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Abstract. Historically, correspondence rules and quantum quasi-
distributions were motivated by classical mechanics as a guide for
obtaining quantum operators and quantum corrections to classical
results. In this paper, we start with quantum mechanics and show how
to derive the infinite number of quantum quasi-distributions and cor-
responding c-functions. An interesting aspect of our approach is that
it shows how the c-numbers of position and momentum arise from the
quantum operator.

1 Introduction

The concept of a quasi-distribution of position and momentum originated with
Wigner in 1932, who gave what is now known as the Wigner distribution [22]. Imme-
diately after, in 1933, Kirkwood gave another distribution [14]. Both Wigner and
Kirkwood were motivated by the following idea. Since classical quantities such as
the second virial coefficient of a gas are expressed in terms of a classical joint dis-
tribution of position and momentum, then perhaps we could calculate the quantum
corrections to the second virial coefficient if we substituted a joint distribution of
position and momentum that somehow included quantum mechanics. Parallel to this
development, starting with Born and Jordan [2], and Weyl [21], the question arose
as to how to obtain a quantum operator from the classical counterpart. Different
procedures were proposed, giving different answers. Somewhat later, in 1948, Moyal
saw the connection between the Wigner distribution and the Weyl procedure, and
derived the Wigner distribution using it [17]. Subsequently, the quasi-distribution
corresponding to the Born-Jordan rule was derived [5]. In these considerations, and
in the many subsequent works on quantum quasi-distributions, the framework was
how to go from classical machanics to quantum mechanics.

The aim of this paper is to go directly from the density matrix to the derivation of
an infinite number of quasi-distributions. We discuss how an infinite number of quan-
tum phase-space distributions could be obtained from first principles. Our treatment
does not employ characteristic functions, but is entirely contained within the usual
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formalism of quantum mechanics. Furthermore, we get the distribution and the cor-
responding c-function in one swoop. This enables us to understand the origin of all
terms, the meaning of the phase-space variables, and the origin of the multiplicity of
distributions.

Our starting point is quantum mechanics. For an operator A and density matrix
p, the expected value of the physical quantity represented by the operator is given by

(A) = Tt {pA}. (1)

We want to express equation (1) so that it can be written as’

(A) = / / P(g.p)a(q.p)dqdp, 2)

with the very strong conditions that P(g,p) depends only on the density matrix p,
and that the c-function a(q,p) depends only on the operator A.

In the next section, we briefly show how we separated equation (1) in [1] for the
Wigner distribution, and in Section 3, we show how equation (1) may be separated
so that we may write equation (2). There, we use the density matrix approach, and
in Appendix A, we give a somewhat different approach by using the wave function
directly. In Appendix B, we obtain the inverse general correspondence rule, presenting
another approach to getting the c-number a(q, p) from a given operator A.

In quantum optics, the question of how to connect the classical theory of elec-
tromagnetism with quantum theory involves phase-space. In looking for analogies
between quantum optics and some probabilistic electromagnetic state, we consider
the classical probability density P(E) that the electric field has some amplitude
between E and E + dFE. The question is: What is the quantum counterpart of P(E)?
Since we know that the Glauber coherent states are the most ‘classical-like’ quantum
states of the electric field [19], then quantum-mechanically, we could naively say that
the analogous quantity to the classical P(E) are the a—f elements of the density
matrix, («|p|B). But those quantities depend on two field amplitudes — not one! To
correspond to the classical case, the dependence should be on only one field. In quan-
tum optics, this two-versus-one conundrum is easily resolved as follows. In qunatum
optics, we may always make use of the completeness of the |«) states, i.e.

= [[1a)al e =1 3)
to write
p= = [ (alol) 1) (5] acs. (4)

This is the usual result for a quantum system. Alternatively, if we were to write the
number state basis analogue to equation (4), then using

> Inyn| =1, (5)

LOperators are indicated by boldface characters. We often represent multiple integrals by a
single integration symbol, the differentials indicating the number of integrals. All integrals go from
—oo to oo.
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we write

p="_ (nlplm) [n)(m|. (6)

n,m

But in classical optics, we write ( = [ f(e)P(e)de, which involves probabihty
distributions of only one field € — not two as is the case in (a|p|B) = p(a*, B). But it
is possible to regain a single-field distribution description as follows: We may write

(A =Tr{pA} =Tr {pz cr,s(aT)TaS} ) (7)

]

i.e., we expressed A in normal-ordered form. Then, we may write

=Tr {// pd(al —a*)d(a — a) ; Cr,s(a*)ra5d2a} (8)
- / / Pla, ) A (a, a")d2a, )

where the normal-ordered quantity A™ is A" (a,a*) = > s Crs(@®)a® and
P(a,a*) = Tr{ps(a’ —a*)é(a— )} is a phase-space distribution (called the
“Galuber—Sudarashan P-distribution”) which is the quantum analog of the
classical P(E) [10,19,20].

