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Abstract. The goal of the present paper is to search for natural trajec-
tories that can be used to place a spacecraft to observe the triple aster-
oid 2001SN263. For a first set of observations mid-range distance orbits
are ideal. To model this triple asteroid from a mid-range distance, it
is considered that it can be modeled as a single ellipsoid body, which
gives a simple mathematical model that allows on-board computation
of trajectories. The mass is assumed to be equal to the sum of the
masses of the three bodies and its dimensions are calculated consider-
ing the size of the orbits of Beta and Alpha. The objective is to search
for orbits that can be used at the arrival time of the spacecraft in the
vicinity of the triple asteroid to observe the bodies to make a better
evaluation of their dimensions and dynamics before a good choice for a
final orbit can be made. The two-dimensional elliptic restricted three-
body problem is used as the mathematical model with the addition
of the perturbations coming from the asteroid and the Sun irregular
gravity fields (J2). It is also considered the disturbance caused by the
solar radiation pressure, a major force near asteroids.

1 Introduction

In recent years the number of missions and studies to small bodies such as dwarf
planet, comets, and asteroids has increased [1]. In addition to the problem that
many of these bodies are located thousands of miles away, they may still present
very curious shapes [2], that can also be composed by two or more bodies [3], and
may also present rings [4,5]. For all these different characteristics it is very challenge
to idealize a physical and dynamical model for these bodies, as well as strategies
that allow mission operations in a safe and efficient way without risks of collisions or
escapes of the space vehicle from the system.

Some techniques that make possible to model the shape of small bodies are already
known. The polyhedron method consists in modeling the shape of the body in a cer-
tain number of polyhedrons connected by faces but it needs a close and accurate
analysis of the body [6]. The dipole and tripole methods are simplified models com-
pared to the previous one but are useful in analyzing the dynamics of the system
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with respect to the particular characteristics of the bodies [7]. However, these meth-
ods must be applied after a detailed study of the body or bodies and are generally
used when the spacecraft is very close to its target in the phase of controlled impact
or landing. The arrival of the Rosetta mission proposed by ESA [8], when close to its
target, the comet 67P/Churyumov-Gerasimenko, is a recent example of how impor-
tant is to propose new techniques for approaching distant bodies. After 10 years of
travel and only 4 months after sending the module Philae to the surface to the comet,
it was observed that the shape of the asteroid did not resemble the model assumed
during the initial mission studies [9].

The purpose of this paper is to perform a numerical search for trajectories close
to the vicinity of the Near-Earth Asteroid (NEA) 2001SN263 [10–12], classified as
Amor-type NEA, which means that its perihelion distance is between 1.017 au and
1.3 au, where 1 au is one astronomical unit. This asteroid is a triple system. The
largest body of the system, Alpha, has a mass equal to 917.466 × 1010 kg, and a
radius equal to 1.3 km. Beta is the second largest body of this system, located at
16.633 km from Alpha, with a mass equal to 24.039 × 1010 kg and a radius equal
to 0.39 km. Beta is also near a planar orbit with respect to the longitudinal axis of
Alpha. Gamma is the smallest body, with mass and radius equal to 9.773 × 1010 kg
and 0.29 km, respectively. It is located at 3.804 km from Alpha with an inclination of
13.87 degrees with respect to the longitudinal axis of Alpha. Both Beta and Gamma
have almost circular orbits around Alpha. The orbit of the system is highly eccentric,
with an eccentricity of 0.48 and semi-major axis equal to 1.99 au with respect to the
Sun. The main reason to study this asteroid is that it is the goal of a proposed
mission [13] that plans to use a low thrust [14–17] to send a spacecraft to the Moon
to make a powered Swing-By [18] to direct the spacecraft to this asteroid. For this
study the triple asteroid will be considered as a single elongated body with triaxial
symmetry [19]. Its longitudinal radius is equal to 16.633 km, which is the distance
between Alpha and Beta and its height is equal to 1.3 km, which is the radius of
Alpha. Its mass is considered equal to 951.278 × 1010 kg, which is the sum of the
masses of the three bodies. Figure 1 shows this situation. The goal is to search for
trajectories in the vicinity of the triple asteroid, but far enough to consider it as a
single elongated asteroid. There are still many inaccuracies in the masses, sizes, and
distances of bodies of this type, so the idea of analyzing the system from a large safe
distance, to obtain more precise measurements, is important. After that we can really
approach the asteroid. The system that will be considered is composed by the Sun,
the elongated asteroid and the space vehicle. The motion of the space vehicle in the
vicinity of the asteroid will be described by the elliptic restricted three-body problem
[20], added by the influence of the term J2 due to the equatorial flattening of the Sun
and the elongated asteroid [21], The influence of the solar radiation pressure (SRP)
[22] will also be considered in the dynamical model. The solar radiation pressure will
be considered using different values of the ratio area-to-mass (A/m) of the spacecraft.
A study will also be carried out on the effect of perturbations in the motion of the
space vehicle due to the gravitational interaction and the term J2 of the bodies
and the solar radiation pressure. This study will be done for different integration
times and using the perturbation integral [23,24]. Finally, the results show different
patterns of trajectories in the neighborhood of the elongated asteroid that can be
used according to the objective of this phase of the mission, as for example, to orbit
a specific region of the asteroid, to escape from its influence or to get closer to it.
The trajectories are identified by each set of initial conditions, which are the position
and velocity of the spacecraft relative to the elongated asteroid. In order to select
the trajectories, we use the values of the minimum, maximum and average distances
between the spacecraft and the elongated asteroid, which are shown in color maps
[25,26].



