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Abstract. Electro-thermodynamics provides a consistent framework to
derive continuum models for electrochemical systems. For the appli-
cation to a specific experimental system, the general model must be
equipped with two additional ingredients: a free energy model to cal-
culate the chemical potentials and a kinetic model for the kinetic
coefficients. Suitable free energy models for liquid electrolytes incor-
porating ion—solvent interaction, finite ion sizes and solvation already
exist and have been validated against experimental measurements. In
this work, we focus on the modeling of the mobility coefficients based on
Maxwell-Stefan setting and incorporate them into the general electro-
thermodynamic framework. Moreover, we discuss the impact of model
parameter on conductivity, transference numbers and salt diffusion
coefficient. In particular, the focus is set on the solvation of ions and
incomplete dissociation of a non-dilute electrolyte.

1 Introduction

Continuum models are an indispensable tool to study electrochemical phenomena
on the device level. Recently, a general modeling framework was derived in the con-
text of electro-thermodynamics for electrochemical systems [9,12]. The ingredients of
the models are chemical potentials, derived from a free energy density, and kinetic
parameters like mobilities for ion diffusion. A suitable free energy model for lig-
uid electrolytes, which is capable to handle solvent—ion interaction, finite ion size
and solvation, is developed in [6,9]. The model is validated against experimental
measurements of differential capacitance of single crystal surfaces and electrocap-
illarity curves for aqueous electrolytes [7,15]. The main scope of this paper is
the modeling of the kinetic parameters, i.e. the mobility coefficients, and an eval-
uation of the resulting transport properties of the electrolyte. In particular, we
study the dependence of the transport parameters on ion solvation and dissociation
reaction.

We apply Maxwell-Stefan setting for multicomponent transport diffusion laws for
the derivation of the mobility coefficients, cf. [1,24,25,27]. However, instead of the
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mobility coefficients, often other transport parameters are more useful for the inter-
pretation of measurements. In the context of energy conversion systems, the electric
conductivity of electrolytes has naturally attracted most interest. Further relevant
parameters are the transference numbers and diffusion coefficients. In contrast to
the equilibrium properties, some of these mentioned transport properties depend on
a combination of chemical potentials and kinetic coefficients, while others depend
solely on the kinetic coefficients.

In the literature, two distinct transport theories are commonly used, one for dilute
solutions and one for concentrated solutions, see e.g. [18,20]. The dilute solution the-
ory is based on Nernst—Planck theory, whereas in the concentrated solution case
Maxwell-Stefan theory is applied. However, there was some controversy about dis-
crepancies between these two theories, cf. [22]. As pointed out in [3] this discrepancy
is only apparent and can be attributed to the use of different potentials in the two
settings. In this paper, we present one general framework to cover concentrated and
strongly diluted solutions in the same setting.

We perform a numerical assessment of the obtained continuum model. The applied
electrolyte model for liquid electrolytes contains solvated ions, i.e. complexes build
from a center ion and a solvation shell containing a certain number solvent molecules.
We study the impact of the solvation on the transport parameters. In a non-dilute
solution, the neutral salt in general will dissociate only partially into anions and
cations. Therefore, we also investigate transport coefficients for electrolytic mixtures
that contain the undissociated salt as an additional constituent.

Outline. We start by summarizing a general continuum model for electrolytes in
Section 2. Section 3 contains the constitutive modeling of a liquid electrolyte. We
summarize a bulk free energy model and derive a framework for the mobility coef-
ficients. In Section 4, we discuss the dilute solution limit and electroneutral bulk
transport. The numerical evaluation of the model is done in Section 5. We start with
a numerical study for a binary electrolyte with a completely dissociated salt, where
explicit expressions for the transport parameters can be derived. Next, we extend the
model to study the transport parameters of an electrolyte with partially dissociated
salt. The work closes with conclusions and outlook in Section 6.

2 Electro-thermodynamics

The following model is derived from a general continuum model for magnetizable,
polarizable, elastic, viscous, heat conducting and reactive mixtures [12]. To simplify
the model, we are only interested in electrostatic and isothermal processes. In conse-
quence, the magnetic field can be ignored whereas the temperature 7' still appears in
the equations, but only as a constant parameter. The applied notation is summarized
in Table 1.

Constituents and chemical reactions. The electrolyte is modeled as a mixture
of N + 1 constituents A, indexed by o € {0,1,2,...,N}. Each of constituent A,, is
characterized by the (atomic) mass m, and its atomic charge z,eq, where the positive
constant eg is the elementary charge and z, is the charge number of the constituent.

There may be M > 0 chemical reactions in the mixture, where the reactions may
be written in the general form

N Rk N
D alA, == Y bkA, for k€ {1,...,M}. (1)
a=0 R, a=0
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Table 1. Summary of notations.

ks (J/K) — Boltzmann constant eo (C) — Elementary charge
€0 (C/Vm) — Electric constant X — Susceptibility
ma (kg) — Atomic masses Za — Charge number
vk — Stoichiometric coefficients
v (V) — Electrostatic potential T (K) — Bulk temperature
po (kg/m?) — Partial mass density p (kg/m3) — (Total) mass density
ne (1/m®)  — Number density n (1/m®) — Total number density
Vo (m/s) — Partial velocity u (m/s) — Relative velocity
v (m/s) — Barycentric velocity p (J/m®) — Free energy density
ta (J) — Chemical potential pa (J) — Electrochemical potential
Jo (1/sm*) — Mass flux density R* (1/sm®) — Reaction rates
3 (Nm) — Total stress tensor p (Nm) - Pressure
M.s (s/kgm®) — Mobility Dap (m?/s) — Maxwell-Stefan diffusivities
fas — Friction coefficients D (m?/s) — Salt diffusion coefficient
ta — Transference numbers o (S/m) - Conductivity

The constants a”, b¥ are non-negative integers and v* := b* — a* denote the stoichio-

metric coeflicients of the reactions. The reaction from left to right is called forward
reaction with reaction rate Rfc > 0 and R} > 0 is the reaction rate of the backward
reaction. The net reaction rate R* is defined as RF = R’]? — R’Zf.

Since both charge and mass are conserved in each single reaction, we have

N N

k _
g MaVy =0
a=0

Z ZaV§ =0 and

a=0

for k€ {1,..,.M}. (2)

Thermodynamic state. In the isothermal electrostatic setting the electro-
thermodynamic state of the mixture, occupying a region Q C R? at any time ¢ is
described by the number densities n,,, the barycentric velocity v and the electrostatic
potential .

