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1 Introduction

The theory about operators applied to functions has been very well developed. However,
the study about operators applied to differential forms has just begun. The purpose of
this paper is to establish the local and global imbedding inequalities with L?-norms for
the composition of the homotopy operator T and the potential operator P applied to
differential forms. Specifically, we estimate the upper bound of the Orlicz-Sobolev-norm
I T(P()) — (T(P()))5 |l wie(p 1y in terms of the L?-norm ||u||r¢(y5), where o > 1 is a con-
stant, B is a ball, and u is a differential form satisfying the A-harmonic equation. We also
establish the global imbedding theorems in the L¥-averaging domains and bounded do-
mains, respectively. Differential forms and operators T and P are widely used not only in
analysis and partial differential equations [1-7], but also in physics and potential analysis
[8—11]. We all know that any differential form u can be decomposed as u = d(Tu) + T(du),
where d is the differential operator, and T is the homotopy operator. In many situations,
we need to estimate the composition of the homotopy operator T and the potential op-
erator P. For example, when we consider the decomposition of P(i), we have to study the
composition T o P of the homotopy operator T and the potential operator P. Our main
results are presented and proved in Theorem 2.6, Theorem 3.3 and Theorem 3.6, respec-
tively.

We assume that 2 is a bounded domain in R”, n > 2, B and o B are the balls with the
same center and diam(o B) = o diam(B) throughout this paper. We do not distinguish the
balls from cubes in this paper. We use |E| to denote the #n-dimensional Lebesgue measure
of a set E C R”. For a function u, the average of u over B is defined by up = ﬁ Jpudx. All
integrals involved in this paper are the Lebesgue integrals. Differential forms are exten-
sions of differentiable functions in R”. For example, the function u(x,x,, ..., %,) is called a
0-form. A differential 1-form u(x) in R” can be written as u(x) = Y ., u;(x1,%2,...,%,) dx;,
where the coefficient functions u;(x;,%5,...,%,), i =1,2,...,n, are differentiable. Similarly,
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a differential k-form u(x) can be expressed as

u(x) = ZM[(?C) de = Zuiliz...ik(x) dxl-l A\ dxiz JANEREIVAN dx,»k,
1

where I = (i1, iy,...,ik), 1 < i <iy < --- < i < n. Let Al = Al(R") be the set of all [-forms
in R”, D'(2, A!) be the space of all differential /-forms in €2, and L?($2, A’) be the I-forms
u(x) =), u(x) dx; in Q satisfying fQ |7 < oo for all ordered [-tuples I, [ =1,2,...,n. We
denote the exterior derivative by d and the Hodge star operator by x. The Hodge cod-
ifferential operator d* is given by d* = (<1)"*! x dx, [ = 1,2,...,n. For u € D'(, A') the

vector-valued differential form

ou ou
Vu=(—j,...,—
0x1 0xy,

consists of differential forms 37” € D'(Q, Al), where the partial differentiation is applied to

i

the coefficients of w. The nonlinear partial differential equation
d*A(x,du) = B(x, du) 1.1)

is called non-homogeneous A-harmonic equation, where 4 : @ x A/(R") — A/(R”) and
B:Q x AHR") = AFLY(R") satisfy the conditions

|A( &) <alslP,  AWw§)-§=51” and [B(x8)| <bls)™ 1.2)

for almost every x € Q and all £ € A/(R”). Here a,b > 0 are constants, and 1 < p < o0 is a
fixed exponent associated with (1.1). A solution to (1.1) is an element of the Sobolev space
W(Q, A1) such that

loc
/ Ax,du) - do + Bx,du) - ¢ =0 (1.3)
Q

forallp € Wllof (R, AF1) with compact support. If u is a function (0-form) in R”, equation
(1.1) reduces to

divA(x, Vi) = B(x, Vu). (1.4)
If the operator B = 0, equation (1.1) becomes
d*A(x,du) =0, (1.5)

which is called the (homogeneous) A-harmonic equation. Let A : @ x A/R") — AYR")
be defined by A(x,£) = £|£|P2 with p > 1. Then A satisfies the required conditions, and
(1.5) becomes the p-harmonic equation d*(du|du|’~2) = 0 for differential forms. See [1-3,
12-16] for recent results on the A-harmonic equations and related topics.