Celestial Mechanics in the XXIst Century 1559

Fig. 1. Dimensional model of the elongated asteroid.

2 Mathematical and dynamical model

In this section the mathematical model of the dynamics is presented. The system is
formed by the Sun, the elongated asteroid and the spacecraft. Equation (1) is the
equation of motion of the space vehicle. The first two terms refer to the influence
of the gravitational forces of the Sun and the elongated asteroid, using the elliptic
restricted three-body problem. The term (PJ2) refers to the influence of the terms
J2 due to the flattening of the Sun and the elongated asteroid. The last term refers
to the influence of the solar radiation pressure (PSRP), which has direct dependence
on the area/mass ratio of the spacecraft.

r̈ = G

(
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r13
−−m2

r2
r23

)
+ PJ2 + PSRP. (1)

In equation (1), G represents the gravitational constant, m1 and m2 refer to the
Sun and the elongated asteroid masses, respectively. The distances r1 and r2 corre-
spond to the distance Sun-spacecraft and elongated asteroid-spacecraft, respectively.
Equation (2) shows the accelerations given by the effect of the term J2 of the flat-
tening of the Sun and of the elongated asteroid:
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where the J2 term for the elongated asteroid is given by equation (3) [19]:

JM2
2 =

(
a2 − c2

)
5R2

M2

(3)

where the average longitudinal radius of the elongated asteroid is given by RM2, a
is equal to RM2 and c is the transversal radius. The influence of the solar radiation
pressure is given by equation (4).

PSRP = −CRPS
A

m

rS
|rS|3

(4)

where the reflectivity coefficient of the surface of the space vehicle is indicated by
CR, which is equal to 1 to represent a situation where there is total light absorption;
the solar flux is indicated by PS; the ratio of the cross-sectional area of the spacecraft
to its mass is indicated by A/m. The distance between the Sun and the elongated
asteroid is indicated by rS and it is equal 1.99 au.
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Table 1. Physical and orbital data of the Sun and elongated asteroid [27,28].

Celestial
body

Average
radius (km)

Mass (kg) J2 Semi-major
axis (au)

Eccentricity

Sun 697500 19 885× 1030 22× 10−7 – –
Elongated
asteroid

16 633 951278× 1010* 0.198778* 199 048

*Calculated values.

Table 1 shows the physical and orbital data of the Sun [27] and the elongated
asteroid. The physical data of the elongated asteroid were calculated according to
the values of the triple asteroid 2001SN263 [28] where: the longitudinal radius is equal
to the Alpha-Beta distance (16.633 km); the height is equal to the radius of Alpha
(1.3 km); the mass is equal to the sum of the masses of Alpha, Gamma, and Beta
(951.278 × 1010 kg); the flattening term J2 is given by equation (2) (0.198778); the
semi-axis (1.99 au) and the eccentricity (0.48) are measured relative to the Sun.

