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Abstract

In this paper, we consider a variational inequality problem which is defined over the
set of intersections of the set of fixed points of a ¢ -strictly pseudocontractive
mapping, the set of fixed points of a nonexpansive mapping and the set of solutions
of a minimization problem. We propose an iterative algorithm with regularization to
solve such a variational inequality problem and study the strong convergence of the
sequence generated by the proposed algorithm. The results of this paper improve
and extend several known results in the literature.

1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm | - ||, let C be
a nonempty closed convex subset of H, and let f : C — R be a convex and continuously
Fréchet differentiable functional. We consider the following minimization problem (MP):

aneig f (). (1.1)

We denote by Z the set of minimizers of problem (1.1), and we assume that = # (. The
gradient-projection algorithm (GPA) is one of the most elegant methods to solve the min-
imization problem (1.1). The convergence of the sequence generated by the GPA depends
on the behavior of the gradient Vf. If Vf is strongly monotone and Lipschitz continuous,
then we get the strong convergence of the sequence generated by the GPA to a unique so-
lution of MP (1.1). However, if the gradient Vf is assumed to be only Lipschitz continuous,
then the sequence generated by the GPA converges weakly if H is infinite-dimensional (a
counterexample is given in [1]). Since the Lipschitz continuity of the gradient Vf implies
that it is actually inverse strongly monotone (ism) [2], its complement can be an averaged
mapping (that is, it can be expressed as a proper convex combination of the identity map-
ping and a nonexpansive mapping) [1]. Consequently, the GPA can be rewritten as the
composite of a projection and an averaged mapping, which is again an averaged mapping.
This shows that averaged mappings play an important role in the GPA. Very recently, Xu
[1] used averaged mappings to study the convergence analysis of the GPA, which is an
operator-oriented approach. He showed that the sequence generated by the GPA con-
verges in norm to a minimizer of MP (1.1), which is also a unique solution of a particular
type of variational inequality problem (VIP). It is worth to emphasize that the regular-
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ization, in particular the traditional Tikhonov regularization, is usually used to solve ill-
posed optimization problems. The advantage of a regularization method is its possible
strong convergence to the minimum-norm solution of the optimization problem. In [1],
Xu introduced a hybrid gradient-projection algorithm with regularization and proved the
strong convergence of the sequence to the minimum-norm solution of MP (1.1). Some iter-
ative algorithms with or without regularization for MP (1.1) are proposed and analyzed in
[3-5] for finding a common solution of MP (1.1) and the set of solutions of a nonexpansive
mapping.

On the other hand, the theory of variational inequalities [6, 7] has emerged as an impor-
tant tool to study a wide class of problems from science, engineering, social sciences. If the
underlying set in the formulation of a variational inequality problem is a set of fixed points
of a mapping or, more precisely, of a nonexpansive mapping, then the variational inequal-
ity problem is called hierarchical variational problem. For further details on hierarchical
variational inequalities, we refer to [8—11] and the references therein.

In this paper, we consider a variational inequality problem which is defined over the set
of intersections of the set of fixed points of a ¢ -strictly pseudocontractive mapping, the set
of fixed points of a nonexpansive mapping and the set of solutions of MP (1.1). We propose
an iterative algorithm with regularization to solve such a variational inequality problem
and study the strong convergence of the sequence generated by the proposed algorithm.

The results of this paper improve and extend several known results in the literature.

2 Preliminaries and formulations

Throughout the paper, unless otherwise specified, we use the following assumptions and
notations. Let H be areal Hilbert space whose inner product and norm are denoted by (-, -)
and || - ||, respectively. Let C be a nonempty closed convex subset of H. We write x,, — x
(respectively, x, — x) to indicate that the sequence {x,} converges strongly (respectively,
weakly) to x. Moreover, we use w,(x,) to denote the weak w-limit set of the sequence {x,},
that is,

wy(x,) = {x € H : x,, — x for some subsequence {x,,} of {xy,}}.

The metric (or nearest point) projection from H onto C is the mapping Pc : H — C

which assigns to each point x € H the unique point Pcx € C satisfying
llx = Pex|| = inf ||lx — y|| =: d(, C).
yeC

Some important properties of projections are gathered in the following proposition.

Proposition 2.1 For given x € H and z € C, we have
(@) z=Pcx & (x—2z,y-2) <0,Vy e C;
(b) z=Pcx & [lx—z|*> < |lx = ylI*> - lly — 2lI*, ¥y € C;
(c) (Pcx—Pcy,x —y) > ||Pcx — Pcy||?, Yy € H, which concludes that Pc is nonexpansive

and monotone.

Definition 2.1 A mapping T': H — H is said to be
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(a) ¢-strictly pseudocontractive if there exists a constant ¢ € [0,1) such that

2
)

ITx - Tyl < llx =yl + ¢ || = T)x - (I = T)y

Vx,y € H.

If ¢ = 0, then it is called nonexpansive;
(b) firmly nonexpansive if 27 — I is nonexpansive, or equivalently,

(x—y, Tx—Ty) > | Tx - Ty||*>, Vx,y€H;
alternatively, T is firmly nonexpansive if and only if T’ can be expressed as
1
T=-(+95),
SU+S)
where S: H — H is a nonexpansive mapping.

It can be easily seen that the projection mappings are firmly nonexpansive. It is clear
that T: C € H — C is ¢ -strictly pseudocontractive if and only if

2

1-¢
(Tx - Ty,x—y) < |l —ylI* - T||(1— T)x—(I-T)y|", VxyeC.
Definition 2.2 Let T be a nonlinear operator with domain D(7') € H and range R(T) C H.
(a) T is said to be monotone if

(x—y,Tx —Ty) >0, Vx,y€D(T).

(b) Given a number g >0, T is said to be B-strongly monotone if
(x-3,Tx—T9) = Bllk -yl Va,ye D(T).

(c) Given anumber v >0, T is said to be v-inverse strongly monotone (v-ism) if
(x—y, Tx — Ty) > v|| Tx — Ty|?, Vx,y € D(T).

Clearly,
« if T is nonexpansive, then I — T is monotone;

« aprojection Py is 1-ism;

1=¢_

o if T is a ¢ -strictly pseudocontractive mapping, then I — T is =

inverse strongly

monotone.

Definition 2.3 [1] A mapping T : H — H is said to be an averaged mapping if it can be
written as the average of the identity / and a nonexpansive mapping, that is,

T=(1-a)+as,
where o € (0,1) and S: H — H is a nonexpansive mapping. More precisely, when the

last equality holds, we say that T is a-averaged. Thus, firmly nonexpansive mappings (in
particular, projections) are %—averaged maps.

Page 3 of 24
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Proposition 2.2 [12] Let T : H — H be a given mapping.
. .. . .1
(@) T is nonexpansive if and only if the complement I — T is 5-ism.
(b) If T is v-ism, then fory >0, yT is ﬁ—ism.
(c) T is averaged if and only if the complement I — T is v-ism for some v > 1/2. Indeed,
SJor o €(0,1), T is a-averaged if and only if [ — T is %—ism.

Proposition 2.3 [12,13] Let S, T,V : H — H be given operators.

(@ IfT=Q0-a)S+aV forsome o € (0,1) and if S is averaged and V is nonexpansive,
then T is averaged.

(b) T is firmly nonexpansive if and only if the complement I — T is firmly nonexpansive.