Assume that D C R” is a bounded, convex domain. The following operator K, with the
case y = 0 was first introduced by Cartan in [8]. Then it was extended to the following
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general version in [6]. For each y € D, a linear operator K, : C*°(D, AD = C®(D, A1) de-
fined by (K,w)(x;&1,...,&1) = fol tlo(tx+y—ty;x—v,&,...,& 1) dt and the decomposition
w = d(K,w) + K,(dw) correspond. A homotopy operator T : C*°(D, AY) = C®(D,AY) is
defined by an averaging K, over all points y in D

Ta):/Dgo(y)Kya)dy, (1.6)

where ¢ € C3°(D) is normalized by [, ¢(y)dy = 1. For simplicity purpose, we write & =
(&1,...,&.1). Then Tw(x; &) = fol g1 Jpe®w(tx +y — ty;x — y,&) dy dt. By substituting z =
tx+y—tyandt=s/(1+s), wehave

Tw(x; &) = / a)(z, L(z,x—2), S) dz, 1.7)
D

o]

where the vector function ¢ : D x R” — R" is given by {(z,h) = h [; s (1 + 8)" (2 -
sh)ds. The integral (1.7) defines a bounded operator T : L*(D, A') — W(D, A1), [ =
1,2,...,n, and the decomposition

u =d(Tu) + T(du) (1.8)

holds for any differential form u. The I-form wp € D'(D, A') is defined by

wp = ][ w(y)dy = |D|’1/ w@)dy, [=0, and
D D

(1.9)
wp=d(Tw), [=1,2,...,n,
for all w € L?(D, A%),1 < p < 00. Also, for any differential form u, we have
|V(Tw)|,,, < CIDIlullpp,  and [ Tull,p < C|D|diam(D)]|ull,p. (1.10)

From [17, p.16], we know that any open subset @ in R” is the union of a sequence of
cubes Q, whose sides are parallel to the axes, whose interiors are mutually disjoint, and
whose diameters are approximately proportional to their distances from F. Specifically,
(i) Q= Uliil Qk:
(i) QNQL=9¢ifj#k

(iii) there exist two constants ¢, ¢y > 0 (we can take ¢; = 1, and ¢; = 4), so that
¢ diam(Qy) < distance(Qg, F) < ¢, diam(Qy). (1.11)

Thus, the definition of the homotopy operator T can be generalized to any domain 2 in
R”: For any x € , x € Qi for some k. Let T, be the homotopy operator defined on Q
(each cube is bounded and convex). Thus, we can define the homotopy operator T on
any domain Q by

oo
Ta=)  ToXou: (112)
k=1
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Recently, Hui Bi extended the definition of the potential operator to the case of differ-
ential forms, see [3]. For any differential /-form u(x), the potential operator P is defined
by

Pu(x) = Z/K(x,y)m(y) dydxy, (1.13)
T JE

where the kernel K(x,y) is a nonnegative measurable function defined for x # y, and the
summation is over all ordered /-tuples I. The [ = 0 case reduces to the usual potential

operator,

Pf(x) = /E K(xy) () dy, (114)

where f(x) is a function defined on E C R". See [3] and [9] for more results about the
potential operator. We say a kernel K on R” x R” satisfies the standard estimates if there
exist §, 0 < § <1 and a constant C such that for all distinct points x and y in R”, and all z
with |x —z| < %|x —y|, the kernel K satisfies
(i) K(x,3) < Clx -y

(i) [K(x,y) - K(z,9)| < Clx—z|°|x - y| 7"

(iii) [K(y) ~ K(3,2)| < Cl - 200 Jx — y| 773,

In this paper, we always assume that P is the potential operator defined in (1.13) with
the kernel K(x, y) satisfying condition (i) of the standard estimates. Recently, Hui Bi in [3]
proved the following inequality for the potential operator.

[P,z < Cllulpe. (L15)

whereu € D'(E, A, 1=0,1,...,n—1,isa differential form defined in a bounded and convex

domain E, and p > 1 is a constant.

2 Local imbedding inequalities

In this section, we prove the local LY imbedding inequalities for T o P applied to solu-
tions of the non-homogeneous A-harmonic equation in a bounded domain. We will need
the following definitions and a notation. A continuously increasing function ¢ : [0, 00) —
[0, 00) with ¢(0) = 0, is called an Orlicz function. The Orlicz space L?(2) consists of all
measurable functions f on Q such that fQ (p(%) dx < oo for some A = A(f) > 0. L(R2) is
equipped with the nonlinear Luxemburg functional

lleie) =inf{x>0:/gw(%) dx < 1}.

