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Abstract. This paper presents a numerical investigation on magneto-
hydrodynamics combined convection in a nanofluid-saturated porous
2-D cavity with different tilting angles of applied magnetic field and
aspect ratios. The moving upper horizontal wall is heated uniformly.
The temperature along the bottom wall is a constant cold tempera-
ture while the adiabatic condition is maintained at the vertical side-
walls. The finite volume method is applied to solve the system of non-
dimensional equations. The pertinent parameters of the current study
are Hartmann number (Ha), solid volume fraction (), Richardson
number (Ri), the aspect ratio (Ar), Darcy number (Da), and the in-
clination angle of the magnetic field (7). The slope of applied magnetic
field affects the magnetic field intensity and the overall rate of heat
transfer is augmented in the forced convection regime than the mixed
convection regime. The mean Nusselt number raises on increasing of
Ar for all considered Richardson numbers. In the presence of magnetic
field, the rate of heat transfer is almost equal to the amplification of
solid volume concentration when Ar = 0.25, whereas, it increases for
Ar > 0.25 with the raise in the solid volume concentration. An increase
in Hartmann number and Darcy number is insignificant on mean rate
of heat transfer in the mixed convection regime at Ar < 0.5.

1 Introduction

Magneto-hydrodynamics (MHD) is the analysis of physical behavior of fluids con-
ducting with electromagnetic field. MHD convective heat transfer analysis in a cavity
is one of the most extensively referred studies in the field of thermo-fluids for the
last few decades as it finds numerous applications in electromagnetic casting, crystal
growth, electronic cooling equipment, etc. Free or mixed convection in an enclosure
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influenced by the magnetic field has been performed [1-6]. Nanofluids, introduced by
Choi and Estman [7], dispersing ultrafine metallic particles into the base fluids, have
focused in the convective heat transfer processes. The reason is that the nanoflu-
ids have superior thermal conductivity than the conventional fluids. Some numerical
simulations related to combined convection in a nanofluid filled lid-driven enclosure
are listed in the references [8-12]. The problem of heat transfer in a porous cavity has
been the most important topic in convectional heat transfer due to its wide spectrum
of many engineering applications. Numerical investigation on mixed convective heat
transfer in a porous enclosure with moving lid(s) has been discussed [13-18]. Recently,
convection in a cavity filled with nanofluid saturated porous medium has received
much popularity among the researchers on application to challenges prevailing in
engineering problems. An investigation of heat transfer in an enclosure or a plate
with nanofluid saturated porous medium has been performed by some researchers
[19-23].

In the current literature survey, study on momentum and energy transfer is dis-
cussed into four groupings classes, for instance convection flow of an electrically
conducting fluid, mixed convection flow in an enclosure filled with nanofluid, natural
or combined convection flow in a porous cavity and mixed convection in a cavity or
a plate nanofluid saturated porous medium. On the other hand, there is no study
combining the above four categories. Further, in many engineering applications, the
physical system is designed not only in the square type but also in the rectangular
shape. Therefore, the above observations motivate the present study to analyze the
influence of tilted Lorentz force on both free and forced convective heat transfer in a
2-D rectangular enclosure filled with nanofluid saturated porous medium. Especially,
this investigation aims to discuss numerically the impacts of tilted angles of magnetic
field and aspect ratio with respct to Darcy number, Hartmann number and the solid
volume fraction. With respect to the above literature review and to the author’s
preposition there is no such investigation initiated so far.