Figure 2 shows the initial geometry of the problem in which the Sun, the elon-
gated asteroid and the space vehicle are aligned in the x-axis of the fixed reference
system. The spacecraft is at an initial distance D from the asteroid and has initial
velocity with components vx and vy. These three parameters are the initial conditions
of the spacecraft relative to the asteroid. Initially, a search is made in which the three
parameters are changed, and the respective trajectories are integrated in time. The
maximum (Dmax), minimum (Dmin), and average (Davg) distances of spacecraft-
asteroid are calculated and can be used as a criterion to select the orbits [26,27].
One of the objectives is to find initial conditions that generate trajectories that
respect the following restrictions: Maximum and average distances less than 180 km
(Dmax < 180 km and Davg < 180 km) and minimum distances greater than 50 km
(Dmin > 50 km). The reason is to find orbits that do not get too close to the asteroid,
but also that do not go too far. These limits give trajectories close enough to observe
the asteroid system but are still compatible with the model given by a single elon-
gated body. After that, the values of the distances are sorted from the lowest to the
maximum distances and then one of the initial conditions (D, vx, or vy) is selected
to remain fixed, while the other two are varied within a range of values to build the
color maps. The idea is to find the ranges of initial conditions that generate families
of trajectories and not only isolated trajectories. Finally, the trajectory is drawn by
choosing a specific set of initial conditions. Another objective is to study the influ-
ence of the solar radiation pressure in the trajectories of the spacecraft by varying the
A/m ratio. Three values of A/m used in this study are: zero, 0.001, and 0.01 m2/kg,
which means that three cases are analyzed: without considering the solar radiation
pressure (A/m = 0), considering the solar radiation pressure in a spacecraft that has
the dimensions of a standard spacecraft (A/m= 0.001 m2/kg), and considering that
the spacecraft has a sail or a solar panel (A/m= 0.01 m2/kg).

The criterion to select orbits is based on calculating, for each set of initial condi-
tions, the maximum (Dmax), minimum (Dmin), and average (Davg) distances between
the spacecraft and the elongated asteroid during the entire integration time. Then
those distances are classified according to what is desired for the mission. The average
distance is obtained from equation (5) shown next:

Davg =
1
T

T

∫
0
r2 (t) dt (5)

where the total integration time is given by T .



Celestial Mechanics in the XXIst Century 1561

Fig. 2. Schematic drawing of the problem in the fixed reference system.

Next it is explained the Integral Perturbation Method, which is used to calculate
individually how much a force acts in the motion of the vehicle. Among several
options for this type of study [29,30] it is chosen the integral of the magnitude of the
force, because the goal is to compare the forces. It means that the index is defined
by equation (6) shown below:

PI =
1
T

T

∫
0
|α| dt (6)

where T is the total integration time and α is the acceleration vector given by the force
considered. In this study, the forces considered are the ones due to the gravitational
interaction of the Sun (PertSun) and the elongated asteroid (PertAster); the terms
J2 representing the flattening of the Sun (PertJ2Sun) and the elongated asteroid
(PertJ2Aster); and the solar radiation pressure (PertSRP). There are three more
types of integral indices that can be used for other cases and that can be seen in
more detail in [31].

3 Analysis and results

After identifying trajectories of interest, specified by the position and velocity of the
spacecraft relative to the asteroid, new integrations are made using smaller spacing
in the parameters. After that, color maps are generated to show the trajectories in
more detail.

3.1 Study considering A/m=0

Figure 3 shows the color maps for the case where the solar radiation pressure was not
considered in the model (A/m= 0) and the integration time is equal to 90 days. From
there we can observe and analyze the distribution of distances and the effects of the
forces as a function of the initial conditions of a space vehicle in the neighborhoods of
an elongated asteroid. The values of the initial distance D range from 50 to 70 km; the
velocity vy range from −0.00015 to 0.00015 km/s; and the velocity vx remains fixed
at zero. The distributions of maximum, minimum, and mean distances are shown
in Figures 3a–3c, respectively. The effects of the forces due to the interaction with
the asteroid, the J2 terms of the asteroid and the Sun are shown in Figures 3d–3f,
respectively. The blank regions in Figures 3a–3c indicate initial conditions that do
not respect the restrictions Dmax < 180 km, Davg < 180 km, and Dmin > 50 km.
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(a) (b)

(c) (d)

(e) (f)

Fig. 3. Color mappings for A/m = 0 and T = 90 days for the variation of (a) Dmax,
(b) Dmin, (c) Davg, (d) PertAster, (e) PertJ2Aster, and (f) PertSun.