2 Wigner distribution from the density matrix in a few easy steps

In this section, we show how we separated the expectation value of some operator A
in the Wigner distribution case [1].
Noticing that the expectation value of the operator A is

27rh//// (q11plaz) (p1|Alps) €' 2P =1P2) /g, dgodp, dps, (10)

we see that the complex exponential is preventing us from separating the integrand
into the two quantities, one depending exclusively on p, and the other depending
exclusively on A. To overcome this, we define the averages and differences of positions
and momenta

=q0—q¢ p=p2—m (11)
q1+q2 P2+ p1
= p=—a (12)

We have thus turned the expectation value in equation (10) into

= // Pu(q,p)Aw (g, p)dgdp, (13)
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where in equation (13), the distribution Py is

P, = 7| p LA 14
w(a,p) = I+l l0 5 )¢ q, (14)

which does not depend on A, and Ay is

Aw(q,p) =/<p— %/

which has no dependence on p. This means that Py and Ay, are separated.

/
A‘p + ’;> e~ a/hgy (15)

3 From quantum mechanics to quasi-distributions

In this section, we show how equation (1) can be separated in general, thus obtain-
ing the general class [5] of phase-space distributions along with their corresponding
c-functions. In the position representation, the expectation value of the operator A,
equation (1), becomes

— [[ @lola 1Al dgag (16)
We make a change of variables

"'=wu+hr/2, q¢ =u—ht/2, (17)
and obtain that

sl (e B 5o

To separate equation (18) into two terms, one depending only on p, and the other
depending only on A, we insert the product of two delta functions, §(7 — ') é(u—u'),
> (=76 (u—u")du' dr’

W S e [ i

where we changed the variables parameterizing the matrix elements of the operator
A from (u,7) to (u’,7"). We thus have one term depending only on p, and another
depending on A only. However, we do not yet have an expression of the form of
equation (2) for the expectation value of A. To accomplish that we rewrite the product
of Dirac delta functions as

sr =it -u) = [f { 3 ;e —wq—”f’“e%wﬁ)de}

{2/ 10’ q+it p—if’u’ H (GI’TI)dGI} dqdp, (20)
™

A‘u—&— h;>dud7'. (18)

Al hr'!
2

where ®(0,7) is any two-dimensional function whose significance will be discussed
subsequently. Notice that the position and momentum c-variables, ¢ and p, emerge
from the separation through the Dirac delta functions.



Non-Equilibrium Dynamics 2175

Substituting equation (20) into equation (19), we have
hr

1 hr —i0q—iTp+ibu
A ://{(27r)2/ dudrd? <"+ P 2 >e e M’T)}
y E // o 577_/ . LT/ 10’ a+it p—i0’u/
2w 2

2 (0", 7")
We have thus accomplished our goal: equation (21) has separated the expectation
value and we can write

plu —

Alu

du'dr'de’ } dqdp.  (21)

(A) = / Pg(q,p)as(q, p)dgdp, (22)

where the quasi-distribution Pg is given by

— 1 hl _ E —i0q—iTp+ifu
Py(q,p) = @) /// <u—|— 5 ‘p‘u 5 >e (0, 7)dudrdd  (23)

which depends only on the density matrix p, and the c-function a¢ is

= [ (-

which depends only on the operator A. Notice that the function ® appears in both
expressions, and hence the choice of quasi-probability is coupled to the choice of the
c-function. The function ® characterizes the particular quasi-distribution.

Equation (23) was first given by Cohen [5], where ®(6,7) is called the kernel,
and parameterizes the totality of quasi-distributions and correspondence rules [15].
Expression (24) gives the c-function ag(g,p) that corresponds to the operator A.
This is in contrast to the usual historical procedure of correspondence rules where
one attempts to write the operator for a given classical function. Expression such as
equation (24) have been called inverse correspondence rules [13]. In Appendix B, we
show the equivalence with the standard formulation.

AT\ o .. ) 1
Alu+ — ) TP dudrdf 24
’u—i— 2>e 50, 7) udT (24)

3.1 Special cases

It is of some interest to consider the derivation of quasi-distributions and their corre-
sponding c-functions for some special cases. As examples, we chose the Wigner and
Kirkwood distributions. We note that many variations of the Kirkwood distribution
have been studied, both in quantum mechanics and in time-frequency analysis, and
among the names that have been used are the Rihaczek, Margenau-Hill, and standard
distributions [7].