2 Mathematical analysis

A physical configuration of the present analysis, mixed convection in a 2-D rectan-
gular porous enclosure of length L and height H filled with nanofluid is presented
in Figure 1. z and y axes represent the dimensional velocity components u and v
respectively. The vertical walls of the cavity are considered to be adiabatic. The
upper and lower horizontal walls are fixed at temperatures 8, and 6. on the condi-
tion that 6, > 6.. The top wall moves in its own plane from left to right at constant
velocity Uy. The cavity is filled with Cu-water nanofluid saturated porous medium.
The flow inside the cavity is considered to be steady, laminar, incompressible and
Newtonian. No slip condition is assumed between the fluid and two vertical walls. Fur-
ther, the tangential fluid velocity is considered as equal to the moving wall velocity.
The nanoparticle size and shape are uniform and no slip velocity occurs between the
base fluid and nanoparticles. Base fluid and nanoparticles are in thermal equilibrium.
Barring density, the thermo-physical properties of the nanofluid remain constant due
to Boussinesq approximation, as listed in Table 1. A magnetic field with magnitude
By is applied parallel to the horizontal walls uniformly. The slope of the applied
magnetic field is . The porous medium is uniform and hydro-dynamically and ther-
mally isotropic. The local thermal equilibrium (LTE) conditions exist between porous
medium and nanofluid. Further, it is considered that the Joule heating effect, induced
magnetic field effect, viscous dissipation and internal heat generation are trivial. The
subscripts f, s, nf, nl, eq and ef f are stand for fluid, solid, nanofluid, nanolayer,
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Fig. 1. Physical diagram of the considered study.

Table 1. Thermo-physical properties of base fluid and nanoparticles [19,21].

p (kgm™?) Cpo(Jkg 'K 1) k(Wm 'K ') Bx10°(K )
Water 997.1 4179 0.613 21
Copper(Cu) 8933 385 401 1.67

equivalent and effective respectively. The non-dimensional form of governing
equations for the above assumptions as follows:
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along with the temperature and velocity conditions at boundaries:
U=1V =0, T=1, Y =Ar

U=V =0, T=0, Y=0
U=V =0 T ), X=0X=4r
- ] 8X_7 - Y -

where X, Y, U, V, T and P are the dimensionless form of the dimensional quantities
x, Y, u, v, 6 and p respectivly and they are defined as X = z/H,Y = y/H, U = u/Uy,
V =v/Uy, T = (0 —0.)/(0r, — 0.) and P = p/pUZ. Based on Ergun’s [24] formula,
the Forchheimer’s coefficient F' and the permeability of the porous medium K are
calculated as follows

LT K dy
© V/150e3/2° " 150(1 — €)?

where d, is the size of the average particle and e is the porosity.

Further, the dimensionless parameters appeared in equations (1)-(4) are
Hartmann number Ha? = ;B3 H?/u¢, Darcy number Da = K /H?, Prandt] number
Pr = vy/ay, Reynolds number Re = UgH/vg, Grashof number Gr = gBA0H? /v}
and Richardson number Ri = Gr/Re?, where v, o, u, g and « are the kinematic
viscosity, electrical conductivity, dynamic viscosity, gravitational acceleration and
thermal diffusivity respectively.

The nanofluid properties effective density (p), the thermal diffusivity («), the heat
capacitance(pCp), the dynamic viscosity (u) and the thermal expansion coefficient
(8) are expressed by the following relations [8,11,19] and [21]:

pnt = (1= X)ps + Xps (5)
_ Keff
= O o
(PCp)nf =(1- X)(Pcp)f + X(Pcp)s (7)
oy
it = =25 ®)
(PB)ut = (1 = X)psBs + xPsPs- (9)

Nanofluid effective thermal conductivity for spherical nanoparticles keg is
obtained by Modified Maxwell [25] model as given below;

ke _ (keq + 2kf) + 2(keq - kf)(l + W)gX
Ky (ke + 2ky) — (keq — kp)(1 )y

thickness of nanolayer(hy)
radius of nanoparticles(rs)

tivity koq is described as follows;

keq _ 2(1—m)+ (1+w)?(1+2n)
kS*”—u—ny+u+wPa+2m (11)
kn

(10)

and the nanoparticles equivalent thermal conduc-

where w =

In this equation, n = o In the present study, it is considered that the nano-
layer thickness, nanoparticles radius and the nano-layer thermal conductivity (k) are
2nm, 3nm and 100k; respectively. Also, the fraction of solid volume is represented
by x. Yu and Choi [26] tested the results of modified Maxwell model experimentally
for the above conditions and found the results to be in good agreement.

