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Abstract

Recently, lemoto and Takahashi considered a weak convergence iterative scheme for
a nonspreading mapping and a nonexpansive mapping in Hilbert spaces. In this
paper, we suggest two hybrid iterative algorithms by modifying lemoto and
Takahashi's iterative scheme for a countable family of nonspreading mappings and a
nonexpansive mapping in Hilbert spaces.
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1 Introduction and preliminaries
Let H be a Hilbert space and C be a nonempty closed convex subset of H. Let T be a
nonlinear mapping of C into itself. We use F(T) and P¢ to denote the set of fixed points
of T and the metric projection from H onto C, respectively.

Recall that T is said to be nonexpansive if

1T - Tyl < llx =yl 1.1)

forallx,y € C.
For approximating the fixed point of a nonexpansive mapping in a Hilbert space, Mann
[1] in 1953 introduced the famous iterative scheme as follows:

Vxr€C, xp1=0-a,)x, +a,Tx,, VYVn>1, 1.2)

where T is a nonexpansive mapping of C into itself and {«,} is a sequence in (0,1). It is
well known that {x,} defined in (1.2) converges weakly to a fixed point of 7.

Attempts to modify the normal Mann iteration method (1.2) for nonexpansive mappings
so that strong convergence is guaranteed have recently been made; see, e.g., [2-9].

Let T be a mapping from C into itself. Then T is called nonspreading [3] if

2 Tx = Tyl < 1 Tx =yl + % — Ty

for all x,y € C. A mapping T : C — C is called quasi-nonexpansive if F(T) # @ and || Tx —
y|l < |lx—y| for allx € C and y € F(T). If T is a nonspreading mapping from C into itself
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and F(T) is nonempty, then T is quasi-nonexpansive. Further, we know that the set of fixed
points of each quasi-nonexpansive mapping is closed and convex; see [10].

In [11], by using Moudafi’s iterative scheme [12], Iemoto and Takahashi considered the
following weak convergence theorem.

Theorem IT ([11]) Let H be a Hilbert space, and let C be a nonempty closed convex subset
of H. Let S be a nonspreading mapping of C into itself, and let T be a nonexpansive mapping
of C into itself such that F(S) N F(T) # @. Define a sequence {x,} as follows:

X1 € C,
Xp+l = (1 - an)xn + an{ﬁnsxn + (1 - ,Bn)Txn}

1.3)

for all n e N, where {a,},{B,} C [0,1]. Then the following hold:
(i) Ifliminf, o ay(1—a,) >0 and y 2 (1 - B,) < 00, then {x,} converges weakly to
v € F(S);
(ii) If Y2 ol — ) =00 and Yy 2, By < 00, then {x,} converges weakly to v € F(T);
(iii) Ifliminf,_ o a,(1 - o) > 0 and liminf,_, » B,(1 — B,) > 0, then {x,} converges
weakly tov € F(S)NF(T).

In this paper, we modify (1.1) by a hybrid iterative scheme and obtain the strong conver-
gence theorems for a family of nonspreading mappings and a nonexpansive mapping in a
Hilbert space.

Let E be a Banach space and K be a nonempty closed convex subset of E. Let {T},} : K —
K be a family of mappings. Then {T,} is said to satisfy the AKTT-condition [13] if for each
bounded subset B of K, one has

o0
> " sup{|| Tunz - Tzl 12 € B} < oc.

n=1

The following is an important result on a family of mappings {T,};°, satisfying the
AKTT-condition.

Lemma 1.1 ([13]) Let K be a nonempty and closed subset of a Banach space E, and let
{T,}52, be a family of mappings of K into itself which satisfies the AKTT-condition. Then, for
each x € K, {T,x} converges strongly to a point in K. Moreover, let the mapping T : K — K
be defined by

Tx = lim T,x, VxeK.

n— 00

Then, for each bounded subset B of K,

limsup{||Tz— T.z||l:z € B} =0.
Obviously, if a family of mappings {T,};°, satisfies the AKTT-condition and Tx =
lim,,_, o Tyyx for each x € K, then it is unnecessary that F(T) = ()5, F(T;). To show this,
see the following example.
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Example 1.1 Let E =R and K = [0, 2]. Define a family of mappings {T},}32; : K — K by

Tlx =0, Ty’ =

=—1+x), n>2.
n

Then {T},}32, satisfy the AKT T-condition. It is easy to see that for each x € K, lim,,_, o, T}, X
x = 0. Define the mapping T : K — K by Tx = lim,, T,». That is, Tx = 0 for all x € K.
But F(T) # ey F(Ty).