(© fT=(01-a)S+aV forsomea € (0,1) and if S is firmly nonexpansive and V is
nonexpansive, then T is averaged.

(d) The composite of finitely many averaged mappings is averaged, that is, if each of the
mappings {Ti}Y | is averaged, then so is the composite Ty - - - Ty. In particular, if Ty is
ay-averaged and T is ay-averaged, where oy, a3 € (0,1), then the composite T1 T is

a-averaged, where o = o1 + oty — 010t.

Lemma 2.1 [14, Proposition 2.1] Let C be a nonempty closed convex subset of a real Hilbert
space H, and let T : C — C be a mapping.
(@) If T is a ¢ -strictly pseudocontractive mapping, then T satisfies the Lipschitz condition

1+¢

(b) If T is a ¢ -strictly pseudocontractive mapping, then the mapping I — T is semiclosed
at 0, that is, if {x,} is a sequence in C such that x, — x weakly and (I — T)x, — 0
strongly, then (I — T)x = 0.

(c) If T is a ¢-(quasi-)strict pseudocontraction, then the fixed point set Fix(T) of T is
closed and convex so that the projection Prix(ry is well defined.

The following lemma is an immediate consequence of an inner product.

Lemma 2.2 In a real Hilbert space H, we have
lx + y1I* < llx* + 2(p,x+y), Va,y€H.
The following elementary result on real sequences is quite well known.
Lemma 2.3 [15] Let {a,} be a sequence of nonnegative real numbers such that
Ane1 = (1 _Sn)an + Suln + €n, Vn=>0,
where {s,} C (0,1] and {t,} satisfy the following conditions:
(i) Dososn =005
(ii) either imsup,,_, .ty <0 0r > o0 Sult| < 00;

(il) Y o2, €n < 00, where €, > 0,Yn > 0.

Then lim,_, o a, = 0.
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Lemma 2.4 [10] Let C be a nonempty closed convex subset of a real Hilbert space H, and
let T : C — C be a ¢-strictly pseudocontractive mapping. Let y and § be two nonnegative
real numbers such that (y +8)¢ <y. Then

lyx -9 +8(Tx—Ty)| < (v +8)llx—yl, Vx,yeC.

The following lemma appeared implicitly in the paper of Reineermann [16].

Lemma 2.5 [16] Let H be a real Hilbert space. Then, for all x,y € H and ) € [0,1],
2
A+ @ =2y |” = Allell® + (= 2 ylI> = A1 = W)l = y11%.

Let C be a nonempty closed convex subset of a real Hilbert space H, andlet A: C — H
be a monotone mapping. The variational inequality problem (VIP) is to find x € C such
that

(Ax,y—x) >0, VyeC.
The solution set of the VIP is denoted by VI(C, A). It is well known that
x€VI(C,A) & x=Pc(x-21Ax), VYA>O0.

A set-valued mapping V : H — 27 is called monotoneifforallx,y € H,f € Vxandg € Vy
imply that (x—y,f —g) > 0. A monotone set-valued mapping V : H — 2/ is called maximal
if its graph Gph(V) is not properly contained in the graph of any other monotone set-
valued mapping. It is known that a monotone set-valued mapping V : H — 2/ is maximal
if and only if for (x,f) € H x H, {(x —y,f —g) > 0 for every (y,g) € Gph(V) implies that
f € Vx.Let A: C — H be a monotone and Lipschitz continuous mapping and N¢v be the

normal cone to C at v € C, that is,
Ncv = {weH: (v—u,w)>0,Vu € C}.
Define

Av+Ncv ifveC,
W=
? ifveC.

Lemma 2.6 [17] Let A: C — H be a monotone mapping. Then
(i) V is maximal monotone;
(ii) ve V710 < ve VI(C,A).

Throughout the paper, we denote by Fix(7T') and Fix(I") the set of fixed points of T and
I, respectively. We also assume that the set Fix(T) N Fix(I") N £ is nonempty closed and
convex.

Let S,T : C — C be nonexpansive mappings and I" : C — C be a ¢{-strictly pseudo-
contractive mapping with ¢ € [0,1). In this paper, we consider and study the following
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hierarchical variational inequality problem which is defined on Fix(T) NFix(I") N &.

Find x e Fix(T) NFix(I')N &  such that

(Xx-8Sxx—-x) <0, VxeFx(T)NFix(I')NZE&. (2.1)

We denote by §2 the solution set of problem (2.1). It is not difficult to verify that solving
(2.1) is equivalent to the fixed point problem of finding x € C such that

X = Prix(T)nFix(I")n&E SX,

where Prix(r)nrix(r)nz stands for the metric projection onto the closed convex set Fix(T") N
Fix(IN N &.

Problem (2.1) contains the hierarchical variational inequality problems considered and
studied in [8, 18, 19] and the references therein.

By using the definition of the normal cone to Fix(T) NFix({") N &, we have the mapping
Nrix(rynrix(rng : H — 2

{ue H:(Vy e Fix(T) NFix(I") N E){y —x,u) < 0},
X = ifx e Fix(T)NFix(I")N &;

#, otherwise,
and we readily prove that (2.1) is equivalent to the variational inequality
0 € (I - $)% + Nrix(1)nFix(Mns X

By combining the hybrid gradient-projection method of Xu [1] and a two-step method
of Yao et al. [11], we introduce the following three-step iterative algorithm:

Y = 0,Sx, + (1 -6,)xy,
Zy = BnQyn + 1= By) TPc(y, — )\Vfan ), (2.2)
Xns1 = OnZn + YuPc(2n — AV, (24)) + 8, " Pc(zn — AV, (24)), V>0,

where Q: C — C is a p-contraction mapping, {«,} C (0,00), {84}, {04}, {on} C (0,1) and
{vu}, {8,} C [0,1] with o, + ¥, + 8, =1, Vn > 0. It is proven that under appropriate assump-
tions, the above iterative sequence {x,} converges strongly to an element x € Fix(T) N
Fix(I") N &.

3 Main results
Let us consider the following assumptions:
« the mapping Q: C — C is a p-contraction;
« the mapping I" : C — C is a ¢ -strict pseudocontraction;
« §,T:C — C are two nonexpansive mappings;
« Vf:C — H is Lipschitz continuous with 0 < A < %;

+ {a,} is a sequence in (0,00) with Y 7 o, < 00;

3

{B.}, (6.}, {on} are sequences in (0,1) with 0 < liminf,_, » 0, <limsup,,_, . 0, < 1;
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o {yu}, {8,} are sequences in [0,1] with o, + y,, + 8, =1, Vn > 0;
o liminf, .68, >0 and (v, +8,)¢ <y, Vn > 0.

Theorem 3.1 Let {x,} be a bounded sequence generated from any given x, € C by (2.2).
Assume that the following conditions hold:

(H1) 37026 By = 00, limyso0 511 - el | = 0;

(H2) Timy o0 415 = 521 = 0, 1imy, o0 711 = 222 = 0

(H3) limy, 000, = 0 and lim,,_, « % -0;

(H4) 1lim, . o0 221l = 0, lim,, o 12221l = 0;

: 1 Vi Yn-1 | _
(H5) lim,,_, oo Bl | l_gn - l_gn_ll =0.

Then the following assertions hold.:
(1) limy— o meeln—xnll =0;

(i) ww(x,) C £2.