The local Nusselt number (Nu) and the average Nusselt number (Nuayg) for
obtaining the rate of heat transfer inside the enclosure are calculated as follows;

Keg 1 0T

Nu= =t = 9%
YT TR, Aroy

(12)
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Fig. 2. Mid-plane U-velocity profile for different mesh sizes at Ar = 0.5, Ri = 1, v = 0°,
Ha =50, Da=10"2, ¢ = 0.4 and x = 0.06.

and
Ar

Nugyg = Nu dX. (13)
0

3 Numerical technique and validation of algorithm

The non-dimensional equations (1)—(4) are solved by finite volume method (FVM)
to obtain the numerical solutions. The grid selection is uniform in both X and Y
directions. By using Patankar’s [27] SIMPLE algorithm, pressure and velocity terms
are paired. The third order accurate deferred QUICK scheme of Hayase et al. [28] is
used to compute the convection fluxes at the inner nodes, whereas diffusion fluxes
are calculated at the boundary nodes by using central differencing scheme in both
momentum and energy equations. The non-dimensional equations are integrated over
each control volumes. Tri-diagonal matrix algorithm line-by-line method is applied to
solve the system of resultant equations. A grid independence checking is performed
for the following range of grid sizes from 11 x 21 to 81 x 161 at Ri = 1, Da = 1072,
Ha = 50, Pr = 6.2, Ar = 0.5, v = 0°, ¢ = 04, and x = 0.06 so as to regulate
the suitable grid size for numerical calculations. Figure 2 illustrates the mid plane
U-velocity profile for various grid sizes and it concludes that a 41 x 81 grid size is
sufficient to get the preferred accuracy of results. Also, to assess the accurateness
of the current numerical results, the validation of the developed programming code
is performed by comparing it with that of in published works. The present code
is tested with the simulation for mixed convection in porous enclosure numerically
of Khanafer and Chamka [29]. The comparison results are depicted in Figure 3 for
different Darcy numbers Da = 1073 and Da = 1072 at Ri = 1072. It shows an
excellent concurrence between the two numerical results. Moreover, the current code
is validated with the results of Iwatsu et al. [30]. Figure 4 shows the streamlines and
isotherms for Re = 103, Gr = 102 and Pr = 0.71. There is a clear agreement between
the two numerical simulations.

4 Results and discussion

A numerical investigation is carried out to examine the impact of magnetic field
slanting angles on mixed convection flow of nanofluid in a two dimensional lid-driven
rectangular porous enclosure. The moving top wall is heated with uniform temper-
ature whereas the bottom wall remains at a constant cold temperature. Thermally
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Fig. 3. Comparison of the mid-plane V-velocity with the results of Khanafer and Chamka
[29].
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Fig. 4. Comparison of Streamlines and Isotherms with the results of Iwatsu et al. [30] at
Re =10°, Gr =10 and Pr = 0.71.

insulated walls are fixed at the left and right sides of the cavity. The Prandtl number
of working nanofluid Cu-water is fixed as 6.2. The porosity of the porous medium is
chosen as € = 0.4, in this analysis entirely. Streamlines, temperature contours, veloc-
ity profiles and average Nusselt number are used to discuss the obtained results for a
mixture of the following parameters Richardson number (0.01 < Ri < 100), the solid
volume fraction (0.00 < y < 0.06), Darcy number (10~* < Da < 10~1), Hartmann
number (0 < Ha < 70) and the slope of magnetic field (0° < v < 90°). Further, the
aspect ratio Ar varies from 0.25 to 2 which is measured as the ratio of length (L)
and height (H).

4.1 Effects of magnetic field inclination with different aspect ratios

To examine the influence of aspect ratio and magnetic field slanting angle at
Ri=0.01, the other parameters are chosen as Ha = 50, Da = 1072 and x = 0.06 and
the results are described in Figures 5-8. Figure 5 presents the temperature contours
and flow patterns for different magnetic field inclinations at Ar = 0.25. For v = 0°,
the applied magnetic field stimulates Lorentz force which acts normal to the direction
of applied magnetic field vector. As a result, a three-cellular flow structure exists at
the top most half of the cavity and the nanofluid is almost stagnant in the lower part
of the cavity. The corresponding isotherms are distributed in the upper component of
the cavity and the temperature gradients are high nearer the right vertical wall due
to intense effect of the moving lid. Conduction mode of heat transfer exists. When
the horizontal direction of the applied magnetic field deviates to vertical direction,
the fluid flow pattern and heat transfer characteristics in the enclosure are influenced.
When v = 90°, the Lorentz force acts parallel to the moving hot wall and enhances
the shear force. Hence, three cells get merged and a single clockwise (CW) rotating
vortex occupies the whole cavity. The core region of the cell is located near the top
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(c) v =60° (d) v =90°