In this paper, we call that {T},, T'} satisfy the AKTT-condition if { T}, }/°; satisfy the AKTT-
condition with F(T) = (52, F(T,).

Lemma 1.2 ([11]) Let C be a nonempty closed subset of a Hilbert space H. Then a mapping
T : C — C is nonspreading if and only if

I = Ty|1* < ll = y11 + 24x = T,y = Ty)
forallx,y € C.
By using Lemma 1.2, we get the following simple but important result.

Lemma 1.3 Let H be a Hilbert space and C be a nonempty subset of H. Let {T,} be a
family of nonspreading mappings of C into itself, and assume that lim,_, », T,x exists for
each x € C. Define the mapping T : C — C by Tx = lim,_, o T),x. Then the mapping T is a
nonspreading mapping.

Proof In fact, for all x,y € C, we have

2
I Tx - Tyl|* =

lim T,x— lim T,y

n—00 n—0o0

= Tim || Tx - Ty

< lim [l =y + 20 - Tty = T,)]

= ||x—y||2 +2<x— lim T,x,y— lim Tny>
n—0o0 n— 00

= llx = 1% + 2(x - T,y - Ty).

Lemma 1.2 shows that the mapping T is a nonspreading mapping. O

Lemma 1.4 Let C be a closed convex subset of a real Hilbert space H, and let Pc be the
metric projection from H onto C (i.e., for x € H, Pcx is the only point in C such that ||x —
Pcx|| =inf{||lx—z| : z € C}). Givenx € H and z € C. Then z = Pcx if and only if the following
relation holds:

(x—z,y—-2) <0, VyeC.
Lemma 1.5 ([14]) Let H be a real Hilbert space. Then the following equation holds:

2+ (1 - t)y||2 =tlx|>+ A -t)y|> -t -t)|lx—yl|>, Vxe CandVtel0,1].
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2 Main results

Theorem 2.1 Let C be a nonempty closed convex subset of a Hilbert space H. Let S : C — C
be a nonexpansive mapping and {T;}5, : C — C be a countable family of nonspreading
mappings such that F = F(S) N[5, F(T;)] # @. Let {x,} be a sequence generated in the

following manner:

x1=x€C chosen arbitrarily,

Y= (L= ) + o[BS + 3121 (Bict = B) Tixul,

Co={veC:lly,—vll < llxa—vl}, (2.1)
D, = ﬂ}il Cj'

Xp1=Pp,x, n>1,

where {a,},{Bn} C [0,1]. Assume that {B,} is strictly decreasing and By = 1. Then the fol-

lowing hold.:
(i) Ifliminf,_, o o, >0 and lim,_, B, = 0, then {x,} strongly converges to
q€ N5 F(T);
(i) Ifliminf,_, o o, (1 — @y) > 0 and liminf,_, o B, > 0, then {x,} converges strongly to
qgeF.

Proof Obviously, each C, is closed and convex and hence D, is closed and convex. Next,
we show that F C D,, for all n > 1. To end this, we need to prove that F C C, for all n > 1.
Indeed, for each p € F, we have

lyn = pll = A —an)llx, - pll +ay |:/3n||5xn -pll+ Z(ﬂt71 = Bl Tixn —pll}

i=1

< A -anllxn = pll +ay |:ﬂn||xn -pll+ Xn:(ﬂi_l = Bi)llxy —PII}
i=1
= %~ pll- 22)
This implies that
peC, forallm=>1.
Therefore, F C C, and hence C, is nonempty for all # > 1. On the other hand, from the
definition of D,,, we see that F C D,, = ﬂ:’zl Ciforallm>1.
From x,,,; = Pp,x, we have
[¥ner —xll < llv-xll, VveDyn=1
Since Prx € F C D,,, one has