Among them there are the initial conditions that lead the spacecraft to collide with
the elongated asteroid. In the case of Figures 3d–3f, only the initial conditions that
cause the spacecraft to collide with the elongated asteroid are blank. The figures
showing the contribution of each force are not limited by the distance constraints
and all the solutions are shown. The values with respect to the force due to the J2

term of the Sun were all equal to 2.21× 10−17 km/s2.
It is also possible to identify, from Figure 3, which set of initial conditions generate

the lower and the higher values of distances and also those that are more or the
less affected by each force. The figures show certain symmetry in the dispersions
of the values with respect to the y axis having the zero value as reference for the
symmetry. However, in the figures of distances, Figures 3a–3c, it is noticed that
the range of negative values of y presents a certain discontinuity for the values of



Celestial Mechanics in the XXIst Century 1563

(a) (b)

Fig. 4. Colors maps for A/m = 0 m2/kg: (a) Dmax (b) Dmin for T = 240 days.

x from 50 to 57 km. In the figures of maximum and average distances, Figures 3a
and 3b, the highest values of distances are on the outer edges of the positive and
negative bands of y, and the lower values are in the internal parts of these bands.
The distribution of the minimum distances, shown in Figure 3b, presents the smallest
values in the inner parts of the positive and negative y ranges. It is also observed
that the minimum distances are distributed from the lowest to the highest values
according to the values of D (km), the initial distance. It means that, as D increases,
the minimum distance also increases. In the plots showing the effects of each force,
Figures 3d–3f, the dispersion of the values is practically symmetrical with respect to
zero on the y-axis. Remembering that these figures do not include the restrictions of
maximum (Dmax < 180 km), minimum (Dmin > 50 km) and average (Davg < 180 km)
distances. The perturbations related to the elongated asteroid, Figures 3d and 3e,
behave inversely to those of maximum and average distances, Figures 3a and 3c,
that is, the initial conditions that give more disturbances are in the inner part of the
ranges of positive and negative y, and the less disturbed ones are in the outer parts of
those bands. It is also observed that the lower values of D have larger perturbations,
since these conditions are closer to the asteroid. The distribution of the effects of the
Sun, Figure 3f, is practically equal to 4.0245 × 10−6 km/s2 and this is of course the
dominating force acting along the trajectories.

After that, Figure 4 shows the color mappings of maximum (Dmax) and minimum
(Dmin) distances as a function of the initial distance D, which varies from 50 to 70 km
and the velocity vy in the range −0.00015 to 0.00015 km/s, with the velocity vx being
fixed in zero, similar to the values used in Figure 3, but now the study is extended
to 240 days.

Observing Figure 4, it can be seen that, over the time, the initial conditions that
generate the trajectories with higher values of Dmax are the ones suffering the largest
variations. It is also observed that the trajectories with smaller values of D are also
the ones that suffer the most changes, because they stay longer closer to the asteroid.
This occurs because, over the time, the trajectories can approach or move away from
the elongated asteroid, not respecting the limits of the distances Dmax < 180 km
and Dmin > 50 km. Figure 5 presents two examples of trajectories, with the two sets
of initial conditions taken from Figure 4. Set 1 considers: D= 60 km, vx = 0, and
vy = 0.0001 km/s; while set 2 considers D= 60 km, vx = 0, and vy = −0.0001 km/s.
Figures 5a and 5b show the trajectory for set 1 considering the times of 90 and 240
days, respectively. Figures 5c and 5d show the trajectory for set 2, also considering
the times 90 and 240 days, respectively. The rotating reference system is used and
the elongated asteroid is represented in scale at the origin of the system.
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(a) (b)

(c) (d)

Fig. 5. Trajectories for A/m = 0 and simulations times of 90 and 240 days for two sets of
initial conditions: (a) and (b) is for set 1; (d) and (e) is for set 2.