A convex Orlicz function ¢ is often called a Young function. If ¢ is a Young function, then
| - llze(e) defines a norm in L¥(2), which is called the Luxemburg norm or Orlicz norm.
For any subset E C R”, we use we(E, AY) to denote the Orlicz-Sobolev space of [-forms,
which equals L? (E, AY) N LY (E, AY) with the norm

el ey = Nl wro e, pty = diam(E) ™ el oge) + Vel o e)- (21)
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If we choose ¢(t) = t#, p > 1 in (2.1), we obtain the usual L” norm for W7 (E, Al)

lutll o) = Nl wipear = diam(E) ™ ullpe + | Vil e 2.1y
Definition 2.1 [18] We say a Young function ¢ lies in the class G(p,q,C), 1 < p < g < 00,
C > 1,if (i) 1/C < ¢(£'7)/g(t) < C and (ii) 1/C < ¢(tV9)/h(t) < C for all £ > 0, where g is a

convex increasing function, and % is a concave increasing function on [0, 00).

From [18], each of ¢, g and % in above definition is doubling in the sense that its values

at ¢ and 2¢ are uniformly comparable for all £ > 0, and the consequent fact that

Gt <h(p) <Gtl, G <g'(pt)) < G, (2.2)
where C; and C, are constants. Also, for all 1 < p; < p < p» and « € R, the function ¢(¢) =
t” log? t belongs to G(p1, p2, C) for some constant C = C(p, «, p1, p>). Here log, (¢) is defined
by log,(¢) =1 for t < e; and log, (t) = log(t) for t > e. Particularly, if « = 0, we see that
@(t) = & lies in G(p1,p2,C), 1 < p1 < p < po. We will need the following reverse Holder

inequality.

Lemma 2.2 [19] Let u be a solution of the non-homogeneous A-harmonic equation (1.1) in
a domain Q and 0 < s,t < 00. Then there exists a constant C, independent of u, such that

letllss < CIBI N1l (2.3)
for all balls B with o B C Q for some o > 1.

We first prove the following local inequality for the composition T o P with the L -norm.
Theorem 2.3 Let ¢ be a Young function in the class G(p,q,C),1 <p<g<oo,C>1,let Q
be a bounded and convex domain, let T : C°(2, Al) = C®(Q, A, 1=1,2,...,n, be the
homotopy operator defined in (1.6), and let P be the potential operator defined in (1.13) with
the kernel K(x,y) satisfying condition (i) of the standard estimates. Assume that ¢(|u|) €

LIIOC(Q), and u is a solution of the non-homogeneous A-harmonic equation (1.1) in Q. Then
there exists a constant C, independent of u, such that

| 7(PG) = (T(P@)) 5l ) = € diam(B)lullio(o (24)
for all balls Bwith o B C Q.

Proof Since u = d(Tu) + T(du) and d(Tu) = ug hold for any differential form u, we have
u—up=T(du). (2.5)
Using (1.15) and noticing ||ull 4z < Ci |45 for any differential form, it follows that

|47 (@), 5 = [ (PG)y ] o = Cof| (P@) 5 = Colltllgs (2.6)
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for g > 1, Replacing u by T(P(u)) in (2.5) and using (1.10) and (2.6), we obtain

|7(P@) = (T(P@)) g, = | TA(T (P@))] 5

< C4|B| diam(B) | dT (P(u)) ||q,3

< Cs|B| diam(B)|ul 4,5 2.7)

for any differential form u and all balls B with B C Q. From Lemma 2.2, for any positive

numbers p and g, it follows that

1/q 1/p
( / |u|qu) 566|B|<””W( / |u|”dx> , (2.8)
B oB

where o is a constant o > 1. Using Jensen’s inequality for 471, (2.2), (2.7), (2.8), (i) in Defi-
nition 2.1, and noticing the fact that ¢ and % are doubling, and ¢ is an increasing function,

we obtain

[ o(7(ew) - (1(Pw)), ) s

(i ([ o7@) - (2 @), ax))
([ 17l (p0) - (70, )
(G [ 7(0) - (7(00), ")

- CW((Q /B |T(Pw) - (T(P(u)))3|qu)1/q)