%1 — x| < [|Ppx — x|, n=1 (2.3)

This implies that {x,} is bounded and hence {y,} is bounded.


http://www.fixedpointtheoryandapplications.com/content/2013/1/314

Wang Fixed Point Theory and Applications 2013, 2013:314 Page 5 of 11
http://www.fixedpointtheoryandapplications.com/content/2013/1/314
On the other hand, since D,,;; C D,, for all n > 1, we have
Xu+2 =Pp, % € Dyy C Dy
for all # > 1. From x,,,; = Pp,x one has
lens1 — 2| < [l%42 — x|l (2.4)
for all n > 1. It follows from (2.3) and (2.4) that the limit of {x,, — x} exists.

Since D,,, C D, and %,,s1 = Pp,,x € Dy,, C D, for all m > n and x,,.1 = Pp,x, by Lemma 1.4
one has

(x}’H-l — X% Xm+l — xn+1) = 0. (25)
It follows from (2.5) that

2
%241 = X |l
2
= ||xm+1 —X— (xn+1 - x) ||
2 2
= i1 — %17 + i — %7 = 200041 — %, Xppi1 — X)
2 2
= a1 = X7+ 1%a1 = X7 = 200041 = % Xpppal — X1 + Xpga1 — X)
2 2
= a1 = %17 = %1 — X7 = 2(Xn41 — % X1 — K1)

2 2
< mer = %N° = %2 —2° (2.6)
Since the limit of ||x, — x|| exists, we get
lim ||, —x,]| = 0.
m,n—> 00

It follows that {x,} is a Cauchy sequence. Since H is a Hilbert space and C is closed and
convex, there exists g € C such that

X, — ¢, asmn— oQ. (2.7)
By taking m = n + 1 in (2.6), one arrives at

lim ”xn+2 _xn+1|| = 0;
n—00

lim %41 — x4 = 0. (2.8)
n— o0
Noticing that x,,,1 = Pp,x € D, C C,,, we get

”yn - xn+l|| = ”xn - xn+l|| - 0:
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and hence

17 = %ull < 11yn = %psa | + %01 = 20l = 0. (2.9)
From (2.7) and (2.9) it follows that

im ly, —pll = lim [lx, —pll =llg-pll, VpeF. (2.10)

Now we prove (i). Note that

In = (1= @)%, +a, [ﬂnan + Y (B = BT, — xn)} + (1= B

i=1

= (1 - anﬁn)xn + anﬁnsxn +ay Z(,Bi—l - ,Bi)(Tixn - xn)~

i=1

Hence,

ot Y (Bict = BT = %) = (1= uBn) 9 = %) + Py — S%). (2.11)

i=1

On the other hand, for any p € F, from Lemma 1.2 we have

%, = plI* = 2(x, = Tixn, p — Tip) + 1%, — pII*
2
> | Tixn = Tipll* = | Tien = plI* = || Tiw — %0 + (% = p) |

= | T2 = %all® + 1w = P + 2(Tids — Xy % — p),
and hence
” Tixn - xn||2 f 2<xn - Tixmxn _p>r VL € N (212)

Note that {,} is strictly decreasing. Hence from (2.11) and (2.12) we get

1
Tty — > < ————[(1 = — Xy tn =T,
| iy — xull” < 20, (it - Bo) [( ) (Yn = Xnr Xn D)
+ 0B (Yn — SxmXu —p)],  i=1 (2.13)

Since liminf,_, o @, > 0 and lim,,_, o, B8, = 0, from (2.9) and (2.13) it follows that

lim ||Tix, —x,||=0, VieN. (2.14)

n—00
Since each T; is a nonspreading mapping, by Lemma 1.2, (2.7) and (2.10), we have

ITiq = Toxall® < llxw = qll* + 24q = Tig, % = Tixa) — 0, VieN. (2.15)
Further, one has

g - Tiqll < g = %ull + %0 — Tixull + | Tixn — Tigll - 0, VieN. (2.16)