In Figure 5 the two trajectories can be observed around the elongated asteroid
over the time. Set 1, shown in Figures 5a and 5b, were made using the positive
values of vy shown in Figure 4; while set 2 is made for the negative values of vy
shown in Figure 4. In set 1, the trajectories have the counterclockwise sense and vy is
equal to 0.0001 km/s. In set 2, the trajectories have clockwise sense and vy is equal to
−0.0001 km/s. It is observed that, for both sets 1 and 2, the trajectories present small
oscillations, and set 1 presented larger visual variations over time. Table 2 shows the
respective values of distances: maximum, minimum, and average; as well as the effects
of the gravitational forces and the J2 terms of the Sun and the elongated asteroid
for each trajectory.

In Table 2 it is observed that the values of maximum and minimum distances for
the set 1 for the times of 90 and 240 days were equal, and their values were 60.6011 and
52.7889 km, respectively. It is observed that the maximum and minimum distances
of the set 1 are smaller than those presented by set 2, which are equal to 61.1504
and 54.0593 km, respectively, for the time of 90 days and 61.2685 and 53.4817 km,
respectively, for the time of 240 days. In this condition, set 1 presents the largest



Celestial Mechanics in the XXIst Century 1565

Table 2. Values of distances and perturbations for the trajectories with A/m = 0 considering
set 1 and set 2.

Set 1 Set 2

90 days 240 days 90 days 240 days
Dmax (km) 60.6011 60.6011 61.1504 61.2685
Dmin (km) 52.7889 52.7889 54.0593 53.4817
Davg (km) 57.4337 57.2146 57.8400 57.5739
PertAster (km/s2) 1.74× 10−10 1.75× 10−10 1.72× 10−10 1.74× 10−10

PertSun (km/s2) 4.02× 10−6 2.48× 10−6 4.02× 10−6 2.48× 10−6

PertJ2Aster (km/s2) 4.41× 10−12 4.47× 10−12 4.29× 10−12 4.38× 10−12

PertJ2Sun (km/s2) 2.21× 10−17 1.03× 10−17 2.21× 10−17 1.03× 10−17

variation. Set 1 also presented the lowest average distances for the 90 and 240 days,
57.4337 and 57.2146 km, respectively. By analyzing the effects of the forces acting
in the dynamics, it is observed that the Sun (PertSun) is the dominant force in the
trajectories, as expected, being of the order of 10−6, followed by the perturbation of
the elongated asteroid (PertAster), which is of the order of 10−10.

Next, the study of the distribution of the initial conditions is presented as a func-
tion of the A/m ratio and time. Three values of A/m are adopted: zero, when the
solar radiation pressure is not considered; 0.001 and 0.01 m2/kg, cases in which the
solar radiation pressure is considered, but in different levels. Integration times are
adopted according to the A/m value. Only the distribution charts of the maximum
and minimum distances will be presented, since they are those that presented sig-
nificant changes according to the case. The results for the average distances follow
very closely the distribution of the maximum distances, because the minimum values
are small. We will also present examples of trajectories over time for different sets
of initial conditions, as well as their respective values of distances and effects of the
forces.

3.2 Study considering A/m= 0.001 m2/kg

In this second case the solar radiation pressure is considered, assuming a typical value
for a spacecraft of A/m= 0.001 m2/kg. Figure 6 shows the color maps of maximum
(Dmax) and minimum (Dmin) distances as a function of the initial distance D, which
varies from 50 to 70 km and the velocity vy, which is in the range from −0.00015 to
0.00015 km/s, with the velocity vx being fixed in zero. Figures 6a and 6b consider
the time of 90 days and Figures 6c and 6d the time of 180 days.