1/q
§C8¢<C9IB|“””< / |u|de> )
B
1/p
csgo(clo|B|““"*W/Pq( / |u|1”dx) )
oB

1/p
< Csp (C{’O|B|p(1+1/n)+(pq)/q/ |u|”dx> )
oB

Hg(Cfo|B|"(1+1/”)+(”“7)/q/ |u|”dx)
B
1

IA

IA

=
o

g / Cfo|B|p(“1/")*(p‘q)/‘7|u|pdx)
oB

C
G
G
<C 1/ g(Cfo|B|p(1*””)*(”‘q)/‘7|u|”) dx
<C

oB
1,r-q
12/ ¢(C10|B|1+"+’”7 |u]) dx. (2.9)
oB
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. - 1,p-q 1 .
Since p > 1, then 1+ 1 + % > 1. Hence, we have |B|"*#*7 < Cy3|B|7. Note that ¢ is

doubling, we obtain
1,04 1
<;0(C10|B|1+”+ 7 Jul) < C14|B|:’§0(|M|)- (2.10)

Combining (2.9) and (2.10) and using |B|% = Cy5 diam(B) yields

/Bgo(|T(P(u)) —(T(Pw))),]) dx < Cis diam(B)/ o(|ul) dx. (2.11)

oB

Since each of ¢, g and / in Definition 2.1 is doubling, from (2.11), we have

[ (TP 4y [ o)

for all balls B with 0B C Q and any constant A > 0. From (2.1) and the last inequality, we

have the following inequality with the Luxemburg norm

| T(P@) ~ (T(P))) 4 o ) < C diamB) oo,
The proof of Theorem 2.3 has been completed. d

In order to prove our main local imbedding theorem, we will need the following Theo-
rems 2.4 and 2.5.

Theorem 2.4 Let ¢ be a Young function in the class G(p,q,C),1 <p<g<oo,C>1,let Q
be a bounded and convex domain, let T be the homotopy operator defined in (1.6), and let

P be the potential operator defined in (1.13) with the kernel K (x,y) satisfying condition (i)

1
loc

of the standard estimates. Assume that ¢(|u|) € L; (2), and u is a solution of the non-
homogeneous A-harmonic equation (1.1) in Q. Then there exists a constant C, independent
of u, such that

| 7d (T (P(w))) < C|B|diam(B)|ull ¢ (o) (2.12)

oo
for all balls Bwith o B C Q.

Proof Using (1.10), we have

| 7d(T (P(w))) C1|B| diam(B)||d(T (P(n))) (2.13)

||q,B S “q,B

for any differential form # and g > 1. Using (1.15) and the fact that d(7u) = ug, and noticing
that

lusllqs < CalBlllullqs

holds for any differential form u, we obtain

|a(T(P@) |, 5= [P@s], 5 < C31BI|P@)|, 5 < CalBlllullys (2.14)
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for all balls B with B C Q. From (2.13) and (2.14), it follows that
| 7d(T (P@))) |, 5 < Cs|BI* diam(B) [ ully,5. (2.15)

By Lemma 2.2, for any positive numbers p and g, it follows that

1/q 1/p
( / |u|qu) 5C6|B|<P-q>’!’q< / |u|1’dx> , (2.16)
B oB

where o is a constant o > 1. Using Jensen’s inequality for 471, (2.2), (2.15), (2.16), (i) in
Definition 2.1, and noticing the fact that ¢ and / are doubling, and ¢ is an increasing

function, we obtain
[ otmareu))ax=u(i( [ o zare))a) )
i [ ol (r @) ) ax)
e [ P(u)))}qu)
cio( (e [Jmatr |qu)”q)
s¢(C9|B|2diam(B) ( /B |u|qu>1/q)
w(c ol B2 0-0174 diam(B) ( / lup dx)up)

1/p
(p((Cp |B|2+P- q/q(dlam(B)) / Iulpdx) )
oB

g<C1|B|21"+(” ‘”q d1am(B)) / |u|”dx>
oB

I/\

| /\

IA

IA

g( / Ch B> ®-9/4 (diam(B))” |u|1’dx)
Ciy / g(C|BIP+ P91 (diam(B))” |ul’) dx

/ ¢ (Cu1|B|***~9'7 diam(B)|u|) dx. (2.17)
Since p > 1, then1 + ’;;qq > 0. Hence, we have
|BI** % = |BIIB" P = |BIIBI4Y < CialB.
Note that ¢ is doubling, we obtain

@ (Cu|B**P='71 diam(B) |u|) < Ci5|B| diam(B)g (|ul). (2.18)
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Combining (2.17) and (2.18) yields