Multiplication of the number densities n, by m, gives the partial mass densities

P = Mo (3)

The total number density, the (total) mass density and the free charge density are
defined by

N N
n= § Ng, P = § maNa,
a=0 a=0

N
nF = e Z ZaNa- (4)
a=0

The partial velocities of the species A, are denoted by v, and u, = v, — v is the
diffusion velocity with respect to the barycentric velocity. The barycentric velocity
and the diffusion fluxes of constituents A, are related to the partial and relative
velocities by

|
v=- Zpava, Jo = patiy. (5)
P a=0
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These definitions imply the important constraint

2.1 Balance equations of mass, momentum and Poisson equation
In the electrostatic approximation of Maxwell’s equations, the magnetic contribu-
tions vanish and only the electric field E = —V remains. In this case, Maxwell’s
equations reduce to the Poisson equation for the electrostatic potential ¢. Moreover,
the continuum model for p, and v relies on the balance equations of partial masses
and on the balance of momentum,
—div((1 + x)eoVp) = nt. (7a)
M
Otpa + div(pav + Jo) = ZugmaRk, for a=0,...,N, (7b)
k=1
Orpv + div(pv @ v — X) = pb. (7¢)

Here, 3 is the total stress tensor.! The dielectric constant is €9 and the dielectric
susceptibility is . The force density, pb, due to gravitation will be ignored.

Conservation of mass. The sum of partial mass balances implies the conservation
of the total mass. By (2) and (6) we obtain

Op + div(pv) = 0. (8)

Conservation of electric charge. The balance equations of partial masses yield
the conservation of free electric charge

on® + div(nfv + J5) =0, (9)
where the free electric current density J¥ is defined by

Za€0

JE =

a=0

o (10)

Ma

2.2 General constitutive equations

The balance equations are complemented by constitutive equations for the diffu-
sion fluxes J,, the reaction rates R* and the total stress tensor 3. The constitutive
equations are restricted by the second law of thermodynamics and some symmetry
principles [1,12,19]. In [12], general constitutive equation for magnetizable, polariz-
able, elastic, viscous, heat conducting and reactive mixtures, which are compatible to

1 The total stress tensor consists of the Cauchy and the Maxwell stress tensor. We refer to [9,12]
for more details.
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the second law of thermodynamics, and the Galilean symmetry principle, are derived.
In the isothermal and electrostatic setting, these constitutive equations reduce to?

N
_ Mg Mo\, 1 rzseo  z0€0 _
J, = /;Mw(V(T T) n T( e )w), for a=1,...,N,
(11a)
B =—pl+ (1+x)e0(— 2[VeP 1+ (Ve @ Vi) +m div(v)1 + 1 (Vo + (Vo)T),
(11b)
k N k N
RE = R’OC <exp ( — kiT Z l/smaua) — exp (% Z Vﬁmaua>). (11c)
a=0 a=0

Here, jt,, are the chemical potentials® and p is the material pressure. Both are defined
in terms of a free energy function piy = py(T, po, ..., pn) + sxe0| E|?,

Opyp ~ Y
Ho = 50 p=—pb+ > patta- (12)

a=0

For simplicity we assume that the dielectric susceptibility x is constant. The kinetic
coefficients, i.e. mobilities M,g, bulk viscosity 1, shear viscosity 7, and rate RE, are
restricted by the second law of thermodynamics such that the entropy production is
non-negative,

M,s pos. def., ns > 0, m + 2ns > 0, R > 0. (13)

Thus, the second law of thermodynamics restricts only the sign of the kinetic
coefficients, they still may be functions of the thermodynamic fields and their
derivatives.

Our approach (11c) for the reaction rates is widely used in electrochemistry for
surface reactions [11]. The constants 8% are called symmetry factor, which fosters
either the forward or the backward reaction. From a thermodynamic point of view
there is no restriction on 8*, usually 8 € (0,1) is chosen. We will not focus on the
viscosity in this paper, therefore we assume that n, 75 are constants.

2.3 Transference numbers and ionic conductivity

Insertion of the constitutive equations (11a) for the diffusion fluxes into the relation
(10) of the electric current density yields the representation

N
_ mg
JF = —6Vp— ;th BeOV(MB — uo), (14)

z

2 Note, only N diffusion fluxes are specified by constitutive relations. The flux Jy is determined
by the constraint (6).

3 The chemical potentials are defined with respect to the mass densities, therefore their physical
unit is J/kg. In electrochemistry, it is common to define the chemical potentials with respect to the
number densities and to use the physical unit J/mol.
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where the conductivity o and the transference numbers tg are defined by

N

N N
Mag zge Mug zge
_ zaeo Map Z€0 _ = zaeo Map Zgeo
0= Z Z me T mg’ tﬁ - me 1T mg " (15)
a=1p=1

g a=1
Since the mobility matrix M,g is positive definite, the conductivity is non-negative,
i.e. 0 > 0 and the definition of the transference numbers implies Zévzl tg = 1. The

relation (14) can be used to replace the electric potential by the electric current
density within the diffusion fluxes (11a),*

N
Mo meg ™M M F o
Jo =~ Z ( Tﬂ - Uzaeo z5fgtat5)v(:u‘ﬁ - ,UO) + zaeoto"] a=1,... ,N,
B=1
(16)

In the absence of chemical potential gradients, the transference number ¢, describes
the fraction of the current due to the diffusion flux J, of species A,. Recall that
the diffusion fluxes J, are defined with respect to the barycentric velocity v. Thus,
the above defined transference numbers are related to the barycentric velocity. Other
definitions of different transference numbers are possible, e.g. the use of transference
numbers tO with respect to the solvent velocity vg is quite common, cf. (Sect. 12.3
of [20]).

3 Specific constitutive modeling for liquid electrolytes

Two additional ingredients must be added to the model of the preceding section
in order to obtain a complete model. These are: (i) a free energy model and (ii) a
constitutive model for the kinetic coefficients.

3.1 Bulk free energy model

A suitable free energy model for liquid electrolytes in the bulk is derived and analyzed
in [6,7,9,15]. Here, we give only a brief summary of its characteristic features.