Fig. 5. Isotherms and Streamlines for different inclination angles of magnetic field with
Ri =0.01, Da = 1072, Ar = 0.25, x = 0.06 and Ha = 50.

(c) v = 60°

Fig. 6. Isotherms and Streamlines for different inclination angles of magnetic field with
Ri =0.01, Da = 1072, Ar = 0.5, x = 0.06 and Ha = 50.
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(c) v = 60° (d) v =90°

Fig. 7. Isotherms and Streamlines for different inclination angles of magnetic field with
Ri=0.01, Da=10"2, Ar =1, x = 0.06 and Ha = 50.

(b) v =30°

(d) v =90°

Fig. 8. Isotherms and Streamlines for different inclination angles of magnetic field with
Ri=0.01, Da=10"2, Ar = 2, x = 0.06 and Ha = 50.

right corner of the cavity. The isotherms are pushed and expanded towards the cold
bottom wall. The effects of different slopes of magnetic field on thermal pattern and
fluid flow are shown in Figure 6 for Ar =0.5. At v = 0°, the cavity is filled with three
vortices one below the other. The temperature contours are nearly parallel to the
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horizontal wall illustrating conduction dominant heat transfer. Figure 6¢ exhibits
the effect of magnetic field aligned angle at v = 60°. The vertices are stretched
diagonally towards a cold wall and the top vortex squeezes the other vortices. The
isotherms at the center of the cavity become parabolic and the convection dominates
over the conduction. As the inclination angle is increased to v = 90°, a single CW
rotating eddy fills the whole cavity. The temperature contours are crowded at the
right bottom of the cavity.

The effect of magnetic field inclinations on fluid flow and isotherms in a square
cavity (Ar=1) is displayed in Figure 7. When v = 0°, a large CW rotating eddy
above a small CCW rotating eddy jointly occupy the whole enclosure. The corre-
sponding isotherms appear nearly parallel to the bottom wall at the lower part of the
cavity. Due to the vigorous effect of moving lid, small temperature differences stay
alive at the upper component of the cavity. The large CW rotating eddy is elongated
towards the bottom wall further and fills the entire cavity with a tiny cell nearer to
the lower right wall of the enclosure as the slope of magnetic field increases from 0°
to 90°. Moreover, as shown in Figure 6, the same result is also noticed on tempera-
ture contour maps with the raising of magnetic field tilting angle. The temperature
contours and flow patterns for different magnetic field orientations with Ar =2 are
shown in Figure 8. In this case, thermally active wall becomes very closer to the cold
wall and the length of the heating wall also increases. As a result, the effect of shear
and buoyancy forces is more effective in high aspect ratio than that of in the low
aspect ratios. When « = 0°, the flow is exemplified by a major CW turning vortex
caused by the moving lid. The distributions of isotherms are noticed mostly in the
left part of the enclosure due to potent effect of moving top wall. Tilting the applied
magnetic field by 30°, a small vortex occurs at the lower right part of the cavity
and the core region of the major vortex moves downward. However, for v = 90°, the
major cell fills the whole cavity with a little cell at lower part of the right wall. Owing
to the strong effect of shear force, the isotherms are crowded near the bottom wall
and the small temperature gradients exist in the core region of the cavity.