/Bgoﬂd(T(P(u)))DdxgC16|B|diam(B)/ o(|ul) dx. (2.19)

oB

Since each of ¢, g and / in Definition 2.1 is doubling, from (2.19), we have

Td(T (P

/¢<M> dx < Cy7|B| diam(B)/ (p(m) dx (2.20)
B A oB \ A

for all balls B with 0B C Q and any constant A > 0. From (2.1) and (2.20), we have the

following inequality with the Luxemburg norm

| Td(T (P@)))| 0z < Cis|Bl diam(B) |11l 00 ). (2.21)

oo
The proof of Theorem 2.4 has been completed. d

Theorem 2.5 Let ¢ be a Young function in the class G(p,q,C),1 <p<g< oo, C>1,let Q
be a bounded and convex domain, let T be the homotopy operator defined in (1.6), and let

P be the potential operator defined in (1.13) with the kernel K(x,y) satisfying condition (i)

1
loc

of the standard estimates. Assume that ¢(|u|) € L; (2), and u is a solution of the non-
homogeneous A-harmonic equation (1.1) in Q. Then there exists a constant C, independent
of u, such that

| VTA(T (P))) | o5 < CIBIlIUllLoon) (2.22)

oo
for all balls Bwith o B C Q.

Proof Replacing u by d(T(P(u))) in the first inequality in (1.10), we find that

[V 7a(T(P) |, 5 = CulBIA(T(P))] (223)
holds for any differential form u and ¢ > 1. From (2.14), we have

|4(T(P@w))],,5 == CaIBlllully 5. (2.24)
Combining (2.23) and (2.24) yields

|VTa(T (P(w)) |, 5 < CsIBI* lullgs (2.25)

for all balls B with B C . Starting with (2.25) and using the similar method as we did in
the proof of Theorem 2.4, we can obtain

|V Td(T (P(w))) < Cy|Bll|ull ¢ (5 5)- (2.26)

oo
The proof of Theorem 2.5 has been completed. O

Now, we are ready to present and prove the main local theorem, the L?-imbedding the-
orem, as follows.
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Theorem 2.6 Let ¢ be a Young function in the class G(p,q,C),1 <p<g<oo,C>1,let Q
be a bounded and convex domain, let T be the homotopy operator defined in (1.6), and let

P be the potential operator defined in (1.13) with the kernel K(x,y) satisfying condition (i)

1
loc

of the standard estimates. Assume that ¢(|u|) € L; (2), and u is a solution of the non-

homogeneous A-harmonic equation (1.1) in Q. Then there exists a constant C, independent
of u, such that

| 7(P@)) = (T(P))) 4| 1501y < CIBIll 00 5) (2.27)
for all balls Bwith o B C Q.

Proof From (2.1), (2.12) and (2.22), we have

” T(P(”)) - (T(P("‘)))BH Wle (B,Al)

= ” Td(T(P(”))) “ Wwle(B,Al)

= (diam(B)) | 7d(T (P(w))) + | VTA(T (P(w)))

HLW (B H 19(B)

. -1 )
< (diam(B)) "~ (Cy|B| diam(B) ||| ¢ (0, 5)) + Ca|Bll|ull ¢ (0,B)
< GiIB||lulle ) + CalBlllttll Lo (oyB)

< G|Blllullze o) (2.28)

for all balls B with 0B C 2, where ¢ = max{oy,0,}. The proof of Theorem 2.6 has been
completed. O

The following version of local imbedding will be used in Section 3 to establish a global
imbedding theorem which indicates that the operator T o P is bounded.

Theorem 2.7 Let ¢ be a Young function in the class G(p,q,C),1 <p<g<oo,C>1,let Q
be a bounded and convex domain, let T be the homotopy operator defined in (1.6), and let

P be the potential operator defined in (1.13) with the kernel K(x,y) satisfying condition (i)

1
loc

of the standard estimates. Assume that ¢(|u|) € L; (2), and u is a solution of the non-

homogeneous A-harmonic equation (1.1) in Q. Then there exists a constant C, independent
of u, such that

| 7P < CIBllullo(05) (2.29)

) H wle (Bl
for all balls B with o B C Q.
Proof Applying (1.10) to P(u), then using (1.15), we find that

| 7P@w)|,, 5 < C11BI diam(B) | P(w) | 5 < C:|B| diam(B) |ut]l 4,5 (2.30)

and

|V TP(u) ||q,B < G;|B| diam(B)HP(u)HqYB < Cy|B| diam(B)||ull 4,5 (2.31)
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for any differential form u and all balls B with B C 2, where g > 1 is a constant. Starting
with (2.30) and (2.31) and using the similar method developed in the proof of Theorem 2.5,

we obtain

| TP@)| 5 < C51BI diam(B) [l o o, 5) (232)
and

|V TP(u) ||L¢,(B) < Gs|Blllull Lo (o) (2.33)

respectively, where o7 and o, are constants. From (2.1), (2.32) and (2.33), we have