In Figure 6 the same set of initial conditions used in the previous case, A/m= 0,
is used to construct the color maps. In the present case, it is observed that the initial
conditions that generate trajectories and have positive vy, Figures 6a and 6b, are not
present in Figures 6c and 6d. It means that these initial conditions, when consid-
ered for longer times, no longer respect any of the maximum or minimum distance
restrictions. Through the distribution of minimum distances, shown in Figure 6b,
it is observed that these conditions probably no longer respected the restriction
Dmin > 50 km, because, for the time of 90 days, Dmin is already close to this limit.
Comparing Figures 6a and 6c we also note that the smaller starting distance values
of D and the ones with the higher maximum distances for the 90 days period do
not appear in the figures made using 180 days of simulation. Again, these initial
conditions should no longer respect the constraints if we analyze Figures 6b and 6d.
Compared to the simulations made for A/m= 0.0, it is clear the reduction of the sizes
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(a) (b)

(c) (d)

Fig. 6. Color maps for A/m = 0.001 m2/kg: (a) Dmax, (b) Dmin for T = 90 days and
(c) Dmax, (d) Dmin for T = 180 days.

of areas generating trajectories that respect the distances constraints, which means
that the solar radiation pressure reduces the number of acceptable trajectories.

Figure 7 shows two examples of trajectories, with the two sets of initial conditions
taken from Figure 6. Set 1 considers: D= 55 km, vx = 0, and vy = 0.000126 km/s;
and set 2 considers D= 60 km, vx = 0, and vy = −0.00011 km/s. Figures 7a and 7b
show trajectories for set 1 considering the times of 90 and 120 days for the simulation,
respectively. Figures 7c and 7d show trajectories for set 2 considering the times 90
and 180 days for the simulation, respectively. The idea is to show a trajectory that
does not “survive” up to 180 days, given by set 1, and a trajectory that “survives” up
to 180 days, given by set 2. The rotating reference system is used and the elongated
asteroid is represented in scale at the origin of the reference system. It is observed that
set 1 has a trajectory that starts at D= 55 km and travels counterclockwise, moving
around the elongated asteroid while it moves away from it, as seen in Figure 7a.
However, Figure 7b shows that the trajectory tends to return and to move towards
the elongated asteroid, which may indicate that, before the time of 180 days, it fails
with respect to the limit Dmin > 50 km. Set 2, shown in Figures 7c and 7d, presents a
trajectory that performs small oscillations, but that surrounds the elongated asteroid
for up to the time of 180 days.

Table 3 shows the respective values of distances: maximum, minimum, and aver-
age; and the effects of the forces due to the Keplerian terms of the gravitational fields
and the J2 terms due to the flattening of the Sun and the elongated asteroid, for each
trajectory.

In Table 3 it is observed that the values of maximum, minimum, and averages
distances for the set 2, considering simulation times of 90 and 180 days, were equal
and their values were 79.1862, 52.1923, and 66.8559 km, respectively. The highest
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(a) (b)

(c) (d)

Fig. 7. Trajectories for A/m = 0.001 m2/kg: (a) T = 90 days, (b) T = 120 days for set 1;
(c) T = 90 days, (d) T = 180 days for set 2.

Table 3. Values of distances and effects of the forces for the trajectories with
A/m = 0.001 m2/kg, considering set 1 and set 2.

Set 1 Set 2

90 days 120 days 90 days 180 days
Dmax (km) 133.4690 137.1071 79.1862 79.1862
Dmin (km) 50.0336 50.0336 52.1923 52.1923
Davg (km) 86.7800 96.4492 66.8559 66.8559
PertAster (km/s2) 9.51× 10−11 8.09× 10−11 1.33× 10−10 1.31× 10−10

PertSun (km/s2) 4.02× 10−6 3.50× 10−6 4.02× 10−6 2.89× 10−6

PertSRP (km/s2) 3, 09× 10−12 2.68× 10−12 3, 09× 10−12 2.21× 10−12

PertJ2Aster (km/s2) 1.74× 10−12 1.36× 10−12 2.73× 10−12 2.77× 10−12

PertJ2Sun (km/s2) 2.21× 10−17 1.79× 10−17 2.21× 10−17 1.31× 10−17
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(a) (b)

(c) (d)

Fig. 8. Color maps for A/m = 0.01 m2/kg: (a) Dmax, (b) Dmin for T = 60 days and
(c) Dmax, (d) Dmin for T = 90 days.

values of maximum (133.4690 to 137.1071 km) and average (86.7800 and 96.4492 km)
distances were recorded for 90 and 120 days, respectively, as well as the lowest min-
imum distances (50.0336 km for both times). By analyzing the effects of the forces
involved, it is observed that the Sun (PertSun) is of course the main force acting
in the trajectories, being of the order of 10−6, followed by the perturbation of the
elongated asteroid (PertAster), which is of the order of 10−11 for set 1 and 10−10

for set 2. The effects coming from the solar radiation pressure (PertSRP) was of the
order of 10−12 for both sets, also having values equal to 3.09 × 10−12 for both sets
considering 90 days of simulation.