Proof First of all, we show that P(I — AVf,) is £-averaged for each A € (0, -2+), where

7 a+l

2+ Ma+1)

5 4

€(0,1).

Indeed, the Lipschitz continuity of Vf implies that Vf is %-ism [2], that is,

(90 = V)] = 1|90 - VO]
Observe that

(o + L) Vo (&) = Va9, — )
= (@ + D[allx - yII* + (Vf(x) - Vf (), x - )]
= o? o= yI* + a(Vf %) = VI (), x - y) + aLllx = y1I> + L{VF (%) = VF (), x - )
> ol - 112 + 26(Vf (%) = V) x —y) + [ V@) = V)|
= et =) + V@) - VIO
= | VA - VED.

Therefore, it follows that Vf, = ol + Vf is ﬁ—ism. Thus, by Proposition 2.2(b), AVf, is

@-ism. From Proposition 2.2(c), the complement I — AV, is w

fore, noting that Pc is %—averaged and utilizing Proposition 2.3(d), we obtain that for each
A €(0,-%), Pc(I - AVf,) is £-averaged with

-averaged. There-

? a+L
s:l_kk(01+L)_1'k(01+L) :2+A(a+L) € (0,1).
2 2 2 2 4

This shows that Pc(I — AVf,) is nonexpansive. For A € (0,%), utilizing the fact that

lim,, oo aﬂ% = %, we may assume that

O<A<

, Vn>0.
o, +L
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Consequently, it follows that for each integer #n > 0, Pc(I — AVfy, ) is &,-averaged with

1 A L 1 A L 2+ A L
g1, (@ +L) 1 May+ ): + Ao, + )e((),l).
2 2 2 2 4

This implies that Pc(I — AVf,,) is nonexpansive for all n > 0.

The rest of the proof is divided into several steps.

STEP 1. lim,,_, oo ”"%M‘x”” =0.

For simplicity, we put ¥, = Pc(y, — AV, (y»)) and z, = Pc(z, — A VS, (z,)) for every n > 0.
Then z, = ,Qyn + (1 = B) Ty, and %41 = 642y + VuZn + 8,12, for every n > 0.

Taking into account 0 < liminf,_, » 0, <limsup,,_, ., 0, < 1, without loss of generality, we
may assume that {o,} C [¢,d] for some ¢,d € (0,1). We write x,, = 0,,.12,1 + (1 — 04-1)Vy1,

Vn>1,wherev,_; = % It follows that for all 7 > 1,

v v Xn+l — OpZp Xn — Op-1Zp-1
n—Vn-1= -
1-0, 1-0,1

_ ynén + SnFEn yn—l‘%n—l + 8;1—1 F‘%n—l

I—Gn I—Gn_l

_ yn(én _271—1) + an(rzn - F‘%n—l)

- ) O
" Vn _ Vn-1 %n_l + n_ n-1 an—L (31)
l-0, 1-0,1 l-0, 1-0,1

Since (y, + 8,)¢ <y, for all n > 0, by Lemma 2.4, we have

”Vn(zn -Zy1) + 8,2, — I'z,1) ” < (Y + 8120 = Zna |l 3.2)
Now, we estimate ||z, — z,_1]|. Observe that for every n > 1,

17 = -1 ll < |Pell = 2, )yn = Pl = A¥fo, )91 |
+ | Pc( = AVfa, )yt — Pcl = AV o, )yn-1||
<190 = nall + | Pl = 2V fo,)yu1 = Pcl = AV, )yua |
<1y = ynall + | = AV fo, )yna = L= AV, )y |
= 19 = Y-l + [ AV o, Or-1) = AV, O |

= 1yn = Yuall + Aoty — @pa | 1yn-1ll- (3.3)
Similarly, for all n > 1, we have
12 = Zy1ll < M1z = Zu-all + Aoty — @ lllzn-a -
From (2.2), we have

Y = 0,8x, + (1 —0,)x,,

Yn-1= On18%p1 + (L= 0,1)%01, Vm =1,
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and therefore
Yn—Yn-1+= gn(sxn - an—l) + (Qn - en—l)(an—l - xn—l) + (1 - en)(xn - xn—l)r
which implies that

lyn = yu-all < 0ullSx = Sxp—t || + 1600 — Ot |1 Sx-1 — 201 || + (L= 6)l1%n —xpall

< % = x|l + 105 = 01|18y — X1 |- (3.4)

Also, from (2.2) we have

Zy = ,BnQyn + (1 - ,Bn)lem
Zp-1= ,Bn—len—l + (1 - ,Bn—l)Tj/n—lr Vn > 1;

then simple calculations show that

Zy— 2y =(1- ﬁn)(Tj’n - Tj/n—l) + (B — ﬂn—l)(Qyn—l - Tj’n—l) + ﬁn(Qyn - Q}’n-1),

and thus, from (3.3)-(3.4), we have

120 =zl
<A =BINTYn = Tynall + 1Bu = Bu-alllQyn-1 = Tyn-all + Bull Qv — Q- ll
<@ =BIYn = Yuall + 181 = BuallQyn-1 = TYall + Bull Qyn — Qyul
< (=B (19n = Ynr | + Aletn = @l 1ynall) + 1Bn = Bua 1 QYncr = Tl
+ Bupllyn = Yna
< (1= @=p)Ba)lyn = yuall + Aty = nt [11¥n-tll + 1Bn = Buall|Q¥n-t = Tl
< (1= @ = p)Bu)[I1%n = Znall + 16 = Ot [1S%n1 — X1 ]
+ Moy — | 1yn-all + 1Bn = Bu-alllQyn-1 = TYnl
< (1= @=0)Bu) %0 = Zuall + 16 — 6t [1S%n—1 — X1
+ Moy — | 1yl + 1 Bn = BualllQyn-1 = TYn
< (1= @ =p)Bu) %0 = Fntll + Mi[16 = Ot | + 10t — s | + [ Bn = Bual], (3.5)

where ||Sx, — 2, || + Ayl + |Qyn — T¥,|| < My, Vn > 0 for some M; > 0. This together with
(3.1)-(3.3) implies that

Vi = Vil
”yn(%n - ‘%n—l) + (Sn(rén - F‘%n—l)” Vn Vn-1 ~
< + - 1z
1-0, l-0, 1-0,1
) Sno1 -
+ |- 117z
l—O‘n 1—Gn_1
+8) 120 — Zn- _ - - -
S(J/n Mz =Zwall | vn Yua Gl + | — Y ez
1-0, l-0, 1l-0,1 l-0, 1-0,1
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Vn VYn-1

=12y = Zuall +
neo l-0, 1-0,1

(1Zaall + 1751 )

Vn Vn-1

= ”Zn _Zn—1|| + )\|an - an—l| ”Zn—l” +
l-0, 1-0,1

(1Zaall + 17251 1)

= (1 - (1 - p),Bn)Hxn _xn—IH +M1[|9n - 9n—1| + |Ol,, - an—l' + |/3n - ﬂn—l']

Vn VYn-1

1—0,,, l—O'y,_l

+ Aoty — | l1Za || + (sl + 17251 )

< (1= =p)Bu)l1%n = %y +M2|:|9n = Onal + 2]y — apal + By — Bl

I

where My + Allz, || + |1Zull + | Tz, || < M3, Vi > 0 for some M, > 0.
Further, we observe that