3.1.1 Wigner case

The Wigner distribution case was derived using these methods in [1]. Here we show
that it is a special case of our general approach. The Wigner distribution corresponds
to the case where

Dy = 1. (25)
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For equation (20), the delta function product becomes

S(r—71)o(u—u') = % // [6(u—q)e™ "] [5(1/ - Q)eiT,p] dqdp (26)

where it is important that the integrations over ¢ and p are kept. Therefore, the
expectation value of A as per equation (21) (or (19)) is

RIS o)

A‘q hT> dr’ }dqdp

(27)
We can hence write
(A) = / Pyw (q,p)aw (¢, p)dgdp (28)
where the quasi-distribution is
1 —iT
Pw(qyp)=2*/ <q+‘ ’q—>e Pdr, (29)
s
which is the Wigner distribution, and the corresponding c-function is
I R ;
aw (¢, p) = h/ <q + 77 A’q - 27> e'™Pdr. (30)

In Appendix B we show that equation (30) is the inverse Weyl correspondence for
the operator A.

3.1.2 Kirkwood

The Kirkwood distribution corresponds to
(0, 7) = 072, (31)
Equation (20) for the delta function product becomes

s [l - - ) 6 6-5)) )

and further, from equation (21) or (19), we have that the expectation value is

A) = / / (alolp) | Ala)dadp. (33)

Inserting an identity into equation (33), we have

A e tw/h Vorhel®/hp A
@) = [[ = taloio)2h e/ Al dad. (3)
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We can therefore write the expectation value of A as

(A) = / / Px(q,p)ak (q,p)dqdp, (35)

where the quasi-distribution is

e—iap/h

Pr(q,p) = NorT

{alplp), (36)

which is the Kirkwood distribution, and the c-function ag is

ax(q,p) = V2rhe " ®/"(p|Alq). (37)

4 Conclusion

An interesting aspect of our derivation is understanding how the separation of the
quasi-distribution and c-function is achieved in the expression for the quantum expec-
tation value of an operator. In addition, the separation shows how the position and
momentum c-numbers appear.

We emphasize that in the expression for the delta function as given by equations
(20) and (A.8), we have assumed that the separation does not involve the wave
function or the operator, and that is why the quasi-distributions given by equations
(23) and (A.11) are called bilinear. One may take the kernel to be a functional of the
wave function and/or the operator, in which case, the resulting expressions would
not be bilinear. That case has not been studied extensively.

We also note that in our derivation, we have not assumed that the operator is
Hermitian or that the quasi-distribution has to be real. Indeed, neither has to be the
case, as long as the quasi-distribution and c-function are coupled appropriately by
way of equations (23)—(24) or equations (A.11)—(A.12). One can impose conditions
on the quasi-distribution by imposing conditions on the kernel, and such methods are
called kernel design [3,4,6,7,11,12,16,23].

We point out that the same methods may be used to derive the general class of
time-frequency distributions for both the deterministic and random cases. Mathe-
matically, the situations become identical if one lets position go into time, treating
the wavefunction (q) as the signal s(¢) in time. Momentum in the wavefunction
case is the frequency w. For the random case, one replaces the density matrix by the
ensemble average of the signal. That is, instead of the density matrix p(q,q’), one
takes the ensemble average (s*(t)s(t')). In this case the Wigner distribution is called
the Wigner spectrum. In a future paper, the details of the time-frequency case will
be discussed.

We also mention that one can develop the concept of quasi-distributions for
variables other than position and momentum. The usual way of studying quasi-
distributions for arbitrary variables is by way of the characteristic function [8,9,18]. If
« and [ are associated with the operators A and B, then the charactersitic function
is

M(6,7) = (¢OA+iTB) — / ()P ATB () dg, (38)
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and the quasi probability distribution is

P(a,p) = # / / M9, 7))e” " Bdadp . (39)

The ambiguity comes in by the fact that instead of e?AT™B in equation (38), one

can use e0A ¢TB or ¢i0A/26iTBi0A/2 an( each gives a different quasi-distribution,
all of which satisfy the marginals for o and S. This method has been applied to
a number of variables, including spin. In the case of momentum and position, the
derivations presented in this paper avoided the characteristic function method, and
it would be of some interest to apply the current approach to the case of arbitrary
variables. Preliminary results show that indeed, this can be done, and the results will
be presented in a future paper.

JSB and MOS would like to thank the Robert A. Welch Foundation (Grant No. A-1261),
the Office of Naval Research (Award No. N00014-16-1-3054), and the Air Force Office of
Scientific Research (FA9550-18-1-0141) for their the support. We also thank the referees for
their valuable suggestions.