” TP(u) ” WLe (Bl
= (diam(B)) " | TP@)] ) + | VTP o
= (diam(B))fl(CslBl diam(B)”M”L‘P(alB)) + Co Bl ]l 1 (0,B)

< G |Blllullze (o5 (2.34)
where o = max{o1,0,}. The proof of Theorem 2.7 has been completed. O

Note that if we choose ¢(t) = t” log$ t or ¢(t) = #’ in Theorems 2.3, 2.4, 2.5, 2.6 and 2.7,
we will obtain some L”(log} L)-norm or L”-norm inequalities, respectively. For example,
let ¢(t) = t? log} t in Theorem 2.6, we have the following imbedding inequalities for 7 o P
with the L”(log L)-norms.

Corollary 2.8 Let ¢(t) = t’logft, p > 1 and o € R. Assume that ¢(|u|) € L}OC(Q), and u
is a solution of the non-homogeneous A-harmonic equation (1.1). Then there exists a con-
stant C, independent of u such that

| T(P) = (T(P@))) | yrw10st 5,01y < CIBI N t0ge 110 8) (2.35)
for all balls B with o B C 2, where o > 1 is a constant.

Selecting ¢(t) = t in Theorem 2.6, we obtain the usual imbedding inequalities T o P
with the L -norms.

| 7(P@w)) = (T(P@))) s | 1o 0y < C1Blllutllpo (2.36)

for all balls B with 0 B C €2, where o > 1is a constant. Similarly, if we choose ¢(t) = t” log¥ ¢
or ¢(t) = ¢ in Theorems 2.3, 2.4, 2.5 and 2.7, respectively, we will obtain the corresponding
special results.

3 Global imbedding theorem

We have established the local LY -norm and L¢-imbedding inequalities for T o P and some
composite operators related to the imbedding theorem for 7 o P. In this section, we prove
the global L?-imbedding theorem in the following L¥ -averaging domains.
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Definition 3.1 [20] Let ¢ be an increasing convex function on [0, c0) with ¢(0) = 0. We
call a proper subdomain  C R” an L¥-averaging domain if |©2| < co, and there exists a
constant C such that

/go(r|u—u30|)dx§Csup/go(o|u—u3|)dx (3.1)
Q BCcQJB

for some ball By C € and all # such that ¢(|u|) € Llloc(Q), where 7, o are constants with

0 <1 <00,0<0 <00 and the supremum is over all balls B C €.

From the definition above, we see that L*-averaging domains are special L?-averaging
domains when ¢(t) = £ in Definition 3.1. Also, uniform domains and the John domains are
very special L?-averaging domains, see [1] and [20] for more results about the averaging
domains.

Lemma 3.2 [19] (Coveringlemma) Each Q2 has a modified Whitney cover of cubes V = {Q;}
such that | J; Q; = ©, ZQ,-EV x\/gQ < Nyq and some N > 1, and if Q; N\ Q; # ¥, then there
1

exists a cube R (this cube need not be a member of V) in Q; N Q; such that Q; U Q; C NR.
Moreover, if Q is 8-John, then there is a distinguished cube Qo € V, which can be connected
with every cube Q € V by a chain of cubes Qo, Qs, ..., Qx = Q fromV and such that Q C pQ;,
i=0,1,2,...,k, for some p = p(n,$).

Now, we are ready to prove another main theorem, the global imbedding theorem with
the L?-norm, as follows.

Theorem 3.3 Let ¢ be a Young function in the class G(p,q,C), 1 <p < g <00, let C > 1,
Q be any convex bounded LY -averaging domain, let T be the homotopy operator defined in
(1.6), and let P be the potential operator defined in (1.13) with the kernel K (x,y) satisfying
condition (i) of the standard estimates. Assume that ¢(|v|) € LNRQ), and v € D'(R, AL) is
a solution of the non-homogeneous A-harmonic equation (1.1) in Q2. Then there exists a
constant C, independent of v, such that

|| T(P(V)) - (T(P(V)))BO || Wl,(ﬂ(Q) = C”V”L‘/’(Q); (32)
where By C Q2 is some fixed ball.