Vn Vn-1

l-0, 1-0,1

X1 = 0nZy + (L= 04)Vy,

%n = 0p1Zn-1 + (1= Bu1) Vo1, V=1,
and then by simple calculations, we have
Xni1 = Xn = (1= 0) (Vi = V1) + (O = 04-1)(Zn-1 = V1) + Ou(2n — Zu-1).
By taking norm and using (3.5)-(3.6), we get

19241 = %l

= (1 - o—n)”Vn - Vn—l” + |Un - an—1| ”Zn—l - Vn—l” + Un||zn - Zn—l”

(3.6)

<(1- O'n){(l -(1- p)ﬁn)”xn =%l +M2|:|9n = Opal + 2|ay — apa| + 180 — Bu-il

l1-0, 1-0,4

) Vn Vn-1
+

i| } + |Un - 0n—1| ”Zn—l - Vn—l”

+0u{ (1= (1= p)B) 1%n — Xt Il + Ma[16 — Ot | + |ty — tna| + |Bu — Busl]}

= (1 - (1 - p)ﬂn)”xn _xn—ln +M2|:|9n - 0n—1| + 2|an _an—ll + |,Bn - ,Bn—l|

Vn Vn-1
+ _
’ l-0, 1-0,1

:| + 0% — 0u-1ll1Zu-1 = Vi |l

=< (1 - (1 - )0)/371) ”xn _xn—ln +M3 |:|0r1 - 9n—1| + 2|05n - O5;1—1' + |ﬂn - ﬂn—1|

Vn Vn-1
+ —_——
'1—0}, 1—0’,,_1

+ |Un - Un—l']r

where M, + ||z, — v,,|| < M3, Vn > 0 for some M3 > 0. Therefore,

”xn+1 —Xn ”
Oy

% = % |l 6 — 01 loy — 1| |Bn = Bu-il
5(1_(1_10),3;1)971"'1\/[3 2 = +2 2 =+ 2 -
n n n n

Page 10 of 24
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+ i Vn _ Vn-1 |0y — O]
0,11-0, 1-0,1 0,
%0 = %n-ll %0 = %nall %0 — %l
=(1- (1= p)By) ==+ (1= (1= p)B) | 5 - =
9}1—1 971 gn—l
+M3 |0n - 0n—1| ) |an _Ofn—1| " |ﬁn - ﬁn—1|
0, 0, 0,
1 Vn VYn-1 |0y — 0]
+— - +
O,|1-0, 1-0,1 0,
”xn _xn—IH 1 1
< (1- (- p)) IRy |
( n) 971—1 9}1 9}1—1
|6, — 0,1l |y —apal  1Bn— Bl 1 Vn Vn-1 [0y — 04l
+2 + + — -
6, 6, 6, 0,|1-0, 1-0,1 0,
%6 = 21l M 1|1 1
= (1= (= )B) T (1= )y -
( yl) en—l " 1- 1Y :Bn 9;'1 9;«1—1
+L1_9”‘1 2M il_%
B Oy B0 On Bn
+ 1 Yo Vi Op — Op-1] }, 3.7)
ﬂngn 1- On 1- Op-1 ,Bnen

where M3 + ||x, — x,_1]| < M, Vn > 1 for some M > 0. From (H1)-(H5), it follows that

> nzo(L = p)By = 00 and

. M 1|1 1 1 6,1 |ty — ety
lim —— 1 —|— — +—|1- 2"
n—oo ] — 1Y ,Bn 9,, en—l IBn 971 ;3719
1 Br-1 1 Vn VYn-1 |0y — Op-1l }
+—1- + - =
0, Bau Bubn|l-0, 1-0,1 BiuOn

Thus, by applying Lemma 2.3 to (3.7), we conclude that

. X — X,
lim ” n+l n” _ 0’
n—00 9;'1

which implies that

Page 11 of 24

lim_ [[%,41 — %l = O. (3.8)
STEP 2. lim,,_, o ||x, — 2] = 0.
Indeed, let p € Fix(T) NFix(I") N Z. Then we have
17n = pll = | Pcl = AV fo, )yn = P = AVf)p||
<||Pc = AVfy,)yn = Pc = 2V, )P |
+ | Pcl = AVfa, )0 — Pc - AVf)p|
< lyu—pll + || Pc = AV Sy, )p = Pc - AVf)p||
(3.9)

= yn —pll + 2anlipll.
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Similarly, we get
I1Z2n = pll < llzw = pll + Aellpll.

By Lemma 2.5 and (3.9), we have

1z, — pII?
= [ Ba(Qyn = p) + A= B)(TF - p)|*
< BallQyn =PI + (1= B 7 — pII?
< BullQyn = pI? + 13 - pII?
< BullQyn — 2% + (Iyn — pIl + 2etullpll)*
= Bull Quu =PI + 19n =PI + Aetullpll (2119 — pIl + Aera 1)

< BullQyu = PII* + 0,11, = p1I* + (L= 6,) % = pII* + Aevul|pll 211y — Il + AeulIpl])

< BullQyu = pII* + 0,411Sx, — pII* + % — pII* + Aetullpll (2013 — Il + Actulipll).

Since (y, + 8,)¢ <y, for all n > 0, utilizing Lemma 2.4, we obtain

”xn+l —P||2
= Han(zn —P) + Vn(én —P) + an(an —P) ”2
2

an(zn —P) + (yn + an);[yn(zn —P) + Sn(Fén —P)]
Yn + 8

2

:0n”Zn —19”2 + (yn +3n) [yn(zn —P) +8n(r‘%n_p)]

Yn + 6

2

—0u(Vn +64) | (20 —p) - [Vn(én -p)+8,(I'z, —17)]

Yn + 6

2

= oyllzn —17”2 + (Vn + 8n) [Vn(fzn —-p)+8,(I'z, —P)]

Vi +
2

~0u(Vu + 1) [Vn(zn —2,) + 6,z — Zn)]

Vi +
2

=0y llzn —P”z + (Vn + 8n) [Vn(in —-p)+8,(I'z, —19)]

Vi +

On

2
15141 — Zn |
Yn + Sn

Oy
Vn + 8

On

1-0,

2
%241 = Zn

< 0oullzn —plI* + (vn + 81z — pII* -

2 = 2 2
=oullzn = pll +(1-0,)12, -pl - 1541 — 2

<oullzn—plI* + A= 0n)[ 2 — pII* + At l|pll (21120 — pll + Aetullpll) ]

Oy

1-0,

2
(15641 — 2

2 On 2
<llzn = pI* + retulpll (212, — pll + Aeullpll) = - 15641 — 2l

n

Page 12 of 24
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< Bull Qyn = pI* + 0,115, = pII* + % = P11 + 2t PNl (213 =PIl + At pl])

Oy 2
%41 — 2

+ 2aul|pll (202, = pll + A llpll) 1

n
= [l%x = pII* + Bull Qv — P11 + 6,11S%, — pI?