The free energy density consists of three contributions: reference energies, entropy
of mixing and elasticity

p,{E: pwref +pwrnix +pwmech. (17)

We consider an ideal mixture, i.e.

N
ref Po | vef
T = — 18
P¢ ( sy P05 7pN) az:%mawa ) ( a)
N n
o (T,po,...,pN)szT;naln (?) (18b)

4 This representation can also formally be used if some zo = 0.
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The mechanical part of the free energy is represented by an isotropic elastic response
of a volume change,

p™ (T, po, ..., pn) = (P — K)(n H — 1)
N
+K nHIn(nH)with  nH =Y vn,.  (19)
a=0

The reference energy is composed of the reference free energies "t of each individual
constituent of the mixture. In general these reference values depend on temperature,
but in the isothermal setting they are assumed to be constants. The entropy of mixing
accounts for the number of possible arrangements of the constituents that give rise
to the same macroscopic state. In statistical thermodynamics, it is determined by
means of the Boltzmann formula. The mechanical part of the free energy density is
chosen such that from (12) a simple linear constitutive relation for the pressure p
results, viz.

p=p*+ K(nH —1). (20)

The function H is the mean specific volume of the mixture and accounts for volume
changes due to a local variation of the mixtures composition.

In the incompressible limit, i.e. K > p"f, the pressure p is an independent variable
of the system and from (20) we obtain the constraint,

N
K/pf = 00 Z vlng =1, (21)
a=0
where v'*f denotes the partial specific volume of the constituent A, under the refer-

ence pressure p**f and reference temperature 7. For more details on the limiting

procedure, we refer to [6,9,15].
From the free energy density we obtain the chemical potentials of the constituents
of the mixture,

ref
K/p™ — oo : P = miaz/}(rff +ep+ % In (%) . (22)

3.2 Diffusion coefficients

The second law of thermodynamics requires the matrix of the mobility coefficients
M, to be positive definite, but it does not provide any dependency on partial mass
densities or other thermodynamic fields. Moreover, it is not obvious how to model the
mobilities with a theory on a finer scale. In the literature, diffusion of multi-component
systems is often alternatively described by constitutive equations of Maxwell-Stefan
type, cf. e.g. [13,18,20,24,26,27]. Relying on kinetic theory it has been observed that
the dependence on the partial mass densities is much simpler for the Maxwell-Stefan
diffusivities than for the mobilities. For this reason we consider in this section the
Maxwell-Stefan approach to derive the mobilities Mqz.

Alternative constitutive equations. The formulation of constitutive equations
is based on a specific representation of the entropy production and the require-
ment of non-negative entropy production in each diffusive mechanism, cf. [12].
Based on the balance equations of the previous section and an appropriate choice
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of the entropy density function, the entropy production due to diffusion can be
represented as

N N
e 5 e
0<éur=—> Jo- V%) 23 p.V(%) - ua, (23)
a=0

a=0

where the electrochemical potentials are defined as
[tg = Ha + 220 0. (24)

Next we define
A, = pa(VEe +A) with  pA =Y paV(ke). (25)

This definition implies the constraint Z(ZXV:O A, = 0 and, together with the constraint
(6), the entropy production due to diffusion can be rewritten as

N
0 < &aig = — Z Ay - (U — u). (26)

a=1

We choose linear relations between the corresponding binary factors of the entropy
production, cf. [1,8,12]. and obtain the constitutive equations®

N
Ay == Tap(up—uo), a=1,.. N (27)
B=1

The entropy production is non-negative if the kinetic coefficients 7,5 define a positive
definite N x N matrix.

Relations between kinetic coefficients. Because the Fick mobility matrix with
the coefficients Mg is positive definite, there is in particular a unique inverse matrix
that is also positive definite. We denote the coefficients of this inverse matrix by B,g.
Thus, we can rewrite (11a) as

N
S Bagds=-V(4 -4, a=1,.. N (28)
B=1

Next we determine the coefficients B, as function of 7,4, for this purpose we define
fora,5=1,...,N

N N N
TaB = Tag, Ta0 i= — ZTaﬁ, Tog 1= — ZTag, Too i= Z Tag- (29)
A=1 a=1 a,f=1

5 The form (11a) of the diffusive fluxes Jo was analogously obtained from the first expression
for £4i¢ in (23) by applying the constraint (6) and linear relations between the binary factors.
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The definition directly implies the constraint

N
> Fap =0, (30)
B=0

and we can rewrite the constitutive equation (27) as

N < ~
V(L — 1) (2__5)@_@:_2( Tap _ ToB )Jﬁ
ror Pa PO Pabp  POPB
(29) N7 T T, T
af 708 a0 00 )
— - + Js. (32)
; <Papﬂ pPopPB  PaPo  POPO 7

By comparison with (28) we identify

Papp PopPB PaPo PopPo

Bop =

Maxwell-Stefan setting. Maxwell-Stefan diffusion laws are most commonly
written in the form®

N
Pa (VMTQ - A) = Z ;ozﬁ (ua - uﬁ)7 (34)
5=0

which follows from (31) by applying (25) and (29). The constitutive modeling
now consists in specifying how the coefficients 7,3 for a # 8 depend on p, for
a=0,...,N. In the Maxwell-Stefan theory, it is assumed that 7,4 is approximately
proportional to the mass densities p, and pg. We introduce so called friction factors
fap and the Mazwell-Stefan diffusivities Dyg as follows,

kB Nanp

7~'a[3 = _faﬂ PaPp = _?T@ for o # . (35)

In the following, we assume constant Maxwell-Stefan diffusivities D, 5. The friction
factors and the Maxwell-Stefan diffusivities are related by

fap=— for o # . (36)

6 Considering only the quasi-equilibrium of the momentum balance (7c), i.e. Vp = —nFV,

implies for an isothermal process pA = Zgzo pav% = 0. Then, (34) coincides with the textbook
literature, cf. e.g. [Eq. (12.1) of [20]].
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The specific dependency on the number densities of 7,3 implies that 7,5 is symmetric,
see [1,28]. The symmetry of the mobility matrix M,g and its inverse matrix Byg
then follows by (33). Starting from (26) and (27) and applying (29) multiple times,
we obtain for the entropy production due to diffusion, cf. [1,28],