Appendix A: Wave function approach

In this Appendix, we consider the pure case and explicitly use the wave function. In
the position representation, the density matrix is

p(d",q") =" (¢ )b (q"). (A1)

The matrix elements, azq, of an operator A(x,p,) in the position representation
are

aq/quz/é(q' —2)A(x,p,)d(¢" — x)dx. (A.2)

The expectation value of A is then

(&) =15(0A) = [ [ola’ )y dy’ (A.3)
= ///w*(q’)w(q")é(q’ —x)Ad(q" — x)dq'dq" dx. (A.4)
In equation (A.4), we change variables according to
¢ =u+hr/2 q =u—hr/2, (A.5)
giving that
(A) = ﬁ/z/i*(u —hr/2)Y(u+ k7 /2)0(u — T /2 — ) Ad(u+ h7 /2 — x)drdudz. (A.6)

To separate the integral into the product of two terms, one depending only on the
operator A, and the other only on the quantum state, we insert (7 — 7/)d(u — u’),
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leading to
= ﬁ//¢ — hr/2)Y(u + hr/2)dudr

g /// 8(r = 7)d(u —u)o(u’ — hr'/2 — 2)Ad(u + hr'/2 - x)dsz’dL(L//'X 7)

Now, for §(7 — 7/)0(u — ') we take
5(r—1) //{ I /dﬂeie(u_Q)_iTpr)(G,T)}

1 —i0' (v —q)+it'p
{27r /d¢9 N, T )}dqdp (A.8)

and insert into equation (A.7), giving

= h//{ ///1/) (u — hr/2)(u + hr [2)e~Wa=iTrHilug (g, T)deedu}
{%////5(1/ —hr' /2 — 2)AS(u + hT' /2 — 2)

x el atirp=it g1 (g T’)dxdT’dG'du'} dgdp, (A.9)
which achieved the separation. We may therefore write the expectation value of A as
A) = // dqdp Ps(q, p)as (g, p), (A.10)
with the quasi-distribution being
»(q,p) =2 ///1/} Y(u+ T)‘P(G,T) e~ 0a—iTpHi0u g9 qr du, (A.11)
depending only on v, and the c-function depending only on A being

A i0q+iTp—ifu 0 A
ag(q,p) = QW/W O0(u—hr/2 —2)Ad(u+ hr/2 — z)dzdf dr du. (A.12)

A.1 Wigner distribution

The Wigner case is obtained by taking ®w (0,7) = 1, for which equation (A.8)
becomes

5(r — 7)8(u — o) = // {217T§(u - q)e”p} {5(u' — e’ P} dgdp.  (A.13)

For equations (A.11) and (A.12), we have

(¢,p) =5 /¢ — Lr)y(g+ Br)ePdu, (A.14)
T
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and
w (g, p) // e'™P§(q — hr/2 — x)AS(q + hr/2 — z)dx d. (A.15)

Equation (A.15) corresponds to equation (4.45) of reference [13], and was derived
from the Weyl correspondence.

A.2 Kirkwood
Taking the kernel to be
D (0, 7) = 072, (A.16)

and substituting into equation (A.8), we obtain

1= & - 5] ) - ()
(A.17)

We insert the expression in equation (A.17) for the delta functions into equation
(A.7), and get that

P q p 4 — ///w (u+ ) 0Th/2 efieqfi'erriOu do d+ du (A18)
™
= —w *“Jp/h/z/; eP dr, (A.19)
which may be written as

Pr(q,p) = Y(q) e PN (p), (A.20)

2mh

where (p) is the momentum wave function.
For the c-function, equation (A.12) becomes

ax(q,p) = 2£////(37i97h/2 eatitr=ibus(y — hr /2 — 2)AS(u + hr /2 — x)dxdd dT du,
7T
(A.21)

which simplifies to

x(q,p) = h/e”%(q — hr — 2)Ad(q — z)dx dr. (A.22)

Appendix B: General correspondence rule and inverse

The general formulation of correspondence rules and quasi-distributions as given by
Cohen [5] is that for a quantum operator A (q,p) and the corresponding c-function
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a(g,p) we want the quantum average to be the same as the phase space average,

/ v*(@) A (a,p) () dg = / / a(q.p) P(¢,p) dqdp. (B.1)

All bilinear phase space distributions are given by

2(0.0) = 5 ///w w— BT)¢(u+ Br)®(0,7) eI TPHO A dr du,  (B.2)

which is equation (A.11), and the generalized correspondence rule for operators is