+ 220l (19 =PIl + 20 = pll + A lipll)

Op

2
161 — 2all*
1-0,

Since 0 < liminf,_, o 0, < limsup,_, ., 0, <1, we may assume that {o,} C [c,d] for some
¢,d € (0,1). Therefore, we deduce

¢ 2
141 — 2
1-c¢

On

1-0,

2
=< 141 — 2

< 1% = pI* = 1%ns1 = pI* + Bull Qyn = pII? + 6,1 Sx — pII*
+ 220, [Pl (Ilys = pIl + 12 = pIl + et lpll)
= (”xn =Pl + %n _p”)”xn = %1l + Bull Qyu _P||2 + 0, | Sx, —P||2

+ 22.,lIpll (I1y = pIl + 20 = pll + Aetallpll).-

Since «, — 0, 8, — 0, 6, — 0 and ||x, — x,,1|| = 0 as n — 00, we conclude from the
boundedness of {x,}, {y,} and {z,} that ||x,,; — z,]| = 0 as n — oco. This together with

[l = %y41]] = O implies that
lim |x, —z,| = 0. (3.10)
n—00

STEP 3. lim,—, o ||yy — ¥l = 0 and lim,,—, o ||z, — Z4|| = O.
Let p € Fix(T) NFix(I") N €. Then, by Lemmas 2.2 and 2.5, we have
[

= || Ba(Qyn =) + 1= B)(T5 - p)|?
< Bull Qyu—pI? + (AL = B3 — I
= Ball Qi — pI> + (1= B) | Pell = AVfo, )y — Pl = AVf)p |
< Bull Qyn —pI* + (U= B) [ (U = Ay — (L = AVF)p — Aty
< BallQyn - pII? + (L= B[ | T = 1f)y = U =2V f)p |

=200y, I = AV fo, )y — (L = AV )p)]

< BullQy, —pl* + (1 - ﬂn)[nyn -pl*+ A(A - %) 1Vf o) - V)|
+ 20 |yl | (T = AV, )y — (I — Wf)pﬂ

< BullQyn - plI* + (1 —ﬂn)[enIIan - plI* + (1= 6,)llx, - plI®
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+ A(k - %) [¥70m) = Vf @ + 250nlyall [ = 29fe, )y = (1 - Wf)plq

< BullQyn = pI* + 0,115, — plI* + 1, — plI* + (1 ﬂn)x(x - %) IVf o) - V@) |

+ 240 [yl |4 = AV oo, )yn — L = 2V )p| .

Therefore, we obtain

(1- ﬂn)x(% - A) [V70m) - V)]

< BullQyu — pII* + 0,11Sx, — pII* + 1% — pII* = 20 — pII>
+ 22 ullyull| (T = AVfar, )y — L = AV )p||

< BallQyn = PI* + 04112 — pII* + (6 — pll + 120 — pII) (1% — Il = l|2s — pII)
+ 220 [l ll | (I = AV fo, )y = L= AV )p |

< Ball Qyn =PI + 0ul1Sxn = pII” + (0 = Pl + 120 — pII) 1% — 2
+ 220 [l | (I = AV £, )yn = L= AV f)p .

Since a, > 0, B, > 0,6, — 0, |lx, —z,]| > 0and 0 < A < %, from the boundedness of
{x.}, {y»} and {z,}, we obtain lim, . », || Vf (y,) — V()| = 0, and hence

Tim [V, () - V(@) = 0.

Also, since

yn = zull < yn = %ull + 160 = zall = OullSxn — x|l + 6 — 2zl

from 6, — 0 and ||x, — z,|| — O, it follows that

lim ||y, — 24l =0 and lim | V£, (z,) - Vf(p)| = 0. (3.11)
H—0Q n— 00
Furthermore, from the firm nonexpansiveness of P¢, we obtain

15 = pI* = | Pcl = 2V, Jyn = Peld = 29f)p|*
< (U = AV )yn — = AVf)p, 5 — p)
= 0= 35h g0~ U250 + 15, - I
| =35  yn = U =2 )p = G = p)[*}
< 2l =1 + 22V 0) = V@ [ -39, - - 250p)
4150 = 21 = 1y = 5l + 22y = Fs Vo, 0) = VS @)

— 22| Vo ) = VEO) ),
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and so,

15— plI>
< yn=pI* = 170 = Ful?
+ 21| Ve, 0) = VIO | | (T = AV o )yn — = AV f)p|
+ 209 = F Vo O) = VI () = 32| Ve () = V@)

Similarly, we have

12, - plI?
< 2w =PI = 120 = Zall* + 24| Vo, (z0) = VF@) | | = 2V S )zn — (I = 1V )p |
+ 2020 = 2y Vo, (20) = VI (D)) = 22| Vo (2) = VD). (3.12)

Thus, we have

2w = 21> < BullQyu = pI* + A= B) 7 - pII>

< Bull Qyn - pI* + 13— pII?

< BullQyn = pI* + Iy = 2I* = 17 = I
+ 24| Vo, 00) = VIO | | (4 = AV, )yn — U = 2V ])p|
+ 20y = Fos Voo On) = VF (0)) = 22| Voo, 0) = V)|

< Bull Qyn = pI* + Iy = PI* = 17 = ull?
+ 20| Voo, ) = VIO | (T = 2V [, )70 = (I = V1 )p |
+ 20y = Js Vo O0n) = V()

< BullQyn = pI* + Iy = 2I* = 17 = I
+ 20| Vo, On) = VIO | ([T = AV foo, )y = T = 29D + 13 = Ful)»

2

which implies that

1y = Full?
< Bull Q= pII* + lyn =PI = 20— pI?
+ 24| Ve, ) = VSO (| (= 2V fo )y = T =2V )p | + 17 = Full)
< Bull Q= pI* + (Iyn = Il + 120 = 21 19 = Zull
+ 20| Vo, 0) = VIO (|4 = 29 )y = (L= 25D + 1570 = Full)-

Since B, = 0, ||lyn — zull = 0 and || Vf,,, (y,) — Vf(p)|| = 0, from the boundedness of {x,},
{y4}, (2.} and {3}, it follows that

nll>nc}o ”yn _5/71” =0.
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In addition, since (y, + 8,)¢ < y, for all n > 0, utilizing Lemma 2.4, we get from (3.12)

st =PI < Oullzn = pI* + (v + 81120 — pII>
= oullzn = pI* + (1= 0,) 12, — pII?
< oullzn — pI* + (1= o) {120 — PI* = 120 — Zull?
+ 21| Vi, (20) = VEO) | | = V£, )20 — U= AV])p|
+ 2020 = 2y Vo @) = VI (0)) = 22|V 2n) = VI ()|}
< oullzu = pII* + A= o) {2 — PI* = 12w — Zull
+ 20| Vo, () = VIO | | (I = AV e )2n — (U= 2V f)p |
+ 212 = Zull| Ve, (20) = VA () [ }
< llzn = pI* = (1 = 0)l12s — 2

+ 20| Vo, (@) = Vf D) (|4 = 29fe)20 = (T =2V + 12 = Zall),
which implies that

1= ow)llzn — Za?
< llzu = pII* = %01 — pII?
+ 20| Vo, @) = VO (| = 2V )20 = L = 2V )p] + 120 = Zul)
< (Ilzw =PIl + 1201 = PI) 121 = X

+ 24| Vo (20) = VE@) | (| I = AV )zn = U = AVE)p|| + 120 = Zull).