N N
0<§d1f—f—zz7—a,@ ug — uo) - (Uq — o) ZUB_UO)'Z;a,Bua
B=1 a=0

al,Bl

—Zua ZTaﬁuﬁ—_szTaﬂ _uﬁ)Q' (37)
a=0

a=0 =0

Positivity of £qig for all possible u, and ug thus requires 7,3 < 0 for o, 5 =0,..., N
with a # . This, together with the symmetry of 7,4, implies for the friction factors
fap and the Maxwell-Stefan diffusivities Dag

fap = faa >0 fora#p orequivalently Dyog =Dgo >0 for a#p. (38)

Mobility coefficients. Applying the definition (29) and the Maxwell-Stefan form
(35) of the coefficients 7,3, we obtain for a =1,..., N

Baa _ Taa _ Toa _ Ta0 + T00 _ Z Tya _ _ Z Tovy
PaPo  POPa  PaPO  POPO N PaPa POPa -y PoPo
kJB p’Y 1 P~y 1
+2 +y B
( Z Pa m’yma v mOmQDOQ ’;) £o mom,YDo»Y

14 2=)2 1 1
:’fB(ﬂo(po)+ 5 o Py | (398)

n \ pa MoMaDoa A0 Pa m'ymozD'ya Po mOm’yDO'y

and for a # 3 we have

PaPp  POPB  PaPo  POPO  PaPB  POPB  PaPO #Opopo

:’“B<_ Lt L1 +Z””1>. (30b)

T T T, T T T T T
Baﬁz af . 08 ~ Ta0 + 00 _ af 08 a0 _Z [05%

n mamgDag  mompgDog  mamoDag = po Mom~Do,

4 Discussion of two limiting cases

For further characterization of the continuum model and to relate it to the literature,
we discuss two limiting situations. Let us consider an incompressible mixture, where
Ay denotes the uncharged solvent of the mixture, i.e. z, = 0. Insertion of the chemical
potentials (22) into the diffufluxes (11a) yields an explicit expression for the diffusion
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fluxes

N

Mg
Jo = —kT m, _
B Z Tmomgng
B=1
% Vng + ng @V<p+ ne %Vno _ @(1 _ @)Vn
]{)BT no mo n mo
o ref mg rcf) 40
+7/€BT (’U,@ o vy Vp} ) (40)

Compared to the standard Nernst—Planck model, cf. [2,20], there are three additional
terms inside the square brackets. The first term represents the solvent—ion interaction,
the second one takes into account the different size of the constituents and the third
term represents the coupling of pressure and diffusion fluxes.

4.1 Dilute solution theory

In the dilute solution limit, the number density of the solvent is assumed to be large
compared to those of all remaining species, i.e. n, < ng fora=1,...,N.

Mobility matrix. To study the mobility matrix M,g in the dilute solution limit,
we first analyze the dependency of the inverse matrix on the species densities. We infer
from (39) that in the strong dilution limit the diagonal elements grow proportional to
number densities of the respective constituents, whereas the non-diagonal elements
stay bounded, i.e.

2o Bpw 2= for 225 (41a)
Po n momaDoa Po
p—aBag -0 for 2% 5 0 and a £ (41b)
Po Po

and conclude for the mobility matrix

2
D « (o3

Moo — naﬁma 0 for 2% 50 (42a)
ng kg no

My — 0 for 2 — 0 and a # [. (42b)
no

In the strong dilution limit, the mobility matrix is diagonal and thus cross diffusion
is negligible in this regime.

Nernst—Planck fluxes. Since n — ng for = — 0, the diagonal entries in (42)
simplify to

2
D
MaZ0a g Moy, (43)

Moo = ng
kp ng
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Insertion of the mobility matrix (43) into the diffusion fluxes (40), then directly yields
the classical Nernst—Planck fluxes

Jo = —maDoa (Vna + Na z'j;jfi ch). (44)

We conclude that under strong dilution conditions a volume exclusion mechanism
is not required in an electrolyte model. However, if the Nernst—Planck flux is inap-
propriately applied inside electrochemical double layers, then the absence of such a
volume exclusion mechanism allows unphysical, almost infinite accumulation of ions,
as it is well known for the classical Poisson—Nernst—Planck model, cf. e.g. [9,14].

Conductivity and transference numbers. In the dilute solution limit, conduc-
tivity and transference numbers reduce to

N 2
2 naDOa (Zan) naD()a

= @ ; to = . 45
o a§=1(z ) T T (45)

We conclude that in dilute solutions the transference numbers are always positive.

4.2 Electroneutral bulk transport

Writing the Poisson equation (7a) in dimensionless form with ¢ = kT & and
€0
nf = egn™t nF yields
SO . 1 kT
~A2AQ =q" with AL = 7( +)coks (46)

2 ref '
egn

Here, L**f and n"f denote reference values for the size of the considered system and
the electrolyte concentration, respectively. Given typical values L**f = 1cm, n*f =
1mol/L, we find that A ~ 107 is an extremely small parameter. Thus, the left hand
side of the Poisson equation (46) is close to zero. Then, the Poisson equation (7a)
can be replaced by the electroneutrality condition

A—0: 0=n". (47)

Thus, here the Poisson equation does not(!) reduce to the Laplace equation but to the
algebraic equation (47). Note, this approximation does not hold in charged boundary
layers at surfaces, where the electric field Vi changes strongly. A detailed asymptotic
derivation and discussion of the electroneutrality condition and the handling of the
boundary charged layers are given in [10].

Mechanical quasi-equilibrium. For simplicity we consider a quasi-equilibrium
version of the momentum balance (7c),

vanishing viscosity: Vp = - V. (48)

The term on the right hand side is the electrostatic approximation of the Lorentz
force. In the electrical double layer, where charge accumulates and electric potential
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drops in the order of several volts per nm, a large pressure gradient is generated. But
in the electroneutral bulk region, the pressure gradient vanishes and we can set

p=p in the bulk with n* = 0. (49)

Bulk diffusion flux of concentrated solutions. In the bulk, the diffusion fluxes
(40) simplify to

N
Jo=—kpTma
B=1

Mg

Tmamgng

n n
(V”ﬁ+nﬂ Rl VP~ %’jn—ivno - (1—7:1’3)nﬁv”)>

(50)

where the last two terms describe the non-ideality of a concentrated solution in an
explicit way.

5 Transport coefficients of concentrated solutions

Bulk transport properties for concentrated solutions are well described in (Sect. 12
of [20]). In this section, we investigate how the transport parameters are influenced
by

— solvation of ions,

— incomplete dissociation of the neutral salt.