Figure 9 illustrates the variations of mid-plane velocities with different aspect
ratios and magnetic field inclination angles. When Ar =0.25, the magnitude of U-
velocity reduces with the increase in slope of magnetic field while it augments first
and then decreases with a raise in the slope of magnetic field for the aspect ratios
0.5, 1 and 2. The cause of the above effect was to the closeness between the heated
top wall and the cooled bottom wall as the value of the aspect ratio increases. For
all considered Ar, an enhancement in the magnetic field tilting angle results an
increase in the net value of V-velocity. The maximum of V-velocity occurs nearer
to the lower part of the right wall owing to the mechanical effect of moving lid.
The correlation on heat transfer rate for various aspect ratios and inclination angles
of the magnetic field is demonstrated in Figure 10. It can be observed that in the
forced convection regime, the slope of applied magnetic field has less effect when
Ar=0.25 whereas, it produces significant differences in the mean Nusselt number
for the aspect ratios greater than 0.25. The maximum heat transfer takes place at
~ = 30° in the shallow cavity. The value of mean Nusselt number augments with the
tilting angle of magnetic field for Ar =0.5 and 1, though it increases first and then,
decreases slightly for Ar =2. The identical impact is noticed on the average Nusselt
number too with the inclination angles of magnetic field and aspect ratios in Ri=1
as in Ri=0.01. For all considered aspect ratios, the slope of magnetic field is inactive
in the dominant natural convection. Generally, the overall rate of heat transfer is
decreased with enhancing in the Richardson number and the highest heat transfer
takes place in the shallow enclosure.
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Fig. 9. U and V-velocity profiles for different inclination angles of magnetic field and aspect
ratios with Ri = 0.01, Da = 1072, x = 0.06 and Ha = 50.
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Fig. 10. Average Nusselt numbers for different inclination angles of magnetic field, aspect
ratios and Richardson numbers with Da = 1072, x = 0.06 and Ha = 50.

4.2 Effects of magnetic field parameter

In order to investigate the influence of magnetic field parameter Ha, the other param-
eters are fixed as Ri=1, Da = 1072, x = 0.06 and v = 0°. Figure 11 represents the
influence of Hartmann numbers on thermal field and fluid flow for Ar =0.5. In the
system without magnetic field, the fluid flow is marked by a primary CW rotating
vortex and a secondary CCW rotating vortex at the upper and lower parts of the
cavity. The isotherms resemble that conduction heat transfer exists at the lower part
of the cavity and induced convective activities are considerable at the upper part of
the cavity. On increasing the value of Ha from 0 to 20, Lorentz force inhibits the
fluid flow. Thus, the bi-cellular flow formation is vanished and tri-cellular flow pat-
tern appears inside the enclosure. The isotherms are uplifted towards the top wall.
When Ha="70, the flow is exemplified by multiple vortices one below the other and
the nanofluid is almost inactive adjacent to the bottom cold wall. The heat transfer
inside the cavity is the main means of conduction. The temperature contours and
streamlines for different Hartmann numbers with Ar =2 are shown in Figure 12. For
Ha=0, a large CW circulating vortex with a small CCW circulating vortex at the
lower left part of the cavity exist. The cause of mechanically driving lid, the isotherms
are clustered at lower right part of the enclosure. The temperature differences are
small at the upper right part of the cavity and convection is the primary means of
heat transfer. As Ha increases, the effect of the moving lid reduces while the magnetic
field effect increases significantly. Accordingly, small vortex increases in its size and
squeezes the primary vortex. Each vortex occupies each half of the cavity and the
center of the primary eddy moves nearer to the moving wall. The isotherm contours
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(¢c) Ha =50 (d) Ha =170

Fig. 11. Isotherms and Streamlines for different Hartmann numbers with Ri = 1, Ar = 0.5,
Da =10"2, x = 0.06 and ~ = 0°.

(d) Ha =170

Fig. 12. Isotherms and Streamlines for different Hartmann numbers with Ri = 1, Ar = 2,
Da =10"2, x = 0.06 and v = 0°.

are uplifted and spread over the whole cavity. This shows that the conduction plays
a major role in the presence of strong magnetic field.

