ve > 0, we have
i ET?
SP(nze) =T <o
k=1 k=1

By Borel-Cantelli lemma, we have

Tpe—so0 a.s. as k — oo.

Note that

logng.:  (k+1)"

— 1 as k— oo.
log ny, &

For every n, there exist n; and ny, satisfying n; <n < .1, we have

Ny E 1 Nie+1 |E|
T < 1 1
ITal < logny, Z lognk Z i
|
< |Tn;, ( ?gnkﬂ — 1) — 0 a.s. as n — oo,
ogny,

(3.4) is completed, so the proof of Theorem 1.1 is completed.

S,
Proof of Theorem 1.2 Let C; = ', we have

i

k k k
1 1 Si ) 1 N
E Ci—1)= E —1])= E birYi= .
Ok i=1 ( l ) L i=1 <Ml Ok i=1 l l Ok

Hence (1.1) is equivalent to

Vx nll)rgo logn Z vy Z(C 1)< x} = ®(x) as.

(3.8)

(3.9

(3.10)

Page 11 of 13
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On the other hand, to prove (1.2), it suffices to show that

S R R [ R
Vx }115210 logn;kl yak;log(?ifx = ®(x) a.s. (3.11)

4
By Lemma 2.7, for enough large i, for some 3 < p < 2 we have

Si ,1—1
ICi—1|=| . —1| <Ci? = as.
wi

It is easy to know that log(1+ x) = x + O(x?) for |x| < ;, thus

n n n n 2 2
Y logCi— Y (Ci—1)| <CY (-1 <CY kr* <Cnr ! as,
k=1

k=1 k=1 k=1

and

n

2 n n 2
Y (C-1)—Cnp < logCr< Y (Ce—1)+CnP ' as.
k=1 k=1 k=1

Hence for arbitrary small ¢ > 0, there is 19 = ng(w, ¢), such that for every n >ny and
arbitrary x,

k k k
1 1 1
I E Ci—1)<x—s} <I E logC; <x} <I E Ci—1)<x+¢y,
ydki:l(l )= }_ {yak v = }_ {yakil(l )=

i=1

so by (3.10), we know that (3.11) is true, and (3.11) is equivalent to (1.2), thus the
proof of Theorem 1.2 is complete.
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