Proof Since v € AL, it follows that T(P(v)) € A°, and hence V((TP(v))g,) = d((TP(v))z,)-
Note that (TP(v))s, is a closed form, then d((TP(v))g,) = 0. Thus,

[V((TPW) 5) @) = 14((TPDI) ) 1010y = ©- (3.3)
Applying the first inequality in (1.10) to P(v), we have

[V(T @), = CIBI @O, 34

for any ball B and g > 1. Starting from (3.4), and using the similar method to the proof of
Theorem 2.4, we obtain

V(T (PW))] 145 = CoIVIlzoon), (3.5)


http://www.journalofinequalitiesandapplications.com/content/2013/1/544

Xing and Ding Journal of Inequalities and Applications 2013, 2013:544
http://www.journalofinequalitiesandapplications.com/content/2013/1/544

where o > 1 is a constant. From the covering lemma and (3.5), it follows that

[V (T PN o) = DNV O o

Bey

<> (ClVlwen)

BeV
< GN|Vllre(e)»

< Gsllvllze(@)» (3.6)

where N is a positive integer appearing in the covering lemma. Letting u = T'(P(v)) and
using (2.11), we find that

” T(P(V)) - (T(P(V)))BO ”Lw(sz)

<G [ (| T(P0) - (1(P0), ) ds
5@/¢W—wmm

sCasup/fp | — ugl) d.
B

BCQ

=Cs sup/<p ’T P(v) (V))B‘)dx
BcQJB

< Cg sup (C diam(B |v|) dx)
BCQ

< Cg sup <C7 diam(Q)/ o(Ivl) dx)
BC® Q

§C8diam(Q)/Qg0(|v|)dx

< Co diam(Q2)|v|| ¢ (0)- (3.7)

From (2.1), (3.6) and (3.7), we have

“ T(P(V)) - (T(P(V)))BO ” Whe(Q)
= (diam(Q))A ” T(P(V)> - (T(P(V)))BO ||L<ﬂ(9) + ”V(T(P(V)) - (TP(V))BO) ||L<P(Q)
< (diam()) | 7(P0)) = (T(P0)) g, | oy + V(TP 10

+ ” V((TP(V))BO) ” 1L9(Q)

= (diam(€2)) " [ T(PO)) = (T(PW)) 5, | oy + | V(T (PO | o
= (diam(2)) ™ (Co diam(Q) V]l 1o (@) + Cs IVl o)

< CullVlle (3.8)

We have completed the proof of Theorem 3.3. d
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It is well known that any John domain is a special L?-averaging domain [1]. Hence, we

have the following global L¢-imbedding theorem for the John domains.

Theorem 3.4 Let ¢ be a Young function in the class G(p,q,C), 1 <p < g <00, let C > 1,
Q be any convex bounded John domain, let T be the homotopy operator defined in (1.6),
and let P be the potential operator defined in (1.13) with the kernel K (x, y) satisfying condi-
tion (i) of the standard estimates. Assume that ¢(|v|) € L'(Q2), and v € D'(Q, AY) is a solution
of the non-homogeneous A-harmonic equation (1.1) in Q. Then there exists a constant C,

independent of v, such that
|| T(P(V)) - (T(P(V)))BO || Wl,q)(g) S C”V”L‘/’(Q); (39)
where By C 2 is some fixed ball.

Choosing ¢(t) = #” log$ t in Theorems 3.3, we obtain the following imbedding inequality
with the L7 (log? L)-norms.

Corollary 3.5 Let ¢(¢) = t?loght, p > 1, @ € R, Q be any convex bounded L?-averaging
domain, let T be the homotopy operator defined in (1.6), and let P be the potential oper-
ator defined in (1.13) with the kernel K(x,y) satisfying condition (i) of the standard esti-
mates. Assume that ¢(|v|) € LN(Q), and v € D'(R, A) is a solution of the non-homogeneous

A-harmonic equation (1.1) in Q2. Then there exists a constant C, independent of v, such that

| 7(PW) = (T(PW)) 5, | sy < ClVIlioce, (3.10)
where By C Q2 is some fixed ball.

Next, let S be the set of all solutions of the non-homogeneous A-harmonic equation
in Q2. We have the following version of imbedding theorem with L? norm for any bounded
domain, which says that the composite operator T o P maps W#(£2, Al) N S continuously
into L?(Q).