3.3 Study considering A/m= 0.01m2/kg

In this last case, the solar radiation pressure is considered, but it is assumed a larger
area-to-mass ratio for the spacecraft. It indicates the presence of a solar sail or pan-
els. Figure 8 shows the color maps of the maximum (Dmax) and minimum (Dmin)
distances as a function of the initial distance D, which varies from 50 to 70 km and
the velocity vy, that is in the range from −0.00015 to 0.00015 km/s, with the velocity
vx being fixed in zero. Figures 8a and 8b consider a time of integration of 60 days,
while Figures 8c and 8d are made using a time of 90 days.

In Figure 8 the same set of initial conditions used in the two previous cases
is used here to construct the color maps. In the present case, it is observed that
the initial conditions that generate the trajectories having negative values of vy,
visible in Figures 9a and 9b, are not present in Figures 9c and 9d. It means that
when these initial conditions are propagated for longer times, the trajectories do not
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Table 4. Values of distances and effects of the forces for trajectories with A/m = 0.01 m2/kg
considering set 1 and set 2.

Set 1 Set 2

60 days 90 days 60 days 72 days
Dmax (km) 121.1644 121.2275 162.8198 181.4791
Dmin (km) 65.000 59.0538 68.0000 68.0000
Davg (km) 107.4641 107.6930 127.8381 128.9178
PertAster (km/s2) 5.60× 10−11 5.42× 10−11 4.27× 10−11 4.17× 10−11

PertSun (km/s2) 4.66× 10−6 4.02× 10−6 4.66× 10−6 4.40× 10−6

PertSRP (km/s2) 3.58× 10−11 3.09× 10−11 3.58× 10−11 3.38× 10−11

PertJ2Aster (km/s2) 5.32× 10−13 5.28× 10−13 3.57× 10−13 3.32× 10−13

PertJ2Sun (km/s2) 2.78× 10−17 2.21× 10−17 2.78× 10−17 2.54× 10−17

respect at least one of the maximum and minimum distances restrictions. Through
the distribution of maximum distances, shown in Figure 9a, it is observed that these
conditions probably no longer respect the restriction Dmax < 180 km, because for
the time of 60 days the system was already close to the limit value. Compared to
previous simulations it is clear that the regions of initial conditions are even smaller
for this higher value of the solar radiation pressure.

Figure 9 presents two examples of trajectories, with the two sets of initial condi-
tions taken from Figure 8. Set 1 considersD= 65 km, vx = 0, and vy = 0.000112 km/s;
while set 2 considers D= 68 km, vx = 0, and vy = −0.00013 km/s. Figure 9a and 9b
show trajectories for set 1 considering the times of 60 and 90 days, respectively.
Figure 9c and 9d show trajectories for set 2 considering times of integration of 60
and 72 days, respectively. The idea is to show a trajectory that “survives” up to 90
days, given by set 1, and a trajectory that does not “survive” up to 90 days, given by
set 2. The rotating reference system is used, and the elongated asteroid is represented
in scale at the origin of the system. It is observed that set 1 shows a trajectory that
starts at D= 65 km and moves counterclockwise, up to a certain point when it turns
right and start to move clockwise, as visible in Figure 7a. However, Figure 7b shows
that the trajectory tends to move towards the elongated asteroid, and it is likely
that, in a short time, it will no longer respect the limit of Dmin > 50 km. Figure 9c
shows a trajectory that starts at D = 68 km and moves clockwise for a certain time,
when it enters in a loop and goes counterclockwise. In Figure 9d it is observed that
the trajectory continues to move away from the elongated asteroid and, in 72 days,
it is already outside the limit of Dmax < 180 km.

Table 4 shows the maximum, minimum, and average distances; as well as the
effects of the gravitational forces and the J2 terms of the flattening of the Sun and
the elongated asteroid for each trajectory.