Since {0} C [c,d], l|zn — %ns1 |l = 0 and || V£, (z,) — Vf(p)|| = 0, from the boundedness of
{x.}, {z,} and {z,,}, it follows that

lim ||z, — Z,|| = 0.
n— o0

STEP 4. w,(x,) C £2.
Let p* € w, (x,,). Then there exists a subsequence {x,,} of {x,} such that x,, — p*. Since
Zn—Yn= ,Bn(Qyn _yn) + (1 - ﬁn)(len _yn)
= ,Bn(Qyn _yn) + (1 - ﬁn)(Tj’n _5/71) + (1 - ,Bn)@n _yn):
we have
A= BITYn =l = ”Zn = Yn = Bu(QYn = yu) = (L= Bu) G = ¥u) ”
< llzx _yn” + ﬂn”Qyn _yn” +(1- ﬂn)”j"n _yn”
< |1zu = Yull + Bull Qyu = yull + 1Y = Yull-

Hence from ||z, - y,|| = 0, B, — 0 and ||y, —y,|| = 0, we getlim,, . || T¥, -4 = 0. Since
ll¢y — ¥4Il = 0 and ||y, — ¥4l = 0, we have y,, = p*. By Lemma 2.1(b) (demiclosedness

principle), we obtain p* € Fix(T).
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Meanwhile, observe that

Xnel —Zn = yn(én - Zn) + 5}1(an - 2}1) + Sn(én - Zn)
= (Vn +8,) (20— 24) + 8,(I'Z, — Z)

=(1-0,)(Zy — z4) + 8,(I'Z,, — Zp).
Thus,

(Sn”F%n - 2}1” = ||xn+1 —Zp— (1 - Un)(%n - Zn) ||
< % = zall + A= 012, — 24l

< %ne1 = zall + 120 —zall > 0 as m— oo.

This together with liminf,_, o 8, > 0 yields lim,_« || "z, — Z,|| = 0. Since ||x, — z,|| = O
and |z, — z,|| = 0, we have z,, — p*. By Lemma 2.1(b) (demiclosedness principle), we
have p* € Fix(I').

Further, let us show p* € &. Indeed, from ||x, — y,|| = 0 and ||y, — y,|| = 0, we have
Yy, — p* and y,, — p*. Define

Vf(v)+Ncv ifveC,
% ifveC,

W=

where Ncv={we H: (v—u,w)>0,Vu € C}. Then V is maximal monotone and 0 € Vv if
and only if v € VI(C, Vf) (see [17]). Let (v, w) € graph(V). Then we have

we Vv=Vf()+ Ncv,
and hence
w— Vf(v) € Nev.
Therefore, we have
(v—u,w— Vf(v)) >0, VYueC.
On the other hand, from
Vn =Pc(yn— AVfy,(y)) and veC,
we have
(Y = AV for, On) = 3o — V) = 0,

and hence

<v—)7n,y" ;y" + Vfo,n(yn)> > 0.

Page 17 of 24
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w—-Vf(v)eNc(v) and ¥y, €C,

we have

<V_5/np W> Z <V_5’ni» Vf(V))
Vi = ym

= V= V() - < s Vo On) >

Vn; = Vn;
A

=<V—5/ni,Vf(V)>—<V—5/ni, +vf(yn > O[,, V- yn,ryn,>

<V Vny» Vf(v) - Vf(yﬂ ) (V_jlﬂi’vf@"i)_vf(yni»
< ~ 5/71,' _yn,‘
A

- V_yn,v >_an,'<v_5}niiyni)

Z (V _5/ni¢ Vf@n,) - Vf()’n,)) - <V _5/ni» ynl )\ yn[ > Olni<V _j}ni’yn,')'
Hence, we obtain
(v—p*,w) >0 asi— oo.

Since V is maximal monotone, we have p* € V10, and hence p* € VI(C, Vf), which leads
to p € E. Consequently, p* € Fix(T) N Fix(I") N &. This shows that w,(x,) C Fix(T) N
Fix(I) N &.

Finally, let us show p* € £2. Indeed, it follows from (2.2) that for every p € Fix(T) N
Fix(I') N &,

2
Iyn = pI* = || (L= 6,) (@ — P) + 0u(Sxn — Sp) + 0(Sp — P) |
< (1= 6. = p) + 6u(Sxs = SP)||* + 26,(Sp — P,y — )
< (=)l = pII* + 0,411Sx = SpI* +26,,(Sp — P,y — P)

< 1% = pII* +26,(Sp — p, ¥ — p),
and hence

lzn - pII?
< BullQyu—pII”> + A= B3 - pII?
< Bull Q= pI* + 113 - pI?
< BullQyn —pII” + (Ilyn — pll + )»Olnllpll)2
< BullQyu = pII” + lyn = pII* + At Pl (21lyn — Pl + 2etullpll)
< BullQyn = pII* + %0 — pII* + 26,(Sp — p,yn — p)

+ 2aullpll (21lyn = pIl + Aewa )


http://www.fixedpointtheoryandapplications.com/content/2013/1/284

Ceng et al. Fixed Point Theory and Applications 2013, 2013:284 Page 19 of 24
http://www.fixedpointtheoryandapplications.com/content/2013/1/284

Since (y, + 8,)¢ <y, for all n > 0, by Lemma 2.4, we have

01 - pII?
< Oullzn =PI + (v + 80120 — pII?
< oullzn - plI* + (L= 0,) (120 - pll + 2ealipll)?
<llzu = pI* + Aetullpll (20124 — pIl + Aetalipll)
< Ball QY =PI + 1% = pII? +26,(Sp — b, 7w — P)
+ 2aullpll (2llyn — pIl + Aullpl) + Aullpll (2112 - pll + Aevallpll)
= 1%, — pII* + Bull Qyu — pII* + 26,(Sp — p,yu — p)

+ 220, PNl (Ilyn =PIl + 125 = pIl + 2w lpll),

which implies that

1 Bn
2(p-Sp,yn—p) < 9_(||xn -pI* = % - pII°) + 5. 1Q -pl?

n

ay

+ 22 20pl (I =PIl + 1z = pll + Aetulpl)
”x —Xn+ ” ,Bn

< ”T“Um =PI+ lna = pl) + 5 1Qyn I

oy,
+ Q—ZMIPII(Ilyn =pll + 1z = pll + A pll).-

n

Since % — 0and ”"”’Qx’“l” — 0asn — oo, from the boundedness of {x,}, {y,} and {z,},

n

we deduce that

limsup(p - Sp,y, —p) <0, VpeFix(T)NFix(I')NZ.

n—0oQ

So, from y,, — p*, we get
(p-Sp.p*-p)<0, VpeFix(T)NFix(I')N 5.

Taking into consideration that / — S is monotone and continuous, utilizing Minty’s lemma

[7], we have
(p*-=Sp*,p* -p)<0, VpeFix(T)NFix(I'NZ.
Therefore, p* = Prix(r)nrix(r)nz Sp*; that is, p* € 2. O

Remark 3.1 Iterative algorithm (2.2) is different from the algorithms in [1, 11]. The two-
step iterative scheme in [11] for two nonexpansive mappings and the gradient-projection
iterative schemes in [1] for MP (1.1) are extended to develop three-step iterative scheme
(2.2) with regularization for MP (1.1), two nonexpansive mappings and a strictly pseudo-

contractive mapping.
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Remark 3.2 The following sequences satisfy the hypotheses on the parameter in Theo-

rem 3.1.

@) a, = ﬁ, B, = % and 6, = %,Where t € (0, %) and s € (¢,1-¢);

(b) a,,:%+%andy,,=8,,=i—%foralln>4.