We consider an electrolyte that is prepared by dissolving some neutral salt Ag in a
neutral solvent Ay, such that the salt dissociates into anions and cations. Many sol-
vents, in particular in water, have a molecular structure that gives rise to microscopic
dipoles. These dipoles cause a microscopic electrostatic interaction between solvent
and charged ions. This interaction leads to clustering of solvent molecules around a
center ion, which is known as solvation. The solvation has a profound impact on the
mixing entropy within the electrolyte model [6]. Solvent molecules that are bounded
by an ion do not participate in the entropic interaction with the other constituents
of the electrolytic mixture. Therefore, we choose as the constituents of the mixture
the solvated ions consisting of the center ion and its solvation shell and refer to the
solvated anions and cations as A_ and A, respectively. Moreover, bounded solvent
molecules move with the velocity of the center ion and contribute mass to the ionic
constituent. Both effects have an impact on the barycentric velocity.

The dissociation reaction is accompanied by a solvation reaction and we write the
net reaction as

Ap+ (vok_ vk ) Ao —v_A_+v Ay, (51)

where x_ and k. are the numbers of solvent molecules in the solvation shell of A_
and A, respectively. The total amount of salt molecules within the electrolyte is
given by the salt concentration,

1 n4 n_
= | —+—. 52
¢ nE+2(V++Z/_> (52)



2528 The European Physical Journal Special Topics

Dissociation degree Dissociation degree . Dissociation degree
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Fig. 1. Partial dissociation of a salt with v = 2v5" and v = (k + 1)vp™ . Dissociation

degree for different values of the dissociation energy Ag and no solvation of ions, i.e. kK =0
(left) and solvated ions with k— = k4 = kK = 4 (middle). Right: dissociation degree for fixed
Ag = 3kpT and varying k.

We assume fast dissociation and study the limit Ry — oo, such that the reaction is
in local equilibrium. From the constitutive equation (11c) we get

mppE + (Vofi— + vikg)mopio = vom_ji_ + vimg py, (53)

where the chemical potentials are given by (22). Moreover in fast dissociation limit
Ry — oo the reaction rate R is not determined by the constitutive equation (11c)
anymore and becomes a new unknown of the system, which is determined by one of
the mass balances. This strategy to simplify the equation system is considered e.g.
in [4,21].

The amount of dissociated salt is controlled by the dissociation energy

Ag = Z Va(z/)gef + vgefpref). (54)
ae{0,+,—,E}

Equation (53) implies for Ag — —oo the salt is completely dissociated, see Figure 1.
We ignore the viscosity, i.e. n, = 0 and ns = 0, such that the momentum balance

reduces to (48). Since we are only interested in ion transport within the bulk far away

from charged boundaries, we assume that the electrolyte is locally electroneutral,

z_n_+zyny =0. (55)
Electroneutrality of the reaction (51) implies
no _ne

Z_v_ 4244 =0 and with (55) = (56)
- +

According to Section 4.2, the pressure is constant in the bulk and is determined by
the outer pressure such that p = pf.

5.1 Electrolyte with completely dissociated salt

Assuming complete dissociation, we consider the electrolyte consisting of Ay and the
solvated ions Ay and A_, but there is no remaining undissociated neutral salt Ag.
We define the salt mass fraction as
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The constraints of local electroneutrality (55) and incompressibility (21) allow to
express the partial mass densities p, and the chemical potentials as functions of the
salt mass fraction wqe,

Pa = Pa(Woo), ta = fa(Wes), for a € {+,—,0}. (58)

From the balance equations of mass (7b) together with the diffusion fluxes (16)
we obtain a balance equation for the salt mass fraction

v_m_ +vimy JF

P(Orwoo + U - Vws) = div (pD Vws) — - Vi, (59)
Vizy€o
where the salt diffusion coefficient is defined by
1 M, o d(ps —
p=- Y b_ g mﬁtat) (15 = o) (60)
p T Za€0 28€0 dwese
a,Be{+,—}

The introduction of the salt mass fraction has the advantage that for an electrolytic
solution, where (i) the total mass density is almost constant, (ii) the barycentric
velocity vanishes and (iii) no electric current flows, the equation (59) reduces to a
simple diffusion equation for the salt concentration,

Orc = div(DVe). (61)
In experimental studies, this diffusion equation is used to determine the salt diffusion

coefficient D.
Motivated by (53), we define the chemical potential of the neutral salt as

MERE = V-M_fi— + Vymyfiy — (VoK + Viky )mopo. (62)

From the structure of the chemical potential (22), the Gibbs-Duhem relation in
the right hand side of (12) and the vanishing pressure gradient Vp = 0, we obtain
relations between the chemical potentials

dmyps no dmgpe (63a)
dwoo (vy +v_)nog+ (vekiy +v_k_)(ny +n_) dwso
dmouo _ (n+ + n,) de,uE (63b)
dweso (vi +v)ng+ (veky +vin)(ng +n_) dwso

A direct calculation then yields for the salt diffusion coefficient

2yl kpdet(M
D= (s —2)F 2P2+€o p det(M)

, with

m_mipgn_ To
Fo p5(pr +p=) (my +m_)z_po+m_(z-my —zzm_)(ny +n_) 1 dmgpg
pPm_mg (vy +v_)ng+ (ke +v_k_)(ng +n_) kT dws
(64)

Here, the so-called thermodynamic factor F is introduced, which is independent
of the Maxwell-Stefan diffusivities. Finally, we use the representations (39) for the
inverse of the mobility matrix to obtain explicit representations for the transference
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Table 2. Material parameters used in the numerical examples.