So, we have g € (5, F(T5).
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To prove (ii), first we show that lim,,_, ||, — Sx,|| = 0. For any p € F, we have

2

Iy —P||2 = | Bu [(1 — )%y + A SXy —}7] + Z(,Bi—l - By [(1 — )%+ Tixy —P]

i=1

n

< Bu ”(1 — )Xy + 0, SKy —P”2 + Z(,Bi—l - ,Bt)H (1 - ap)xy + o, Tixy _p”2

i=1
< B ”(1 — )Xy + 0, Sy —P”2
+ 3 (B = B[ = )12 — pII* + etull Tt — p11*]
i=1

n

< Bn ”(1 — )%y + A SXy _17”2 + Z(,Bi—l = Bllxn _17”2

i=1
= Bu ”(1 — Q)X + ApSKy —P||2 + (L= Bu)llxn —P||2

< I~ 1%,
and hence by (2.10) we get

0 < [l = pII* = Bul| (A = @) + S = p|* = (1 = B %0 — pII?
= Bl —pI? = | = )ty + @Sz — p|’]
< 1%: = pI* = llyn = pII> — O. (217)

Since liminf,_, o, B, > 0, it follows from (2.17) that
lim ([, - plI% = | (1 = @)%, + @,Sx, - p|°) = 0. (2.18)
Hn—0Q

From (2.18) and

(1= ) + @St = p||* = (1= )10 = P11 + | S = PP = (L = ) 20 — Sl
we get
(1 = 0t) [, — Sty
= (I = pI% = [ (@ = ) + @S2 = p||*) = ullts = pII? + s S, — pII2
< (120 = pI? = | (1 = )t + @uSxs = p*) = il = pII% + €l - plI?
= llwn = oI = || (1 = a)n + 0, S —p”2 — 0.
Since liminf,_, » o, (1 — o) > 0, we get
lim ||x, — Sx,| = 0. (2.19)
P

Now, using (2.19), (2.7) and
lg —Sqll < g —xull + 1% — Sl + 1S, — Sqll < 21Iq — x4l + [X0 — Sx4[| — O,

which implies that g € F(S).


http://www.fixedpointtheoryandapplications.com/content/2013/1/314

Wang Fixed Point Theory and Applications 2013, 2013:314
http://www.fixedpointtheoryandapplications.com/content/2013/1/314

Note that (2.9) and (2.19) imply that lim,_, ||y, — Sx,|| = 0. Then, repeating (2.11) to
(2.16), we get g € (oo, F(T7). So, q € F. This completes the proof. d

Theorem 2.2 Let C be a nonempty closed convex subset of a Hilbert space H. Let S : C — C
be a nonexpansive mapping and {T;}3°, : C — C be a countable family of nonspreading
mappings such that F = F(S) N[5, F(T;)] # @. Let {x,} be a sequence generated in the
following manner:

x1=x€C chosen arbitrarily,

In = (L= 0tw)%n + o[BS + (1 = Br) T,

Co={veC:llyn—vl = llxu—vl} (2.20)
D=4 G

Xn41=Pp,x, n>1,

where {a,},{Bn} C [0,1]. Assume that {T,, T} satisfies the AKTT-condition. Then the fol-
lowing hold:
(i) Ifliminf,_ o o, >0 and lim,_, B, = 0, then {x,} strongly converges to
ve (s F(T);
(i) Ifliminf,_, o o0, (1 — @y) > 0 and liminf,_, o B, > 0, then {x,} converges strongly to
zeF.

Proof By a process similar to the proof of Theorem 2.1, we can conclude that {x,} con-
verges strongly to some g € C and

Xy — Y — 0.