Theorem 3.2 Let {x,} be the bounded sequence generated from any given x, € C by (2.2).
Assume that hypotheses (H1)-(H5) of Theorem 3.1 hold and
(H6) lim, o0 5 = 0;
(H7) There is a constant k > 0 such that
llx — TPc(I — AVf)x| > kdist(x, Fix(T) NFix(I") N &) for each x € C, where
dist(x, Fix(T) N Fix(I") N &) = infycpix(r)nrix(mnz 16— yll.
Then the sequences {x,}, {y,} and {z,} converge strongly to x* = Po Qx* provided || x,, — z,|| =
0(0,), where x* solves the following variational inequality:

(x* —Sx*,x* - x) <0, VxeFx(T)NFix(I')NE&.
Proof Let p € Fix(T) NFix(I") N &. From (2.2), we have

Zpn—p= :Bn(Qyn - QP) + ,Bn(Qp _p) +(1- ,Bn)(len _P);
and therefore,

lzn - pII?
< |Bu(Qyn = Qo) + (1= B)(T5 — p)| + 2B4(Qp - P20 — )
< (1= B THn - pI* + Bal Qyn — QpII* + 2B,(Qp - p, 20 — p)
< (1= BIFu —pI* + Buo* 190 — PII* + 2B4(Qp — p. 20 — p)
< (1= B)(Iyn =l + 2eallpl) + Buplyn = pII> + 28,(Qp = p, 24 - p)
< (1= (1= p)B4) llyn = pI* + 2t pIl (21l — pIl + Aetullpl])

+2B,(Qp — p, 24 — p). (3.13)

Again from (2.2), we obtain

1y = pI? = | (1 = 6,) (% — ) + 64(Sx — Sp) + 6,(Sp - p)|°
< |0 =00 — ) + 64(Sxs = SP) | + 26,(Sp — P, yu — D)
5 (1 - 9,,)”96" —P||2 + en”an —SP||2 + 29n<Sp —P;J/n —19>

< Il = pII* +26,(Sp = P,y — p)- (3.14)
Substituting (3.14) into (3.13), we get

Iz = plI> < (L= (L= p)B) (I%n = pI* +26,(Sp = p,yu — )

+ 2 lpIl (219 = pll + 2eullpll) + 28,(Qp — p, 20 — p)
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= (1= =p)Ba)l%n —pI* +2(1 = (1= p)Bn)0u(SP — Psyu — P)

+2B4(Qp = P, 2n — p) + A [Pl 211y — Pl + At ||pll). (3.15)
Since (y, + 8,)¢ <y, for all n > 0, utilizing Lemma 2.4, we get from (2.2) and (3.15)

%01 = PI* < 0ullzn = pI* + (v + )20 - pII*

< oullze = pI* + (U= ) (llzn — pIl + Aealpl])*

< llzn = pII* + Aetullpll (21122 = pIl + Aetullpll)

<(1--p)B)lxn—plI* +2(1= 1= p)B4)0n(SP — P, yn — P)
+2B,(Qp — P 20— P) + etu Pl (2119 — pIl + Aetulipll)
+ 2eul|pll (2012n = pIl + Aetulipll)

= (1= (= p)Bu) 1% = pI* +2(1= (1 = p)B4)6u(Sp — P, yn — P)
+2B,(Qp = p. 20 — ) + 22 lp (175 =PIl + 120 — pI| + At p])

<(1-Q=p)Bu)l%n = plI* +2(1 = (1= p)B1)0u(SP — P, yn — P)
+2B,(Qp — p,2u - p) + May, (3.16)

where M = sup,,-o (2A 1Pl (1yn =PIl + 12s = pll + AatullpID)} < 00.
Taking into consideration that Py o Q is a contractive mapping, we know that P o Q

has a unique fixed point x* € §2. That is, there is a unique solution x* € §2 of the following
variational inequality problem (VIP):

(Qx* —x*,q-x")<0, Vgeg. (3.17)

Since x* € £2, it is clear that * = Prix(r)nrix(rnz Sx™, and hence x* € Fix(T) NFix(I") N Z.
Thus, from (3.16), we conclude that
2
[ =
2
= (1 - (1 - p)ﬂn) “xn _x* || + 2(1 - (1 - p)ﬁn)9n<sx* - x*’yn _x*)

+2B4(Qx* — &%, 2, — x¥) + Ma,

- - n 9”
= (1= = p)B) | — | + (1 - p)ﬂn{ wﬂ—(sﬁ — ",y — %)

+ <Qx* -x*,z, —x*)} + Ma,,. (3.18)

1-p
Consider a subsequence {x,,} of {x,} such that

lim sup(Qx* —x* %, - x*) = lim (Qx* =X, %, — x*)

n—00 i—00

Without loss of generality, we may further assume that x,, — X. Then, in view of The-

orem 3.1, ¥ € £2. Since x* is a unique solution of VIP (3.17) and |x, — z,|| — 0, we
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have
lim sup(Qx* — &%, z,, — x*) = limsup((Qx* — &%, z,, — %) + (Qx* — &*, %, — x™))

=lim sup(Qx* — X", %, — x*) = lim (Qx* — X" %, — x*)
n—00 11— 00

=(Qx* —&*,x—x*) <0,

which implies that

lim sup
n—00

<Qx* —x*,2, — x*) <0. (3.19)

Meanwhile, from x* € £2 and (H7), we infer that

(S — ", yn = 27)
= (Sx™ = &%, ¥ — Prix(n)rFix(rnzYn) + (S¥* = %%, Prix(r)nFix(rnz¥n — £°)
< (Sx* = %", yu = Peix(n)nFix(rNEn)
< ||Sx* = &* ||| ¥n = Prixcryrrinrinz |

= dist(y,, Fix(T) N Fix(I') N &) | Sx* — «*

1
< x HSx* —x* || ”y,, — TPc(I = AVf)y, H

From (2.2), we have

Zn —Xn ﬂn 1- ﬂn
0, = G_H(Qyn —Xu) + 0,

(Tj}n —Xn).

This together with lim,,_, » % =0 and g—: = 0 implies that

Ty, —
o TSl
n—00 6,
Hence,
lim 0n||T5’n _xn” - lim ”Tj’n _xn” 9_3 - 0.
n—00 By n—00 6, By
Observe that

Yn—%Xu = 0,(Sxy — %).

Therefore, we get

0 2
lim —~ lyn —xall = lim = |S%,, — x4l = 0,
n—oo B, n—oo B,
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and hence

0,
5, s = TP = 2V )y,

0
< 5, Uy =20ull + s = TP =291}

O
=< IB_(”yn — Xl + “xn —TPc(I - )‘Vfan)yn ”
+ | TP = AVfo,, )y = TP = 1V f)ya]))

0 -
= _n(”yn = Zull + l%n = TYnll + ” (I = AVfo, )y — L= AVf)yn ”)

N
O [ ll il l Tyull 9,,)L [yl
= —Yn—Xull + = l1Xn — L Yull + = AQy||Yn
:Bn ﬂn ﬂn
0, 0, o 02a,
= —yn = xull + — %0 = Ty¥ull + -~ —Allyull = 0 asn— oo.
B B Br On

Thus, it follows that

. On
limsup —=(Sx* — &%, 3, — x*) <0,

n—00 n
and hence
20-(1 - ) O,
lim sup M—(Sx* — &%,y —x%) < 0. (3.20)

n—>00 1-p Bnu

Utilizing Lemma 2.3, from ) ./ Ma,, < oo and (3.18)-(3.20), we conclude that the se-
quence {x,} converges strongly to x*. Taking into consideration that ||x, — y,|| — 0 and
|l — z,|| = 0, we obtain that ||y, —x*|| — 0 and ||z, —x*|| — 0 as n — oo. This completes
the proof. d

Remark 3.3 The following parametric sequences satisfy the hypotheses of Theorem 3.2.
(@) a, = ﬁ, B = % and 0, = %, where t € (0, %] ands € (¢,2t) ort € (%, %),
se(t,1-1);
(b) a,,=%+%,y,,=6n=i—%,\¥n>4.