Theorem 3.6 Let ¢ be a Young function in the class G(p,q,C),1 <p<g<oo, C>1, let
T be the homotopy operator defined in (1.6), and let P be the potential operator defined
in (1.13) with the kernel K(x,y) satisfying condition (i) of the standard estimates. Assume
that ¢(|v]) € LNRQ), and v € D' (2, AY) NS in Q. Then the composite operator T o P maps
W (Q, AN S continuously into L#(2). Furthermore, there exists a constant C, indepen-
dent of v, such that

|TP(v o) = Clvlie) (3.11)

) ” wle(
holds for any bounded domain Q2.

Proof Letv € D'(2, Al) be a solution of equation (1.1). Since the composite operator T o P

is continuous if and only if it is bounded, we only need to prove that (3.11) holds. Using
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(2.29) and the Lemma 3.2, we obtain

1 7P0) |y = Do (NTPO) 1)
BeV

<> (CIBIIVIor)

BeV
< GN|QU|VILe)

= GVl @)- (3.12)
Hence, inequality (3.11) holds. We have completed the proof of Theorem 3.6. d

Selecting ¢(£) = #” in Theorems 3.3, we have the following version of the imbedding
inequality with L”-norms.

Corollary 3.7 Let ¢(t) = t?, p > 1, let T be the homotopy operator defined in (1.6) and P
be the potential operator defined in (1.13). Assume that ¢(|v|) € LY(Q), and v € D'(Q, AY)
is a solution of the non-homogeneous A-harmonic equation (1.1) in Q. Then there exists a
constant C, independent of v, such that

[7P0) = (T(P0)) 5, | ey = Cl¥lp
holds for any bounded domain Q.

4 Examples

In this last section, we will present two examples to show applications of our imbedding
theorems. All of our local and global inequalities work for these two examples. We should
note that functions are 0-forms. Thus, all of our theorems proved in this paper will work
for harmonic functions. For example, choose u to be a function (0-form) in the homoge-
neous A-harmonic equation (1.5), then (1.5) reduces to the following A-harmonic equation

divA(x, Vu) =0 (4.1)

for functions. Assume that A(x, &) = £|€|P~2 with p > 1. Then, the operator A : Q x
AR") — AKR") satisfies the required conditions (1.2) and the equation (4.1) becomes

the usual p-harmonic equation for functions
div(Vu|VulP?) =0, (4.2)

which is equivalent to

n n

(p-2) Z Z Uy U, Uy x; + |Vl Au = 0. (4.3)
k=1 i=1

If we choose p = 2 in (4.2), we have the Laplace equation Au = 0 for functions. Thus, from
Theorem 3.3, we have the following inequality for harmonic functions.
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Example 4.1 Let u be asolution of the usual A-harmonic equation (4.1) or the p-harmonic
equation (4.2), let ¢ be a Young function in the class G(p,q,C),1 <p <g < 00,C >1,andlet
Q be any bounded L¥-averaging domain. If ¢(|u|) € L}(Q2), then there exists a constant C,
independent of u, such that

| 7(P@)) = (T(P@))) gy [ 10 = Cllullze,
where By C Q2 is some fixed ball.
Example 4.2 Let u(x,y) be a function (0-form) defined in R? by

u(x,y) = 1 (arctan 2 _arctan L)
b4 x—1 x+1

We can check that u(x, y) satisfies the Laplace equation u,(, y) + ,,(x, y) = 0 in the upper
half plane, that is, u(x,y) is a harmonic function in the upper half plane. Let r > 0 be a
constant, let (xo, yo) be a fixed point with y > r and B = {(x, y) : (x — x0)? + (y — ¥0)? < r*}.
To obtain the upper bound for the Orlicz-Sobolev-norm || T(P(«)) — (T(P(«)))5 |l wi.e s a1
directly, it would be very complicated. However, using Theorem 2.6 with n = 2, we can
easily obtain the upper bound of the Orlicz-Sobolev-norm || T'(P()) — (T (P(«))) 8l we 5,41
as follows. First, we know that |B| = w+? and

1
|u(x, y)| < — |arctan 4 1~ arctan Ll’
T x— X+
1
< —|arctan A + |arctan .
b X — x+1
1/n =
< —| —+ —
T \2 2
=1 (4.4)

Applying (2.27) and (4.4), we have

” T(P(”)) - (T(P(”)))BH Wle (B,

<GBl re 6B
<GBl [ g(lul)ds
oB

saw/wmm
oB

< Crr*e(l)|oB|
< Cynrte()n(or)?
< Cp()r*.
Remark
(i) We know that the L*-averaging domains are the special L?-averaging domains.

Thus, Theorem 3.3 also holds for the L*-averaging domain;
(ii) Theorem 3.6 holds for any bounded domain in R”.
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