We first prove (i). From (2.20) we have

1 B
Tnxn — Xy = 7(}]}’1 _xn) - —(an _xn))
Ol,,(l - ,Bn) 1-8,
and hence
ot =l < — =l + 252, 0,
nXn —Xnll = —————<IVn —Xull + ——[|9Xn — X4 ]|.
an(l - ﬁn) 1- 8,

Since liminf,_, » &, > 0 and lim,_, o B, = 0, we get
lim || Ty, — %l = O. (2.21)
n— o0

Further, by Lemma 1.1 and (2.21), we have

1 = Tx |l < Nloern = Toueull + | Tty — Tl

< 1160 = Tuull + sup{[| Tz — T2l| : z € {x,}} — 0. (2.22)

Since each T, is a nonspreading mapping, Lemma 1.3 shows that 7 is a nonspreading
mapping. Further, by using Lemma 1.2, we have

I1Tq - Txall® < |l — gI* + 2{q - Tg, %, = Tx,) - 0, VieN. (2.23)

Page 8 of 11
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From (2.21) and (2.23) it follows that
lg —Tgll < llg = xull + %n — Txull + I T%, — Tg|l — O. (2.24)

It follows that ¢ € F(T). Since ({T,}, T) satisfies the AKTT-condition, one has g €
Moy E(T3) = F(T). This completes (i).

Next we show (ii). By a process similar to the proof of Theorem 2.1 and from (2.22) to
(2.24), we can get that

lim ||x, — Sx,|| =0, lim ||x, — Tx,| =0,
n—00 n—oo

lim |Tx, - Tg]| =0 and lim |x, — Tx,| = 0.

n—00 n—00
Finally, by

lg —Sqll < llg —xull + 1%, — Sxull + 1Sx, — Sqll < 21 — qll + % — Sxull - O
and

lg —1gll < llg = xull + %n = Txull + I 7%, — Tgll — O,

we get g € F(S) N F(T). Since ({T,,}, T) satisfies the AKTT-condition, we conclude that
q € F. This completes (ii). d

Letting T; = T for all i € N in Theorem 2.1 and Theorem 2.2, we get the following corol-
lary.

Corollary 2.1 Let C be a nonempty closed convex subset of a Hilbert space H. LetS : C — C
be a nonexpansive mapping and T : C — C be a nonspreading mapping such that F(S) N
F(T)#0. Let {x,} be a sequence generated in the following manner:

x1=x€ C chosen arbitrarily,

In = (L= 0tn)Xn + o[BS + (1 = B) T,
Co={veC:llyn—vl = llxu—vl}

Dy =M G

Xps1=Pp,x, n>1,

where {o,},{Ba} C [0,1]. Then the following hold:
(i) Ifliminf,_ o oty > 0 and lim,—. o By = 0, then {x,} strongly converges to x' € F(T);
(i) Ifliminf,_ o oty(1 — @y) > 0 and liminf,_, o B, > 0, then {x,} converges strongly to
q € F(S)NF(T) with q = Prx.

Letting S = I in Theorems 2.1 and 2.2, we get the following corollary.

Corollary 2.2 Let C be a nonempty closed convex subset of a Hilbert space H. Let {T;}7°; :
C — C be a countable family of nonspreading mappings such that (-, F(T;) # 0. Let {x,}
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be a sequence generated in the following manner:

x1=x€ C chosen arbitrarily,

V=1 — o0t = B))xu + oty Yy (Bict = B) Tins
Co={veCillyn—vll = llx. =i},

D=4 G

Xn+l = Pan’ nx>1,

where {ay,},{B,} C [0,1]. Assume that {B,} is strictly decreasing and By = 1. Then if
liminf,_, o (1 — ) > 0, then {x,} strongly converges to q € (\io; F(T;).

Corollary 2.3 Let C be a nonempty closed convex subset of a Hilbert space H. Let {T;}75, :

C — C be a countable family of nonspreading mappings such that (-, F(T;) # 0. Let {x,}

be a sequence generated in the following manner:

x1=x€ C chosen arbitrarily,

In =0 —anl = Bu)xu + an(l = Bu) Tuxy,
Co={veCilly,—vll = llxn—vl},

Dy =4 G

Xp1=Pp,x, n=>1,

where {y,} C [0,1]. Assume that ({T,,T}) satisfies the AKTT-condition. Then if
liminf,_ o0 @y (1 — ) > 0, then {x,} strongly converges to q € (o, F(T;).
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