) = //&\@(9,7-)@(9,7-) e 0atiTP 49 dr (B.3)
= //Zi@ (0,7) e07/26199 ¢ ITP 4g 7, (B.4)
where ag is the Fourier transform of ag
dal0,7) = — —09=4TP g B.5
ae(0,7) = — [ [aelg.p)e q dp. (B.5)

In the usual formulation, one starts with the c-function a¢ (g, p), while in this paper we
started with the operator A (q, p) and we have obtained the c-function, equations (24)
and (A.12)

i i0g+iTp—ibu
as(q,p) = /7 0(u—hr/2 —x)A (x,ps) (v + h7/2 — z)dzdl dT du.
27 D0, 1)
(B.6)

We call the expression in equation (B.6) the inverse general correspondence rule.

We now show that equation (B.6) is indeed the inverse of equation (B.3). We first
calculate the Fourier transform of a(q,p). Substituting equation (B.3) into equation
(B.5) results in (we drop the subscript ® to unencumber notation)

e—i@u
a0, 7) = %/m 0(u—hr/2 —2)A (2,pg) 6(u+ h7/2 — x) dx du. (B.7)

Substituting a(f, 7) into the left hand side of equation (B.3), we have

/ a(6, 7)®(0, 7) 9P 4o dr

"or // 3¢ 8= hr/2 = D)A (2,Px) S(u+ /2 = )@ (6,7) TP dbdrdwd,
™

(B.8)
which simplifies to

/ a0, 7)®(0, 1) TP g dr = ﬁ// §(q — x) [A (z,pz) 0(q + At — z)] P dx dr.

(B.9)
Changing variables according to

y=q+ hr,
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we obtain that indeed, equation (B.3) is correct

/ a0, 7)®(0, 1) e0tTP g9 dr = / 5(q — z) [A (z,ps) Oy — z)] W=DP/ g dy

(B.10)
- [[a@p)ita-o) iz (B.11)
=A (¢, pg)- (B.12)
References
1. J.S. Ben-Benjamin, M.B. Kim, W.P. Schleich, W.B. Case, L. Cohen, Fortschr. Phys.

65, 1600092 (2017)

M. Born, P. Jordan, Zeit. f. Phys. 34, 858 (1925)

. Choi, W. Williams, IEEE Trans. ASSP 37, 862 (1989)

. Claasen, W. Mecklenbrauker, Phil. J. Res. 35, 372 (1980)

. Cohen, J. Math. Phys. 7, 781 (1966)

. Cohen, Time-Frequency Analysis (Prentice-Hall, Englewood Cliffs, 1995)
. Cohen, The Weyl Operator and its Generalization (Birkhauser, 2013)

. Cohen, M. Scully, Found. Phys. 16, 295 (1986)

. Cohen, J. Mod. Optics 51, 2761 (2004)

R.J. Glauber, Phys. Rev. 131, 2766 (1963)

il el onl enl el B

. A.JJEM. Janssen, Phil. J. Res. 37, 79 (1982)
. J. Jeong, W. Williams, IEEE Trans. Sig. Process. 40, 402 (1992)

M. Kim, J.S. Ben-Benjamin, L. Cohen, J. Pseudo-Differ. Oper. Appl. 8, 661 (2017)

. J.G. Kirkwood, Phys. Rev. 45, 116 (1933)
. H.W. Lee, Phys. Rep. 259, 147 (1995)

P. Loughlin, J. Pitton, L. Atlas, IEEE Trans. Sig. Process. 41, 750 (1993)

J.E. Moyal, Proc. Camb. Phil. Soc. 45, 99 (1949)

M.O. Scully, L. Cohen, in The Physics of Phase Space, edited by Y.S. Kim,
W.W. Zachary (Springer Verlag, New York, 1987)

M. O. Scully, M.S. Zubairy, Quantum Optics (Cambridge University Press, 1997)

. E.C.G. Sudarshan, Phys. Rev. Lett. 10, 277 (1963)
. H. Weyl, The Theory of Groups and Quantum Mechanics (E.P. Dutton and Co., 1928)
. E.P. Wigner, Phys. Rev. 40, 749 (1932)

Y. Zhao, L. Atlas, R. Marks II, IEEE Trans. ASSP 38, 1084 (1990)



	From von Neumann to Wigner and beyond
	1 Introduction
	2 Wigner distribution from the density matrix in a few easy steps
	3 From quantum mechanics to quasi-distributions
	3.1 Special cases
	3.1.1 Wigner case
	3.1.2 Kirkwood


	4 Conclusion
	Appendix A: Wave function approach
	A.1 Wigner distribution
	A.2 Kirkwood

	Appendix B: General correspondence rule and inverse

	References