Zy = 1 z_=-—1 vy = 1
vEet = 0.0182 L /mol vt = (k + 1) vt V= (k4 1) gt
vist = 2upef m_=(k+1)mg my = (k+1)mg

number, conductivity and salt diffusion coefficient in terms of the Maxwell-Stefan
diffusivities,

Po 24+ Do P

=0 ZTor P 65a
p 24+Doy —z-Do—  p (652)

Do+ Dy —z_

Dzﬁ}'( 0+Do— (24 — 2 )), (65D)
no Z+D0+ — Z_D()_

1 kT 1 1 no 24 )

L. - o A ), 65

o —z_zie3n (DJF, n_ 2,Doy —2_Dy_ (65¢)

The conductivity o, transference number ¢, are expectable in full agreement with
(Sect. 12 of [20]) because they do not directly depend on the free energy model, i.e. on
the chemical potentials. Also the dependence of D on the Maxwell-Stefan diffusivities
in (65b) agrees with (Sect. 12 of [20]), but the coincidence of the thermodynamic
factor is not obvious and depends on the considered potentials. We observe in (65)
that at any salt concentration the three Maxwell-Stefan diffusivities Dy, Dy— and
D4 _ can be uniquely determined from the three transport parameters ¢, D and
o, but only the conductivity depends on the coefficient D, _. In the dilute solution
limit, this dependence of ¢ on the ion—ion interaction vanishes. ~

To study the transport parameters (65), we introduce a mean value D of the
Maxwell-Stefan diffusion coefficients and the molar conductivity A as

2

(&
A= -2 200 Do 66
2y — 2 kBT a;f ZaVa oo ( )

:’5 — Z+D0+ - Z_DQ_

Then the salt diffusion coefficient and the conductivity are normalized with respect to
D and A, respectively. Thus, the normalized quantities depend only on the fractions
D._/D and Doy /D. We use the material parameters defined in Table 2 to describe
a monovalent binary electrolyte. We assume that cations and anions are solvated by
the same number & of solvent molecules.

Electrolytes without ion solvation. To describe electrolytes consisting only of
free solvent molecules and unsolvated ions, we set in (51) k_ = k1 = 0. Keeping D
and A fixed, we observe in Figure 2 that the conductivity o is — as expected from (65c)
with fixed D — independent of the ratio Dy and Dy_ and monotone increasing with
the salt concentration c. For low salt concentrations o is already fully determined by
A, while for higher salt concentrations the influence of D, _ increases, leading to a
less than linear growth of ¢ with respect to ¢, if D;_ < D, see Figure 3.

Increasing the ratio Do, /Dy— leads to a larger fraction of the current being carried
by the cations. Thus, the transference number changes proportional to Dgy/Dg—. We
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Conductivity Transference number Diffusion coefficient
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Fig. 2. Transport parameters for different ratios of Do— /Do+ and fixed D. Conductivity
o (left), cation transference number ¢4 (middle) and salt diffusion coefficient (right) with
respect to the salt concentration c. The remaining parameters are kK = 0 and Dy_ = D/10.

Conductivity

D, /D=1
D, /D=05
—D, /D=01
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Salt concentration c [mol/I]

Fig. 3. Impact of D4 _ on the conductivity o for k = 0.

observe only a small impact of the salt concentration on the transference numbers.”
For increasing ¢, the transference numbers tend to limit value 1/2.

For the given choice of parameters the diffusion coefficient D shows almost no
dependence on the salt concentration. A variation of Dy /Dy— leads to a shift of D,
whereby the largest value is obtained for equal diffusivities Dy4. = Dy .

Keeping Do+ and Dy fixed and varying D, _, the resulting curves of ¢y and D
are unchanged as in Figure 2 only the conductivity depends on D, _ as shown in
Figure 3, as expected from (65).

Impact of solvation number k. Ion solvation leads to an increase of the specific
volume and molar mass of the ionic species, compared to the unsolvated ions. As a
simple approximation we assume that k; = k_ = Kk and the mass and the specific
volume of the solvated ions are given by

Ma = (zak + 1)myg, v;Cf = (zak + 1)1)(13°f (67)

for & € {+,—}. In a mixture where the constituents are solvated ions, the total
number density n is lower than in the corresponding cases, where the ionic species
are represented by center ions without the solvation shell. Therefore, increasing the
solvation number k decreases the total number density n. According to (65) we have
to expect an influence of the solvation number x on all transport parameters.®
Nevertheless, the salt diffusion coefficient is almost constant D =~ D as before
and almost unaffected by the solvation number. However, the conductivity depends
strongly on the solvation number for high salt concentrations, see Figure 4 left. Larger
values of k lowers the conductivity. In particular, for k > 2, the conductivity becomes

7 The transference number ti with respect to the solvent velocity is independent of the salt
concentration and is given by the values of ¢4 for ¢ = 0.
8See footnote 7.
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Fig. 4. Impact solvation solvation number & on the conductivity o (left) and transference
number ¢4 (middle) for fixed D4_ = D/10. Conductivity for fixed x = 4 and variation of
D4 — (right). The remaining parameter is Do— = Do+ /10.

non-monotone with respect to ¢, leading to the well-known parabolic shape of o for
aqueous electrolytes [29]. A reduction of the ion—ion diffusion coefficient D, _ leads to
a further decrease of the conductivity and the maximum is attained at lower salt con-
centration, shown in Figure 4 right. For unequal ion—solvent diffusion coefficients the
transference numbers are almost linear and for larger solvation numbers ¢ increases
its slope, see Figure 4 middle.

5.2 Electrolyte with incomplete dissociated salt

To describe incomplete dissociation, we consider a mixture of four constituents: the
solvent Ag, the possibly solvated ions A and A_ and the neutral salt Ag. Thus, in
addition to the three diffusivities Dy, Dy— and D _, three further diffusivities occur,
denoted by Dgy, Dp_ and Dgg. Nevertheless, in the fast dissociation regime the
imposed constraints of local electroneutrality (55) and of incompressiblity (21) still
allow a characterization of the electrolyte by the three transport parameter conduc-
tivity o and transference number ¢ according to (15) and a salt diffusion coefficient
D defined below in (72).

Similar to the case of complete dissociation, we define the salt mass fraction as

V_m_ +vym

I S E) . (68)
mg

1
we=<p+p++
P

Again, the local electroneutrality (55), the incompressiblity constraint (21) and in
addition now the fast reaction assumption (53) allow to express all number densities
P and chemical potentials as functions of the salt mass fraction w.. Moreover, from
the mass balance equations (7b) we obtain a balance equation for the salt mass
fraction we,

p(Owe + v - Vw,) + div > bada | =0, (69)
ae{+,—-},E
where ¢, is defined as

5 { 1 for ae€{+,—}

remodvimy  for qa=F
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Fig. 5. Impact of dissociation energy Ag on the conductivity for an electrolyte without
solvation (k = 0), Do+ = Dg+ = D and D4_ = Dgo = D/10.