Observing set 1 in Table 4, it can be seen that the maximum distance has a small
increase when the time goes from 60 to 90 days, having values equal to 121.1644 and
121.2275 km, respectively. However, the minimum distance decreases from 65.000 to
59.0538 km with the increase of the simulation time. Observing set 2, in Table 4,
it can be seen that the maximum distance increases from 162.8198 to 181.4791 km,
considering the times of 60 and 72 days. It is also observed that the minimum distance
remained equal to 68.0000 km over the simulation time.

By analyzing the effects of the forces acting in the system, it is observed that the
Sun (PertSun) dominates the trajectories, as in the other cases, with a contribution in
the order of 10−6, followed by the perturbation of the elongated asteroid (PertAster),
which is on the order of 10−11 for sets 1 and 2. The effects of the solar radiation
pressure (PertSRP) are of the order of 10−11 for both sets.
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(a) (b)

(c) (d)

Fig. 9. Trajectories for A/m = 0.01 m2/kg: (a) T = 60 days, (b) T = 90 days for set 1;
(c) T = 60 days, (d) T = 72 days for set 2.

3.4 Comparing the results obtained between the three values of A/m: zero,
0.001, and 0.01 m2/kg

Some important points are now highlighted by analyzing the results for the three
values of A/m, since we used the same set of initial conditions for the creation of the
color maps and the time of simulation of 90 days for all the cases. Those points are
listed next:

– As the value of A/m is increased, a reduction of the initial condition that generates
trajectories following the distance limits Dmax < 180 km and Dmin > 50 km for
the 90 days was observed. Comparing the cases with the solar radiation pressure,
using values of A/m equal to 0.001 and 0.01 m2/kg, with the case without solar
radiation pressure, A/m= 0, there was a decrease of approximately 57% and 99%,
respectively.

– It was also observed that the values of initial conditions with the lowest values of
initial distance D, which are the ones starting close to the elongated asteroid, are
those that tend not to respect the limits of distances with the increase of A/m.
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– With the increase of A/m it was also observed that the longer simulation times
used to generate the color maps decreased. The highest time for A/m= 0 was 240
days and could have been even longer, since the trajectories “survived” without
large oscillations over the time. For A/m= 0.001 m2/kg the time was 180 days,
since the trajectories presented very different behaviors and stronger oscillations.
For A/m= 0.01 m2/kg the longest time was equal to 90 days, presenting only a
thin range of results and trajectories that do not move around the asteroid and
tend to escape or collide with it.

– The Sun dominates the motion, as expected, with PertSun in the order of 10−6.
– The effects of the gravity of the elongated asteroid (PertAster) vary depending

on how close the spacecraft passes by the asteroid, but it is in order of magnitude
from 10−10 to 10−11.

– The order of magnitude of the effects of the solar radiation pressure (PertSRP)
increased by an order of magnitude when increasing the A/m from 0.001 to
0.01 m2/kg, as expected, and it goes from 10−12 to 10−11.

4 Conclusion

In this study it was possible to identify numerous sets of initial conditions that can
be used to place a spacecraft in orbit around an elongated asteroid that respect
lower and upper distance limits during the whole trajectory. Using color maps it
was possible to identify those ranges of initial conditions. Those orbits increase the
options of trajectories that can be used depending on the goal of the mission.

It was also observed that the sizes of the intervals of initial conditions change
according to whether or not the solar radiation pressure is considered and the value
of A/m. Those sizes decrease with A/m, which means that the solar radiation pres-
sure strongly disturbs the orbits making them to get too close or too far from the
system. Even when initial conditions are found, their durations are smaller when
solar radiation pressure is acting in the system.

Another point observed, making calculations of the integrals of the accelerations
involved in the problem, is that it is possible to identify the importance of each force
acting in the system for each trajectory. The Sun is the dominant force, as expected,
with an integral in the order of 10−6, followed by the gravity of the elongated asteroid
(ranging from 10−11 to 10−10) and the solar radiation pressure (ranging from 10−12

to 10−11). The effects of the flattening of the elongated asteroid (term J2 of the
gravity field) range from 10−13 to 10−12 and the equivalent term for the Sun is of
the order of 10−17.
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