The impact of the Hartmann number on the velocity profile at mid section of the
rectangular cavity is displayed in Figure 13. For Ar =0.5, an increase in Ha leads to
increase in the magnitude of U-velocity in the upper part of the cavity and reduce
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Fig. 13. U and V-velocity profiles for different Hartmann numbers and aspect ratios with
Ri=1, Da=10"2 x =0.06 and v = 0°.
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Fig. 14. Average Nusselt number for different Hartmann numbers and aspect ratios with
Ri=1, Da=10"2 x =0.06 and v = 0°.

in the magnitude of V-velocity in the whole cavity. For Ar =2, the net U-velocity
increases in the upper part of the cavity whereas it decreases in the lower part of
the cavity with an increase in the Ha. Contrastingly, the net V-velocity decreases
in the enclosure. Figure 14 illustrates the variation on the mean Nusselt number for
different Hartmann numbers and aspect ratios. The mean Nusselt number diminishes
with increased Ha and the diminishing rate is high for the aspect ratio 2. This effect
is the cause that the heat transfer behavior within the enclosure happens almost
convection mode when Ha=0 while conduction exists with increasing the value of



344 The European Physical Journal Special Topics

| O—1v=0

8 O y=60"
F I Ri=1 a2
[ ota Ha = 50 r=
F Da=10" [ x=0.06
o 6k
[ o [
o s
[ =t
F Zar
b - Ar=1
3F L
2F 2

Ar=0.5
1F I Ar=05
[ Ar=0.25 I Ar=0.25 =
0 0 " 3 z T
%=000 =002 x=004  y=006 Da=10" Da=10" Da=10" Da=10
X Da
(a) x (b) Da

Fig. 15. Average Nusselt number for different (a) solid volume fractions and (b) Darcy
numbers with Ri =1 and Ha = 50.

Ha. At Ar 0.25 and 0.5, the overall heat transfer rate is almost constant for all the
considered values of Hartmann number. Consequently, the effect of applied magnetic
is insignificant in the slender cavity.

4.3 Effects of Darcy number and solid volume fractions

Figure 15a is plotted to observe the effects of solid volume concentration of nanopar-
ticles on the heat transfer rate with different aspect ratio at Ri=1, Ha=50 and
Da = 1072. The average Nusselt number is raised linearly with respect to the aug-
mentation in the solid volume fraction for Ar > 0.25 regardless of the magnetic field
inclinations. Furthermore, a raise in the solid volume fraction has no notable effects
on average Nusselt number at Ar =0.25. The effect on the mean Nusselt number for
various Da and Ar at Ri = 1, Ha = 50 and x = 0.06 is shown in Figure 15b. No
considerable effect in the overall heat transfer rate is observed in the slender cavity
with increasing Darcy number wheny = 0°. Meanwhile, the average Nusselt num-
ber increases first and then reduces as Da enhances for the aspect ratios 1 and 2.
At the low permeability of porous medium Da = 1074, the effect of magnetic field
inclination is not observed for all considered aspect ratios.

5 Conclusion

The influence of magnetic field inclinations and aspect ratio on combined convec-
tive heat transfer in a lid-driven porous cavity saturated with nanofluid is discussed
in the present numerical investigation. The moving top wall is heated with uniform
temperature whereas the bottom wall remains at a constant cold temperature. Ther-
mally insulated walls are fixed at the left and right side of the cavity. The following
conclusions are drawn from the obtained results. The mean Nusselt number increases
with decreased Richardson number. The overall rate of heat transfer raises with an
increase of aspect ratio in the nanofluid saturated porous cavity under the influence
of magnetic field. The impact of applied magnetic field inclinations on the overall
heat transfer rate is considerable when Ri=0.01 and Ri=1 while it is insignifi-
cant at Ri=100. The average Nusselt number reduces considerably with the raise of
Hartmann number in square and shallow cavity at Ri = 1, Da = 102, x = 0.06 and
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v = 0°. However, an increase in Ha has no significant outcome on the overall rate
of heat transfer for Ar < 0.5. An increase in the Hartmann number and the mag-
netic field tilting angles affect the fluid velocity inside the porous cavity. For Ri=1,
the net heat transfer rate is almost equal to the effect of solid volume fraction at
Ar =0.25 whether the magnetic field inclination is considered or not. The average
Nusselt number increases on raising the solid volume fraction for aspect ratio 0.25.
The impact of magnetic field inclination is insignificant at Da = 10~%. The average
Nusselt number is nearly invariable with the increase in Darcy number for Ar < 0.5.
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