Inserting the diffusion fluxes (16) yields

p(@twe +v- Vwe) =div (pD Vwe) - Z dama Vto | JF, (71)
ac{+,—,E} Za €0

where the salt diffusion coefficient D is defined as

1 M., o d —
D="= Z 8o ( Tﬁ g Mq Mg tatﬁ) (/’Lfl MO) ) (72)
P a,Be{t.— E} 2a€0 2p€0 We

As before the balance equation (71) reduces to the simple diffusion equation (61)
for the salt concentration, given that the mass density p is almost constant, the
barycentric velocity vanishes and no electric current flows.

With the definition (15) in terms of the mobility matrix M,g in mind, it might
seem at first glance, that o and t; are the same for complete and incomplete dis-
sociation. Similarly, it might seem that (72) just adds some terms to (60). However,
due to the rather complex relation between the Maxwell-Stefan coefficients and the
mobility matrix according to (33) and (29), the newly introduced coefficients Dg,
Dg— and Dgg also contribute to the mobilities M,z for a, 8 € {+, —}. Therefore,
the explicit representations (65) are not valid in the context of incomplete dissoci-
ation and the derivation of such explicit relations for incomplete dissociation does
not appear promising. In the following parameter study, we thus take the Maxwell—
Stefan diffusivities to compute Byg according to (33) and (35) and then determine
the mobility matrix M,g by numerical inversion of the matrix with coefficients B,g3.

Impact of dissociation energy Ag. The dissociation energy Ag controls at given
salt concentration ¢ the amount of ions in the solution, i.e. the dissociation degree
ny /c, cf. Figure 1. Larger values of the dissociation energy thus decrease the conduc-
tivity of the electrolyte, see Figure 5 for electrolytes without solvation. In contrast
to complete dissociation, the salt diffusion coefficient D can now change significantly
over the range of salt concentrations, depending on the diffusivity coefficients D,
Dg_ and Dgyg, as studied below in more detail. Deviations from the complete disso-
ciation case with a constant value of D get stronger as Ag increases. Similarly, the
diffusivity coefficients Dgy, Dgp_ and Dgg also have influence on the transference
number of an incompletely dissociated electrolyte at higher salt concentrations, as
studied below.
In the following, we keep the dissociation energy fixed at Ag = 3kgT.



2534 The European Physical Journal Special Topics

Conductivity Transference number Diffusion coefficient

De./D = 10 1
12 Dey /D=1 e il

——Dg,/D=0.1 = 0.8
1 Dg. /D = 0.05] 0.8
——Dg, /D =0.01
08 06 o 0.6
& =y

04 04

a/A

0.6

Dy, /D =10 Di./D=10 []
0.4 —— D /D=1 De /D=1 H

02 ——Dp. /D =0.1 02 l——Dp. /D =01

0.2 D, /D = 0.05) Dp. /D = 0.05

Dr. /D = 0.01 Dr. /D = 0.01

0 0 0
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4
Salt concentration ¢ [mol/I] Salt concentration ¢ [mol/I] Salt concentration ¢ [mol/I]

Fig. 6. Impact of D+ on the transport parameters when Dg = Dg_. Plots for conductiv-
ity (left), transference number (middle) and salt diffusion coefficient (right). The remaining
parameters are kK = 0, Ag = 3kpT, Do+ = D and Dgo = D4+_ = D/10.
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Fig. 7. Impact of Dp+ on the transport parameters when Dg,Dgp_ = D?. Plots for
conductivity (left), transference number (middle) and salt diffusion coefficient (right). The
remaining parameters are K = 0, Ag = 3kgT, Do+ = D and Dgo = D4+— = D/10.

Impact of the salt-solvent and salt-ion diffusion coefficients. The salt-
ion diffusivities have a strong impact on all three transport parameters, see
Figures 6 and 7. In particular, they can change the qualitative behavior of the
conductivity curves. If both salt-ion diffusivities are small, Dp, = Dg_ < D, the con-
ductivity is lower than for complete dissociation and can even become non-monotone
function of the salt concentration.

In contrast to the complete dissociation, the transfer number ¢, does in general
not approach 1/2 for high salt concentrations. Even more, if Doy = Do_ then ¢4
deviates from 1/2 if the salt-ion diffusivities Dgy and Dg_ differ from each other,
see Figure 7.

The salt-ion diffusivities also influence the salt diffusion coefficient, where the
reduction of D is more pronounced Dgi,Dg_ < D than the increase of D for
Dgy,Dg_ > D, see Figure 6. The salt-solvent diffusivity Dpgo expectable only
influences the salt diffusion coefficient, as illustrated in Figure 8 for varying salt
concentration. We observe that D can be monotone increasing if Dgq is comparable
or larger than D. Conductivity and transference number are not significantly affected
by variation of Dgy.

Impact of solvation number x. We choose small values for the salt-ion and salt-
solvent diffusivities, i.e. Dpy+ = Do = D/10 and study in Figure 9 the variation of
the transport parameters in dependence of the solvation number k. Increasing the
solvation number amplifies the influence of Dg4+ and Dgo and thus decreases the
conductivity and the salt diffusion coefficient. Most notably, all conductivity curves
are monotone, in contrast to Figure 4 for complete dissociation.

Taking a fixed value k = 4 for the solvation number, we study the impact of
the salt-ion and salt-solvent diffusivities. Comparison of Figure 7 left and Figure 10
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Fig. 8. Impact of Dgo on the salt diffusion coefficient D. The remaining parameters are
k=0, Ag =3kpT and Do— = Do+/10, Dg+ = D and D4_ = D/10.
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Fig. 9. Impact of the solvation number x on conductivity (left), transference number
(Irliddle) and salt diffusion coefficient (right) for Do— = Do+ /10 and D4+_ = Dg4+ = Dgo =
D/10. Dissociation energy is Ag = 3kpT.
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Fig. 10. Impact of salt-ion and salt-solvent diffusivities for fixed solvation number x = 4.
Left: dependence of the conductivity on variation of Dg4 with the remaining parameters as
in Figure 6. Right: salt diffusion coefficient when varying Dgo and the remaining parameters
as in Figure 8.

left shows that ion solvation reduces the conductivity ¢ and non-monotonicity can
already be observed for larger values of Dg. Compared to Figure 8, the ion solvation
decreases the salt diffusion coefficient at higher salt concentrations see Figure 10
right. As a consequence, all curves of D are monotone decreasing for larger salt
concentrations and we only observe an initial increasing behavior of the salt diffusion
coefficient in the non-monotone curve for Dgg = 2D.
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6 Discussion and conclusion

The transport parameters of electrolytes combine in a rather complex way differ-
ent effects which are related to both the free energy and to the kinetic coefficients.
These two ingredients are modeled with theories of different origin and thus one must
guarantee that the transport parameters combine the two theories in a consistent way.