Remark 3.4 Theorems 3.1 and 3.2 improve, extend, supplement and develop [11, Theo-
rems 3.1 and 3.2] and [1, Theorems 5.2 and 6.1] in the following aspects:

(a) Three-step iterative algorithm (2.2) with regularization for MP (1.1), two
nonexpansive mappings and a strictly pseudocontractive mapping are more flexible
and more subtle than the algorithms in [1, 11].

(b) The argument techniques in Theorems 3.1 and 3.2 are different from the ones in [11,
Theorems 3.1 and 3.2] and the ones in [1, Theorems 5.2 and 6.1] because we use the
properties of strict pseudocontractive mappings and maximal monotone mappings
(see, for example, Lemmas 2.1, 2.4 and 2.6).

(c) Compared with the proof of Theorems 5.2 and 6.1 in [1], the proof of Theorems 3.1
and 3.2 shows lim,,_, o [|¥4 = Pc(I = AVfo, )yl =limy— 00 |20 — Pc(I — AV fy,)zull =0


http://www.fixedpointtheoryandapplications.com/content/2013/1/284

Ceng et al. Fixed Point Theory and Applications 2013, 2013:284 Page 24 of 24
http://www.fixedpointtheoryandapplications.com/content/2013/1/284

via the argument of lim,,_, o || Vo, ) — Vf(P)|| = lim,—, o || Vfa, (z4) = V(P)|| = 0,
Vp € Fix(T) NFix(I") N & (see Step 3 in the proof of Theorem 3.1).

(e) Theorems 3.1 and 3.2 remove the condition Fix(7T) Nint C # @ in [11, Theorems 3.1
and 3.2].

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors read and approved the final manuscript.

Author details

'Department of Mathematics, Shanghai Normal University, Shanghai 200234, China. ?Scientific Computing Key
Laboratory of Shanghai Universities, Shanghai, 200234, China. *Department of Mathematics and Statistics, King Fahd
University of Petroleum and Minerals, Dhahran, Saudi Arabia. “Department of Mathematics, Aligarh Muslim University,
Aligarh, India.

Acknowledgements

In this research, second and third author were supported by King Fahd University of Petroleum & Minerals project
number IN101009. The first author was partially supported by the National Science Foundation of China (11071169),
Innovation Program of Shanghai Municipal Education Commission (092Z133) and Leading Academic Discipline Project of
Shanghai Normal University (DZL707). The research part of third author was done during his visit to King Fahd University
of Petroleum & Minerals, Dhahran, Saudi Arabia.

Received: 9 July 2013 Accepted: 30 September 2013 Published: 08 Nov 2013

References

1. Xu, HK: Averaged mappings and the gradient-projection algorithm. J. Optim. Theory Appl. 150, 360-378 (2011)

2. Baillon, JB, Haddad, G: Quelques proprietes des operateurs angle-bornes et n-cycliguement monotones. Isr. J. Math.
26,137-150 (1977)

3. Ceng, LC, Ansari, QH, Yao, JC: Extragradient-projection method for solving constrained convex minimization
problems. Numer. Algebra Control Optim. 1,341-359 (2011)

4. Ceng, LC, Ansari, QH, Wen, CF: Implicit relaxed and hybrid methods with regularization for minimization problems
and asymptotically strict pseudocontractive mappings in the intermediate sense. Abstr. Appl. Anal. 2013, Article ID
854297 (2013)

5. Ceng, LC, Ansari, QH, Wen, CF: Multi-step implicit iterative methods with regularization for minimization problems
and fixed point problems. J. Inequal. Appl. 2013, Article ID 240 (2013)

6. Ansari, QH, Lalitha, CS, Mehta, M: Generalized Convexity, Nonsmooth Variational Inequalities and Nonsmooth
Optimization. CRC Press, Boca Raton (2013)

7. Kinderlehrer, D, Stampacchia, G: An Introduction to Variational Inequalities and Their Applications. Academic Press,
New York (1980)

8. Ceng, LC, Ansari, QH, Wong, NC, Yao, JC: Implicit iterative methods for hierarchical variational inequalities. J. Appl.
Math. 2012, Article ID 472935 (2012)

9. Cianciaruso, F, Colao, V, Muglia, L, Xu, HK: On implicit methods for variational inequalities via hierarchical fixed point
approach. Bull. Aust. Math. Soc. 80, 117-124 (2009)

10. Yao, Y, Liou, YC, Kang, SM: Approach to common elements of variational inequality problems and fixed point
problems via a relaxed extragradient method. Comput. Math. Appl. 59, 3472-3480 (2010)

11. Yao, Y, Liou, YC, Marino, G: Two-step iterative algorithms for hierarchical fixed point problems and variational
inequality problems. J. Appl. Math. Comput. 31, 433-445 (2009)

12. Byrne, C: A unified treatment of some iterative algorithms in signal processing and image reconstruction. Inverse
Probl. 20, 103-120 (2004)

13. Combettes, PL: Solving monotone inclusions via compositions of nonexpansive averaged operators. Optimization
53,475-504 (2004)

14. Marino, G, Xu, HK: Weak and strong convergence theorems for strict pseudo-contractions in Hilbert spaces. J. Math.
Anal. Appl. 329, 336-346 (2007)

15. Xu, HK: Iterative algorithms for nonlinear operators. J. Lond. Math. Soc. 66, 240-256 (2002)

16. Reineermann, J: Uber fixpunkte kontrahierender abbildungen und schwach konvergente Toeplitz-verfahren. Arch.
Math. 20, 59-64 (1969)

17. Rockafellar, RT: On the maximality of sums of nonlinear monotone operators. Trans. Am. Math. Soc. 149, 75-88 (1970)

18. Moudafi, A, Mainge, PE: Towards viscosity approximations of hierarchical fixed points problems. Fixed Point Theory
Appl. 2006, Article ID 95453 (2006)

19. Moudafi, A, Mainge, PE: Strong convergence of an iterative method for hierarchical fixed point problems. Pac.
J.Optim. 3, 529-538 (2007)

10.1186/1687-1812-2013-284
Cite this article as: Ceng et al.: Iterative algorithms with regularization for hierarchical variational inequality
problems and convex minimization problems. Fixed Point Theory and Applications 2013, 2013:284



http://www.fixedpointtheoryandapplications.com/content/2013/1/284

	Iterative algorithms with regularization for hierarchical variational inequality problems and convex minimization problems
	Abstract
	Introduction
	Preliminaries and formulations
	Main results
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