Thermodynamic consistency. At several places in the literature, the thermo-
dynamic consistency of the concentrated solution transport theory is discussed.
A particular issue in the context of thermodynamic consistency is the admissibil-
ity of negative transference numbers. Based on experimental measurements, negative
cation transference numbers ¢, have been reported for several polymer electrolytes
[5,17], but also for liquid electrolytes containing some zinc-halides [23].

To guarantee a non-negative entropy production the authors of [17] impose on the
Maxwell-Stefan diffusivities Dyg for electrolytes with a complete dissociated salt the
constraints (written in the notation of the current paper)

) = >0,
'D(,ﬂY Daﬂ naD,yg + ngDa,Y 'Daﬁ

(p. 1866 of [17]): (73)

and conclude (p. 1866 of [17]): “these two conditions place no limit on the sign or mag-
nitude of the transference number”. In [16], the condition required for thermodynamic
consistency is formulated in our notation as

(p. 650 of [16]) ToB is symmetric and positive semi-definite, (74)

where the definition of 7,4 is identical to (35). The authors conclude (p. 650 of [16]):
“Be aware that ... this does not in principle restrict all the Maxwell-Stefan coefficients
to be positive” and moreover (p. 655 of [16]): “the transference number ¢2 (or %)
can take any real value”.

However, as stated before in [1], (37) imposes on the coefficients 7, in addition
to (74) also the condition

Top <0 implying Dag >0 for a#p. (75)
in order to guarantee a non-negative entropy production. In the case of a binary

electrolyte with completely dissociated salt this implies non-negativity of ¢, > 0,
according to (65a). For dilute solutions we have due to (45),

(Zan)Q naDOa
— >0 f =0,...,N. 76
o kT — ora T (76)

(dilute solution limit) to =
This is in full agreement with the reported experimental results of [5,17,23] mentioned
above, since for low salt concentrations the transference numbers are positive and only
become negative for high salt concentration.

The occurrence of negative ¢ necessarily requires the application of more complex
models for mixtures consisting of more than three constituents. For electrolyte mix-
tures containing a partially dissociated salt, we are not able to adjust the parameters
in a way that a negative transference number would result. This does not guarantee
the non-negativity of ¢4 in general, although we see no reason to expect t; < 0 in
this setting if D,3 > 0 for o # . If more complex mixtures containing more than
two charged species are considered, negative transference number might appear at
finite salt concentrations.
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Transport parameters. The transport in an electrolyte resulting from dissocia-
tion of a single neutral salt into anions and cations in a neutral solvent is controlled
by the three transport parameters conductivity o, transference number ¢, and salt
diffusion coefficient D. This holds independent of whether the salt dissociation is
complete or incomplete. Maxwell-Stefan theory for a mixture of four constituents
provides six independent diffusivity coefficients to determine these three transport
parameters in dependence of the salt concentration. In the case of complete disso-
ciation, only three constituents and three independent diffusivity coefficients remain
and in this case they already uniquely determine the transport parameters over the
full range of salt concentrations.
From the numerical study we draw the following conclusions:

— The conductivity strongly depends on the number of available ions in the elec-
trolyte and the mean value D of the ion—solvent diffusivities, but not on the
ratio Do /Dy—. Therefore, we observe a monotone growth of the conductivity
with respect to the salt concentration in a large parameter range. There are two
exceptions: (i) in the case of complete dissociation, solvation causes for increas-
ing salt concentration a strong decrease of the solvent number density, such that
the impact of the ion—ion diffusivity D, _ becomes dominant. If D, _ < D, then
the conductivity becomes non-monotone with respect to salt concentration. (ii)
For incomplete dissociation, low salt-ion diffusivities Dgpy < D reduce the ion
mobility and thereby can cause non-monotone conductivity with respect to the
salt concentration.

In case of non-monotone conductivity, the maximum of the conductivity is
attained at lower salt concentrations when increasing the solvation number or
decreasing the salt-ion diffusivities.

— The transference number ¢ at low salt concentrations is determined by the ratio
Do+ /Do—. For complete dissociation ¢4 always tends to 1/2 for large salt con-
centrations, whereas for incomplete dissociation, a transition to a different value
can be observed, if the ratio Dgy /Dp_ is sufficiently different from Dy /Dg_.
Generally, ion solvation fosters these transition processes, most pronounced in
the case of complete dissociation.

— For complete dissociation, the salt diffusion coefficient D depends only on Dy
and Dy_ and is almost independent of the salt concentration. Thus, the thermo-
dynamic factor is F & ng/n, independent of the salt concentration. Remarkably,
this also holds for solvated ions with large solvation number where the con-
sidered salt concentration reaches close to the saturation limit. When the
dissociation is incomplete, D is also influenced by Dg4+ and Dpgg, and this
influence gets stronger, the more salt remains undissociated. Thus, when Dg4
and Dgo are sufficiently different from D, the salt diffusion coefficient varies
considerably with the salt concentration, often in a monotone way.

For solvated ions, a non-monotone salt diffusion coefficient can be observed if
the salt-solvent diffusion coefficient Dgg > D ~ Dg+.

Extensions of the continuum model. In order to limit the complexity of the
model, we considered in this work only an isothermal electrostatic setting. However,
the continuum model applied here is derived within a much more general framework
of coupled bulk-surface electro-thermodynamics [12]. Therefore, an extended model
containing the energy balance and the full set of Maxwell’s equation can be thermo-
dynamically consistently derived from the same framework. Moreover, the framework
allows the continuum model applied here to be easily adapted to different electrolytes
like solid and polymer electrolytes. Such an adaption only requires the derivation of
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suitable free energy models for solid or polymer electrolytes to replace the free energy
model for liquid electrolytes defined in Section 3.1. Then, the impact on mechanical
stresses within the crystal lattice in solids or the length of the polymer chains on the
transport parameters can be studied.
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